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Outline

@ Introduction: free compact closure

@ Handwaving: how to get a linear exponential comonad

@ Serious stuff
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Paths in proof-nets

(A% B) % (At A) B (AL ® BL)
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Paths in proof-nets

0.1x < 1.1.1.%

1 0.0.x <> 1.0.0.x
*
/

® 1.0.1.x < 1.1.0.x

-
08\*
/

\
/

N

N

Etienne Duchesne (LIF) Gol and uniformity FMCS 2011 3/21



Paths in proof-nets
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Paths in proof-nets
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Paths in proof-nets

foMwM — M M,
g: M, —» M, gf(l.x) =1.0.%
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Paths in proof-nets

foMwM — M M,
g M2 — M2 fgf(].*) = 0.0.x
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Paths in proof-nets

foMwM — M M,
g: M, = M, gfgf (1.x) = 0.0.%

Etienne Duchesne (LIF) Gol and uniformity FMCS 2011 3/21



Paths in proof-nets

foMwM — M M,
gZMz—)MQ fgfgf(l*):O*
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Paths in proof-nets
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Traced monoidal category

Trace operator

Categorical operator for fixed point, iterator, feedback. ..

@ In a symmetric monoidal category (C, ®, /):
frAQU—=BeU ~ trig(f):A—B

satisfying some conditions (naturality, dinaturality. .. )
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Traced monoidal category

Trace operator

Categorical operator for fixed point, iterator, feedback. ..

@ In a symmetric monoidal category (C, ®, /):
frAQU—=BRU ~ trig(f):A—B
satisfying some conditions (naturality, dinaturality. . .)
e In partial injections (PInj,w, 0):

FrAUU—=BwU ~  trig(f)=| |=f(pf)"s

n>0
where:
> 1A= AW U
» 1:BWlU—B
» p=0Widy: By U — Ay U
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Traced monoidal category

Free compact closure

With a TSMC (C, ®, I, tr), Int construction of Joyal et al.:
@ objects: (AT, A”) where AT A~ are C-objects
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Traced monoidal category

Free compact closure

With a TSMC (C, ®, I, tr), Int construction of Joyal et al.:

@ objects: (AT, A7) where AT, A~ are C-objects

@ morphisms:

Int(C)((AT,A™),(B",B7))=C(At @B~ ,A” ® BT)
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Traced monoidal category
Free compact closure
With a TSMC (C, ®, I, tr), Int construction of Joyal et al.:
@ objects: (AT, A7) where AT, A~ are C-objects
@ morphisms:
Int(C)((A",A7),(B",B7))=C(A" @ B~,A" ® BY)
@ composition: f: (AT,A”) — (B*,B™) and
g:(B",B7) = (C,C)
gof = tff:gf;ﬁ@;\— (o(f ® g))
o some canonical symmetry
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Traced monoidal category
Free compact closure
With a TSMC (C, ®, I, tr), Int construction of Joyal et al.:
@ objects: (AT, A7) where AT, A~ are C-objects
@ morphisms:
Int(C)((A",A7),(B",B7))=C(A" @ B~,A" ® BY)
@ composition: f: (AT,A”) — (B*,B™) and
g:(B",B7) = (C,C)
gof= tff:§5;c+®;\— (c(f®g))
o some canonical symmetry
@ compact closed structure:
hntcy = (1,1)
(A", A7) (B*,B) = (A" 0 BY, A" B")
(AT, A7) = (A", A1)
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Traced monoidal category

Interpretation of MELL
In Int(PInj):
o self-dual objects: A = (A, A)

f € PInj(A,B) ~ N(f)=o0ap(fYf*) € Int(PInj)(A, B)

Etienne Duchesne (LIF) Gol and uniformity FMCS 2011 6 /21



Traced monoidal category

Interpretation of MELL
In Int(PInj):
o self-dual objects: A = (A, A)

f € PInj(A,B) ~ N(f)=o0ap(fYf*) € Int(PInj)(A, B)

@ compact closed: multiplicative linear logic

Etienne Duchesne (LIF) Gol and uniformity FMCS 2011 6 /21



Traced monoidal category
Interpretation of MELL

In Int(PInj):
o self-dual objects: A = (A, A)
f € PInj(A,B) ~ N(f)=oag(f (") c Int(PInj)(A,B)
@ compact closed: multiplicative linear logic

@ exponentials: |A = (N x A N x A)
» e: N — N x N bijection

N(e x ida) : 1A — lIA
» d:N— {x}, d0)=x
N(d x ida) : 1A — A
» ¢: N — NWN bijection
N(exida):'A—= AR IA

> 0:1A - hnt(PInj)
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Adding some structure

Geometry of interaction:
o formula ~» leaves of the syntactic tree

@ permutation of these leaves
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e formula ~ abstract trees (i.e. points in Rel)
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Adding some structure

Geometry of interaction with additional structure:
e formula ~ abstract trees (i.e. points in Rel)
@ abstract trees ~» set of leaves

@ permutation of leaves preserving the abstract trees

Category G:
@ objects A: ma : |A| = Pr(Ma)
» |A|: positions (the “abstract trees")
» Ma: token (the “leaves”)
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Adding some structure

Geometry of interaction with additional structure:
e formula ~ abstract trees (i.e. points in Rel)
@ abstract trees ~» set of leaves

@ permutation of leaves preserving the abstract trees

Category G:
@ objects A: mp : |A| = Pr(Ma)
» |A|: positions (the “abstract trees")
» Ma: token (the “leaves”)

e morphisms ¢ = (ps, f») € G(A, B):
> ps C |A| x |B|
> fo: MayWw Mg — Ma W My partial injection
> f, preserves the positions in p,:

Y(a, b) € py, fy(ma(a)Wmg(b)) =ma(a)y mg(b)
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Adding some structure

Composition in G: 0 € G(A,B), 7€ G(B,C)

@ on positions: relational composition

Proc = Pr © Po in Rel
@ on token: usual Gol compostion (with the trace)

frooc = tr(fe W f;) in Int(PInj)
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Adding some structure

Composition in G: 0 € G(A,B), 7€ G(B,C)

@ on positions: relational composition
Proc = Pr © Po in Rel
@ on token: usual Gol compostion (with the trace)

frooc = tr(fe W f;) in Int(PInj)

G is compact closed, and:
o I =({x},0,x—10)
e 0=(0,0,0)
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What about exponentials 7

IA € G:

@ positions: finite subtrees of an infinite branching tree

Al = {a: N = |A] | #d(a) < o0}
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What about exponentials 7
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What about exponentials 7

IA € G:

@ positions: finite subtrees of an infinite branching tree
1Al = {a: N — ]| #d(a) < o0}

@ token: M4 = N x My as usual
© mia(@) = Uneg){nt x mala(n))
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What about exponentials 7

IA € G:

@ positions: finite subtrees of an infinite branching tree
1Al = {a: N — ]| #d(a) < o0}

@ token: M4 = N x My as usual
© mia(@) = Uneg){nt x mala(n))

So:
@ positions are ordered by “subtree relation” (« C o': restriction order)

@ still the reindexations to define...

Etienne Duchesne (LIF) Gol and uniformity FMCS 2011 9/21



What positions really are

Tree-like structures with partial maps

A category of linear domains pdl:
@ objects:

> algebraic dcpo A

» x € K(A) = |{x} finite distributive lattice

» AC, A — K(A) CK(A) and K(A') closed by Vv, A
(1Al = £(A)

Etienne Duchesne (LIF) Gol and uniformity FMCS 2011

10 /21



What positions really are

Tree-like structures with partial maps

A category of linear domains pdl:

@ objects:
> algebraic dcpo A
» x € K(A) = |{x} finite distributive lattice
» AC, A — K(A) CK(A) and K(A') closed by Vv, A
(1Al = £(A)

@ morphisms are partial, linear and c.m.: f € pdI(|A|, |B])
> Al =B
> d(f) S A
» atb = f(aVvb)=1"f(a)Vvi(b), f(anb)=f(a)Af(b)
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What positions really are

Tree-like structures with partial maps

A category of linear domains pdl:
@ objects:

> algebraic dcpo A

» x € K(A) = |{x} finite distributive lattice

» AC, A — K(A) CK(A) and K(A') closed by Vv, A
(1Al = £(A)

@ morphisms are partial, linear and c.m.: f € pdI(|A|, |B])

> Al [B

> d(f) Ss |A]

» atbh = f(avb)="~f(a)Vf(b), flanb)="Ff(a)Af(b)
@ partial cartesian: |A x B| = |A| x |B]|
@ monoidal closed: e.g. N flat

IN—=Al={a:N—=|A||#d(a) < o0}
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What positions really are

Relations on positions

Building relations of positions:
@ pdl is partial cartesian with a class of subobjects:

» objects in Rel(pdl): as in pdl
> Rel(pdl)(|Al,|B|) = {R Cs |A| x B[}

Etienne Duchesne (LIF) Gol and uniformity FMCS 2011

11 /21



What positions really are

Relations on positions

Building relations of positions:
@ pdl is partial cartesian with a class of subobjects:
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What positions really are

Relations on positions

Building relations of positions:
@ pdl is partial cartesian with a class of subobjects:

» objects in Rel(pdl): as in pdl
> Rel(pdl)(|Al,|B|) = {R Cs |A| x B[}

o (Rel(pdl), x, L) is (dagger) compact closed

° RS, |Al X |B| = idg € pdI(|A] x |BJ,[A] x |B])
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Which relation between token and positions 7

Glueing of token to positions

o We know that:

» PlInjisa TSMC
> Int(PInj) is compact closed

e Monoidal functor P : (PInj, W) — (pdl, x)

Pr(Ma)  — Pr(Mg)

f € PInj(Ma, Mg) ~ Pr(f) : { m Chip d(f) —  f(m)

PMu,Mg - Pf(MA) X Pf(MB) — Pf(MA H MB)
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Which relation between token and positions 7

Glueing of token to positions

o We know that:

» PlInjisa TSMC
> Int(PInj) is compact closed

e Monoidal functor P : (PInj, W) — (pdl, x)

Pr(Ma)  — Pr(Mg)

f € PInj(Ma, Mg) ~ Pr(f) : { m Chip d(f) —  f(m)

PMu,Mg - Pf(MA) X Pf(MB) — Pf(MA H MB)

@ We can glue PInj to pdl along 7
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Lax glueing

Let C = (Idpar | P¥)
@ objects: A = (|A|, Ma,ma : |A| = Pr(Ma)) (ma total)
@ morphisms: pairs p, f such that:

ma

Al Pr(Ma)
P c Pr(f)
B =2 — P(Ms)
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Lax glueing

Let C = (Idpar | P¥)
@ objects: A = (|A|, Ma,ma : |A| = Pr(Ma)) (ma total)
@ morphisms: pairs p, f such that:

ma

Al Pr(Ma)
P c Pr(f)
B =2 — P(Ms)

@ monoidal product:

A®B = (Al x|B|, MaWw Mg, ppm,mg 0 (Mma x mp))
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Lax glueing

Compact closure

Let G = (IdReI(de) | |I’lt(Pf))
@ objects: as in C

e morphisms: pairs R Cs |A| x |B| and f : MaW Mg — Ma W Mg such

that
A % |B]| —22 . D (Ma & Mg)
id\g c P (f)
A % |B] ——2 > Pr(Ma ) M)
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Lax glueing

Compact closure

Let G = (IdReI(de) | |I’lt(Pf))
@ objects: as in C

e morphisms: pairs R Cs |A| x |B| and f : MaW Mg — Ma W Mg such

that
Al x |B] —228 _ D (Ma W Mg)
idi C Pr(F)
Al x |B] — 228 _ D (Ms & Mg)

e G is compact closed and G(A,B) C C(A ® B,A® B)
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Exponentials

@ Interpretation of | modality:
> inpdl: _.=N—~ _
» in PInj: |_=Nx _
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e We have a "linear distribution”:  : IPr(-) — Pr(l.)
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Exponentials

@ Interpretation of | modality:
> inpdl: _.=N—~ _
» in PInj: |_=Nx _
e We have a "linear distribution”:  : IPr(_) — Pr(L)

o |A=(N—|A,Nx Mga,kpm, olma)
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Exponentials

@ Interpretation of | modality:
> inpdl: _.=N—~ _
» in PInj: |_=Nx _

e We have a "linear distribution”:  : IPr(-) — Pr(l.)
o |A=(N—|A,Nx Mga,kpm, olma)

@ again we have:

dera € G(IA,A)

diga € G('A,1'A)
contra € G(!A,!1A® 1A)
wa € G(!A, /)

v

v vyy
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Exponentials

@ Interpretation of | modality:
> inpdl: _.=N—~ _
» in PInj: |_=Nx _

e We have a "linear distribution”:  : IPr(-) — Pr(l.)
o |A=(N—|A,Nx Mga,kpm, olma)

@ again we have:

dera € G(IA,A)

diga € G('A,1'A)
contra € G(!A,!1A® 1A)
wa € G(!A, /)

v

v vyy

What is reindexation then ?
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Exponentials

Reindexation by conjugation

o Let f € C(A,A) an iso; f acts on C(A, A) by conjugation
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Exponentials

Reindexation by conjugation

o Let f € C(A,A) an iso; f acts on C(A, A) by conjugation

G(I,A) CC(A,A) — G(I,A)
f: ~1
o — f-o=focogof
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Exponentials

Reindexation by conjugation
o Let f € C(A,A) an iso; f acts on C(A, A) by conjugation
. { G(/,A) C C(A,A)

g

= G(/,A)
— f-o=fooof !
e F CC(A,A) a group (of total maps)

F ~ closure of F by restriction and directed lub
F C, C(A,A)
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Exponentials

Reindexation by conjugation
o Let f € C(A,A) an iso; f acts on C(A, A) by conjugation
. { G(/,A) C C(A,A)

g

= G(/,A)
— f-o=fooof !
e F CC(A,A) a group (of total maps)

F ~ closure of F by restriction and directed lub
F C, C(A,A)

o f € F defines a partial action on G(/,A)

f -0 is defined <= d(o) C d(f)
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Exponentials

Reindexation by conjugation
o Let f € C(A,A) an iso; f acts on C(A, A) by conjugation
. { G(/,A) C C(A,A)

g

= G(/,A)
— f-o=fooof !
e F CC(A,A) a group (of total maps)

F ~ closure of F by restriction and directed lub
F C, C(A,A)

o f € F defines a partial action on G(/,A)

f -0 is defined <= d(o) C d(f)
@ we can quotient by F:

o~T << F-0=F- 71
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Exponentials

Reindexation by conjugation

Let F,H C C(A, A) be groups

@ orbits define sets of morphisms:

[ G(I,A) — Sub(G(/,A))
F { o — F-o
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Exponentials

Reindexation by conjugation

Let F,H C C(A, A) be groups

@ orbits define sets of morphisms:

[ G(I,A) — Sub(G(/,A))
F'{ o — F-o

@ F and H define a subset of G(/,A):

{c€eG(1,A)|F- 0 CH -0}

Etienne Duchesne (LIF) Gol and uniformity FMCS 2011

17 /21



Exponentials
Category with uniformity

Define U as the category with:
@ objects (A, Fa, Ha):
» AcG
> Fa,Ha C C(A,A) groups
» FaHps = HaFp and FAN Hy = {fdA}
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Exponentials
Category with uniformity

Define U as the category with:
@ objects (A, Fa, Ha):
» AcG
> Fa,Ha C C(A,A) groups
» FaHps = HaFp and FAN Hy = {fdA}

@ morphisms o : Iy — (A, Fa, Ha)

» 0 €G(/,A)
> Far0 CHp-o
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Exponentials
Category with uniformity

Define U as the category with:
@ objects (A, Fa, Ha):
» AcG
> Fa,Ha C C(A,A) groups
» FaHps = HaFp and FAN Hy = {fdA}

e morphisms o : Iy — (A, Fa, Ha)
» 0 €G(/,A)
> FA -0 C HA 0

@ compact closed structure:

> (A, Fa, HA) & (B, Fa, HA) = (A R B, Fa x Fg, Hp X HB)
> (A7 FAa HA)* = (A*v HA7 FA)
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Exponentials
Category with uniformity

Interpretation of the ! modality: (A, Fa, Ha) = ('A, Fia, Hia)
o Fipa~ FalS(N)

o H!A ~ HnEN HA
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Exponentials
Category with uniformity

Interpretation of the ! modality: (A, Fa, Ha) = ('A, Fia, Hia)
o Fipa~ FalS(N)

o H!A ~ HnEN HA

Can we quotient by FaHp 7
Is it a congruence for composition 7
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Composition and quotient

Let o : (A, Fa, HA) — (B, Fz, HB) and 7: Iy — (A, Fa, HA)
Let G4 = FAHa and Gg = FgHg

@ he Hy, wewantoo(h-7)~ocorT;
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Composition and quotient

Let o : (A, Fa, HA) — (B, Fz, HB) and 7: Iy — (A, Fa, HA)
Let G4 = FAHa and Gg = FgHg

@ he Hy,wewantoco(h-7)~corT;ie.:

gah-T=h-71

Vh e Ha, 3ga,88 € Ga GB{ (gah,gg) -0 =0

sothat oo (h-7)=((gah,gg)-0)o(gah-7)=gg(coT)~corT
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Composition and quotient

Let o : (A, FA, HA) — (B, FB: HB) and 7: Iy — (A, FA, HA)
Let G4 = FAHa and Gg = FgHg

@ he Hy, wewantoo(h-7)~corT;ie.:

gah-T=h-71

Vh e Ha, 3ga,88 € Ga X GB{ (gah,gg) -0 =0

sothat oo (h-7)=((gah,gg)-0)o(gah-7)=gg(coT)~corT
@ we only have by definition:

FA-TQ HA'T = Vf ¢ FA, =4 S HA, hlfGStabGA(T)

and:

(HA X FB)-O'Q (FA X HB)-O' —
Vh € Ha, H(f/,h/) € Fa x Hg, (f/h, h,) S StabGAX@B(T)
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Composition and quotient

Uniformity and biorthogonality
Leto:/ — (A,F,H)and 7: 1 — (A*,H, F):
e orthogonality relation: o L7 iff. V(f,) € FN, V¥(h,) € HY
h; ... hofy € StabFH(a)
f;'+1 ...fHhy € Stab;:H(T)

h,'+1 S Stab,:H(a)
fi...fohg € StabFH(T)

VieN{
orVieN{

then (h;), (i) is stationnery in ida
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f;'+1 ...fHhy € Stab;:H(T)
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fi...fohg € StabFH(T)

VieN{
orVieN{

then (h;), (i) is stationnery in ida
o Py CU(I,(A, F,H)) such that Py~ = Py
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Composition and quotient

Uniformity and biorthogonality
Leto:/ — (A,F,H)and 7: 1 — (A*,H, F):
e orthogonality relation: o L7 iff. V(f,) € FN, V¥(h,) € HY
h; ... hofy € StabFH(a)
f;'+1 ...fHhy € Stab,:H(T)

h,'+1 S Stab,:H(a)
fi...fohg € StabFH(T)

VieN{
orVieN{

then (h;), (i) is stationnery in ida
o Py CU(I,(A, F,H)) such that Py~ = Py
o T(U) =0 (A, Fa, Ha, PA) — (B, Fg, Hg, PB)

V7T € Py, coT € Pg
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Composition and quotient
Uniformity and biorthogonality
Let o: /| — (A, F,H) and 7 : | — (A*, H, F):

e orthogonality relation: o L7 iff. V(f,) € FN, ¥(h,) € HY
hi...hofy € StabFH(a)
fiy1...f1ho € Stab,:H(T)

h,'+1 S Stab;:H(a)
fi...fohg € StabFH(T)

VieN {
orVi e N {
then (h;), (i) is stationnery in ida
o Py CU(I,(A, F,H)) such that Py~ = Py
° T(U)E U:(A,FA,HA,PA)—)(B,FB,HB,PB)

V7T € Py, coT € Pg

e 7(U)/~ is category x-autonomous and has a linear exponential
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