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The computational meaning of a denotational semantics

Probabilistic Coherence Spaces

types +——  positively convex modules

PcC (RY)Y st ...
terms +— vectors in P
M,N [M] = [N]
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The computational meaning of a denotational semantics

Probabilistic Coherence Spaces Scott’s Domains
types +——  positively convex modules — cpo
Pc(®)" st ... (§,5)st....
terms  — vectors in P —  pointsin S
M,N [M] = [N] [M] = [N]

Theorem (PCF, Plotkin)
Let M : int be closed,

[M] = niff M= n

Theorem (A, Hyland)
Let M be closed and untyped,

[M] # L iffM = hnf
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[M]» = Redy s [M] = niff M= n

Theorem (pA Ehrhard-Pagani-Tasson) Theorem (A, Hyland)
Let M be closed, untyped and probabilistic, Let M be closed and untyped,

Z [M]g = Red§f s [M] # L iffM = hnt

de|Dy|
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Probabilistic coherence spaces Definition

A= (|A4],P(A))
|A| a set (possibly infinite), called web

P(A) aset of vectors C (R*)I such that
closure:

bound:

complete:
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A= (|A],P(A))
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closure:
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Probabilistic coherence spaces Definition

A= (|A4],P(A))
|A| a set (possibly infinite), called web
P(A) aset of vectors C (R*)I such that
closure: P(A)* =P(A)
@ inner product: v, u € (R*)M, (u, v)= 3, 4 Uava
@ polarity: P C (R*)A,
pr={ve®)H* vueP vuz<i}

bound: Vae |A|,3veP(A),va#0
complete: Vae |A|,3p € RT,VP(A),va < p

Example
1] = {x} P(1)=1[0,1] P(1)" =P(1)
Bl ={t,£} P(B)={(p.q9); p+q<1} P(B)" ={(p.q): p,q< 1}

INat =N  P(Nat) = {vec[0,1]"; 3, va<1} P(Nat)" =[0,1]"
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Probabilistic coherence spaces Cartesian Closed Category

objects: probabilistic coherence spaces A, B, . ..
morphisms: functions f : P (A) — P (B) which are entire, i.e.
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Probabilistic coherence spaces Cartesian Closed Category

objects: probabilistic coherence spaces A, B, . ..
morphisms: functions f : P (A) — P (B) which are entire, i.e.

there is a matrix Tr(f) e (R*)Mi(ADxIBI
Vx € P(A), f(x) = Te(f) - X'
where (Tr(f) . )b = Zmer(\A\) Tr(f)m,b
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Probabilistic coherence spaces Cartesian Closed Category

objects: probabilistic coherence spaces A, B, . ..
morphisms: functions f : P (A) — P (B) which are entire, i.e.

there is a matrix Tr(f) € (R*)Mi(IADXIBI

Vx € P(A), f(x) = Tr(f) - X'
m(a)

where (Ti(f) - X!)b = 2 memyqan TH(Ompl Lcsippm) X
A= B:

@ |A=B|:= R+Mf(\A\)X\B\
@ P(A = B):= {Ti(f) ; f morphism P (A) — P(B)}

This CCC is the co-Kleisly of the
exponential comonad of a category of linear morphisms
interpreting Linear Logic: A= B=1A—B
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Vx € P(A), f(x) = Tr(f) - X'
m(a)

where (Tr(f) ’ X!)b = Zmer(\Al) Tr(f)m,bHa:' Supp(m) Xa
A= B:

@ |A=B|:= R+Mf(\A\)X\B\
@ P(A = B):= {Ti(f) ; f morphism P (A) — P(B)}

This CCC is the co-Kleisly of the
exponential comonad of a category of linear morphisms
interpreting Linear Logic: A= B=1A—B

Interpretation of simply typed calculi
Xi @ A1, ..., Xn : An = M : Bis associated with [M] : P (A1) x ... Xx P(An) — P (B) J
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Probabilistic coherence spaces Reflexive Object

To interpret untyped A, we look for

D=D—-D

app

D D—-D

\A/
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Probabilistic coherence spaces Reflexive Object

D is given as the minimal solution of
To interpret untyped A, we look for D-D"_ |
D=D-—-D D, =(0,0)
IA
D, = DON — L
app
/\ IN
Dg = DI-I\I — 1
D D—D
3 Ds = Dg — 1
D =V,D;
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Probabilistic coherence spaces

To interpret untyped A, we look for

D=D—-D

app

D D—-D

\A/

Interpretation of untyped calculi

Reflexive Object

D is given as the minimal solution of

D=D"— 1

Do

D,

D»

Ds

=(0,0)
IN

=Dy — L
INA

=Dy — |

INA
=D} — L

D =V,D;

Xi,...,Xn = M is associated with [M] : P(D) x ... x P(D) — P (D)

Remark: [[M]]‘DO, H/M]]“:)1 s [[M]]\DZ’ [[M]]\D:w ..

. are the approximants of [M].
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de|Dy|
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The Probabilistic A-calculus One step head-reduction

PA M,N:=x | x.M|MN|M+,N with p € [0,1]

Definition (%)

OXMN S M{N/x}  M+,NBM M+, N BN

ME W M2 M Mnota)
MM 2 .M MN 2 M'N
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The Probabilistic A-calculus One step head-reduction

PA M,N:=x | x.M|MN|M+,N with p € [0,1]

Definition (%)

OXMN S M{N/x}  M+,NBM M+, N BN

ME W M2 M Mnota)
MM 2 .M MN 2 M'N

Example (A = Ax.xx, © = (Ayf.f(yyf))(A\yf.f(yyf)), M = \y.x +1 AY.Y)

1
AM 1) MM i Ay x)M L) x 1 Ay.X
1 4
& (W YIM — M= Ayy
3
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The Probabilistic A-calculus One step head-reduction

PA M,N:=x | x.M|MN|M+,N with p € [0,1]

Definition (%)

OXMN S M{N/x}  M+,NBM M+, N BN

ME W M2 M Mnota)
MM 2 .M MN 2 M'N

Example (A = Ax.xx, © = (Ayf.f(yyf))(A\yf.f(yyf)), M = \y.x +1 AY.Y)

om —— L mem 3 oy.xem S
Noypiem £
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The Probabilistic A-calculus More steps

Definition (Red” € [0, 1]JPA<P1)

p iftM3N,
Redjyn:={1 if M€ hnf, Redj}, = 3" Redy, Red/
0 otherwise. Lent

Definition (Red™ € [0, 1]PA*x2nE)
Since hnf are absorbing states, the following is well-defined:

Redi7y := lim Redj Redif: = S Redify
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Definition (Red” € [0, 1]JPA<P1)

p ifM2N,
Redjyn:=<{1 if M€ hnf, Redj/y := >_ Redy, Red y
0 otherwise. Lent

Definition (Red™ € [0, 1]PA*x2nE)

Since hnf are absorbing states, the following is well-defined:

Redy 4 := lim Redy 4 Redyf s = Z Redj 1

Hennf

Example (A = Ax.xx, © = (Ayf.f(yyf))(A\yf.f(yyf)), M = \y.x +1 AY.Y)

1

1 3 1 1 >
AM = MM & (Ay-x)M — x 1 5 Ay.x Red2y, = { 3 nz 37.
) 1 0 otherwise.
(W YM — M= Ay.y 1
3 RedAM,x = §

v
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The Probabilistic A-calculus

More steps
Definition (Red” € [0, 1]JPA<P1)
p it ME N,
Redyn:=<{1 if M€ hnt, Redﬁ;\/ — Z Redl,.. Red? x
0 otherwise. Lent

Definition (Red™ € [0, 1]PA*x2nE)
Since hnf are absorbing states, the following is well-defined
Redify == lim Redy

n— oo

Redyf s = Z Redj 1

Hennf

Example (A = Ax.xx, © = (Ayf.f(yyf))(A\yf.f(yyf)), M = \y.x +1 AY.Y)

1
oM —— 1 mem S

k
(Ay-x)(OM) 1 x Reddux = = Z g " owith k= 7]
’\ \/g 3 = 3 4
3
(Ay-y)(em) Redgiy, = 1
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