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The computational meaning of a denotational semantics

Probabilistic Coherence Spaces

types 7−→ positively convex modules
P ⊆ (R+)

W s.t. . . .

terms 7−→ vectors in P
M,N JMK = JNK

Scott’s Domains

7−→ cpo
(S,≤) s.t. . . .

7−→ points in S
JMK = JNK

Theorem (pPCF, Danos-Ehrhard)
Let M : int be closed and probabilistic,

JMKn = Red∞M,n

Theorem (PCF, Plotkin)
Let M : int be closed,

JMK = n iff M ∗→ n

Theorem (pΛ Ehrhard-Pagani-Tasson)
Let M be closed, untyped and probabilistic,∑

d∈|D2|

JMKd = Red∞M,hnf

Theorem (Λ, Hyland)
Let M be closed and untyped,

JMK 6= ⊥ iff M ∗→ hnf
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Probabilistic coherence spaces Definition

A = (|A| , P (A))

|A| a set (possibly infinite), called web

P (A) a set of vectors ⊆ (R+)|A| such that
closure: P (A)⊥⊥ = P (A)

inner product: v , u ∈ (R+)|A|, 〈u, v〉=
∑

a∈|A| uava

polarity: P ⊆ (R+)|A|,
P⊥ =

{
v ∈ (R+)|A| ; ∀u ∈ P, 〈v , u〉≤ 1

}
bound: ∀a ∈ |A| , ∃v ∈ P (A) , va 6= 0

complete: ∀a ∈ |A| , ∃p ∈ R+, ∀P (A) , va ≤ p

Example

|1| = {∗} P (1) = [0, 1] P (1)⊥ = P (1)

|B| = {t,f} P (B) = {(p, q) ; p + q ≤ 1} P (B)⊥ = {(p, q) ; p, q ≤ 1}

|Nat| = N P (Nat) = {v ∈ [0, 1]N ;
∑

n vn ≤ 1} P (Nat)⊥ = [0, 1]N
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Probabilistic coherence spaces Cartesian Closed Category

objects: probabilistic coherence spaces A,B, . . .
morphisms: functions f : P (A) 7→ P (B) which are entire, i.e.

there is a matrix Tr(f ) ∈ (R+)Mf(|A|)×|B|,

∀x ∈ P (A) , f (x) = Tr(f ) · x !

where
(
Tr(f ) · x !

)
b =

∑
m∈Mf(|A|)

Tr(f )m,b
∏

a∈Supp(m) xm(a)
a

A ⇒ B:

|A ⇒ B| := R+Mf(|A|)×|B|

P (A ⇒ B) := {Tr(f ) ; f morphism P (A) 7→ P (B)}

This CCC is the co-Kleisly of the
exponential comonad of a category of linear morphisms

interpreting Linear Logic: A⇒ B = !A ( B

Interpretation of simply typed calculi
x1 : A1, ..., xn : An ` M : B is associated with JMK : P (A1)× ...× P (An) 7→ P (B)
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Probabilistic coherence spaces Reflexive Object

To interpret untyped Λ, we look for

D = D→ D

D D→ D

app

λ

D is given as the minimal solution of

D = DN → ⊥
D0 = (∅, 0)

≤
D1 = DN

0 → ⊥≤

D2 = DN
1 → ⊥≤

D3 = DN
2 → ⊥

...

D =
∨

i Di

Interpretation of untyped calculi
x1, . . . , xn ` M is associated with JMK : P (D)× ...× P (D) 7→ P (D)

Remark: JMK|D0 , JMK|D1 , JMK|D2 , JMK|D3 , . . . are the approximants of JMK.
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The Probabilistic λ-calculus One step head-reduction

pΛ M,N ::= x | λx .M | MN | M +p N with p ∈ [0, 1]

Definition ( p→)

(λx .M)N 1−→ M{N/x} M +p N
p−→ M M +p N

1−p−−→ N

M
p−→ M ′

λx .M
p−→ λx .M ′

M
p−→ M ′ M not a λ

MN
p−→ M ′N

Example (∆ = λx .xx , Θ = (λyf .f (yyf ))(λyf .f (yyf )), M = λy .x + 1
3
λy .y )

∆M MM (λy .x)M x

(λy .y)M M

λy .x

λy .y

1
1
3 1

2
3

1

1
3

2
3
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1 1
1
3 1

2
31
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The Probabilistic λ-calculus More steps

Definition (Redn ∈ [0,1]pΛ×pΛ)

Red1
M,N :=


p if M p→ N,
1 if M ∈ hnf,
0 otherwise.

Redn+1
M,N :=

∑
L∈Λ+

Red1
M,L Redn

L,N

Definition (Red∞ ∈ [0,1]pΛ×hnf)

Since hnf are absorbing states, the following is well-defined:

Red∞M,H := lim
n→∞

Redn
M,H Red∞M,hnf :=

∑
H∈hnf

Red∞M,H

Example (∆ = λx .xx , Θ = (λyf .f (yyf ))(λyf .f (yyf )), M = λy .x + 1
3
λy .y )

∆M MM (λy .x)M x

(λy .y)M M

λy .x

λy .y

1
1
3 1

2
3

1

1
3

2
3

Redn
∆M,x =

{
1
3 n ≥ 3,
0 otherwise.

Red∞∆M,x =
1
3
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The Probabilistic λ-calculus More steps

Definition (Redn ∈ [0,1]pΛ×pΛ)

Red1
M,N :=


p if M p→ N,
1 if M ∈ hnf,
0 otherwise.

Redn+1
M,N :=

∑
L∈Λ+

Red1
M,L Redn

L,N

Definition (Red∞ ∈ [0,1]pΛ×hnf)

Since hnf are absorbing states, the following is well-defined:

Red∞M,H := lim
n→∞

Redn
M,H Red∞M,hnf :=

∑
H∈hnf

Red∞M,H
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The Probabilistic λ-calculus More steps

Definition (Redn ∈ [0,1]pΛ×pΛ)
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0 otherwise.
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Red1
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Definition (Red∞ ∈ [0,1]pΛ×hnf)

Since hnf are absorbing states, the following is well-defined:

Red∞M,H := lim
n→∞

Redn
M,H Red∞M,hnf :=

∑
H∈hnf

Red∞M,H

Example (∆ = λx .xx , Θ = (λyf .f (yyf ))(λyf .f (yyf )), M = λy .x + 1
3
λy .y )

ΘM M(ΘM) (λy .x)(ΘM) x

(λy .y)(ΘM)

1 1
1
3 1

2
31

Redn
ΘM,x =

1
3

k∑
i=0

(2
3
)i with k = bn

4
c

Red∞ΘM,x = 1
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The computational meaning of a denotational semantics

Probabilistic Coherence Spaces

types 7−→ positively convex modules
P ⊆ (R+)

W s.t. . . .

terms 7−→ vectors in P
M,N JMK = JNK

Scott’s Domains

7−→ cpo
(S,≤) s.t. . . .

7−→ points in S
JMK = JNK

Theorem (pPCF, Danos-Ehrhard)
Let M : int be closed and probabilistic,

JMKn = Red∞M,n

Theorem (PCF, Plotkin)
Let M : int be closed,

JMK = n iff M ∗→ n

Theorem (pΛ Ehrhard-Pagani-Tasson)
Let M be closed, untyped and probabilistic,∑

d∈|D2|

JMKd = Red∞M,hnf

Theorem (Λ, Hyland)
Let M be closed and untyped,

JMK 6= ⊥ iff M ∗→ hnf
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