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Background GrothendieckTopoi
and Etendues

Definition A Grothendieck topos Tis a category that admits

a geometric embedding
into a presheaf category

left ex

Ji Psh e
full and
faithful

A spacial étendue is a Grothendieck topos that
has an object E such that

E 1 is epic

the slice topos EYE is localic spacial



Sites for Etendues

A Grothendieck topos is an étendue iff it can be described

as sheaves on a left cancellative site KochMoerdijk Rosenthal

Definition An ordered groupoid is an internal groupoid G in the

category of posets whose source s G Go is a discrete fibration

DeWolf P ordered groupoids as double categories

A B objects info a
f A

B
order

ing AT A X order in go A

A E B A É
objects in G



From Left Cancellative Categories to Ordered Groupoids

I left cancellative 1 E E ordered groupoid
obj sub objects in E m where

m A's A in E

vert arrows m n iff
A k

A in C
in

A

hor arrows m
mi f n In

givenby yfy.IT in e

double cells
m mif.in Cn muu four
y givenby f.si
mif.in

In



From Ordered Groupoids to Left Cancellative Categories

G category of 1 G ordered groupoid
corners in G
objects those of G
arrows formal composites

composition I s

i

E
Thm Ic Cat Gpd is a 2 adjunction

C

Ic Cat
E

oGpd m
is a bi equivalence



Sites for Etendues

le Cat ogpdmax
E

Grothendieck top Ehresmann top on the

vertical arrows

sheaves C Set sheaves G Set

satisfying the amalgamation satisfying the vertical amalgamation
condition condition

Ic Sites E Sitesmax

Sh Sh
L

Etendues



Remarks

An Ehresmann topology on an ordered groupoid gives rise to

a Grothendieck topology on its category of vertical arrows

To define the 2 equivalence between categories of sites we

need to translate the notions of covering flatness and

covering preservation to double functors between E sites

We can also translate the notions of the comparison lemma
but we won't obtain topoi as a category of fractions
because there are not enough left cancellative sites

to satisfy the Ore condition



Goal for Today

Introduce a notion of generalizedEhresmann sites

such that

every Grothendieck topos is representedby
a generalized Ehresmann site

Grothendieck topoi can be obtained as a

bicategory of fractions w.it the

comparison Lemma maps

if I have time I will tell you what additional

sites we obtain for e'tendues



The Idea

subobjects isos monosle site E site

corners

corners are known to give a factorization system

subobjects left class right class

Gr sites generalized
with factorizationsystem E sites

corners

Note although this looks a lot like the adjunctions studied

by M Stepan this is not the same in particular in our

case corners provide a right adjoint for him a left adjoint



GrothendieckTopoi as Sites

Let G be a Grothendieck topos

G Jean is a Grothendieck site with Jean the canonical

topology covering families jointly epic families
Since or is regular epi mono is a stable orth fact system
Jean is fully determined by covers

m families of monies that are covering jointlyepic D
c single covering arrows epi's
s epi's are stable under pbs along epi's and monies

left cancellative sites all arrows are monic

pi atomic sites sites where every single arrow covers

one needs



Covering Mono Grothendieck Sites

Definition A covering mono site is a Grothendieck site orJa
with an orthogonal factorization system E M on the

category or such that

E arrows that are single arrow Joicoverings
M monomorphisms
E is left quadrable

x ̅

Examples
i a Jor left cancellative site Iso Mor factorization
2 or for atomic site Mor Iso factorization
3 G Jean Grothendiecktopos Epi Mono factorization

4 Yet the small étale site over a scheme étale open immersion
factorization



GrothendieckTopoi and CM Sites

Proposition For every Grothendieck topos there exists a CM

site or Ya such that f 8h or for

Sketch of the Proof Tane b Jf with Ge Sh f Jp
Consider the functor

b Jp G
Let or Jean be the closure of Im under finite
limits in G
Add the subobjects in the epi mono factorizations of arrows in

or to obtain or with the canonical topology from G



Morphisms Between CM Sites

Note morphisms between sites correspond to the algebraic part of the

geometric morphisms they are left adjoint and left exact

left adjoint preserves epis

left exact preserves monics

Definition A CM morphism of CM sites is a functor that is

covering preserving covering flat and sends the Left class to

the left
right

class

Notation CMsite 2 category of CM sites with CM morphisms

and natural transformations



There are enough CM sites

Definition A covering flat covering preserving morphism of sites is

f a Joel b Jf
LC Lemme de Comparaison if it is covering reflecting and

satisfies
G for all Bin b there is a Jf cover flofastujective

f Ai B ieI
I

F for all c f A f A there is a Ja cover

Ai
ai
Alice s.t.co flaile Imcf

C yf

FF for all c C A A s t flc fcc there is a failover
Ai

ai A ice s t codi dodi

fthf
Theorem Thepseudofunctor Sh CM Site GTop sends LC

CM morphisms to equivalences and induces Cm site LCain Grtop



Sites for GrothendieckTopoi

left cancellative
Gr sites CM Sites atomic

Grothendieckétendues atomic topoi
Topoi

Lawson Steinberg

Dewolf PT

Ehresmann
sites



Generalized Ehresmann Sites

Replace ordered groupoids by ordered categories

Definition An ordered category is an internal category P

in the category of posets whose source s P Po is a

discrete fibration

A B objects into a
f A

B
order
in A in order info A

A IB A É B

objects in

Definition An ordered category is left quadrable if
A B B Y

9 IN
A B and a



Generalized Ehresmann Sites

Definition A generalized Ehresmann site is an ordered category P

with an Ehresmanntopology a collection of vertical sieves

JCA Ae Obj Po

ETI the trivial sieve IA JCA

ET 2 if BET B and A B B

then FBffff j feB
is in TCA

in g B

ET 3 for A cTCA and D any vertical sieveon.A if for
all C f A A with A A in A f DETIC
then DEJIA

Remark T restricts to a Grothendiecktopology on the cat'sof vertical arrows



Sheaves on generalized Ehresmann sites

To define the amalgamation conditions for sheaves F P Set
we need the following notion wrt horizontal arrows in P

Definition For an ordered cats P double functor F POP Set

and horizontal arrow f B A in P

An element see F B is self compatible for F and f if

for all C 8 B C h B with ftp.og ftp.ioh

we have
B B ftB a B tlg

Fig F B B x g
F h FCB B x Bg A.fzf.nl



Sheaves on generalized Ehresmann sites

Definition A sheaf on a gen E site P J is a functor F Set

satisfying the following conditions

A is a sheaf on the vertical category with the induced Gr topology
for each Se JIA and comp family ra ka ages F A

x F A sit F A A a xp for all A a A S

Iii 11

for each horizontal arrow f B A and see F B which

is self compatible for F and f ye F A s t F f y se

c B FIB
A

H
g

p ÉY
Amorphism of sheaves is a horizontal equiv Vertical transformation ofdoublefunctors



CM sites generalized E sites

From left.ca cellativeCategorietoOrderedGroupoids

E.Je.E.M i Ele ordered griffin
a CM site obj sub objects in M m where

m A's A in M

vert arrows m n iff
A sky in M
inin
A

hor arrows m
m fin In

Ehresmanntopology on ELC givenby infin iii in E
mi m ieI sit

double cells
5 Si

I my m.f.in Cn me
f

Mi e h v

y
is a Je cover N givenby y z

cm If finenium



gen E sites CM sites

From eredfroupoidstoleft.cancellativeCateories

CCP category of a 1 P J generalized
corners in P E site

objects those of P
arrows formal composites

composition

9 Note We could also

topology Bi fi A A iet covers have defined a strict

iff Ai A ice covers in J factorization system
EIB A A

factorization system
E B A A leftquadrability

Me Bid B A

M B E A A from that of P



Sites for GrothendieckTopoi

left cancellative
Gr sites CM Sites atomic

Grothendieckétendues atomic topoi
Topoi

Lawson Steinberg

Dewolf PT

Ehresmann horizontal
generalized

Sites Ehresmann generalized
sites E sites

left quadrable ordered
cats with an Ehresman topology



The Correspondence What we want

E

Thm CM Sites Gen E Sites is a 2 adjunction
C

Sh Sh
V n

G Topoi

E

CM Sites Gen E Sites is a bi equivalence
C

Sh Sh
v n

G Topoi
arrows

factorization System preserving mud
covering preserving covering flat translate ooo



The Correspondences we have

2 adj

Left cancellative categories Ordered groupoids

Left cancellative categories OrderedGroupoids
max

bieg
2 adj E

CM Cats Left Quadr Ordered Categories
with fact Syst
pres functors 9 with all double functors

CM cats Left Quadr Ord Cats max

bieg



Morphisms between underlying double categories

2 adj
I

Left cancellative categories Ordered groupoids

Left cancellative categories OrderedGroupoids
max

bieg
2 adj E

CM Cats Left Quadr Ordered Categories
with fact Syst
pres functors 9 with all double functors

CM cats Left Quadr Ord Cats max

bieg

so just translate

covering preserving coveringflat coveringpres covering flat



Related Results on Fact Systems
and Double Categories

All double categories we consider are

domain discrete as in Factorization Systems and

Double Categories by M Stepan who gives an equivalence

Cats with SFS Dom Diser Dbl Cats
Einers

Our functor C is calculated by taking corners

D is not E ingeneral
Hence we obtain categories with a strict factorization

system inside an OFS SFS OFS

D Cats with SFS Dom Diser Dbl Cats

keeps obj the same sends to hor arrows R to vertical



Covering Flat Morphisms

Definition For a Grothendieck site or a morphism F f or

is covering flat if for any finite diagram
D I if

and any cone Tower FoD in or with vertex U the sieve

h U Th factors through the F image
of a cone over D

is a covering sieve over U in or
N Th

Fifth For
Wh

Wi We Twiti HIM T
Wju U L V

Di
g Dj Die FDies FDj IDK



Two Questions

What are cones for the double category sites

hr cones

What indexing double categories do we need



hr cones

for an ordered category IG and D I G
an hr cone Tover D with vertex U consists

of U Ti Ti
for ie Obj II

Di i
sit for i α

j in II and for in II

U Tj U Te Ti
Ti Ti

Di
Da Dj Die



Covering Flat Morphisms

Definition For a gener E site P a morphism I P P
is covering flat if for any suitable finite diagram

D I P

and any hr.com overFoD in P with vertex U there is a

family vitiy with Vu Ubeek covering sit

i
T vk.hu factors through the F image of an

hr cone over D in P



The Indexing Diagrams for the Cones

For left cancellative sites

I 7
let or b left cancellative

sites

BE Ip is bijective on objects
full on arrows

D
is fully faithful

F
o

by choosing a representative
for each subobject in I we

I is left cancellative can give it a strict fact system
cones over D resp FD are cones over resp FD

3 We may assume for left cancellative sites that the

diagrams in the definition of covering flat arrow are

left cancellative and have a strict factorization system



Indexing Categories for Diagrams in CM sites

Proposition For or a category with an OFS E M M E monic arrows

and D I Or a finite diagram there is a factorization

I T E
D

of

with strict factorization L R on It sit

J is injective on objects

L E D IR EM

Cones over D extend uniquely to cones over I

I is finite
if or has an SFS OFS we may take

SFS preserving



Construction of

objects Obj I v f c Arr I

arrows generated by

Gif gf Ps't g for A BIC in I

subject to read In IA the empty string at A

HI f If Pf Ip for f A B in I

ihgfdhg.to Ph.gs

gi9fff nastigatingA
lf I rf

B
eg rg

C
agg 8fpg.gdh.gr Peng

L If u ag.tl id R trflulpg.flulid



Indexing Double Categories

Claim for double categorical covering flatness

between generalized Ehresmann sites it is

sufficient to use diagrams indexed by finite

domain discrete double categories



I covering flat G F covering flat

For G P Jp H.nl e0Fs
GCF

GlPiTp

I I 8 P F
F

P Tp
dbl functor

F covering flat each hr cone T with vertex U over Fod

has an hr covering K Uk s t each hr cone Tly

factors through the F image of an hr cone over 8
these hr cones over Fod and 8 respectively correspond precisely
to cones over GLF D and D respectively

i F covering flat G F covering flat
when F is cov flat for diagrams indexed by finite dom diserdbl cats



4 covering flat Ela covering flat

for IFE a Joe EaMor
Eg

E b Je Ef Mbl G

we get

corners II GE lo Jor Ea Mor selfGE b Je
objects

six
for x in or

choose representatives

corners II I
g

or Joe Ea Mor g
b Jo Eg Mal

and cones here correspond to hr cones in

i Suitable finite II finite domain discrete double cat II



Covering Flat for CM sites and Generalized Ehresmann Sites

For Cm sites we can define covering flatness of arrows in
term of cones over diagrams with a strict factorization

system

For generalized Ehresmann sites we can define covering flatness

of arrows in terms of hv cones over diagrams with

a finite double category II for which the source

is a discrete fibration



2 Adjunctions and Bi equivalences

Ic Cats oGpds

reachcomponent of
the verticalcategorylocats Sasha
has a maximal object

le Sites E Sites

desites E Sites
max

morphisms

morphisms CMsites genE Sites Cov preserving
cov pres Cov flat
Cov flat in terms ofCMsites gen E Sites max fin.dbl.catpres leftclass
pres rightclass we can now translate the with Src adiser

Comparison lemma conditions fibration



P

Comparison Lemma Maps

For Grothendieck Sites For Ehresmann Sites For GeneralizedEhresmann Sites

F a.Ja biff Q E.IE IF Q ICTc DTD

locally surjective on objects

for each Fin there is for each DinD there is

for each Bin b there a family
a family

is a cover

PE
hi Fi of 9C hi Di D

FA fi B IEI inff such that Fi F ETF such that Di a D ETD
99 hi

ye
PE hi

Fi QC y Di Di
hi

D



Comparison Lemma Maps

For Grothendieck Sites For Ehresmann Sites For GeneralizedEhresmann Sites

F a.Ja biff Q E.IE FTE Q ICTc DTD
locally faithful

for each pairof arrows for each pair ofhorizontal for each pair of horizontal
arrows B J G BfcgA Ai in or arrows Ef Cf E Cg with Cf Ceo cgwith Cf Cco Cg

such that Flf FG such that p f pig
such that f f pigthere is a coverthere is a cover there is a cover Bi o B in Tc

E E inTE with horizontal arrowsAi hi A ieI info such that fle glei Ai Bi such that
E ID ftp.iohi 9Biohisuchthatfhighi flees

Eif Aiki B Fbi D

I 8
Cg 8 Bi

f Cf E S



Comparison Lemma Maps

For Grothendieck Sites For EhresmannSites For GeneralizedEhresmann Sites

F a.Ja biff Q E.IE IF Q ICTc DTD
locally full

for every arrow for every diagram for everydiagram
FCA hFIA inf y E h F yep 4h'D ME inD

there is a cover
there is a cover

Ai
Ai A infor in there is a cover ci.sc in Jc

and afamilywith arrows E E in

0199Ai fi A and a family with a family
Ei Ei Di Ciki Eisuch

ai Ffi such that s

CÉE
ICA

lai FA h FA PEI Yei QD YC pci hloci
N 9

Ff DGE µ
IF

i e blue pei GID i.e.hn jg.Yci pkiYE



Comparison Lemma Maps

For Grothendieck Sites For Ehresmann Sites For GeneralizedEhresmannSites

F a.Ja biff Q E.IE IF Q ICTc DTD
co continuous

for each cover
for each cover as for Ehresmann sites

Bi FA info Fi YE inTF for eachthe set of arrows
f A A

the set of arrows I YE
E E the set of arrows

FA 9 B t.GE F E E
t

Enk EFf off for some i

covers E in II and
phcovers A

EFFIE
a.EE

covers E



So we have

CM Sites LC Gen.E sites LCE

Gr.Topoi

and an observation

The factorization system E M on the topos
itself gives us G as a wreath product of E and M



Etendues and Fractions

RS D P.RS

G Site LC GrTopo CMSite Kim grTopoi

lesites Sh Etendues



Work in Progress

What else does this tell us
this looks

V atomic

Vert fractions

HP P Tp NP TF
atomic gen E site left cancellative

v hor fractious
P H Tp

Ehresmann site




