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Abstract
A methodis proposedfor photo-realisticmodelingandvisualizationof a growingtree. Recentvisualizationmeth-
odshavefocusedon producingsmoothlyblendingbranching structures,however, thesemethodsfail to account
for the inclusionof non-smoothfeaturessuch asbranch bark ridgesandbud scalescars. Thesefeaturesconsti-
tute an importantvisual aspectof a living tree, and are also observedto vary over time. Theproposedmethod
incorporatesthesefeaturesby usingan hierarchical implicit modelingsystem,which providesa varietyof tools
for combiningsurfacecomponentsin bothsmoothandnonsmoothcon�gurations.A procedural interfaceto this
systemsupportstheuseof inversemodeling, which is a global-to-localmethodology, where the local properties
of plant organsare describedin termsof their global positionwithin the treearchitecture. Inversemodelingis
usedto de�ne both the treestructure at any time, and a continuousdevelopmentalsequencefor the treefrom a
seedling. Thesetechniquesprovidean intuitive paradigmfor thede�nition of complex treegrowthsequencesand
their subsequentvisualization,basedsolelyon observedphenomena.Thus,a key advantage is that they do not
requireanyknowledgeof, or simulationof, theunderlyingbiological processes.

CategoriesandSubjectDescriptors(accordingto ACM CCS): I.3.5 [ComputerGraphics]:Curve,surface,solid,and
objectrepresentationsI.3.7 [ComputerGraphics]:Animation

1. Intr oduction

Branchingstructureswith smoothlyblendingjunctionsarea
key featureof many naturalphenomena(herbaceousplants,
trees,coral, shells, icicles, speleothems,animals).Several
methodshavebeenappliedto modelthisphenomenon,how-
ever, a major failing of previous work in this areacomes
from theobservationthatmany branchingstructuresarenot
universally smoothlyblending.Commonfeaturesof trees
suchasthebranchbarkridgeshown in Figure1, maycom-
bine both smoothandnon smoothcomponentsin a single
branchingpoint.Anotherfeatureof trees,thebud scalescar
shown in Figure1, mayvary from anonsmoothto asmooth
blendovertime.Thesesituationshavenotbeenmodeledyet.

A generalizedblending method basedon the idea of
bounded blending [PPIK02], referred to as generalized
boundedblending(GBB), is proposedto model thesephe-
nomenausing implicit surfaces.This methodprovides an
intuitive way to modelboth the branchbark ridge andbud
scalescarsover time. The methodhas beenincorporated
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into the BlobTree system[WGG99], which includestools
for precisecontactmodeling(PCM) [DCG98], constructive
solid geometry(CSG)andvariousotherblendingmethods.
Only by combining PCM and GBB, is suf�cient control
achievedto modeltheappearanceof thebranchbarkridges
andbudscalescarsduringthelife of a tree.

Figure 1: Photographsof poplar treesshowing:thebranch
bark ridge (left), bud scalescars at age two years (center),
andfour years (right).
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A common approachto modeling developmental se-
quencesof plantgrowth is to simulatethetemporaldevelop-
mentof plantstructuresbasedon biologically derivedrules
thatcontrolplantinternalfunctionalityusingmorphogenetic
or physiologicallybasedapproaches[dREF� 88, PL90]. The
developmentand �nal structureof a plant model emerges
from thedevelopmentalrules.It is usuallyfound,however,
that (a) visual realismrequiresa goodunderstandingof the
underlyingprocessand(b) globalcharacteristicsof aplant's
features,suchas crown shapeor branchdistribution, can-
not be explicitly speci�ed. A methodis also introducedto
describethedevelopmentalgrowth of a treeusinga global-
to-localmethodology [PMKL01]. Theadvantageof thisap-
proachis thatcomplex developmentalsequencesmaybede-
�ned without knowledgeof the underlyingbiological pro-
cesses.Rather, themethodallowsspeci�cationof themodel
in adirectmannerbasedsolelyonobservedphenomena.Us-
ing thesetechniques,realisticvisualizationsof growing trees
maybeachieved.Themethodis demonstratedby its applica-
tion to a growing modelof Populusdeltoides(EasternCot-
tonwood).

2. Previouswork

The simplest step in the quest for realism of branch-
ing structures was the representation of internodes
as 3D cylinders [dREF� 88, PL90]. A visually more
advanced technique was the use of generalizedcylin-
ders [Blo85, LD99, Hol94, Opp86, PMKL01]. Unfor-
tunately, these techniquesdo not properly capture the
geometryof branchingpoints.

Modeling of the geometryaroundbranchingpointswas
�rst addressedby Bloomenthal,who proposedto solve
this problem by crafting parametricpatches[Blo85]. A
more recent method is the use of subdivision surfaces,
models of branching structureswere createdby Tobler
et. al. [TMW02], who procedurallygrew a mesh,thensub-
divided the resultingcontrol mesh.Relatedtechniques,us-
ing subdivisionto modelbranches,wereintroducedby Weta
Digital in the�lm “Lord of theRings:TheTwo Towers”[AP]
andby Aklemanet.al. [ACS03]. However, all of thesemeth-
odsareglobally smooth,andit is problematicto construct
modelsof arbitrarily complex branchingstructures.

A limited implicit modelof treeswasproposedby Hart
[HB96], Maritaud [Mar03] usedimplicit surfacesin com-
binationwith proceduralbark texturing methods,andJin et
al. [JTFP01] usedconvolution surfacesto modelbranching
structures,including trees.Thesemethodsall de�ned uni-
formly smoothblendingatbranchingpoints.

2.1. Plant modeling

Many researchershave studiedthecreationof plantmodels
andproposedarangeof methodsthatmaybeusedto model,
simulate, and visualize plant structures.These methods

Figure 2: Left: Plant structures are considered in terms
of axes(branches) of different branching order. Right: A
branch consistsof a sequenceof constructionalunits re-
ferred to as metamers, consistingof an internodeand as-
sociatedleafandlateral bud, if present.

includemodelsbasedon parameters[Hon71, WP95], frac-
tals [Man82, FFC82, Opp86], particle systems [RB85],
spline skeletons [Blo85, Hol94], stochastic sys-
tems [FG86, VEJA89], graph structures [LD99], and
rewriting systems[dREF� 88, PL90].

In this research,anextensionof theglobal-to-localmod-
eling methodology[PMKL01, M0̈3] is usedto describethe
developmentof a tree.Prusinkiewicz et al. [PMKL01] pre-
senteda modelingapproachfor staticplant structuresthat
focusedon intuitiveanddirectcontrolof aplant'sglobalap-
pearance.Plantstructureswereexplicitly describedin terms
of graphically de�ned, continuousfunctions that express
plantcomponents'characteristicsasfunctionsof their posi-
tion within theplantstructure.Thesefunctionswerereferred
to aspositionalinformation.

The useof positionalinformationfor interactively mod-
eling plant developmentwas presentedin [M0̈3], suitable
for generatingrealisticplant developmentwithout detailed
knowledge of biological processesof plant development.
The key idea was to departfrom the biological develop-
mentparadigm,thattheshapeof anorganis implicitly con-
tainedin its growth history[Tho61]. Thespatialdistribution
of plantcomponentswasisolatedfrom theirtemporalforma-
tion andgrowth. The proposedmodelingprocessconsisted
of threesteps:usingproceduralalgorithmsto describethe
architecturalarrangementof plant components,usingposi-
tional informationto de�ne the spatialdistribution of plant
componentsfor the �nal structure,andusingpositionalin-
formationto specifytheformationandgrowth of plantcom-
ponents.This work was limited to modelingplantswith a
singleseasonof growth, andassuchis not directly applica-
ble to modelingthegrowth of trees.

In thescopeof this research,plantsareconsideredasan
assemblageof plant componentswith a structuredescribed
in termsof axes [JL87, GCC97]. Theaxisof order0 is the
mainaxis,axesof order1 arethebranchesconnectedto the
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main axis,andso on (Figure2). A branchconsistsof a se-
quenceof constructionalunitsreferredto asmetamers, con-
sistingof aninternodeandassociatedleafandlateralbud, if
present[Bel91] (Figure2). A lateralbudmaydevelopinto a
�o weror give riseto a lateralbranch.

2.2. Growth characteristicsof Populusdeltoides

Figure 3: Sizeof lateral branchesgenerally decreaseswith
distancefromtheapical shoot.

Thereaderis referredto [Hos90, Wil84] for a morethor-
oughdescriptionof treedevelopmentandform.Relevantob-
servationssummarizingthephenomenamodeledin this re-
searcharede�ned below.

Treesdiffer from otherplantsin thatthey grow overmany
years,andexperiencetwo typesof growth, primarygrowth
andsecondarygrowth. Primarygrowth is the elongation of
preformedmetamersfrom a bud producedby the previous
yearsgrowth. Internodesceaseto elongate after their �rst
year of growth, and experiencesecondarygrowth, charac-
terizedby the steadythickening of branchesand produc-
tion of bark. One yearsgrowth arising from a single bud
is de�ned as a shoot,and typically consistsof a sequence
of metamers,eachwith associatedleaf andlateralbud, ter-
minatedby an apicalbud. Shootsmay vary in length,and
numberof metamers,basedon position in the global tree
hierarchy.

In Populusdeltoides, shootsarisingfrom budsproduced
by acommonshootin thepreviousyear, haveafairly regular
patternof lengthsrelative to eachother. Theapicalbud pro-
ducesthe longestshoot,the lateralbud closestto the tip of
theshootproducesthenext longestshoot,andthelengthsof
lateralshootsdecreasesfor lateralbudsfartherfrom thetip,
shown in Figure3. Lateralbudsnearthe baseof the shoot
maynot producea branchat all. Therearemany exceptions
to theseguidelines,but we adhereto theseruleswhencon-
structingourmodel.Whenashootgrows,thebudscalesare
lost, andbud scalescarsareobserved (Figure 1) asa ring
aroundthe branch.Bud scalescarsfrom the apical shoot
slowly disappearas bark grows over them, and the scars
from lateralshootsaregraduallyreplacedby a branchbark
ridge(Figure1).

Branchinganglesvarybasedon lengthof shootandtime.
Longer shootshave smallerbranchinganglesthan shorter

shoots.Observed anglesrangefrom approximately80 de-
greesfor shortshootsto 35degreesfor longshoots.Thevari-
ationin branchingangleover timeresultsfrom gravitational
forcespulling larger branchesdown. This also affects the
shapeof branchesovertime.Branchestypically curvegently
upwardtowardavailablelight. Longerbranchesmayhavean
S curve,wherethey benddownwardcloseto their base,and
the tips gently curve upward again. The shapeof the trunk
is alsovariable.Typically this is a responseto environmen-
tal conditions,resultingfrom variablebranchingdensityon
differentsidesof thetree.

Crown shapevariesover time. A youngtreeresemblesa
broomstick for its �rst few years,growing rapidly upward
with shortbranches.As the treeagesit tendsto a rounded
crown, with long well developedbranches.Branchingden-
sity also varieswith time. Brancheswhich do not receive
enoughlight will die,andeventuallybelost.Typically these
aresmallerbranchesin theinteriorof thetree.

3. Implicit surfaces

An implicit surface[Blo97] S may be derived from a �eld
function F(x;y;z), and is de�ned as the set of points P =
(x;y;z) atwhich thevalueof F equals0, asfollows:

S= f P = (x;y;z) 2 R3;F(x;y;z) = 0g (1)

Implicit surfaces are an intuitive means for modeling
smoothlyblendingbranchingstructuresin computergraph-
ics [Blo95, BS91]. A commonapproachis to �rst de�ne the
underlying skeletal structure,then representeachskeletal
componentusingan implicit surfaceprimitive, which have
the inherentability to blend smoothlywith eachother. In
contrastto othermethods,implicit surfacesusethesameap-
proachregardlessof thecomplexity involved.Recently, im-
plicit surfaceshave beenusedas the basisfor more com-
plex modelingsystems[WGG99, ACF� 99] which incorpo-
ratetechniquessuchascontrolledblending,boundedblend-
ing, CSG,PCM andspacialwarping in hierarchicalstruc-
tures.

PCM is a methodof deformingimplicit surfacesin con-
tactsituationsto maintaina precisecontactsurfacewith C1

continuity[Gas93, DCG98]. Themethodis only anapprox-
imation to a properlydeformedsurface,but is an attractive
algorithmdueto its simplicity. Morerecentlyit hasbeenap-
plied to convolution surfacesof anarticulatedskeletonin a
branchingsituation,wheredistantpartsof theskeletoncould
be de�ned not only to avoid blending,but to deformeach
otherusingPCM[AJC02]. Oneproblemwith thismethodis
thatit did notallow thesurfacesgeneratedby adjacentskele-
tal elementsto bebothin ablendandcontactsituationat the
sametime.
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Figure 4: Input �elds de�ned by B1(p) (PCM - left) and
B2(p) (Blend- right) to Fg.

Figure 5: Applicationof Fg, thebounding�eld b = Fb(p) is
visualizedbytwotransparentsurfaces,theinneronebound-
ing a regionwhereFb(p) = 1 andtheouteronerepresenting
thezero surfaceFb(p) = 0.

3.1. Generalizedboundedblending

Pasko introducedtheideaof boundedblending[PPIK02], in
whichtwo functionalsolidsde�nedby �eld functionsF1 and
F2, couldbelocally blendedbasedon a third bounding�eld
function Fb. This methodallowed an intuitive control over
local blendingbetweentwo solids,but wasonly de�ned to
allow eitherablendingor nonblendingsituationbetweenF1
andF2.

Generalizedboundedblendingallows smoothinterpola-
tion betweentwo arbitraryblend operators,and is de�ned
at a point p by a function Fg(p). Fg dependson a set of
�eld functions,F1(p);F2(p); :::Fn(p) de�ning �eld values
fi = Fi(p), anda bounding�eld functionFb(p). Two blend-
ing functionsB1( f1; f2; ::: fn) andB2( f1; f2; ::: fn) arealsore-
quired,whichmayuseany de�nableblendingmethod,such
assummation,convolution,PCM,or CSG.Fb mustmeetthe
following criteria in order to producesmoothinterpolation
betweenB1 andB2:

Fb(p) 2 [0;1]
r Fb(p) = 0 when Fb(p) = 0
r Fb(p) = 0 when Fb(p) = 1

The�eld valueof functionFg(p) atpoint p, is givenby:

b1 = B1( f1; :::; fn) (2)

b2 = B2( f1; :::; fn) (3)

Fg(p) = Fb(p) � b1 + (1:0� Fb(p)) � b2 (4)

Figure6: Modifyingthetexture in theregionof PCMdefor-
mation.Exampleimage (left) andbranch bark ridge model
(right).

Figure 7: Evolution of bud scale scars and branch bark
ridgeovertime. Left-right: 1 year, 4 years,7 years,10years.

Good resultscan be obtainedby making Fb a sigmoid
function,whichdecreasessmoothlyfrom1 to0over[0;1]. In
thisresearchFb wasde�nedasadistancefunctioncomputed
by Fb(p) = ((1� r)2)3 wherer is thedistancefrom askele-
tal primitive, however arbitrary�elds couldbeusedfor Fb,
including non-smooth�elds suchasproducedby CSGop-
erations.Application of Fg to combinetwo line primitives,
with B1 andB2 de�nedasPCMandblendasshown in Figure
4, producestheresultshown in Figure5, wherethebounding
�eld Fb is visualizedastwo transparentsurfaces.The inner
oneboundsaregionwhereFb = 1, andtheouteronevisual-
izesthezerosurfaceof Fb. Fb is de�ned suchthat its value
is 0 everywhereoutsidethis region.

3.2. Visualization of tr eefeatures

ThefunctionFb (seesection3.1) is appliedto modelthebark
ridgeridgesandbudscalescarsin treesby interpolatingbe-
tweenblendandPCM. This is appropriateasin naturethe
shapeis a consequenceof the collision betweenbark vol-
umesandPCM wasdesignedto modelcollision deforma-
tions. It can also be observed that the collision volume is
boundedand thereis a smoothchangefrom the deformed
partof thevolumeto thesmoothlyblendedpart.To capture
theblackenedcolourof thebranchbarkridge,thebounding
�eld de�ned by b = Fb(p) is usedto determinetexture at-
tributesin theregion of PCM asshown in Figure6. On the
left the samesituationis shown asin Figure5, except that
wherethe �eld is modi�ed by the PCM blend,the surface
attributesare de�ned by the bounding�eld, illustratedby
the greenridge.On the right we seethe applicationof tex-
turemapsanda blackcolourde�ned by thebounding�eld
to producevisually realisticresults.
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To modelthevariationof bud scalescarsandthebranch
bark ridge over time, the �eld function Fb is modi�ed over
time.Resultsfor asimplebranchingsituationoverthecourse
of severalyearsareshown in Figure7. Thebudscalescaron
themainbranchis graduallylost, andthebud scalescarof
thelateralbranchbecomesabranchbarkridge.

4. Global-to-local modelingof a growing tr ee

In this section,the descriptionof the modelof treegrowth
is given for branchesof order0 (the trunk) and1. It is then
extendedto higherorderbranchesandanimation.The fol-
lowing notationis usedthroughoutthissection;y 2 [0;ymax]
denotesthecurrentyearaftergermination,whereymax is the
maximumageof the tree.Lengthof a branchin yeary is
denotedasly, andthefollowing inequalityis enforced:

ly + lmin < ly+ 1 (5)

wherelmin is a userde�ned minimum lengthof shoot.The
termx denotestheglobalpositionof a branchalongits par-
ent branch,andxy 2 [0;1] the relative positionof a branch
along its parentin year y, wherexy = x=lpy and lpy is the
length of the parentbranchin year y. The relative posi-
tion of a branchalongits parentin yearymax is denotedby
xmax 2 [0;1] wherexmax = x=lpmax andlpmax is the lengthof
theparentbranchin yearymax. Localparametersof treecom-
ponentsaredeterminedinteractively by theuserwith graph-
ically de�nedfunctionsG overthedomain[0;1]. Unlessoth-
erwisestated,thesefunctionsarede�ned in termsof xy, xmax
or timety = y=ymax. For example,thelengthof thetrunk by
yearis de�ned by Gh asfollows ly = Gh(ty).

4.1. Structur eof branches

The �rst stepis to de�ne thelengthof eachbranchfor each
year. A useful observation is that branchesof every order
may be consideredas a seriesof growth incrementspro-
ducedannually. The differencein length from oneyear to
thenext determinesthelengthof thatyearsshoot.

Thelengthof thetrunk,or branchof order0, is treatedas
aspecialcase,andis determinedby Gh asabove.Thelength
of order1 branchesis determinedby theuseof two functions
Gs1(xy) de�ning thedesiredsilhouetteof thetreewhenit is
young,andGs2(xy) whenit is mature.Thelengthof abranch
in eachyearis thendeterminedasfollows:

ldy = lpy � ((1� ty) � Gs1(xy) + ty � Gs2(xy)) (6)

ly = max(ldy; ly� 1 + lmin) (7)

whereldy is thedeterminedlengthbeforeenforcingequation
5. Resultingbranchlengthsare shown in Figure 8, where
eachyearsgrowth is colouredalternatelyin blue and red.

Thenew yearsgrowth isshown in green.Thebandsof colour
representacontourfor eachyearsgrowth. It canbeseenthat
the contoursbecomemore roundedas the tree ages.Note
that theinput xy to functionsGs1 andGs2 variesfor a given
branchby year. This impliesthatit is notpossibleto individ-
ually control theappearanceof a speci�c branchusingGs1
andGs2. Thethird stepoffersasolutionto thisproblem.

Figure8: Lengthof branchesvisualizedbyyear. Each years
growth is coloured alternately blue then red. New years
growthin green.

The secondstep is to de�ne localized orientation for
branch segments.This is done by interpolating between
Go1(xy), de�ning local orientationsfor a theoreticalbranch
of length 0, and Go2(xy), de�ning local orientationsfor a
branchof maximumlengthlmax. For eachgrowth increment
alonga givenbranch,a desiredheadingq is speci�edby in-
terpolatingbetweenthesetwo curvesas follows, wherexy
representsthe position of the growth incrementalong the
currentbranch,andnot the positionof the branchalongits
parent:

sq = ly=lmax (8)

q = (1� sq) � Go1(xy) + sq � Go2(xy) (9)

Duringconstructionof thebranch,eachsegmentis rotated
byanappropriateamountrelativeto its predecessorsuchthat
it is orientedatanangleq awayfrom theoriginalheadingof
thebranch.A positiveheadingis de�ned to orientthebranch
morein thedirectionof its parent,andanegativeheadinghas
the reverseeffect. By de�ning Go1 to be increasinglyposi-
tive,shorterbranchestendto grow moreupwardalongtheir
length.Go2 is de�ned to be initially negative, andthenin-
creasinglypositive,whichgivesanSshapedcurve to longer
branches,and simulatingthe effect of gravity upon them.
Theresultis shown in Figure9.

The third step associatesa scalefactor sb, de�ned by
Gbs(xmax) with eachbranchasfollows:

sb = Gbs(xmax) (10)

Thescalefactoris usedin severalwaysin themodelingpro-
cess.Initially it providesa directmethodfor controllingthe
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Figure 9: Localizedorientationof branch segmentsis de-
�ned by interpolatingbetweentwo functions,onefor short
branches,andonefor longbranches.

appearanceof individualbranches,which is notpossibleus-
ing thefunctionsGs1 andGs2. Onceabrancheslengthis de-
terminedby Gs1 andGs2, it is scaledby sb. An exaggerated
exampleis shown in Figure10.

Figure10: Modifyingbranch lengthwith thescalefactorsb.

The fourth stepde�neshow longabranchlivesbeforeit
is lost.A functionGa representingagea of abranchwhenit
is lost is de�ned asfollows:

a = Ga(sb) (11)

Theresultis thatshorterbrancheswill tendto belostsooner
than long onesof the sameorder as shown in Figure 11.
Note that shorterbranchesremainnearthe top of the tree
wherethey haveayoungerage.Shortbranchesnearthebot-
tom from Figure 10 have beenshed.Using the length of
branchesto determinetheir lifespanis avoided in order to
allow shortbranchesof high orderto live longerthanlower
orderbranchesof greaterlength,aphenomenonobservedin
realtrees.

Finally, the radiusof a branchis de�ned as a function
of position along the branch,and stochasticvariationsare
addedto thebranchorientationto createa morelifelik e tree
model.

Figure 11: Modeling loss of branches. Shorter branches
are only observednear the top of the tree where they are
younger.

4.2. Higher order branches

Section4.1 describedthe useof positional information to
determinethestructureof branchesof order0 and1. To ex-
tend the methodto higher order branches,paracladialre-
lationshipsbetweenthe main and lateral branchesare as-
sumed,that is, the sameinformation is recursively applied
to branchesof higherbranchingorder. To accountfor varia-
tions in branchorders,somemodi�cations aremadeasfol-
lows.

Lengthof higherorderbranchesis de�ned aswith order
1 branches,but arescaledbasedon theorderof branching.
Equation7 is modi�ed asfollows:

ly =
max(ldy; ly� 1 + lmin)

0:5� order+ 1
(12)

The result is narrower crowns of branchesrelative to their
lengthwhencomparedto the trunk. Note that this doesnot
affect the branchscalefactor sb of the branch.Ratherwe
rede�neequation10asfollows:

sb = sbp � Gbs(xmax) (13)

wheresbp is theparentbranch's scalefactor. Branchcurva-
tureis de�ned basedon lengthof thebranchandis notmod-
i�ed for higherorders.Similarly, thelifespanof higherorder
branchesis determinedasin equation11usingsb from equa-
tion 13 asinput.Finally, lateralbrancheswill not becreated
if sb is below auserde�ned thresholdsmin.

4.3. Structur eand developmentof shoots

In eachyear, a new shootwill grow from the apicalbud of
eachbranch,andfrom someof the lateralbuds.Eachshoot
is composedof several metamers,which may producenew
lateralbranchesin thefollowing year.

If a shootgrows in year y, then the length of the shoot
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Figure12: Growthof a shootover1 year.

ls is de�ned asls = ly � ly� 1 wherely andly� 1 arethede-
�ned lengthsfor thebranchcontainingtheshoot.Eachshoot
is composedof a numberof metamersm de�ned by Gm as
follows:

m= Gm(q) where q = ls=lsmax (14)

wherelsmax is themaximumlengthof ashoot.Oncethenum-
berof metamershasbeende�ned, thelengthof internodesl i
is assumedto beequalfor eachmetamerin theshootwhere
l i = ls=m. In the yeara shootis grown. Eachmetamerwill
producea lateral leaf. The position of a lateral organ rel-
ative to its parentshoot is given by xs 2 [0;1]. A graphi-
cally de�ned functionGl (xs) de�nesthesizeof leaf for each
metamer.

In theyearfollowing a shootsgrowth, it will producelat-
eral branches.Lateral branchesfor a given shootare con-
structedasin the previous two sections,with the modi�ca-
tion that all lateral branchesusethe position of the shoot
alongthebranchto determinetheir lengthsandscalevalues.
In additionto this, thescalevaluesb for eachlateralbranch
is furthermodi�ed by agraphicallyde�ned functionGss(xs)
which de�nes anotherscalevalueasa function of the lat-
eral branch's positionalongthe shoot.Equation13 is thus
modi�ed asfollows:

sb = Gss(xs) � sbp � Gbs(xmax) (15)

wherexmax is thepositionof theshootalongthebranch.As
notedin Section2.2, thelongestlateralshootwill beformed
by thelateralbud closestto theshoottip. Gss is de�ned ap-
propriatelyto modelthisphenomenon.

Lateralbranchesarearrangedin a spiral phylotactic ar-
rangement,where the lateral branch of each successive
metameris placedat an angleof 137:5 degreesfrom the
previous one in the planeperpendicularto the axis of the
branch.To avoid repetitive patternsin the �nal structure,
causedby the longestbranchfrom one yearsshootbeing
nearlycoplanarwith the longestbranchfrom the previous

Figure13: Foliagesuccessionoveroneyear.

yearsshoot,the metamercount m for a given shootis re-
stricted to only allow internodecountssuch that the two
longestlateral brancheson the currentshootare placedat
anangleat least40degreesaway from thelongestbranchof
thepreviousyearsshoot.

The developmentof a single shoot is speci�ed as in
[M0̈3]. The developmentof each metameris considered
to be identical,andis given by graphicallyde�ned growth
curves for internode elongation, leaf growth, and bud
growth. Growth curvesof subsequentmetamersareoffsetin
timeresultingin acontinuousdevelopmentof asingleshoot.
Theresultof applyingthisprocessis shown in Figure12.

5. Results

Three animationsillustrating various aspectsof a grow-
ing Populusdeltoidesmodel were produced.Framesfrom
bbridge.mpgareshown in Figure7, which demonstratethe
effectivenessof theproposedmethodin modelingthebranch
bark ridge and bud scalescarsover time. The grossfea-
turesaremodeledalthoughmorework needsto bedoneon
thebark textureandits placement.Figure12 shows frames
from shoot.mpg, illustrating thegrowth of a shootover one
year. Notethevisible bud scalescarat thebaseof theshoot
wherethe bud scalesare lost. Finally, populus.mpgshows
the growth of a Populusdeltoidesover 27 years,including
successionof foliagein eachyearshown in Figure13. Figure
14 shows (from left to right) a seriesof imagesof real trees
atdifferentstagesof growth. Notetheshapeanddistribution
of the branchesis matchedquite closely by the generated
imagesfrom populus.mpgshown in Figure15.

While the use of implicit surfacesto visualize the re-
sulting modelsis an advantagefor producingmorephoto-
realisticmodelsof growing trees,they alsovastly increase
thecomputationalcomplexity of therenderingpipeline.The
high frequency natureof a tree model doesnot reactwell
to standardpolygonizationtechniques.Figure 16 shows a
polygonizedapproximationbasedona10243 voxel grid and
renderedin OpenGLontheleft, andaray tracedimagewith
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Figure14: Photographsof Populusdeltoides(EasternCottonwood)at several developmentalstages.

Figure15: Implicit surfacemodelsof Populusdeltoides(EasternCottonwood)at several developmentalstages.

Figure 16: Polygonizedrenderingwith 10243 voxel grid
(left), ray tracedimageat 7682 pixels(right).

7682 pixels andno anti-aliasingon the right. The polygo-
nized model required350 secondsto createthe polygons,
but evenwith a very �ne voxel grid, thehigh frequency de-
tails aremissing.In contrast,the ray tracedimagerequired
only 430secondto produceanimagewhichcapturesalmost
all of thehigh frequency detail.

Giventhenon-interactive goalof a photo-realisticanima-
tion of treegrowth, ray tracinghasbeenusedto produceall
threeanimationsfor its vastly superiorimagequality. Ren-
dering time for populus.mpgvaried from 2 secondsto 30
minutesper frame,with anti-aliasing,on a PentiumIV pro-
cessorwith 1Gb of RAM. Much of the time for the later
frameswasdueto memoryintensiveaccelerationalgorithms
which resultedin swappingmemoryto the hard drive. As
an example,the �nal imagein Figure15 contains181,692
primitives,22220operationnodes,andrequired1.4 Gb of
RAM to ray traceef�ciently . It is estimatedthat30%of the
renderingtimewasspentswappingmemory.

With thehigh renderingtimesper frame,constructionof
the modelwascorrespondinglyslow. It required1 weekto
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�ne tunetheparametersoncethealgorithmwasdetermined.
Experiencewith anotherplant modelingsystembasedon
L-systemsandparametricallyde�ned surfaces[PMKL01],
which wastheinspirationfor this work, leadsto theconclu-
sionthatwithout therenderingdelayfor eachiterationin the
modelingprocess,the entireanimationcould be de�ned in
a singleday. The intuitive natureof thegraphicallyde�ned
functionsusedto control local propertiesof plantorgansis
a fundamentalaspectof thisprocess[PMKL01, M0̈3], dras-
tically reducingthe amountof guesswork involved in this
processcomparedto othermethods.Theresultingstructure
couldthenbegivento theray tracerto producehigh quality
renderingsof acorrespondingimplicit surface.

6. Conclusions

In this work we have proposedtheuseof a proceduralsys-
temfor modelingtreegrowth which includesa combination
of smoothandnon-smoothfeaturesnotpreviouslymodeled.
The systembuilds implicit surfacesas hierarchicalBlob-
Trees[WGG99], andcontainsmany useful tools for repre-
sentinggrowing trees,includinggeneralizedboundedblend-
ing as introducedin this work. The use of graphical in-
teractively de�ned functionsfor specifyingmodelparame-
ters,combinedwith theinversemodelingparadigmandim-
plicit surfaces,providesan intuitive andpowerful approach
to modelinggrowing trees.We demonstratethat a realistic
proceduralmodelof a growing treecanbe built usingthis
approach,which enablesmodelingof featureswhich have
notbeenrepresentedusingothermethods.Speci�cally it was
demonstratedthatsmoothvisualizations(animations)of ag-
ing budscalescarsandbranchbarkridgesin developmental
treemodelscanbeobtained.

Themaincontributionsof this work aresummarizedbe-
low:

� The conceptof generalizedboundedblending is intro-
duced.

� A combinationof blending,precisecontactmodeling,and
generalizedboundedblend is usedto representbranch
junctions(budscalescarsandbranchbarkridges).

� A methodis presentedfor producingsmoothanimations
of growing treesusingtheinversemodelingparadigm.

There are many areasof future work. The proposed
methodhas thus far beenapplied to only one speciesof
tree. As it is an extensionof the techniquesdescribedin
[PMKL01, M0̈3], and given the wide ranging successof
thesemethods,we believe that its applicationto many other
tree specieswill prove successful.Application of known
techniquesfor computing radius of branches[SYHK64],
and orientationof plant organssuchas leaves and lateral
branches[WP95], shouldbe includedin our modelof tree
growth. Bifurcating structuresin older treeshave not been
incorporatedin thecurrentmethodology. Ourtexturingalgo-
rithm is aprimitiveone,andmorework onrealistictexturing
aroundbranchjunctionsis required.
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