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Potentialfunctionsallow thede�nition of bothanimplicit surfaceandits volume.In this representa-
tion, two categoriescanbedistinguished:boundedandunboundedrepresentations.Booleancomposi-
tion operatorsarestandardmodellingtoolsallowing complex objectsto bebuilt by thecombinationof
simplevolumeprimitives.Thoughthey arewell de�ned for thesecondcategory, thereis nocleardef-
inition of thepropertiesthatsuchoperatorsshouldsatisfyin orderto provide boundedrepresentation
with bothsmoothandsharptransition.In thispaper, we focusonboundedimplicit representation.We
�rst presentfundamentalpropertiesto createadequatecompositionoperators.From this theoretical
framework, we derive a setof Booleanoperatorsproviding union, intersectionanddifferencewith
or without smoothtransition.Our new operatorsintegrateaccuratepoint-by-pointcontrolof smooth
transitionsandthey generateG1 continuouspotential�elds evenwhensharptransitionoperatorsare
used.

Keywords: Implicit modelling,Softobjets,Boundedrepresentation,CSGoperators,Blending.
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1. Intr oduction

Providing interactive,accurateandintuitivecontrolof shapesis a fundamentalissuein the
developmentof three-dimensionalmodellingtechniques.Direct manipulationof meshes,
parametricshaperepresentationsand,morerecently, subdivisionsurfacesarecommonand
usefulsolutionsadoptedby mostcommercialsoftware.However, implicit volumemod-
els 1;2 arerapidly becominga practicalalternative to thesemethodsdueto the increase

1



November29,2004 16:57 WSPC/INSTRUCTION FILE ijsm2003
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in computerpower andstoragecapacityof modernworkstationscombinedwith thelatest
developmentsin graphicshardware.

Among the advantagesof implicit surfaceswe notice their natural blending prop-
erty 3;4;5, thetruethree-dimensionalrepresentationof volumes,theef®ciency for collision
tests ?, theBooleancompositionof their volumeby simplefunctioncomposition6;8;9;10

and®nally their verycompactfunctionalrepresentation.
Two generalimplicit representationscanbe distinguished:A boundedrepresentation

where the function de®ning the volume returnsa constantvalue outsidethe boundary
(known as“Metaballs” 11 or “Soft Objects”12), andan unboundedrepresentation(such
asR-functions8;9) wherethe function variesin the whole space.Unboundedrepresenta-
tion providesa generalimplicit volumerepresentation13 andtherefore,a wide varietyof
modellingoperatorssuchassweepingby moving solids14, Booleancompositionwith soft
transition9;15;16;17 and Constructive Volume Geometryalgebra18, have beenproposed.
Dueto theirglobalde®nition,it is dif®cult to providebothaccurateandinteractivesurface
rendering30. Thelocal representationof boundedobjectsis bettersuitedfor this purpose.
“Soft Objects”aremorepopularfor their automaticblendingpropertyandwhereasmany
blendingfunctionshave beenpresentedin the literature(see20;21;22 for a summary),as
faraswe know, sinceRicci 6, noconsequentimprovementhasbeenproposedfor Boolean
compositionoperatorson “Soft Objects”.Under its actualform, compositionwith sharp
transitiongeneratesundesirablediscontinuitiesin thepotential®eld andsmoothcomposi-
tion providesavery limited controlof theform of thetransition.

Smoothtransitionsin thecompositionoperatorshave becomea standardtool for im-
plicit modelling.Intuitive parametersfor control arenecessaryin orderto allow the user
to designthedesiredshape.On theotherhandit hasbeenshown that the local de®nition
of theboundedrepresentationis a fundamentaladvantagewhich providescompleteinter-
active modellingtools 23;24. Thereforeproviding Booleancompositionoperators(with or
without smoothtransition)for boundedimplicit primitiveswith propertieswell suitedfor
CSGcompositionsremainsanopen,ratherimportantproblem.

In this paper, we ®rst statethe limits of theactualmethodsusedto combinebounded
objects.We thenpresentspeci®cpropertiesthat compositionoperatorsshouldsatisfy in
orderto provide the surfaceresultingfrom a compositionwith, at least,a G1 continuous
potential®eld. We introducea genericfamily of compositionfunctionsbasedon arc-of-
ellipses.From this generalfunction representation,we derive new operatorsto combine
boundedprimitiveswith bothsmoothtransitionintegrating“point-by-point” controlof the
shape(asintroducedby Bartheetal 25), andsharptransitionwith aG1 continuouspotential
®eld everywhereoutsidethesurfaceandtheboundary.

2. Relatedworks

“Metaballs” 11 or “Soft Objects” 12 areboundedobjectsde®nedby a potentialfunction
f : R3 ! R. A singleprimitive, also called “skeletonprimitive”, is ®rst de®nedfrom a
simplegeometricobjectS (theskeleton)suchasa point, a line, a polygon,etc.Thenone
hasto choosea metricd which is generallytheEuclideannorm.Thepotentialfunction f
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is de®nedasa functionof thedistancewith respectto thenormd from theskeletonS to
pointsp of R3:

f : R3 ! R
p ! f (r) with r = d(S; p):

(1)

Wedenoter asd(S; p). Theprimitive'sboundaryis de®nedby achosenscalarRcalled
“radiusof in�uence”. Thefunction f equals0 if r � Randit decreasesfrom 1 to 0 whenr
increasesfrom 0 to R, following aGaussian-likevariation.Thesurfaceis de®nedby theset
of pointsp0 2 R3 suchthatd(S; p0) = r0 and f (r0) = C, whereC is a pre-chosenvaluein
(0;1) (usually1=2), andthevolumeobjectis de®nedby thesetof pointsof R3 for which
f (r) � C (seeFigure1). A wide varietyof primitivesareavailable4;26, andtheblendof
a setof n primitives is automaticallycomputedby summingtheir potentialfunctions f i

(i = 1::n):

F ( fi ) =
n

å
i= 1

fi ; (2)

whereF is a new potentialfunction which hasthe sameanalyticpropertiesasfunctions
fi . Many different®eld functions fi 20;21;22 andblendingmodels27;28 have beenproposed
to control thesmoothnessof the transitionregion, but theoperatorsremainlimited to the
blendingandthecontrolof which primitivesmustandmustnot blend.Thelocality of the
de®nitionandthecapacityto beautomaticallyblendedallow modellingtechniquesbased
on theseobjectsto beinteractive 24;29.

Fig. 1. Graphof apotentialfunction f de�ning a ªSoftObjectº.

CSGcompositionoperatorsarealreadysupportedby boundedprimitives(using the
Ricci's min=maxoperators6) but discontinuitiesareintroducedin thegradientof thepo-
tential®eld of theresultingobject,alteringthesmoothnessof thetransitionwhenit hasto
beblended(Figure2). This is undesirable.

A solution using Ricci's super-elliptic operator6 to apply binary union and binary
intersectionoperatorswith smoothtransitionsto “Soft Objects”wasusedby Wyvill etal23

(seeEquation3), andextendedto n-aryoperations.

G( f1; f2) = ( f1n + f2n)
1
n : (3)
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Fig. 2. On the left, the two bottomspheresare�rst combined(union) with sharptransitionusingRicci's max
operator. The resultingobject is then combinedwith the top sphere(union) usingsmoothtransition.We can
seetheundesirablediscontinuityin themiddleof thesmoothtransition.On theright we show a correctsmooth
transition.

This operatorhasa singleparametern which controlsthe transitionsharpness.There
is no explicit link with somegeometricparameterallowing theuserto interactively select
thebeginning,theend,or theform of the transition.Theuseris limited to approximately
selecteither, the global sharpnessof the transition,or wherethe transitionstartson one
of thecombinedprimitives,or whereit ®nisheson theotherone(in thecaseof a binary
operator).

RecentlyBartheet al. 30 andHsuet al. 17 introducednew CSGopertorswith smooth
transitions.In Hsuet al., operatorscanbe n-aryanda lot of �e xibility is provided in the
choiceof thefunctionde®ningtheoperator. However, thecontrolover theshaperemains
limited and the operatoris very expensive to evaluate.On the other hand,Bartheet al.
proposedbinaryoperatorsbasedon 16 which arecheaperto evaluateandwhich providea
high level of controlon theshapeof the transition.Sinceour goal is to allow theuserto
accuratelycontrol theshapeof thesmoothtransition,we useoperatorspresentedin 16 as
a basisto developour operatorsfor ”soft objects”.

3. Fundamentalproperties

As far as we know, thereis no clear de®nition of what is to be expectedfrom a CSG
Booleancompositionoperatoronboundedimplicit primitives.However, some®rst insights
aregiven by the propertiessatis®edby the compositionoperatorson unboundedprimi-
tives5;25. Themaindifferencebetweenthetwo representationsis theboundary. While we
areexpectingequivalentpropertiesin termsof potential®eld variationsandshapecon-
trol, we alsohave to maintaina consistentpotential®eld aroundandat boundaries.The
constraintscanbespeci®edasfollows:

� The potential®eld producedby the compositionoperatormust be at leastG1
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continuouseverywhereinsidetheobjectboundary.
� The “automaticblending” propertyby potentialsummationmustbe conserved

throughthecomposition.
� The resultof a compositionmustbe a boundedobjecthaving its boundingbox

easilycomputedfrom thoseof thecombinedprimitives.
� For smoothcomposition,the extremitiesof the transitionshouldbe able to be

intuitively selectedoncetheobjects'boundaries(radii of in�uence) are®xed.

In order to introducetheseproperties,we ®rst look at the expectedresult andwork
backwards,up to the compositionoperator. We only presentthe union Booleanoperator
becauseoncethis caseis understood,propertiesfor intersectionand differencecan be
directlyderivedwithoutmajordif®culty.

Figure3 illustratestheresultof theunionof twosphereswith smoothtransition.Object
i (i = 1;2) is de®nedby a potentialfunction fi . Theequationfi = C representsobject's i
surface,andinequalitiesfi > C and fi < C de®netheinsideandoutsideof objecti respec-
tively. Equationfi = 0 de®nesthepartof spaceR3 onandoutsideobject'si boundary(zone
4 in Figure3).

From the graphshown in Figure3 we plot the union binary combinationoperatorG
(Figure4) andwededucethede®nitionof operatorG in eachzone:

� In zone1, f1 > 0 and8 f1, f2 = 0. Therefore,in this area,operatorG is a one-
dimensionalmapG( f1;0) whichscalesthevaluesof function f1.

� In zone2, f2 > 0 and8 f2, f1 = 0. Therefore,in this area,operatorG is a one-
dimensionalmapG(0; f2) whichscalesthevaluesof function f2.

� In zone3, f1 > 0 and f2 > 0. OperatorG is atwo-dimensionalfunctionG( f1; f2)
whichde®nesatwo-dimensionalpotential®eld.

� In zone4, f1 = f2 = 0. Here,G( f1; f2) = G(0;0) = Cte, Cte 2 R.

FunctionG can de®nea two-dimensionalpotential®eld only in zone3. Hence,the
transitionbetweenthe combinedprimitiveshasto be fully de®nedin this zone,andno
transitioncanbe performedoutsideoneof the objectsboundary. This also implies that
thecontinuitybetweenthetransitionandthecombinedprimitiveshasto beensuredin this
zone,or at its boundary(asshownwith smallcirclesin Figure4).Sincewewantto produce
smoothpotential®elds,thecontinuityat the junctionhasto be at leastG1 i.e. thepartial
derivativesof functionG mustsatify thefollowing properties:¶G=¶ f2 = 0 at thejunction
betweenzones1 and3, and¶G=¶ f1 = 0 at thejunctionbetweenzones2 and3.

In zone1, functionG scalesthevaluesof f1 andif G( f1;0) = f1, operatorG reproduces
themetricandthevariationsof function f1, andthepotential®eldde®nedby f1 ispreserved
throughcomposition.This propertyavoids the introductionof non-uniformvariationsin
the potential®elds which could alter the regularity of the transitionand the “automatic
blending”property. In zone2, functionG scalesthevalueof f2 andasarguedfor zone1, a
pertinentde®nitionof operatorG is: G(0; f2) = f2.

In zone4,operatorG is constant.It representstheoutsideof theresultingobjectbound-
ary, andsinceit hasto becontinuously(at leastG1) joinedwith theotherzones,anobvious
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Fig. 3. Graphillustratinga2D sectionof thepotential�elds whentwospheresarecombined(union)with smooth
transition.Zone1 is insideobject1 boundaryandoutsideobject2 boundary, zone2 is insideobject2 bound-
ary andoutsideobject1 boundary, zone3 is the intersectionof objects'boundariesandzone4 is outsideboth
boundaries.Linesrepresentsectionsof iso-surfaces.In zone3, wealsoshow sectionsof thesmoothtransition.

Fig. 4. Plot of theunionbinarycompositionoperatorG which generatesthesmoothcompositionshown in Fig-
ure3. In orderto bettercorrespondto Figure3, zone1 canbereducedto theX axis (Y = 0;8X), zone2 canbe
reducedto theY axis(X = 0;8Y) andzone4 canbereducedto thepoint (0;0) (X = 0 andY = 0).

valueis: G(0;0) = 0.
Thesefundamentalstatementsgiveusa theoreticalbasisto provideBooleancomposi-

tion operatorsfor boundedimplicit primitives.Notethattheboundingboxof theresulting
object is easyto compute.For the union operator, the box is the union of thoseof the
two combinedprimitives.For the intersectionoperator, it is their intersectionandfor the
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differenceit is thebox of theobjectde®nedby function f1 (for thecaseobject1nobject2).
We now emphasizethe link betweencompositionoperatorsfor unboundedprimitives

andboundedprimitives.If we look at Figure4 carefully, we seethat theoperatorwhich
combinesboundedobjectswith smoothtransitionalsocombinethe zero-isosurfacewith
sharptransition(with a smoothpotential®eld everywhereelse).Hence,asdonein30;17, it
is desirableto studyoperatorscombiningunboundedimplicit primitiveswith sharptran-
sition 9;16;17. Note that thoseproposedin 9 as well as operatorswith smoothtransition
for unboundedobjectsdo not satisfythecontinuityconditionsat thejunctionbetweenthe
differentzones.

4. Genericarc-of-an-ellipsefunction

In this Section,we introducethegeneralform of anoperatorG which satis®esthecondi-
tionspresentedin thepreviousSection.It is basedonageometricconstructionof function
G anda speci®cadaptationhasalreadybeenusedin 16 to combineunboundedimplicit
primitiveswith sharptransitions.

In orderto respectthedifferentconstraints,operatorG is piecewisede®ned.In zones
1 and2, it returnsthevalueof f1, respectively f2 (assuggestedin Section3). In zone4 it
returns0 andin zone3, we proposeto link thevertical iso-linesde®nedby G( f1;0) = f1
to thehorizontaliso-linesde®nedby G(0; f2) = f2 with a quarterof anellipse(Figure5)
de®nedby thefollowing equation:

(Xp � Xp0)2

(CP � Xp0)2 +
(Yp � Yp0)2

(CP � Yp0)2 = 1; (4)

wherea point P 2 R2 hasthe coordinatesP( f1 = Xp; f2 = Yp) and the potentialin this
point is G(P) = G(Xp;Yp) = Cp. The centerof the ellipsepassingby the point P is the
point P0(Xp0;Yp0).

Fig. 5. Plot of thegeneralform of aunioncompositionoperatorG. Thearc-of-an-ellipselinks thehorizontaland
verticalhalf-lineswith aG1 continuity.
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The junction betweenthe constantmap G( f1;0) = f1 (or G(0; f2) = f2) and the
quadraticarc-of-an-ellipseis G1 continuousandthey arebothinternallyG¥ .

In Equation4, unknownsXp0 andYp0 areto beexpressedin termsof Cp andtheequa-
tion is solvedto computethevalueCp returnedby operatorG at a point P(Xp;Yp). In the
following Sections,we usetwo differentgeometricconstructionsbasedon this general
de®nitionin orderto provideBooleancompositionwith andwithoutsmoothtransition.

5. Operators with smoothtransition

Our operatorG is alreadydesignedto conserve thecombinedprimitives' metricsoutside
the transition.All we have to do is to de®neboundariesfor thearc-of-an-ellipse.For this
purpose,we introducetwo anglesq1 andq2, asillustratedin Figure6, andit allows usto
determinetheunknownsXp0 andYp0:

Xp0 =
Cp

tan(q2)
= Cpcot(q2) and Yp0 = Cp tan(q1): (5)

The adaptationof operatorG to boundedprimitivescompositionoperatorswith smooth
transitionsis denotedfG[ .

Fig. 6. Graphof our operatorfG[ . Anglesq1 andq2 areintroducedin orderto boundthearc-of-an-ellipse.

To allow accurateandintuitivecontrol,thetransitionmustbede®nedby controlpoints
on theC iso-potentialsurface.The®rst adaptationis to de®neanglesq1 andq2 from the
userEuclideanspaceR3 by selectingcontrolpointsp1(x1;y1;z1) andp2(x2;y2;z2) on the
combinedobjects'surface,respectively f1 = C andf2 = C (Figure7).Wenoticethatpoints
p1 and p2 mustbeselectedinsidethe intersectionof theobjects'boundariesbecause,no
transitioncanbe de®nedoutsidetheselimits (asexplainedin Section3). Our geometric
constructionof operatorfG[ leadsusto thefollowing equation(equationsof operatorsfG\

andfGn aregivenin AppendixA):
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Points p1 2 R3 and p2 2 R3 selectedby theuser

correspondto pointsP1 andP2 suchas:P1(C; f2(p1)) andP2( f1(p2);C):

q1 = angle([OX); [OP1)) ; q2 = angle([OX); [OP2))

At point P(Xp;Yp) : qp = angle([OX); [OP))

fG[ (Xp;Yp) =

8
>>>>>>>>>>><

>>>>>>>>>>>:

Xp if Yp = 0
Yp if Xp = 0
Xp if qp � q1

Yp if qp � q2

Cp whereCp is thesolutionof:
(Xp� Cp:cot(q2))2

(Cp� Cp:cot(q2))2 + (Yp� Cp:tan(q1))2

(Cp� Cp:tan(q1))2 = 1

if qp 2 (q1;q2)

(6)

Fig. 7. Unionwith smoothtransitioncontrolledpoint-by-pointin theuserEuclideanspaceandits functionrepre-
sentation.

The closedform solutionfor the evaluationof Cp in Equation6 is given in 16. With
operatorfG[ in this form, only theboundariesof thetransitioncanbecontrolled.For ®xed
anglesq1 andq2 it is necessaryto beableto choosethesmoothnessof thetransition.This
leadsusto addat leastonecontrolpoint. In fact,addingoneor morecontrolpointsbrings
usto thesamesolution.To conserve theG1 continuity in the®eld, we multiply fG[ (P) by
a functionm(qP) wherem is an interpolationfunction of R ! R whenqP 2 [q1;q2] and
m(qP) = 1 otherwise.A valid graphfor function m is shown in Figure8. The link with
the control points is doneasfollows: m(q1) = 1;m0(q1) = 0 andm(q2) = 1;m0(q2) = 0
to ensureG1 continuityat thebeginningandtheendof thetransition.Thenki (i > 2) are
computedfrom thecontrolpointspi(xi ;yi ;zi ) (i > 2) selectedin theEuclideanmodelling
spaceR3. Point pi allows us to computethepoint Pi( f1(pi); f2(pi)) , followedby qPi and
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Ci = fG[ (Pi). The correspondingpoint ki (i > 2), to interpolate,hasthenthecoordinates:
ki(qi ;C=Ci). We have chosenone-dimensionalcubicpolynomialsplines31 to de®nefunc-
tion m whenqP 2 [q1;q2] for their adequatesmoothnessandoscillationproperties,and
for their inexpensivecomputationcost.We ®nally obtaintheunionBooleanoperatorwith
“functionally de®ned”transitionsfor boundedobjectsin Equation7.

fG[
f inal

(P) = m(qP): fG[ (P) (7)

The samepathhasbeenfollowed to build the intersectionBooleanoperatorwith “func-

tionally de®ned”transitionfG\
f inal

(P) = m(qP): fG\ (P) from fG\ (P).

Fig. 8. Graphof aninterpolationfunctionm(qp) usedto deformtheoperatorfG[ andallow thecontrolpoint-by-
pointof thetransition.

ThedifferenceoperatorfGn cannotbe directly derivedwith thestandardmethodused

for unboundedprimitives:fGn( f1; f2) = fG\ ( f1; � f2). Ricci 6 proposedtherealizationof the
differenceoperatoron boundedimplicit objectsusingtheintersectionoperatorappliedon
f1 and(2C� f2) insteadof f2. Thesamemethodusedonour intersectionoperatorfG\

f inal

givesthedifferenceBooleanoperatorwith “functionally de®ned”transition:fGn
f inal

. Fig-
ure 9(c) shows a ring objectbuilt from the ring of Figure9(a) anda gemsimilar to that
in Figure9(b).Thegemhasbeenfurthermodi®edby two pro®lecurves.The®rst pro®le
curve modi®esthe smoothintersectionoperationusedto constructthe gem.The second
modi®esthedifferenceoperationbetweenthegemanda sphere(implicit point primitive)
at its center. Finally, anotherspherehasbeenaddedwith a smoothunion operation.The
gemis thenjoined to the ring usinganothersmoothunion with a pro®le curve. Table1
illustratesdifferentunion compositionoperatorswith smoothtransitionandallows us to
compareof thecomputationtimes,thepotential®eld variationsandtheshapeproducedat
thetransitionlevel. Theincreaseof theevaluationcostof our operatorsis compensatedby
thecontrollability of theform of thetransition.

A function m of R ! R is usedto provide point-by-pointcontrol. Becausesucha
functionmustbesinglevalued,we do not obtaina truefree-formcontrolof thetransition
(as proposedin 16 for unboundedprimitives).However, we deal with boundedobjects.
The transition in operatorslike ours is then essentiallyusedto smooththe junction of
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Table1. Timein millisecondsto computepotentialfunctionvaluesfor
a1283 grid (2097152evaluations),usinga1.0GHzAMD Athlon pro-
cessorwith 512Mbytesof DDR memory. (a) UsingRicci's operator
with n = 1, (b) Ricci's operatorwith n = 3, (c) Ricci's operatorwith
n = 7, (d) operatorfg[ , (e) operatorfg[

f inal with 3 control pointsand
(f) operatorfg[

f inal with 5 control points.The middle columnshows
two-dimensionalsectionsof thefull grid.

time 2D section 3D object

(a)246

(b) 884

(c) 940

(d) 1005

(e)1933

(f) 2315
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(a)

(b) (c)

Fig. 9. (a) The ring is built using two implicit cylinders and applying subtraction,the centerimageusesthe
Ricci CSGsubtractionoperator, the right handimage,our smoothCSGsubtractionfGn. (b) The gemstonesare
built from implicit box primitivesandan implicit cone,centerimageusestheRicci intersectionoperator, right
handimageour smoothintersectionfG\ . (c) Applying thesmoothCSGoperatorsfG[ , fG\ , fGn andpro�le curve

operatorsfG\
f inal

, fGn
f inal

onboundedimplicit objects.

two primitiveswhenthey arecombined.We assumethat in a generalcase,to createthe
desiredsmoothtransition,three,four or ®ve control pointsgive enough�e xibility . Free-
form curvesareneededin very speci®ccases,andoften it remainseasierto build a new
primitiveandto combineit with a smoothtransition.

6. Operators with sharp transition

Our operatorG combinesthe primitives' boundarieswith sharptransitionandgenerates
a smoothG1 potential®eld everywhereelseusinganarc-of-an-ellipse.Sincewe want to
combinetheobjectsurfaceswith sharptransition,wehaveto provideasolutionwhereop-
eratorG doesnotsmoothbothboundariesandC iso-surfaces,but still smooththepotential
®eld everywhereelse.In order to satisfy this additionalconstraint,we proposethe geo-
metricconstructionillustratedin Figure10 andwe denoteour binaryunionoperatorwith
sharptransitionas cG[ . Note that we cannotderive a simplesolutionusingthe operators
proposedin 30;17 becausethey generatediscontinuitiesin the®eld aroundtheorigin (0;0),
at thelevel of theX andY axes(seeFigure4).

Thisgeometricrepresentationleadsusto thefollowing de®nitionof unknownsXp0 and
Yp0:

In zonea: Xp0 = Yp0 =
C2

p

C
= CaC2

p with Ca =
1
C

(8)

in zoneb: Xp0 = Yp0 =
p

CCp: (9)

OperatorscG\ and cGn arepresentedin AppendixB andthe closedform solutionfor the
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Fig. 10.Graphof our operatorcG[ . BothboundariesandC iso-surfacesarecombinedwith sharptransitionwhile
thepotential�eld is G1 continuouseverywhereelse.

evaluationof Cp in Equation10 is givenin AppendixC. Figure11 illustratestheeffect of
operatorcG[ on bothshapeandpotential®eld, andFigure2 shows its smoothingproperty
whentheresultingobjectis to becombinedwith smoothtransition.

cG[ (Xp;Yp) =

8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

Xp if Yp = 0
Yp if Xp = 0
Yp if Yp �

p
CXp andYp � C

Xp if Yp � CaX2
p andXp � C

Yp if Yp � CaX2
p andYp > C

Xp if Yp �
p

CXp andXp > C
Cp whereCp is thesolutionof:

(Xp� CaC2
p)

2
+ (Yp� CaC2

p))2

(Cp� CaC2
p)

2 = 1

if P(Xp;Yp) is in zonea
Cp whereCp is thesolutionof:

(Xp�
p

CCp)
2
+ (Yp�

p
CCp))2

(Cp�
p

CCp)
2 = 1

if P(Xp;Yp) is in zoneb

(10)

Theevaluationsof cG[ for a 1283 grid (2097152evaluations),usinga 1.0 GHz AMD
Athlon processorwith 512 Mbytesof DDR memorytakes2010milliseconds(to create
the objectof the centralimagein Figure11). We noticethat we ®rst storethecombined
primitivesin regulargrids.Therefore,the given time doesnot dependon the complexity
of the combinedobjects,andthe compositionof two complex primitivesleadsus to the
sameresult.What is time consumingis thecomplexity andtheexpensive computationof
cG[ whenit hasto beevaluatedin zonesa andb. However, we aredealingwith bounded
objects,andthey donotneedto beevaluatedatapointof R3 which is locatedoutsidetheir
bounding-box.Moreover, if the point is inside the box, the expensive evaluationoccurs
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Fig. 11.Fromleft to right: Plotof ouroperatorcG[ , its effect on thecompositionof two implicit boundedspheres
anda2D sectionof thegeneratedpotential�eld. In theleft andright Figures,thewhitearearepresentstheinside
of theobjectandthedarkarea,theoutside.

only if the point is alsoinsidethe intersectionof the combinedobjectsboundaries.This
signi®cantlyreducesthe complexity broughtby our operatorwhenit is usedto modela
complex object.

7. Example

Figure 12 shows a teddy bearmadeof somesimple primitivesand the binary Boolean
compositionoperatorsdescribedin this paper. Figure13 shows anarmof the teddybear.
Thearmis thesmoothdifferencebetweena scaledpoint primitive anda planeprimitive.
Theshapeof theendof thearmis createdby placingcontrolpoints.Figure14showsanear
of the teddybear. Theearis thesharpdifferencebetweena point primitive andthesharp
unionof asphereandaplane.Oncecreated,theearis combinedto theheadwith asmooth
transition.

We point out that it is obvious that our operatorsarecomputationallyexpensive (as
shown in Table1).However, they havethefundamentalpropertyto bebounded,andhence,
our operatorshave to evaluatedonly in potential®eld areaswhereimplicit primitivesare
combined.In otherpartof thespace,thecomputationalcomplexity remainstheoneof the
combinedprimitivesthemselves.

Figures9,12,13and14arecomputedusingastandardraymarchingalgorithmwithout
any optimisition.Thecomputationof Figure12tooktenhoursonanIntel PIII 1:3Ghz.The
useof a fasterraytracingtechniquewill signi®cantlyreducethis time,but fastrenderingis
outof thescopeof this paper.

8. Conclusion

We have presenteda theoreticalbackgroundwhich givesus a basisfor the construction
of binary Booleancompositionoperatorsfor boundedimplicit primitives.Booleancom-
positionoperatorswith smoothor sharptransitioncanbe derived while preservinga G1

continuouspotential®eld. TheoperatorseGf inal greatlyincreaseaccuracy andfreedomin
thecontrolof thetransitionwhenprimitivesaresmoothlycombined.TheoperatorsbG limit
thediscontinuitiesin thecomposedobjectsto a minimum,sotheseobjectscanbeusedin
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Fig. 12.Teddybearmadefrom simpleprimitivesandtheoperationsdescribedin thispaper

Fig. 13.An armof theteddybear. Whitecirclesindicatecontrolpoints.

Fig. 14.An earof theteddybear.
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16 Lö�c BartheandBrian Wyvill andErwin deGroot

otheroperationswithout generatingG1 discontinuitiesin the transitionarea,so thateven
afterseveralBooleancompositions,theresultingobjectstill havethe“automaticblending”
property.

However, ouroperatorsremainexpensiveto evaluateandthey arestill limited to binary
compositions.Hence,we cansaythat theseresultsprovide a basisto studynew compo-
sition operatorsfor boundedimplicit primitives,andimprovementscanbeinvestigatedin
orderto proposefastevaluatedoperatorsor operatorssatisfyingspeci®cpropertieslike the
Lipschitz32 conditionto acceleratetherenderingfor example.Theextensionfrom binary
operatorsto n-aryoperatorsis alsointeresting.However, wedid not®nd any directderiva-
tion of ouroperatorsin orderto de®nen-aryoperatorsandthede®nitionof n-aryoperators
providing bothaccuratecontrolandsmoothtransionseemsto bea challengingproblem.
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Appendix A. Operators fG\ and fGn

� OperatorfG\ :

Points p1 2 R3 and p2 2 R3 selectedby theuser

correspondto pointsP1 andP2 suchas:P1( f2(p1);C) andP2(C; f1(p2)) :

q1 = angle([OX); [OP1)) ; q2 = angle([OX); [OP2))

At pointP(Xp;Yp) : qp = angle([OX); [OP))

fG\ (Xp;Yp) =

8
>>>>>>>>>>><

>>>>>>>>>>>:

0 if Yp = 0
0 if Xp = 0
Yp if qp � q1

Xp if qp � q2

Cp whereCp is thesolutionof:
(Xp� Cp:cot(q1))2

(Cp� Cp:cot(q1))2 + (Yp� Cp:tan(q2))2

(Cp� Cp:tan(q2))2 = 1

if qp 2 ]q1;q2[

(A.1)

� OperatorfGn:

OperatorfGn is directlyobtainedfrom operatorfG\ usingthefollowingexpression:

fGn( f1; f2) = fG\ ( f1;2C� f2) (A.2)



November29,2004 16:57 WSPC/INSTRUCTION FILE ijsm2003

BinaryCSGoperators for “Soft Objects” 17

Appendix B. Operators cG\ and cGn

� OperatorcG\ :

cG\ (Xp;Yp) =

8
>>>>>>>>>>>>>>>>>>>>>>>><

>>>>>>>>>>>>>>>>>>>>>>>>:

0 if Yp = 0
0 if Xp = 0
Xp if Yp �

p
CXp andXp � C

Yp if Yp � CaX2
p andYp � C

Xp if Yp � CaX2
p andXp > C

Yp if Yp �
p

CXp andYp > C
Cp whereCp is thesolutionof:

(Xp�
p

CCp)
2
+ (Yp�

p
CCp))2

(Cp�
p

CCp)
2 = 1

if P(Xp;Yp) is in zonea
Cp whereCp is thesolutionof:

(Xp� CaC2
p)

2
+ (Yp� CaC2

p))2

(Cp� CaC2
p)

2 = 1

if P(Xp;Yp) is in zoneb

(B.1)

� OperatorcGn:

OperatorcGn is directlyobtainedfrom operatorcG\ usingthefollowingexpression:

cGn( f1; f2) = cG\ ( f1;2C� f2) (B.2)

Appendix C. Closedform solution for the evaluation of Cp in our new
compositionoperatorswith sharp transition

Solution for the equation:

(Xp � CaCp
2)2 + (Yp � CaCp

2)2

(CP � CaCp
2)2

= 1 (C.1)

CP is oneof therootsof thefollowing equation:

Ca
2C4

p + 2CaC3
p � (2CaXp + 2CaYp + 1)C2

p + X2
p + Y2

p = 0 (C.2)

CP is computedwith:

S11 = 48C3
aY2

p Xp+ 64C3
aY3

p + 78C2
aY2

p + 64C3
aX3

p+ 48C3
aX2

pYp+ 78C2
aX2

p � 24C2
aXpYp� 6CaXp� 6CaYp� 1

S12 = � 3(X2
p + Y2

p )( � 64C3
aX3

p + 16C3
aX2

pYp � 35C2
aX2

p + 64C4
aX2

pY2
p + 72C2

aXpYp)

S13 = � 3(X2
p + Y2

p )(16C3
aY2

pXp + 14CaXp + 14CaYp � 64C3
aY

3
p � 35C2

aY
2
p + 2)

S1 = S11+ 6Ca
p

S12+ S13

S2 =
5 3p S1+ 4 3p S1CaXp+ 4 3p S1CaYp+ 3p S1

2
+ 16C2

aY2
p+ 16C2

aX2
p+ 8C2

aXpYp+ 4CaXp+ 4CaYp+ 1
3p S1

S3 =
p

S2
3
p

S1CaYp

S4 =
p

S2
3
p

S1CaXp
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S5 =
p

S2
3
p

S1

S6 =
p

S2
3
p

S1
2

S7 =
p

3 3
p

S1

R1 = � 10S5� 8S4� 8S3+ S6+ 16
p

S2C2
aY2

p + 16
p

S2C2
aX2

p+ 8
p

S2C2
aXpYp+ 4

p
S2CaXp+ 4

p
S2CaYp+

p
S2

R2 = 12S7(CaXp + CaYp + 1)

Cp =
1

6 Ca

0

@� 3+
p

3S2 �

s
� 3(R1 + R2)

S5

1

A (C.3)

We noticethat in thepreviousequation,valuesSi andR1 canbecomplex. Therefore,
all thecomputationshave to bedonewith complex numbers,evenif theresultCp is real.

Solution for the equation:

(Xp �
p

CCp)2 + (Yp �
p

CCp)2

(CP �
p

CCp)2
= 1 (C.4)

CP is oneof therootsof thefollowing equation:

� C2
p + 2Cp

p
CCp + CCp � 2(Xp+ Yp)

p
CCp + X2

p + Y2
p = 0 (C.5)

CP is computedwith:

S11 = � 18C5Xp� 18C5Yp� 36C4X2
p� 36C4Y2

p + 108C4XpYp� C6

S12 = 18C8X3
pYp� 72C7Y3

p X2
p� 36C7XpY4

p � 3C10XpYp+ 18C8XpY3
p � 48C9XpY2

p

S13 = 36C6X2
pY4

p � 36C7X5
p+ 3C9X3

p+ 42C8X4
p+ 3C9Y3

p + 42C8Y4
p � 36C7Y5

p

S14 = 12C6X6
p+ 12C6Y6

p � 72C7X3
pY2

p � 48C9X2
pYp+ 165C8X2

pY2
p + 36C6X4

pY2
p � 36C7YpX4

p

S1 = S11+ 12
p

S12+ S13+ S14

S3 = 3
p

S1

S2 = (15C2S3 + 3S2
3 + 36C3Xp + 36C3Yp � 36C2X2

p � 36C2Y2
p + 3C4)=S3

S4 =
p

S2

R1 = 10C2S3S4� S4S2
3� 12C3XpS4� 12C3YpS4+ 12C2X2

pS4+ 12C2Y2
p S4� C4S4

R2 = 36C3S3 � 36C2XpS3 � 36C2YpS3

CP =
1
C

0

@C
2

�
S4

6
+

1
6

s
3(R1 � R2)

S3S4

1

A

2

(C.6)

Wenoticethatin thepreviousequation,somevaluescanbecomplex. Therefore,all the
computationshave to bedonewith complex numbers,evenif theresultCp is real.
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