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Potentialfunctionsallow thede nition of bothanimplicit surfaceandits volume.In this representa-
tion, two catgyoriescanbedistinguishedboundedandunboundedepresentation8ooleancomposi-
tion operatorsarestandardnodellingtoolsallowing complex objectsto bebuilt by thecombinatiorof
simplevolumeprimitives. Thoughthey arewell de ned for the seconccateyory, thereis no cleardef-
inition of the propertieghatsuchoperatorshouldsatisfyin orderto provide boundedepresentation
with bothsmoothandsharptransition.In this paperwe focuson boundedmplicit representationVe
rst presenfundamentabpropertiesto createadequateeompositionoperators From this theoretical
framavork, we derive a setof Booleanoperatorsgproviding union, intersectionand differencewith
or without smoothtransition.Our nev operatorsntegrateaccuratepoint-by-pointcontrol of smooth
transitionsandthey generatez! continuouspotential elds evenwhensharptransitionoperatorsare
used.

Keywords Implicit modelling,Soft objets,BoundedrepresentatiorC SGoperatorsBlending.
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1. Intr oduction

Providing interactve, accurateandintuitive control of shapess afundamentaissuein the
developmentof three-dimensionainodellingtechniquesDirect manipulationof meshes,
parametricshapaepresentationand,morerecently subdvision surfacesarecommonand
useful solutionsadoptedby mostcommercialsoftware. However, implicit volume mod-
els 12 arerapidly becominga practicalalternatve to thesemethodsdue to the increase
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in computempower andstoragecapacityof modernworkstationscombinedwith the latest
developmentsn graphicshardware.

Among the advantagesof implicit surfaceswe notice their natural blending prop-
erty 345, thetruethree-dimensionakpresentationf volumes the ef®ciency for collision
tests ?, the Booleancompositionof their volume by simplefunction composition®8:%10
and®nally their very compactfunctionalrepresentation.

Two generalimplicit representationsanbe distinguishedA boundedrepresentation
wherethe function de®ningthe volume returnsa constantvalue outsidethe boundary
(known as“Metaballs” 11 or “Soft Objects”1?), andan unboundedepresentatiorfsuch
asR-functions®°) wherethe function variesin the whole space Unboundedepresenta-
tion providesa generaimplicit volumerepresentatiod® andtherefore a wide variety of
modellingoperatorsuchassweepingyy moving solids*, Booleancompositiorwith soft
transition %1%1617 and Constructve Volume Geometryalgebra®, have beenproposed.
Dueto theirglobalde®nition,it is dif®cult to provide bothaccurateandinteractive surface
rendering®. Thelocal representationf boundedobjectsis bettersuitedfor this purpose.
“Soft Objects”aremorepopularfor their automaticblendingpropertyandwhereasmary
blendingfunctionshave beenpresentedn the literature (see?%2%22 for a summary),as
faraswe know, sinceRicci , no consequerimprovementhasbeenproposedor Boolean
compositionoperatorson “Soft Objects”.Underits actualform, compositionwith sharp
transitiongeneratesindesirableliscontinuitiedn the potential®eld andsmoothcomposi-
tion providesa very limited controlof the form of thetransition.

Smoothtransitionsin the compositionoperatorshave becomea standardool for im-
plicit modelling.Intuitive parametergor control arenecessaryn orderto allow the user
to designthe desiredshape On the otherhandit hasbeenshown thatthe local de®nition
of the boundedrepresentatiois a fundamentahdvantagewhich providescompleteinter-
active modellingtools 2324, Thereforeproviding Booleancompositionoperatorgwith or
without smoothtransition)for boundedmplicit primitiveswith propertieswvell suitedfor
CSGcompositiongemainsanopen,ratherimportantproblem.

In this paper we ®rst statethe limits of the actualmethodsusedto combinebounded
objects.We then presentspeci®cpropertiesthat compositionoperatorsshouldsatisfyin
orderto provide the surfaceresultingfrom a compositionwith, at least,a G continuous
potential®eld. We introducea genericfamily of compositionfunctionsbasedon arc-of-
ellipses.From this generalfunction representationye derive new operatordo combine
boundedrimitiveswith bothsmoothtransitionintegrating“point-by-point” controlof the
shapgasintroducedby Bartheetal 2%), andsharptransitionwith aG* continuouspotential
®eld everywhereoutsidethe surfaceandtheboundary

2. Relatedworks

“Metaballs” 11 or “Soft Objects”1? are boundedobjectsde®nedby a potentialfunction
f:R3! R. A single primitive, also called “skeletonprimitive”, is ®rst de®nedfrom a
simplegeometricobjectS (the skeleton)suchasa point, a line, a polygon,etc. Thenone

hasto choosea metricd which is generallythe Euclideannorm. The potentialfunction f
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is de®nedasa function of the distancewith respecto the normd from the skeletonSto
pointsp of R3:

f:R®! R
p! f(r) withr=d(Sp): )

We denoter asd(S; p). Theprimitive'sboundaryis de®nedby achoserscalarR called
“radiusof in uence”. Thefunctionf equalQif r Randit decreasefom 1to 0whenr
increase$rom 0to R, following aGaussian-lik variation.Thesurfaceis de®nedby theset
of pointspg 2 R suchthatd(S; po) = ro and f(rg) = C, whereC is a pre-chosetvaluein
(0:1) (usually1=2), andthe volumeobjectis de®nedby the setof pointsof R for which
f(r) C (seeFigurel). A wide variety of primitivesareavailable %25, andthe blend of
a setof n primitivesis automaticallycomputedby summingtheir potentialfunctions f;
(i= 1:n):

n
F(f)= & fi; (2)
i=1

whereF is a new potentialfunction which hasthe sameanalytic propertiesasfunctions
fi. Many different®eld functions { 22522 andblendingmodels?”28 have beenproposed
to controlthe smoothnessf the transitionregion, but the operatorgemainlimited to the
blendingandthe control of which primitivesmustandmustnot blend.Thelocality of the
de®nitionandthe capacityto be automaticallyblendedallow modellingtechniquesased
ontheseobjectsto beinteractive 2429,

A f©

Fig. 1. Graphof a potentialfunction f de ning a2SoftObject®.

CSG compositionoperatorsare alreadysupportedoy boundedprimitives (using the
Ricci's min=maxoperators) but discontinuitiesareintroducedn the gradientof the po-
tential®eld of theresultingobject,alteringthe smoothnessf the transitionwhenit hasto
beblended(Figure2). Thisis undesirable.

A solution using Ricci's supetelliptic operator® to apply binary union and binary
intersectioroperatorsvith smoothtransitionsto “Soft Objects"wasusedoy Wyvill etal®3
(seeEquation3), andextendedto n-ary operations.

G(f1: fp) = (f1"+ f.M)n: 3)
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Fig. 2. On the left, the two bottom spheresare rst combined(union) with sharptransitionusing Ricci's max
operator The resultingobjectis then combinedwith the top sphere(union) using smoothtransition.We can
seethe undesirablaliscontinuityin the middle of the smoothtransition.On the right we shav a correctsmooth
transition.

This operatorhasa singleparameten which controlsthe transitionsharpnessThere
is no explicit link with somegeometricparameterllowing the userto interactively select
the beginning, the end,or the form of the transition.The useris limited to approximately
selecteither, the global sharpnessf the transition,or wherethe transitionstartson one
of the combinedprimitives,or whereit ®nisheson the otherone(in the caseof a binary
operator).

RecentlyBartheetal. 3® andHsuetal. 17 introducednew CSGopertorswith smooth
transitions.In Hsuet al., operatorscanbe n-aryanda lot of e xibility is providedin the
choiceof the function de®ningthe operator However, the control over the shaperemains
limited and the operatoris very expensve to evaluate.On the other hand,Bartheet al.
proposedinary operatordasedn 16 which arecheapeto evaluateandwhich provide a
high level of control on the shapeof the transition.Sinceour goalis to allow the userto
accuratelycontrol the shapeof the smoothtransition,we useoperatorpresentedn 16 as
abasisto developour operatordor "soft objects”.

3. Fundamental properties

As far aswe know, thereis no clear de®nition of what is to be expectedfrom a CSG
Booleancompositioroperatolonboundedmplicit primitives.However, some®rstinsights
are given by the propertiessatis®edby the compositionoperatorson unboundedorimi-

tives®2°%, The main differencebetweerthetwo representationis the boundaryWhile we

are expectingequialentpropertiesin termsof potential®eld variationsand shapecon-
trol, we alsohave to maintaina consistenpotential®eld aroundand at boundariesThe
constraintcanbe speci®edasfollows:

The potential ®eld producedby the compositionoperatormust be at least Gt
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continuouseverywhereinsidethe objectboundary

The “automaticblending” propertyby potentialsummationmustbe consered
throughthe composition.

Theresultof a compositionmustbe a boundedobjecthaving its boundingbox
easilycomputedrom thoseof the combinedprimitives.

For smoothcomposition,the extremitiesof the transitionshouldbe ableto be
intuitively selectedncethe objects'boundariegradii of in uence) are®xed.

In orderto introducetheseproperties,we ®rst look at the expectedresultand work
backwards,up to the compositionoperator We only presentthe union Booleanoperator
becauseoncethis caseis understoodpropertiesfor intersectionand differencecan be
directly derivedwithout majordif®culty.

Figure3illustratestheresultof theunionof two spheresvith smoothtransition.Object
i (i= 1;2)is de®nedby a potentialfunction f. The equationf; = C represent®bjectsi
surface andinequalitiesf; > C and f; < C de®netheinsideandoutsideof objecti respec-
tively. Equationf; = 0 de®neghepartof space® onandoutsideobjectsi boundary(zone
4in Figure3).

Fromthe graphshawn in Figure 3 we plot the union binary combinationoperatorG
(Figure4) andwe deducehe de®nitionof operatorG in eachzone:

In zonel, f; > 0 and8f,, f, = 0. Therefore,in this area,operatorG is a one
dimensionamapG( f1;0) which scaleshe valuesof function f;.

In zone2, f, > 0 and8f;,, f; = 0. Therefore,in this area,operatorG is a one
dimensionamapG(0; f2) which scaleshe valuesof function f».

In zone3, f; > 0andf, > 0. OperatolG is atwo-dimensionafunctionG( fy; f2)
which de®nesatwo-dimensionapotential®eld.

In zone4, f, = f, = 0.Here,G(f; f») = G(0;0) = C¢,C*2 R.

FunctionG can de®nea two-dimensionalpotential®eld only in zone 3. Hence,the
transitionbetweenthe combinedprimitives hasto be fully de®nedin this zone,and no
transitioncan be performedoutsideone of the objectsboundary This alsoimplies that
the continuitybetweerthetransitionandthe combinedprimitiveshasto beensuredn this
zone or atits boundary(asshovn with smallcirclesin Figure4). Sincewe wantto produce
smoothpotential®elds, the continuity at the junction hasto be at leastG' i.e. the partial
derivativesof functionG mustsatify thefollowing propertiesG=1f, = 0 atthejunction
betweerzonesl and3, and1G=1f; = 0 atthejunctionbetweerzones? and3.

In zonel, functionG scaleghevaluesof f; andif G(fy;0) = f;, operatolG reproduces
themetricandthevariationsof function f;, andthepotential®eld de®nedby f is presered
throughcomposition.This propertyavoids the introductionof non-uniformvariationsin
the potential®elds which could alter the regularity of the transitionand the “automatic
blending”property In zone2, functionG scaleghevalueof f, andasarguedfor zonel, a
pertinentde®nitionof operatorG is: G(0; £) = fo.

In zone4, operatolG is constantlt representtheoutsideof theresultingobjectbound-
ary, andsinceit hasto becontinuously(atleastG?) joinedwith the otherzonesanobvious
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Object 2°s swrTace

Object 2’s boundary

Object 1°s surface Smooth transition

Object 1°s houndary Smooth potential field

Fig. 3. Graphillustratinga 2D sectionof thepotential elds whentwo spheresrecombinedunion)with smooth
transition.Zone1 is inside object 1 boundaryand outsideobject2 boundary zone?2 is inside object2 bound-
ary andoutsideobject1 boundary zone3 is the intersectionof objects'boundariesandzone4 is outsideboth
boundariesLinesrepresensectionof iso-surbcesln zone3, we alsoshav sectionsof the smoothtransition.

Object 2’°s surface Y=I,
ey Operator G(X,Y)
A | H“'-\__\ L iso-surfaces
~L
Object 1°s boundary EaNik
T~ NN N MV
— BNk \ \

Yy | | X=f;

| 1 Object 2°s boundary

T Ohject 1’s surface

Fig. 4. Plot of the union binary compositionoperatorG which generateshe smoothcompositionshavn in Fig-
ure 3. In orderto bettercorrespondo Figure 3, zonel canbereducedo the X axis (Y = 0;8X), zone2 canbe
reducedo theY axis(X = 0;8Y) andzone4 canbereducedo the point (0;0) (X = 0 andY = 0).

valueis: G(0;0) = 0.

Thesefundamentaktatementgjive usatheoreticabasisto provide Booleancomposi-
tion operatordor boundedmplicit primitives.Notethatthe boundingbox of theresulting
objectis easyto compute.For the union operatoy the box is the union of thoseof the
two combinedprimitives.For the intersectionoperator it is their intersectionandfor the
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differenceit is the box of the objectde®nedby function f, (for the caseobjed;nobjed,).

We now emphasizehe link betweencompositionoperatordor unboundedrimitives
andboundedprimitives.If we look at Figure4 carefully, we seethat the operatorwhich
combinesboundedobjectswith smoothtransitionalso combinethe zewn-isosurficewith
sharptransition(with asmoothpotential®eld everywhereelse).Hence asdonein3%17 it
is desirableto study operatorscombiningunboundedmplicit primitiveswith sharptran-
sition %1617 Note that thoseproposedn ° aswell as operatorswith smoothtransition
for unboundedbjectsdo not satisfythe continuity conditionsat the junctionbetweerthe
differentzones.

4. Genericarc-of-an-ellipsefunction

In this Section,we introducethe generalform of an operatorG which satis®eghe condi-
tionspresentedn theprevious Section It is basecbn ageometricconstructiorof function
G anda speci®cadaptatiorhasalreadybeenusedin 16 to combineunboundedmplicit
primitiveswith sharptransitions.

In orderto respecthe differentconstraintspperatorG is piecavise de®ned.In zones
1 and2, it returnsthevalueof fy, respectiely f, (assuggestedh Section3). In zone4 it
returnsO andin zone3, we proposeto link the verticaliso-linesde®nedby G(f;0) = f;
to the horizontaliso-linesde®nedby G(0; %) = f, with a quarterof anellipse(Figure5)
de®nedby thefollowing equation:

(Xp XpO)2 (Yp YpO)2 1.
Co X2 (G Y2 T @

wherea point P 2 R? hasthe coordinatesP(f, = Xp; f2 = Yp) andthe potentialin this

pointis G(P) = G(Xp;Yp) = Cp. The centerof the ellipse passingby the point P is the
point Py(Xpo; Ypo) -

Y=f,
e o5 A )

Metric of f, Arc of an ellipse
G(f,,f)=0 P(X,,Yy)
RUE e
0 ‘ ;(Efl
G{,[)=0 // ——»
\ Metric of I;

//1/

Fig. 5. Plot of thegeneraform of aunioncompositionoperatorG. Thearc-of-an-ellipsdinks the horizontaland
vertical half-lineswith a G continuity

G(f,,[,)=0
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The junction betweenthe constantmap G(f1;0) = f; (or G(0; f2) = fp) and the
quadraticarc-of-an-ellipsés G* continuousandthey arebothinternally G¥.

In Equation4, unknovns X andYyg areto be expressedn termsof Cp, andthe equa-
tion is solvedto computethe valueC,, returnedby operatorG ata point P(Xp;Yp). In the
following Sections,we usetwo differentgeometricconstructionsbasedon this general
de®nitionin orderto provide Booleancompositionwith andwithout smoothtransition.

5. Operators with smoothtransition

Our operatorG is alreadydesignedo consere the combinedprimitives' metricsoutside
thetransition.All we have to dois to de®neboundariedor the arc-of-an-ellipseFor this
purposewe introducetwo anglesq; and g, asillustratedin Figure6, andit allows usto
determingthe unknowvns X andYyo:

_ % = ;
Xpo = tan(qy) Cpcot(gz) and Ypo = Cptan(qr): ®)

The adaptatiorof operatorG to boundedprimitives compositionoperatorsvith smooth
transitionsis denoted; .

0,
AT Po(%30 Yy0)
Metric of I,
0,
P(X,Y)
G(f,.1)=0
A G({,.1,)=C
\ —_\“I / ( 1 2) b}
i 3
0 ‘ X=I,
G(f,1)=0

// // \ Metric of ,
G(f.f,)=0
Fig. 6. Graphof our operatoré[ . Anglesq; andg areintroducedn orderto boundthearc-of-an-ellipse.

To allow accurateandintuitive control,thetransitionmustbe de®nedby controlpoints
on the C iso-potentialsurface. The ®rst adaptatioris to de®neanglesq and g, from the
userEuclideanspaceR? by selectingcontrol points py(x1;y1;z1) and po(X2;yo; 20) onthe
combinedbjects'surface respectiely f; = C andf, = C (Figure7). We noticethatpoints
p1 and p, mustbe selectednsidetheintersectionof the objects'boundariedecauseno
transitioncan be de®nedoutsidetheselimits (asexplainedin Section3). Our geometric
constructiorof operator@[ leadsusto thefollowing equation(equationf operatorsn‘s\
and6, aregivenin AppendixA):
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Points p12 R® and p,2 R® selecteby theuser
correspondo pointsP; andP, suchas:Py(C; f2(p1)) andPx(f1(p2);C):

¢1 = angle([OX);[OPY) ; g2 = angle(OX); [OR))
At pointP(Xp;Yp) © gp = anglg([OX);[OP))

8 .
Xpif Yp=10
Yp if Xp=0
Xpif gp  qu
& XYy = PTG G 6
[ (XiYo) Cp whereC, is the solutionof: ©)
(Xp Cp:ca(qz))2+ (Yo Cp:tan(c/l))2 _
_(cp Cp:cd(qz))z (Cp Cp:tan(ql))2
i ap 2 (q1; G2)
Selected point p, Selected point p, 5 92
,;Y:rz G(f,k)=-C
P, 0,
P,
2 .
/ X=f,
G(T,1,)=0
Composed object surface ~ Boundaries of the transiti / / /

Fig. 7. Union with smoothtransitioncontrolledpoint-by-pointin the userEuclideanspaceandits functionrepre-
sentation.

The closedform solutionfor the evaluationof C,, in Equation6 is givenin 6. With
operatoré[ in this form, only the boundarie®f thetransitioncanbe controlled.For ®xed
anglesg; andq, it is necessaryo beableto choosehe smoothnessf thetransition.This
leadsusto addatleastonecontrol point. In fact,addingoneor morecontrol pointsbrings
usto the samesolution.To consere the G continuityin the ®eld, we multiplyé[ (P) by
afunctionm(gp) wherem is aninterpolationfunctionof R! R whengp 2 [q1; ¢2] and
m(gp) = 1 otherwise.A valid graphfor function m is shovn in Figure 8. The link with
the control pointsis doneasfollows: m(g1) = 1;mY{q:) = 0 andm(qy) = 1;m{ ) = 0
to ensureG! continuity at the beginning andthe endof the transition.Thenk; (i > 2) are
computedrom the control points pi(x;; yi; z) (i > 2) selectedn the Euclideanmodelling
spaceR3. Point p; allows usto computethe point P,(f1(pi); f2(pi)), followedby ga and
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G = @[ (P). Thecorrespondingointk; (i > 2), to interpolate hasthenthe coordinates:
ki(gi;C=C;). We have choserone-dimensionatubic polynomialsplines®! to de®nefunc-
tion mwhengp 2 [g1; g2] for their adequatesmoothnessnd oscillation properties,and
for their inexpensve computatiorcost.We ®nally obtainthe union Booleanoperatomwith
“functionally de®ned"transitionsfor boundedbjectsin Equation?.

final

& " (P) = m(ge): & (P) ()

The samepathhasbeenfollowedto build the intersectionBooleanoperatorwith “func-
tionally de®ned"transition, flnal(P) = m(qp):ﬂ‘s\ (P) from & (P).

Fig. 8. Graphof aninterpolationfunctionm(gp) usedto deformthe operatorG[ andallow the control point-by-
pointof thetransition.

The differenceoperatorﬁn cannotbe directly derived with the standardnethodused

forunboundeqbrimitives@ (f1;f2) = G\ (f1; f2). Ricci® proposedherealizationof the
differenceoperatoron boundedmplicit objectsusmgthe|ntersectlomperatorappl|edon
f1 and(2C fy) insteadof f,. The samemethodusedon ourlntersectlomperator@\
givesthe differenceBooleanoperatomwith “functionally de®ned’ transmoné n . Fig-
ure 9(c) shows a ring objectbuilt from thering of Figure 9(a) anda gemsimilar to that
in Figure9(b). The gemhasbeenfurthermodi®edby two pro®le curves.The ®rst pro®le
curve modi®esthe smoothintersectionoperationusedto constructthe gem. The second
modi®esthe differenceoperationbetweerthe gemanda sphergimplicit point primitive)
atits center Finally, anotherspherehasbeenaddedwith a smoothunion operation.The
gemis thenjoinedto the ring usinganothersmoothunion with a pro®le curve. Table1
illustratesdifferentunion compositionoperatorswith smoothtransitionandallows usto
compareof the computatiortimes,the potential®eld variationsandthe shapeproducedat
thetransitionlevel. Theincreaseof the evaluationcostof our operatorss compensatedy
thecontrollability of the form of thetransition.

A functionm of R! R is usedto provide point-by-pointcontrol. Becausesucha
functionmustbe singlevalued,we do not obtaina true free-formcontrol of the transition
(as proposedn 1 for unboundedprimitives). However, we deal with boundedobjects.
The transitionin operatordike oursis then essentiallyusedto smooththe junction of
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Tablel. Timein millisecondso computepotentialfunctionvaluesfor

a12& grid (2097152%valuations)usinga1.0GHz AMD Athlon pro-
cessowith 512 Mbytesof DDR memory (a) Using Ricci's operator
with n= 1, (b) Ricci's operatorwith n = 3, (c) Ricci's operatorwith

n= 7, (d) operatorfy , (e) operatorg; "™ with 3 control pointsand
(f) operatorf; "™ with 5 control points. The middle columnshavs

two-dimensionakectionf thefull grid.

time 2D section 3D object

(a)246

(b) 884

(c) 940

(d) 1005

(e)1933

(f) 2315
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(@)

(b) (c)

Fig. 9. (a) Thering is built usingtwo implicit cylinders and applying subtraction the centerimageusesthe
Ricci CSG subtractionoperator the right handimage,our smoothCSG subtractionGn. (b) The gemstonesire
built from implicit box primitivesandanimplicit cone,centerimageusesthe Ricci intersectionoperatoy right

handimageour smoothintersection®, . (c) Applying the smoothCSGoperatordls; , & , &, andpro le curne
inal G final
n

operatorsfj\ ! onboundedmplicit objects.

two primitiveswhenthey arecombined.We assumehatin a generalcase to createthe
desiredsmoothtransition,three,four or ®ve control pointsgive enough e xibility . Free-
form curvesareneededn very speci®ccasesandoftenit remainseasierto build a new
primitive andto combineit with a smoothtransition.

6. Operators with sharp transition

Our operatorG combinesthe primitives' boundarieswith sharptransitionand generates
asmoothG?! potential®eld everywhereelseusingan arc-of-an-ellipseSincewe want to
combinethe objectsurfaceswith sharptransition,we have to provide a solutionwhereop-
eratorG doesnotsmoothbothboundarieandC iso-surficeshut still smooththe potential
®eld everywhereelse.In orderto satisfythis additionalconstraintwe proposethe geo-
metric constructiorillustratedin Figure 10 andwe denoteour binary union operatowith
sharptransitionas € . Note thatwe cannotderive a simple solutionusingthe operators
proposedn %17 becaus¢hey generataliscontinuitiesn the®eld aroundthe origin (0;0),
atthelevel of the X andY axes(seeFigure4).

Thisgeometriaepresentatioteadsusto thefollowing de®nitionof unknovns X, and
Ypoi

2

. 1
In zonea: Xpo= Ypo = Ep = CaC% with C,= = ®)

in zoneb: Xpo= Ypo = g CCp: )

OperatorsS, and6,, arepresentedn AppendixB andthe closedform solutionfor the
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Fig. 10. Graphof our operatorG; . Both boundariesndC iso-surhcesarecombinedwith sharptransitionwhile
thepotential eld is G! continuousaverywhereelse.

evaluationof Cp in Equationl10is givenin AppendixC. Figure 11 illustratesthe effect of
operator§; on bothshapeandpotential®eld, andFigure2 shows its smoothingproperty
whentheresultingobjectis to be combinedwith smoothtransition.

8
Xpif Yp=10
Yp if Xp=
Yo if Yo = CXpandY, C
Xpif Yo CaX3andX, C
Yp if Yo CaXfandYp>C
Xp if Yp CXp andX,> C
.v)= CpWwhereCy is thesolutionof:
& O O CicE) (% D)’ _
(Cp Colc;za)z
if P(Xp;Yp) isin zonea
Cp whereC, is the solutionof:
(% " o)’ (% - )
(co ")’ B
if P(Xp;Yp) isin zoneb

(10)

1

The evaluationsof € for a 128 grid (2097152evaluations)usinga 1.0 GHz AMD
Athlon processomith 512 Mbytes of DDR memorytakes 2010 milliseconds(to create
the objectof the centralimagein Figure11). We noticethat we ®rst storethe combined
primitivesin regular grids. Therefore the giventime doesnot dependon the compleity
of the combinedobjects,andthe compositionof two complex primitivesleadsus to the
sameresult.Whatis time consumings the compleity andthe expensve computationof
€; whenit hasto be evaluatedin zonesa andb. However, we aredealingwith bounded
objectsandthey do notneedto beevaluatedatapointof R whichis locatedoutsidetheir
bounding-boxMoreover, if the point is inside the box, the expensve evaluationoccurs
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Fig. 11. Fromleft to right: Plotof our operator@ , its effect on the compositionof two implicit boundedspheres
anda 2D sectionof thegenerategbotential eld. In theleft andright Figures thewhite arearepresentsheinside
of the objectandthedarkareatheoutside.

only if the pointis alsoinsidethe intersectionof the combinedobjectsboundariesThis
signi®cantlyreduceghe compleity broughtby our operatorwhenit is usedto modela
complex object.

7. Example

Figure 12 shows a teddy bearmadeof somesimple primitives and the binary Boolean
compositionoperatorsdescribedn this paper Figure 13 shavs anarm of the teddybear
Thearmis the smoothdifferencebetweena scaledpoint primitive anda planeprimitive.
Theshapeof theendof thearmis createddy placingcontrolpointsFigure1l4 shovsanear
of theteddybear The earis the sharpdifferencebetweena point primitive andthe sharp
unionof asphereandaplane.Oncecreatedtheearis combinedo theheadwith asmooth
transition.

We point out thatit is obvious that our operatorsare computationallyexpensve (as
shavnin Tablel). However, they have thefundamentapropertyto beboundedandhence,
our operatorshave to evaluatedonly in potential®eld areasvhereimplicit primitivesare
combinedlIn otherpartof the spacethe computationatomplexity remainghe oneof the
combinedoprimitivesthemseles.

Figures9,12,13and14 arecomputedisinga standarday marchingalgorithmwithout
ary optimisition. Thecomputatiorof Figure12tooktenhoursonanintel Plll 1:3Ghz.The
useof afasterraytracingtechniquewill signi®cantlyreducethistime, but fastrenderings
out of the scopeof this paper

8. Conclusion

We have presentedh theoreticalbackgroundwhich givesus a basisfor the construction
of binary Booleancompositionoperatordor boundedmplicit primitives.Booleancom-
position operatorswith smoothor sharptransitioncanbe derived while preservinga G*
continuouspotential®eld. The operator$&fn@ greatlyincreaseaccurag andfreedomin
thecontrolof thetransitionwhenprimitivesaresmoothlycombined.‘l’heoperators@ limit
thediscontinuitiesn the composedbjectsto a minimum, sotheseobjectscanbe usedin
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Fig. 12. Teddybearmadefrom simpleprimitivesandthe operationsiescribedn this paper

Fig. 13. An armof theteddybear White circlesindicatecontrolpoints.

Fig. 14. An earof theteddybear
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otheroperationswvithout generatinga! discontinuitiesn the transitionarea,so that even
afterseveralBooleancompositionstheresultingobjectstill have the“automaticblending”
property

However, our operatorgemainexpensveto evaluateandthey arestill limited to binary
compositionsHence,we cansaythat theseresultsprovide a basisto studynew compo-
sition operatordor boundedmplicit primitives,andimprovementsanbeinvestigatedn
orderto proposdastevaluatedoperatorr operatorsatisfyingspeci®cpropertiedik e the
Lipschitz32 conditionto acceleratéhe renderingfor example.The extensionfrom binary
operatorgo n-aryoperatorss alsointeresting However, we did not®nd ary directderiva-
tion of ouroperatorsn orderto de®nen-aryoperatorsandthe de®nitionof n-aryoperators
providing bothaccuratecontrolandsmoothtransionseemdo bea challengingoroblem.
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Appendix A. Operators &, and &,
Operator@\ :

Points p12 R® and p,2 R® selectedby theuser
correspondo pointsP; andP, suchas:Py(f2(p1);C) andPy(C; f1(p2)):

g1 = anglg[OX);[ORY)) ; g2 = anglg[OX);[OR))
At pointP(Xp;Yp) : gp = angleg[OX);[OP))

8

0 ifYp=0
0 if Xp= 0
% Yoifgp o
Xoif gp @
Cz wh(greCp is the solutionof: (A1)
% (%o Cp:cd(ql))2+ (Yo Cptan(g))’ _
(Cp Cp:ctx(c/l))2 (Co Cp:tan(qg))2
it gp 2 Jou; gl

é\ (XpYp) =

Operatoﬂf;n:
Operatowan is directly obtainedrom operatom‘s\ usingthefollowing expression:

En(f1:f2) = & (f;2C 1) (A2)
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Appendix B. Operators &, and &,
OperatorG, :

Yp if Yo CaXZandY, C
Xpif Yo CaXfandXp> C
Yp if Yp CXp andY,> C
Cp whereC, is the solutionof:
(% pc_cp)zjf(Yp pC_Cp))2 _q
R
if P(Xp;Yp) isin zonea
Cp whereC, is the solutionof:
(X% CaCB)*+ (Yo CaCP)® _ 1
(Cp CaCh)’
if P(Xp; Yp) isin zoneb

6\ (Xp: Yp) = (B.1)

8
0 ifYp=0
0 if Xp=
Xpif Yo = CXpandX, C

OperatorS,,:

OperatoiS,, is directly obtainedrom operatorS, usingthefollowing expression:

6,(f1;f2) = 6 (f1;2C 1) (B.2)

Appendix C. Closedform solution for the evaluation of Cp, in our new
compositionoperators with sharp transition

Solution for the equation:
(Xp CaCp?)?+ (Yo CaCpd)? _ 1

C.1
(Cp CaCp?)? ©

Cp is oneof therootsof thefollowing equation:
Ca’Cp+ 2CC)  (2CaXp+ 2CaYp+ 1)Co+ X2+ YZ =0 (C2)

Cp is computedwith:
Si1 = 48C3Y2Xp+ 64C3YS+ 78C2Y2+ BACIXS+48CIX2Yp+ TBC2XZ 24C2XpYp 6CaXp 6CaYp 1
Si2= 3(XZ+ YZ)( B4CIX3+ 16CIXZY,  BECIX5+ 64CIXIYS + T2C2XpYy)
Siz= 3(X3+ YZ)(L6CIYXp+ 14CaXp+ 14CaY,  64CYs  3ECIY)+ 2)
S1=Su+6Ca S+ Si

_ 585048 sicaxpr 48 sicavpr B 5%+ 160278+ 1603x3+ 8C8XpVp+ ACaXp+ 4Cavp L
= =

PR —
S = o %3iCaYp
S = S23 Slcaxp
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P —R —
T
Ss—p%3§2
S= 3°9

Ri= 10 85 8Sy+Ss+16 SC2v2+ 16 5C2x2+8° SC2Xpvpt 4 SCaXp+ 4" SCa¥pt " 5
Re = 125/(CaXp+ Ca¥p+ 1)
S 1

1 p_—— 3(Ri+ Ry)
@ ST RIA
6C, 3+ 3% S

Cp= (C.3)

We naticethatin the previous equationyvaluesS andR; canbe complex. Therefore,
all thecomputation$have to be donewith complex numbersevenif theresultC, is real.

Solution for the equation:
(Xp P CCp)?+ (Yp i CCp)® _

— Cc4
Cp is oneof therootsof thefollowing equation:
Ci+ 2cpIO CCp+ CCp  2(Xp+ Yp)IO CCp+ X5+ Y3=0 (C.5)
Cp is computedwith:
Si1 = 18C%Xp 18C%Y, 36CHX3 36CHYZ+108C%XpY, CB
S1p = 18C8X3Yp 7TXCTYSXZ 36CTXpYg 3CLOXpYp+ 18CBX,YE  48C9X,Y2
Si3 = 36COX3Yg 36CTX5+3COXS+42C8x 2+ aCOYS+42CBYS 36CTYS
S14 = 12C5X8+ lFZ)CGYg 72CTX3Y2  48COX2Yp+ 165C5X2Y2+ 36C5XAY2  36CTYpXg
S = Sll"’ 12 Spp+ Szt Sie
S$=°9
S = |(015C283+ 35+ 36C3Xp+ 36C%Y, 36C°X5 36C7Y]+ 3Ch=S3
S= S
Ry = 100?58, &S5 103X, 1203+ 1202X3S+ 12C2Y2S, Csy
Ry = 36C%S; 36C%XpS;  36C%YpSs
0 s 1,
Cp= 1@9 %.,. 1 3R _R)p (C.6)
C 2 6 6 SS

We noticethatin thepreviousequationsomevaluescanbecomplex. Thereforeall the
computationdiave to be donewith complex numbersgvenif theresultCy, is real.
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