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Consequences and Limits of Nonlocal Strategies

Richard Clevé Peter Hayer Benjamin Toner John Watrous

Abstract share quantum information. Thalueof such a game is the
maximum possible success probability of the players. Bell

This paper investigates various aspects of the nonlocal ef-inequalities can be expressed as upper bounds on the values
fects that can arise when entangled quantum information is of these games when the players are restricted to classical
shared between two parties. A natural framework for study- strategies. Bell inequality violations correspond to guem
ing nonlocality is that of cooperative games with incongplet strategies that exceed the classical value of games. Jairel
information, where two cooperating players may share en- inequalities are upper bounds on the values of these games
tanglement. Here nonlocality can be quantified in terms of when the players may employ quantum strategies.
the values of such games. We review some examples of non- gne motive for investigating this subject is to better

locality and show that it can profoundly affect the sound- \nqerstand the expressive power of two-prover interactive
ness of two-prover interactive proof systems. We then esy4of systems when the provers share entanglement, which
tablish limits on nonlocal behavior by upper-bounding the ¢4respond closely to these games when the interaction is
values of several of these games. These upper bounds capsgyricted to one round. One striking observation is that
be regarded as ggnerall_zatmns of the so-called Tsirelson i entanglement can affect the soundness of these proof sys-
eq_uallty. We e_llso investigate the gmount ofentanglemgnt '€ tems. Based on Bell inequality violations, we give exam-
quired by optimal and nearly optimal quantum strategies. pjes of such proof systems that are classically sound, but be
come unsound when the provers can utilize entanglement.
One motive for investigating Tsirelson inequalities isttha
1. Introduction they arise as necessary conditions for the soundness of such
proof systems when the provers share entanglement.

In this paper, we develop methods for establishing limits  In Section[2 we provide some formal definitions and
on the kinds of nonlocal strategies that are possible with background information. In Sectidih 3 we present four ex-
qguantum entanglement. For example, we obtain some newamples of nonlocal games for which quantum strategies
Tsirelson-typénequalities, that bound the amount by which outperform classical strategies, including nonlocal game
entanglement can be used to violate Bell-type inequalities for which there exist perfect quantum strategies (meaning
Nonlocality can be naturally expressed within the frame- that the strategies win with probability one), but for which
work of cooperative games of incomplete information— there do not exist perfect classical strategies. The exasnpl
which we will refer to asnonlocal gamesln this frame- are not new, but for the most part have been presented in
work, there are two cooperating players and a verifier. Thethe theoretical physics literature as hypothetical plysic
verifier sends a classical message to each player separatelperiments, and their connections with our games or with
Then each player, without communicating with the other, multi-prover interactive proofs are obscure. The simplici
sends a classical response to the verifier, who evaluates af some of our presentations (particularly our fourth exam-
predicate to determine whether the players won or not. Theple) may help elucidate some of the features of nonlocal-
players may shara priori information, but cannot commu- ity. In Sectiorl%, we exhibit two natural two-prover interac
nicate with each other once the game starts. tfaasical tive proof systems that are classically sound but become un-
strategy the players can only share classical information; sound when the provers may employ quantum strategies. In
whereas, in @uantum strategythe players are permittedto  Section[b, we provide the beginnings of a systematic un-
derstanding of the limits of nonlocal strategies for two re-
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2. Definitions

Nonlocal games

Let V be a predicate 0§ x T' x A x B, for finite setsS,

T, A, andB, and letr a probability distribution ort' x 7.
ThenV andr define anonlocalgameG(V, ) as follows.

A pair of questiongs, t) € S x T is randomly chosen ac-
cording to the distributiorr, ands is sent to player 1 antl

is sent to player 2. Hereafter we will refer to player 1 as Al-

A quantum strategy for a gandeéconsists of an initial bi-
partite statdy)) shared by Alice and Bob, a quantum mea-
surement for Alice for each € S, and a quantum measure-
ment for Bob for each € T'. Oninput(s, t), Alice performs
her measurement correspondingston her portion of),
yielding an outcome:. Similarly, Bob performs his mea-
surement corresponding t@n his portion ofl¢), yielding
outcomebd. The resultse andb are sent back to the veri-
fier.

The most general type of measurement allowed by quan-

ice and player 2 as Bob. Alice must respond with an answertum physics is called a positive operator valued measure, or

a € A and Bob with an answér € B. Alice and Bob are
not permitted to communicate after receiving@ndt, but
they may agree on whatever sort of strategy they like prior
to receiving their questions. They winlif evaluates td on
(s,t,a,b) and lose otherwise. To stess the fact thab) is
correct or incorrect given questiofss t) we will denote the
value of the predicat¥ on (s, t,a,b) asV(a,b| s, t).

Figure 1: The communication structure of a nonlocal game.

Classical values of nonlocal games

The classical valueof a gameG(V, ) is the maximum
probability with which Alice and Bob can win the game, as-
suming they use purely classical strategies. Denote tlse cla
sical value of a gam& = G(V,7) by w.(G). A deter-
ministic strategy, is a restricted type of classical strategy in
whicha andb are simply functions of andt, respectively.

POVM for short. Any such measurement of a system hav-
ing classical state set can be described by some collec-
tion of positive semidefinite matricesX* : a € A} in
C***, whereA is a finite set that corresponds to the pos-
sible outcomes of the measurement. These matrices must
satisfy >~ ., X = I (the identity operator oi>). If

the measurement described p¥“ : a € A} is applied

to a system in stat@)), the outcome is: with probabil-

ity (¢|X“|¢) for eacha € A. These probabilities are all
non-negative because ea&l is positive semidefinite, and
the probabilities sum to 1 because,  , X = I.

With the definition of POVMs in mind, a more precise
description of a quantum strategy may be given as fol-
lows. Alice and Bob share some bipartite quantum state
|v) € CEXT. For eachs € S, Alice has a POVM described
by

{X%:ae€ A}y CCZ*%,
and for eacht € T, Bob has a POVM described by
{y}? :be By c C™T.

On input(s,t) € S x T, Alice applies her POVM corre-
sponding tos to the portion of|y)) in her possession and
Bob does likewise. Then Alice and Bob each return the re-
sult of their measurement to the verifier. The probabiligtth
Alice and Bob answefa, b) € A x B is given by

WX @ Y p),

where® denotes the Kronecker product.
Thequantum valuef a gameG(V, 7), denotedv, (G),
is the maximum probability with which Alice and Bob can

Itis not hard to see that the classical value of a game is ob-yin over all possible quantum strategies.

tained on some deterministic strategy, and thus

we(G(V,m)) = II;%XZ (s, )V (a(s),b(t)|s,t).

Quantum strategies and quantum values of games

3. Examples of nonlocal games

The fact that entanglement can cause non-classical correla
tions is a familiar idea in quantum physics, introduced in
a seminal 1964 paper by Belll[5]. In the following subsec-
tions, we give four examples of this. The first is a slight vari

We will assume for this discussion and throughout the restant of Bell's original result, which is simple and includexl a

of the paper that the reader is familiar with the basics of
guantum information, which is discussed in detail in the
book by Nielsen and Chuang [35].

an introduction. The remaining ones can be viewed as gen-
eralizations or improvements, in various respects, to the fi
one.



3.1. The CHSH game the two colors should agree, and when the vertices are adja-
cent, the colors should be different.

Our first example of a game for which a quantum strategy ~ Formally, letn > 3 be an odd integet§ = T' = Z,

outperforms any classical strategy is a well-known exampleand A = B = {0,1}. Let = be uniform over the set

in quantum physics based on the CHSH inequality, named{(s,¢) € Z,, x Z, : s=tors+1=t(modn)} and let

for its discoverers Clauser, Horne, Shimony, and Holt [13]. / be defined as

Rephrased in terms of two-player cooperative games, the

example is as follows. Le§ =T = A = B = {0,1}, letw Via,b|s,t) = { 1 ifa®b=[s+1=1(modn)]
be the uniform distribution o8 x T', and letV’ be the pred- 0 otherwise.
Icate 1 ffa@mb= st This is a variation on a game based on the Chained Bell In-
V(a,b|s,t) = { 0 otherwise equalities of Braunstein and CavE&sl[10] that generalize the
CHSH inequality. It is also discussed by Vaidman|[41].
The classical value of the gante = G(V, 7) is we(G) = It is easy to see that.(G) = 1 — 1/2n for this game.

3/4, which is easily verified by considering all determin- Any deterministic strategy must fail for at least one of the
istic strategies. Using a quantum strategy, however, Alice possible pairgs, t), as an odd cycle cannot be 2-colored,

and Bob can win this game with probabilitgs®(7/8) ~  while a strategy achieving success probability 1/2n is
0.85, and this quantum strategy is optimal, so we have that Alice and Bob let; = s mod2 andb = ¢ mod2.
wq(G) = cos?(m/8). We next describe a quantum strat- O the other hand, a quantum strategy can attain a suc-
egy that achieves this probability of success; the fact thatcess probability quadratically closer to 1. The following
it is optimal follows from Tsirelson’s Inequality 28, 39]. quantum strateg¥ [10] wins with probability
First, let the entangled state shared by Alice and Bob be )
|v) = (]00) + |11))/+/2. Then, define cos?(m/4n) > 1 — (7 /4n)?.
|60(6)) = cos(0)|0) + sin(6)|1), The entanglement is a single EPR pair
[91(6)) = —sin(6)[0) + cos(B)[1).
¥) = 7(|00> +[11)).
and let Alice and Bob’s measurements be given as
X6 _ 0 Define
0 = 10a(0))(¢a(0)]; oo -
= [6a(/4)) (9u(m /1), o= (3= 50) 5+ 1o
Yy = |ou(m/8))(du(m/8)I, 8 = (g _ 21) ¢,
n
= /8 /8 o
|¢b( / )>< ( / )| X = |¢a(as)><¢a(a5)|,
for a,b € {0,1}. It is now clear that each matrix is posi- VP = [65(B30)) (5 (Be)],

tive semidefinite. (Each matrix is actually a projection, so

the measurements Alice and Bob are making are examplesvhere |¢o(0)) and |¢,(0)) are as defined in the previ-

of projective measurements.) Given our particular chofce o ous section. Given questioKs, ¢), the probability that Al-

1), we have(t)| X @Y |1) = & tr X TY forarbitraryX and  ice and Bob answer the same bit may be calculated to be
Y. Thus, as each of the matrick§ andY;” is realand sym-  cos®(a,; — 3;), which implies they answer different bits with

metric, the probability that Alice and Bob answert) with probabilitysin® (e, — 3;). In cases = ¢ we haven, — 3, =
(a,b) is § tr X2Y?. Itis now routine to check that in every ~ m/4n, so they answer correctly (i.e., with= b) with prob-
case, the correct answer is given with probability? (7 /8) ability cos?(w/4n), and in case+1 =t (mod n) we have
and the incorrect answer with probability? (7/8). as — By = /2 —/4n, so they answer correctly (i.e., with
a # b) with probabilitysin®(7/2 — 7/4n) = cos?(w/4n).
3.2. The Odd Cycle game Therefore this strategy answers correctly with probabilit

cos?(m/4n) on every pair of questions. In fact this quan-
For the following game, imagine that Alice and Bob are try- tum strategy is optimal, as we shall show in Corollaryb.11
ing to convince the verifier that an odd cycle of lengtks below.
2-colorable (which it is not, as is odd). The verifier sends
the name of a vertex to each of Alice and Bob such thatthe3.3. The Magic Square game
two vertices are either the same or adjacent. Alice and Bob
each send one of two colors back to the verifier. The ver- The next game we consider is based on the fact that there
ifier's requirement is that, when the vertices are the same,does not exist 8 x 3 binary matrix with the property that



each row has even parity and each column has odd parity. Itcolor 1 (implicitly, the other two vectors are assigned colo

is a slight variation of an example presented by Aravird [3], 0). Bob outputs a bit assigning a color to his vector. The re-

which builds on work by Mermin[]33, 34]. The idea is to quirementis that Alice and Bob assign the same color to the

ask Alice to fill in the values in either a row or a column vector that they receive in common.

of the matrix (randomly selected) and to ask Bob to fill in It is straightforward to show that the existence of a

asingle entry of the matrix, that is randomly chosen among perfect classical strategy for this game would violate the

the three entries given to Alice. The requirement is that the Kochen-Specker Theorem, s9(G) < 1 for this game. On

parity conditions are met by Alice’s answers (even for rows, the other hand there is a perfect quantum strategy, using en-

odd for columns) and that Bob’s answer is consistent with tanglementy)) = (|00) + [11) + |22))/+/3. Alice’s projec-

Alice’s answers. tors (for inputv;, v;, vi) are|v;) (vs|, |vj)(v;l, |vk){ve|, and
Formally, letS = Zg index the six possible queries to  Bob’s projectors (for input;) are|v;){v;| andl — |v;){vy].

Alice (three rows plus three columns) and [Et = Zq

index the nine possible queries to Bob (one for each en- . . . . .

try of the matrix). LetA — {0.1}% and B — {0,1}. 4. Connections with multi-prover interactive

The predicaté/ (a, b | s,t) is defined to take value 1 if and proof systems

only if a has the appropriate parity (O for a row and 1 ) _ _

for a column) and the entry of corresponding ta has Thetwo-provermteractwe_proof system model was defined

valueb. The distributionr is the uniform distribution over Py Ben-Or, Goldwasser, Kilian, and Wigdersoh [7], and has

{(s,t) € S x T : entryt is in triple s}. It is not hard to see been the focus of a great deal of study. Babai, Fortnow, and

thatw.(G) = 17/18 for this game. It should be noted that, Lund [4] proved that every language in NEXP has a two-

although it is convenient to set = {0, 1} for this game, ~ Prover interactive proof system. Se\{eral refinements ® j[hl

we could taked = {0, 1}2, because the third bit of Alice’s ~ result were made |12, 15,132], leading to a proof by Feige

output is determined by the first two bits and the parity con- @nd LovaszI[17] that a language is in NEXP if and only if it

straints. has a two-prover one-round proof system with perfect com-
Remarkablysw,(G) = 1 for this game—there exists a pleteness and exponentially small soundness error.
quantum strategy for Alice and Bob that wins every time. In essentially all work on muItl—prlover interactive proof
The essential ideas for such a strategy are discuss&H in [3pyStems, the provers are computationally unbounded, sub-
(where a slight variant of this game is presented). ject to the restriction that they cannot communicate with

each other during the course of the protocol. Because the
spirit of the interactive proof system paradigm is to bound
the capabilities of the verifier rather than the prover(sy, i

. . . hatural to consider prover strategies that entail shanmg e
This game is based on the Kochen-Specker Theorem, Wh'crlangled guantum imE)ormation pri?)r to the execution ofgthe
can be stated as follows. proof system. Note that such a strategy does not necessar-
Theorem 3.1 (Kochen and Speckel[30]) There exists an  ily require the computationally bounded verifier to manipu-
explicit set of vectorguy, . .., v,,—1} in R3 that cannot be  late (or know anything about) quantum information. How-
{0, 1}-colored so that both of the following conditions hold: ever, much of the study of multi-prover interactive proof
1. For every orthogonal pair of vectors andv;, they are systems occurred prior to the mid 1990s, when quantum in-

3.4. The Kochen-Specker game

not both colored 1. formation was not well-known within the theoretical com-
2. For every mutually orthogonal triple of vectors, v;, puter science community, and quantum strategies were gen-
anduvy, at least one of them is colored 1. erally not considered. In fact, the methodologies for analy

o — ~ing these proof systems usually make the implicit assump-
The original theorem in [30] used 117 vectors, but this yjon that provers are restricted to classical strategies.
has subsequently been reduced to 31 veclois [36]. We will | this section, we consider what happens when the

assume that every orthogonal pair of vectors in the set s parprovers can employ quantum strategies. We do not make

of an orthogonal triple—which is easily achieved by adding 5/ change to the verifier, who remains classical, and all
a few more vectors to the set—and that the vectors are nor-

lized _ b h h ker Th communication between the verifier and the provers re-

malize d. Cor:neclt_|onhs etween t Ie EOC en-Sdpec er TheOains classical.A natural question is: What is the expres-
2} .

rem and nonlocality have previously been madé.in [26].  give power of such proof systems?

The Kochen-Specker game is defined relative to the
above set of vectors. AI.Ice receives a ran(_jom trlp_le of or- 1 Kobayashi and Matsumoto [29] consider a related but diffemodel,
thogonal vectors as her input and Bob receives a single VeC-  \yhere the proversnd the verifier manipulate quantum information
tor randomly chosen from the triple as his input. Alice out- and quantum communication occurs between the verifier aad th
puts a trit indicating which of her three vectors is assigned ~ Provers.




Let us use MIP and MIPto distinguish between the

andr be the uniform distribution on

cases of no shared entanglement and shared entanglement,

respectively. That is, MIP denotes the class of languages

recognized by multi-prover interactive proof systems weher
all communication between the provers and verifier is clas-
sical and the provers do not share entanglement (as has be
implicitly assumed in previous contexts). The definition of
MIP* is identical to that of MIP, except that the provers may
share an arbitrary entangled quantum state at the beginnin
of the protocol. Furthermore, let MIF| and MIP[k] de-
note the same classes, but with the number of provers fixe
to k. It is known that MIP= MIP[2] = NEXP. We do not
know any relationships between MIRMIP*[2] and NEXP,
except the trivial containment MIf2] C MIP*.

A one-roundtwo-party interactive proof system is one
where the interaction is restricted to two stages: a query
stage where the verifier sends information to the provers,
and a response stage where the provers send information t
the verifier. Note that such a proof system associates a non
local game,, to each string: with the following property.
Forallz € L, the value ofv,(G,) is close to one, and, for
all z ¢ L, the value ofv,(G,) is close to zero.

We give two examples of natural two-prover one-round

e

{(s,8) : s € V(G }U{(s,t) € E(G)}.
If G is k-colorable then the provers can sati$f\by bas-
ng their answers on a valid coloring 6f. Therefore, the
value of the associated gamelisif G is not k-colorable
then, for any classical strategy on the part of the provers,
here must be an inconsistency for some valug t),
o the classical value of the associated game is at most

d - 1/(IV(G)] + |E(G)]). The verifier can amplify the

difference between the two caseésdolorable and nok-
colorable) by repeating this game a polynomial number of
times (in parallell[37]). Thus this is a classical two-prove
interactive proof system for the language consisting of all
k-colorable graphs.

This proof system breaks down in the case of entangled
rovers. Based on a protocol id [9], there exists a sequence
f graphsz,, (wheren ranges over all powers of two) with

the following properties. First, for any, there is aperfect
guantum strategy for the Graph Coloring proof system with
graphG,, andk = n colors. Second, for sufficiently large
n, G,, is notn-colorable.

For anyn, G, is simple to describe: it has vertices

proof systems that are classically sound, but become Un-ro, 1} and two vertices are adjacent if and only if the Ham-

sound when the provers use quantum strategies: one is fo
languages that express graph chromatic numbers and th
other is for 3-SAT. These examples are related to the ex-
amples in Sectiofi]2. We also explain why the existing
proofs that equate MIP with NEXP break down in terms
of their methodology in the case of MiPit is possible that
MIP* = NEXP, but a different proof would be required for
it. Results in[[ZD] imply that, if the amount of entanglement
between the provers is polynomially bounded, then any lan-

fning distance between themvig2. However, results i 9]
8how thathere exist@nn such that3,, is notn-colorable,
without giving an explicit: for which this holds. (The proof

is based on a related result In-[11], which makes use of a
combinatorial result in([21].) The result is made expliait i
[22], where it is shown thatr,¢ is not 16-colorable. Thus,
the resulting graph for which the Graph Coloring proof sys-
tem breaks down hax' vertices, and it can be simplified
by taking only half of its vertices, resulting in a graph of

guage recognized by such a proof system is contained ings 763 vertices.

NEXP; however, without this polynomial restriction, we do
not know if this holds.

4.1. Graph Coloring proof system

The Odd Cycle game in Secti@nB.2 can be regarded as
protocol where two provers are trying to convince a veri-
fier that a particular graph is two-colorable. This idea gen-
eralizes to any graptf and number of color. The veri-
fier asks each prover for the color (amanpgossibilities) of

a vertex and requires that the colors be the same wheneve{)ver variablesz,
)

each prover gets the same vertex and different whenever th
provers get adjacent vertices. Formally, the game&=fand
kisasfollows. LetS =T =V (G), let A = B = Zy, let

1 if(s=tanda =b)or
Va,b|s,t) = ((s,t) € E(G) anda # b)
0 otherwise,

4.2. 3-SAT proof system

We begin by describing a commonly-used two-prover inter-
active proof system for proving that 3-CNF formulas are
satisfiable. Call the provers Alice and Bob. The verifier

%ends Alice a clause and Bob a variable from that clause.

Alice must assign each variable from the clause so as to sat-
isfy the clause and Bob must assign a value for the vari-
able that he receives that is consistent with Alice’s assign
ment. More, formally, letf be a 3-CNF boolean formula

..., xn_1 With m clausesy, ..., cp_1.

%or each clause, every {0,1}3 induces an assignment

to each variable that occurs in the clause in a natural way.
The game forf is as follows. LetS = Z,, andT = Z,,
let A = {0,1}3 andB = {0,1}, and letV (a,b| s, t) take

the value 1 if and only if the assignment for the variables
in ¢, induced bya satisfiesc, and is consistent with the
assignmentr; = b. Let = be the uniform distribution on



{(s,t) € S x T : clausec; contains variable;}. If f is from those of the first prover, the first prover must behave
satisfiable then..(f) = 1 by the two provers returning val-  as an oracle or be detected with positive probability. Nev-

ues corresponding to a specific truth assignment.isfun- ertheless, the above quantum strategy for the magic square
satisfiable thew.(f) < 1 — 1/3m, as then at least one of game is a counterexample to this result for the case of en-
the3m possible(s, ) queries must violate the predicate. tangled provers. Since this is a component in the proof that

However, this proof system breaks down in the case of MIP = NEXP, this proof does not carry over to the case of
entangled provers. Upon seeing the aforementioned counMIP*.
terexample for the Graph Coloring proof system, Ambai-
nis [2] showed that a counterexample for 3-SAT could be g Binary games and XOR games
based on it. Intuitively, the idea is to construct a 3-CNF for
mula that, for truth assignmeni expresses the statement | this section we focus our attention on simple types of
“x is a k-coloring of G". Based on the above counterex- games that we cabiinary gamesand XOR gamesBinary
ample graph with 32,768 vertices (the smallest that we aregames are games in which Alice and Bob's answers are bits:
aware of), the resulting 3-SAT formula consists of roughly 4 — p — {0, 1}. XOR games are binary games that are fur-
10° clauses. ther restricted in that the value of the predicatenay de-

We now provide a much simpler counterexample basedpend only o @ b and not ona andb independently. (The
on the Magic Square game in Sectlonl 3.3 that consists ofcHsH and Odd Cycle games are examples of XOR games.)
24 clauses. We will construct an instance of 3-SAT, where e begin by pointing out connections between these
the resulting formula is not satisfiable but for which there i games and multi-prover interactive proof systems. Then we
a perfect quantum strategy for the above two-prover proof gstaplish some basic properties of binary games and XOR
system. Let the variables beo, zo1, zo2, 10, 211, 12, games. Next, we prove upper bounds on the quantum val-
T20, T21, T22, which |ntU|t|yer 90”6599'?0' o 8 x 3 yes of these games. Finally, we prove upper bounds on the
boolean matrix. There are six parity conditions in the Magic 53mount of entanglement required for Alice and Bob to play

Square game: each row has even parity and each column hagor games optimally and nearly optimally.
odd parity. Each parity condition can be expressed with four

clauses. For example, for the first row, . . . .
P 5.1. Further connections with multi-prover inter-

(TQQ vV EOl \Y fog) A (foo V Zo1 \Y ,SCOQ) aCtiVe prOOf SyStemS

A(zoo V To1 V xo2) A (zoo V To1 V To2) ) L
One motive for considering upper bounds on the quantum

is satisfied if and only ifcgg @ zo1 @ 292 = 0. Thus 24 values of games in general is due to their connections with
clauses suffice to express all six parity conditions. This fo multi-prover interactive proof systems. For example, Heca
mula is unsatisfiable, but the perfect quantum strategy forthat the Odd Cycle game can be regarded as a simple proof
the Magic Square game in Sectibnl3.3 defeats the 3-SATsystem for the two-colorability of odd cycles—for which

game for this formula with certainty. the correct response of the verifier is to reject. Although th
is valid as a classical two-prover interactive proof system
4.3. Oracularization paradigm if the quantum value of the game were one (or exponen-

tially close to one) then it would not be valid as a quantum
The above example also constitutes a counterexample to g@roof system. The upper bound on the value of the Odd Cy-
commonly-used primitive that enables a two-prover system cle game proved in this section (Coroll@ry3.11) implies tha
to simulate aroracle machineAn oracle machine is a one- it is a valid quantum proof system, and with a polynomial
prover interactive system where the prover's responses to anumber of repetitiorfs the probability of the verifier incor-

series of questions are required to fi@n-adaptive Non- rectly accepting can be made arbitrarily close to zero. For
adaptive means that when the prover receives a series ofiny one-round two-prover quantum interactive proof sys-
gueriessy, so, . . ., sm, his response te; must be a func-  tem, the soundness condition will correspond to a nontrivia

tion of s; alone, not depending on any for j # i. There upper bound of the quantum value of a nonlocality game.
is a simple oracle machine proof system for 3-SAT, where a Therefore upper bounds are important tools for analyzing
random clause is selected and its three variables are sent aguch proof systems.
three queries to the prover, who must return a value for each  Regarding upper bounds on entanglement required by an
one. The verifier accepts if and only if the responses satisfyoptimal quantum strategy, we note that result§ in [29] imply
the clause. The prover’s success probability is less than on that if a polynomial upper bound can be established then
whenever the formula is unsatisfiable.
Fortnow, Rompel, and Sips€r_[20] showed that, with a 2  Inthe absence of a quantum analogue of Raz’s Parallel Repdthe-
second prover, who is sent a single randomly chosen query ~ ©'ém (3], the repetitions can be applied sequentially.




MIP*[2] € NEXP. This indicates that upper bounds on en- one query to Alice and one to Bob, according to the bipar-
tanglement are also relevant for analyzing such proof sys-tite structure of the graph. [ ]
tems.

An obvious question is: Do there existand s (with
Definition 5.1. For0 < s < ¢ < 1, let aMIP_ ;[2] de- 0 < s < ¢ < 1) such thatsMIP? _[2] = NEXP? One natu-
note the class of all languagésrecognized by classical  ra| candidate for this is the actual protocol implicit in]]25
two-prover interactive proof systems of the following form  ynfortunately, our generic upper bounds, such as Theo-

« They operate in one round, each prover sends a singlerenm’ are not sufficiently strong to achieve this—attleas

bit in response to the verifier's question, and the veri- not directly, since they result in a larger valuesofwhich

o o . : exceeds the original. Perhaps an analysis that is tailored
fier's decision is a function of the parity of those two o . . .
bits. to the specific constructions in_[25] will show that the re-

quiredc ands exist.
o If x ¢ L then, whatever strategy Alice and Bob fol-
low, the Prover’s acceptance probability is at mest

(thesoundnesprobability). 5.2. Basic properties of binary and XOR games

e If z € L then there exists a strategy for Alice and In this section it is proved that for any binary game, Al-
Bob for which the Prover's acceptance probability is ice and Bob always have an optimal strategy in which their
at leastc (thecompletenesgrobability). measurements are projective measurements, even when re-

stricted to the support of their respective parts of theesthar

entangled state. Alice and Bob’s strategy for a binary game
consists of a shared entangled statg € C**I, together
with POVMs{X?, X1} € C¥** and{Y}, Y,!} C CT*T

for eachs € S andt € T, respectively. By the support of
The following result is implicit in the work of Alice’s partof the entangled state, we mean the subspace of

Hastad[[25], with the application of methods!if [6]. C*> spanned by the eigenvectors of the density matrix ob-

) tained by tracing out Bob’s part ¢f), and similar for the

Theorem 5.3. For all e € (0,1/16),if s =11/16 +cand  gypport of Bob’s part. It follows from the Schmidt decom-

Definition 5.2. For0 < s < ¢ < 1, Iet@MIP;S[2] denote

the class corresponding to the previous definition, where
all communication remains classical, but where the provers
may share prior quantum entanglement.

¢ = 12/16 then®MIP, s [2] = NEXP. position that these two subspaces will necessarily have the
Proof sketch. We refer the reader td1[6, 25] for all de- Same dimension.
tailed information about probabilistically checkable gfo Itis well known that POVM-type measurements can be

systems (PCPs). Let PCHr, k] denote the class of lan- simulated by projective measurements. In general this re-
guages recognized by PCPs that makesieries on the ba- quires that one performs a projective measurement on the
sis of r random bits, and have completeness and sound-System under consideration together with some auxiliary
ness probabilities and s respectively. That is, a verifier ~System, and in the present situation this auxiliary system
can queryk bits of a purported proof, selected on the ba- mMay be considered part of the shared entangled state. How-
sis of » random bits, and makes a determination of lan- €ver, the fact we are claiming is a stronger statement than
guage membership on the basis of thésealues. A lan-  this—even if the measurements(?, X} € C*** and
guageL is in PCR,,[r, k] if: (a) for all z € L, there ex-  {¥7", ¥;'} € C"*" describe projective measurements, they
ists a proof for which the verifier's acceptance probabil- May no longer be projections when restricted to the sup-
ity is at leaste; and (b) for allz ¢ L, the verifier's ac-  Portof Alice’s part and of Bob’s part d)).

ceptance never exceeds Hastad [[25] essentially shows

. Theorem 5.4. LetG be a binary game. Then there exists an
that, for alle > 0, if s = 11/16 + ¢, andc = 12/16

optimal strategy for Alice and Bob that satisfies the follow-
then PCR ;[O(log n), 2] = NP using PCPs where the veri- P 9y

fier's determination is based on the XOR of the two queried ng-

bits. This can be scaled up one expogentiabialong the 1. The entangled state shared by Alice and Bohyis
lines discussed irl16] to yield PCR[n (1) 2] = NEXP A B, wheredim(A) = dim(B) and bothtr 4 [+ (1|
with the same XOR property. Moreover, the proof system  and try ) (1| are invertible. (l.e..A is the support of

has the feature that, if each possible pair of queries istake  Alice’s part of|1) and 5 is the support of Bob’s part of
as an edge of a graph then the resulting graph is bipartite. l1).)

This means that the PCP can be converted into a two-prover

interactive proof system with the same completeness and 2. Alice’s measurementsX ), X} and Bob's measure-
soundness probabilities @nd s) as follows. The verifier ments{Y,’,;'}, for s € S andt € T, are projective
randomly chooses an edge, just as in the PCP, and sends Mmeasurements ad and 3, respectively.



The proof of Theoreri 514 relies on the following simple
lemma.

Lemma 5.5. Let S, T, and B be finite sets and letl =
{0,1}.Let{Z? : t € T, b € B} be HermitianN x N ma-
trices, let{as 1ap : s€ S, t €T, a € A, b e B} bereal
numbers, and leX be anN x N positive semidefinite ma-
trix. Then the maximum value of

Z Qs tap tr(X2Z0)

s,t,a,b

for {X2 : s € S,a € A} positive semidefinitd/ x N
matrices subject to the constrainf? + X! = X for all
s € S is achieved by some choice 6K} for which
tr(XPX1)=0forall s € S.

Proof. The fact that there exists a maximum follows from
the observation that the set of all valid choices for

{X$:s5€8,ac A}

is a compact set. Fix some choice fok?} that achieves
the maximum. Because each? is positive semidefinite,
we may write

N
X2 =" Aejlth i) (s ]

Jj=1

for some orthonormal basi§s 1), ..., |1s.n)} for each
s € S.As X? and X — X! are both positive semidefi-
nite, we haved < A ; < ¢s; = (¥s,;]X |15 ;) for each
s andj. Now, if we fix the baseg|v; 1), ..., |¥s,N)} but
view{);; : s € S, 1 < j < N} as being variables, we
see that the quantity

Z Qs t.ap tT(XEZY)

s,t,a,b

is a multi-linear function in these variables. It therefore
achieves its maximum value for some choice of these vari-
ables with)\ ; € {0, ¢, ;}. For such a choice of these vari-
ables, the matriceX? and X! satisfytr(X%X!) = 0 as
required.

Proof of Theorem[53. The fact that the first condition

holds for some optimal strategy follows immediately from

the Schmidt decomposition together with the fact that any

POVM restricted to a subspace is still a valid POVM. So,

we will assume that we have an optimal strategy satisfying

the first condition, but not necessarily satisfying the seico
The probability that Alice and Bob's strategy wins is

Pr[Alice and Bob win

=Y " 7(s,t)> V(a,b|s,t) (W|XT @Y |p)
s,t a,b

Z m(s,t)V(a,b|s,t) tr X227,

s,t,a,b

where
Z = trp(I @ Y))|) (]

for eacht € T andb € {0, 1}. It follows from Lemmd &b
that Alice may substitute her measurements

{X¢:s5€8,ae{0,1}}

with projective measurements ghwhile still achieving the
maximum probability of winning. The same argument ap-
plies to Bob’s measurements. ]

We will make use of Theorem3.4 several times below.

Next, we consider XOR games, which are binary games
where the predicaté (a,b| s, t) dependsonlyon=a®b
and notz andb independently. It will be convenient to view
the predicatéd/ as taking only three inputs in this case—
we write V(a @ b| s, t) rather tharV (a,b| s, t). It will be
particularly helpful for XOR games to describe Alice and
Bob’s measurements in terms observablesBecause of
Theorem[ &4, it will only be necessary to do this in the
case that Alice and Bob’s measurements are projective mea-
surements. 1£X° and X' are orthogonal projections with
X%+ X! = I, we can describe this measurement by an
observableX = X% — X!, It follows that the observable
corresponding to a two-outcome projective measurement is
a Hermitian matrix with eigenvaluesl and —1, and the
+1 eigenspace corresponds to the outcome 0 and-the
eigenspace corresponds to the outcepie

The following theorem due to Tsirelsan 40] will play a
key role in our results on XOR games.

Theorem 5.6 (Tsirelson [[4D]). Let S andT be finite sets,
and let|¢)) be a pure quantum state with support on a bipar-
tite Hilbert spaceH = A ® B for whichdim A = dim B =

n. Foreachs € S, let X, be an observable oA with eigen-
values+1, and for eacht € T, letY; be an observable on
B with eigenvalues-1. Then there exist real unit vectars
andy; in R2"” such that

(V| Xs @ Vi) = 5 - yr,

forall s € Sandallt € T.

Conversely, suppose thétandT are finite sets, and,
andy; are unit vectors inRR" for eachs € S andt € T.
Let A and B be Hilbert spaces of dimensiai’V/?1, let
H = A® B, and let|)) be any maximally entangled state
on H. Then there exist observablés on 4 andY; on B
with eigenvalues:-1 such that

<w|XS & Yt|¢> = Ts " Yt,
forall s e Sandallt € T.

To state some upper boundswof(G) for XOR games, it
will be helpful to define thérivial randomstrategy for Al-
ice and Bob as one where they ignore their inputs and an-
swer uniformly generated random bits7fG) denotes the



success probability of gan{é/, 7) when Alice and Bob are  after orthogonal projection, the maximum over all vectors

restricted to this trivial strategy, then {z, € RITI : s € S, ||lz,| < 1} is achieved by points
on the boundary—unit vectors—and so it is sufficient to re-
Z Zw(s,t)V(c|s,t). strict to this case.
c€{0,1} st We now show this strategy can be realized as a quan-

tum protocol. The maximization in Ef] 1 is over a com-

Proposition 5.7. Let G(V,7) be an XOR game and let pact set, so the maximum is achieved by some vectors

N = min(|S], |T]). Then T1,..., @5, Y1s- -,y IN RY. Let [¢) be a maximally

wy (@) — (@) entangled state oV/2] qubits. By Theorerfi 516, there are

a ) observableg X} and{Y;} such that
= —max w(s,t) (V(0]s,t) —V(1]|s,t))xs - ys,
3 max o) (V0180 = V(L D)2 DX ® Vi) = 22 - 31
@) forall s € S andt € T. Thus the strategy can be realized
where the maximum is over unit vectors as a quantum protocol. u
{z,eRYN 1 se S}u{y, eRN : teT}. The maximization in Propositioi 3.7 can be cast as a

semidefinite program, which can be approximated to within
Proof. By Theorenf &2}, it is sufficient to restrict to the case an additive error ot in time polynomial in|S| 4 |T'| and
where Alice and Bob make projective measurements onin log(1/¢). (See Ref.[[B] for an introduction to semidefi-
the support of their component of a shared pure entanglechite programming.)
state. Therefore, suppose that Alice and Bob share the en- |t s trivial to write an expression similar to E@. 1 for the
tangled statéy) in some bipartite Hilbert spacé ® B with classical value of an XOR game, viz.,
dim A = dim B = n. Foreachs € S, letX, = X?— X! be
the observable corresponding to Alice’s measurementon in- wc(G) —7(Q)
puts, and for eactt € T', letY; = Y,? — Y,! be the observ-
able corresponding to Bob's measurement on inpwe 3 o102 x Y w(s,)(V(0]s,t)=V(1]s,t))a(s)b(t),
now associate with eacK, a real unit vector, and with 8,

eachY; a real unit vectoy,, according to Theorefd3.6. On | hare the maximum is over functions: S — (—1,+1}

input (s, ¢), the probability that = 0 is andb : T — {—1,+1}. This integer quadratic program
W) (XOYtO +X1Ytl) 1) is MAXSNP hard [1]. Unless P= NP, finding the quan-
s 1 ° 1 tum value of an XOR game is easier than finding the classi-
= 5(1+<¢|X5®Yt|¢>) = 5(1+$s-yt)- cal value.

It follows thatc = 1 with probability (1~ -%)/2. 53, Upper bounds on values of binary and XOR
Hence the probability that Alice and Bob win using this

. games
strategy is
In this section, we give some upper bounds on the quantum
5 Z (s,t)V(c|s,t) values of binary nonlocal games. We give two bounds for
s,tvc XOR games: the first is most useful when the optimal clas-
4= Z V(0]s,t) = V(L]|s,t)xs - ye. sical strategy is poor and the second when the optimal clas-

sical strategy is almost perfect. We also consider genéeral b

nary games, where we obtain a qualitative upper bound for
The vectorsz, and y; are unit vectors inR2"" where games with no perfect classical strategy.
n = dimA = dim B is a priori unbounded. The win-
ning probability, however, depends only on the dot prod-
ucts of the unit vectors, so we may project onto the span
of {#z, : s € S}U{y : t € T}. This space has di-
mensionM = |S| + |T'|. Indeed, it is sufficient to project
the vectors{z, : s € S} onto the span of the vec-
tors {y, : ¢t € T} (or vice versa). The dimension of
this space is at mosV = min(|S|, |T'|). Without loss of
generality, let us assumé| < |T|. Although the vectors  Definition 5.8 ([18]). Grothendieck’s constark’s is the
{zs; : s € S} will not necessarily remain unit vectors smallest number such that, for all integers> 2 and all

5.3.1. Upper bound for XOR games with weak classi-

cal strategies We first consider the regime where the suc-
cess probability of the best classical strategy is not much
better thanr(G), the success probability of the trivial ran-
dom strategy. In this case no quantum strategy can do sig-
nificantly better. The bound will be expressed in terms of
Grothendieck’s constarii[24].



n x n real matricedd = (hy), if

Z hst asbt
s,t

'aanvbla"

Zhst Ts Yt

s,t

<1,

for all numbersuy, . . ., by in[=1,1], then

< KG7

for all unit vectorsey, ..., 2, Y1, .- ., yn INR™.

Grothendieck’s constant is known to satisfy

1.6769 < Kg < ~ 1.7822,

2 log (1 + \/5)

but the exact value is not known. The upper bound is duefjne a functiony : [0, 1]

to Krivine [31] (who conjectures it is the exact value), and
the lower bound is due to Davié_[l15] and, independently,
Reeds[[38] (see alsb 119]).

The following theorem follows from the definition.

Theorem 5.9. LetG be an XOR game. Then
wg(G) = 7(G) < Kg [we(G) = 7(G)] .

Proof. Suppose, without loss of generality, that < |T7|.
Let S’ be the disjoint union of andZ |5y and define a
gameG’ = (V/,7')onS" x T by settingr’(s,t) = (s, t)
if s € Sandn’'(s,t) = 0 otherwise, and/’(c|s,t) =
V(c|s,t) for s € S. Clearly this game is equivalent to

the original game so it is sufficient to consider the case

S| =IT!.
Taken = | S| and define the matri by

1
2 [we(G) = 7(G)]
It follows from the discussion at the end of Sectiod 5.2 that

Z hst asbt
s,t

.,an,bl,..

hst = (s, ) [V(0]s,t) —V(1]s,t)].

<1

for all numbers:y, . .

sition[&®.T,
w4(G) = 7(G) = [welG) = 7(G)] maxhuy .-,
< Ke [we(G) = 7(G)].

., by in[—1,1]. By Propo-

This establishes the result.
For the CHSH game, we hav¢G) = 1/2 and
w(G) = 7(G) = V2 [we(G) — (@) .

Games for which the ratio of;(G) —7(G) tow.(G) —7(G)

is greater than/2 can be constructed from the results in
Ref. [19]. In particular, the smallest known game for which
this ratio is larger thar/2 has|S| = |T'| = 20.
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5.3.2. Upper bound for XOR games with strong classi-
cal strategies We now consider the regime where a clas-
sical strategy performs well, but not perfectly. For the Odd
Cycle game of Sectidn 3.2, we obtained

1

and
wq(G) > cos®(m/4n) > 1 — (m/4n)*;

the quantum strategy is quadratically better than the clas-
sical one in terms of its failure probability. In fact such
a quadratic improvement is all that is possible for XOR
games, as will be shown shortly in TheorEm®.10.

In order to state and prove Theorém™.10, we first de-
— [0, 1] and two constantsy; and
~2. The functiony has the property that it is minimal subject
to being concave and bounded belowsy*(Zz). To de-
termineg, consider the unique linear mappih@r) = vz
such thath is the tangent line t@inQ(%x) at some point
0 < y2 < 1. Itis straightforward to show that(z) = h(z)
for 2 < v, andg(z) = sin®*(Zz) for z > ~,. To deter-
mine the constants; and~., note that the condition oh
and the fact thagl sin*(Zz) = Z sin(rz) imply that
sin®(542)

72

(2)

™ .
58111(71”}/2) = 7.

Theorem 5.10.LetG be an XOR game with classical value

we(G). Thenwy(G) < g(we(G)), whereg is as defined
above, i.e.,

wg(G) < {

wherey; =~ 1.1382 and~; = 0.74202 are as defined above.

Vlwc(G)

sin? (%wc(G))

it we(G) < 7

if we(G) > 72, ®)

Proof. Consider an optimal quantum strategy and let

{zs :

be the unit vectors associated with it, according to Preposi
tion[51. We use these vectors to define the following clas-
sical strategy:

seSY, {ys : teT}CRY

1. Alice and Bob share a unit vectdre RY, chosen uni-
formly at random.

2. When asked question Alice answers
a' = [1+sgn(zs-N)]/2.
3. When asked questianBob answers

b = 1+ sgn(y: - V)] /2



Here thesgn function is defined bygn(z) = +1if z > 0
and—1 otherwise.

Let us calculate the probability that ® ' = 1. Intro-
duce an azimuthal coordinagefor A in the plane spanned
by z, andy,, such thatrs; has coordinatep = 0 andy;
has coordinate) = 6 = cos 'x, -y € [0,7]. Then
sgn(zs - A) = 1for ¢ € [—n/2,7/2] and—1 otherwise,
while sgn(y; - A) = 1for ¢ € [0 — 7/2,05 + w/2] and
—1 otherwise. Becausa is distributed uniformly inR”,
¢ is distributed uniformly in[0, 27). The probability that

a ® b = 1 is then proportional to the measure of the sub-

set of[0, 27) on whichsgn(z, - \)
ticular,a’ # b when

¢ e[—m/2,05 —w/2)U[r/2,05 + 7/2).

—sgn (y; - A). In par-

Therefore, on inputs, t),
Pria’ @b =1] = £ 0. 4

Using the quantum strategy, the probability thad b = 1
is given by

Prla®b=1]=1(1 -, y)=sin®(30x),
so that

Prla®b=1]
=sin® (3 Prld @b =1]) < g(Prld @b =1)).

Similarly, it can be shown that

Prla ® b = 0]
= sin? (2Prfd’ @b =0]) < g(Prld ®b =0]).

For each(s,t) € S x T, letw,(s,t) andwg(s,t) be the

probabilities of winning the game when using the classi-

cal and quantum strategies, respectively, given that murest

One consequence of Theor€m .10 is that the quantum
strategy for the Odd Cycle game given in Secfion 3.2 is op-
timal.

Corollary 5.11. If G is the Odd Cycle game then,(G) <
cos?(m/4n).

5.3.3. Upper bound for general binary gamesFinally,

we prove the following qualitative Tsirelson-type bound
on any binary game: ifv.(G) < 1 thenw,(G) < 1 as
well. This result relies on the assumption that the game is
binary—for example, the Kochen-Specker game discussed
in Section® is a ternary-binary game (i.d.,= {0,1,2}
and B = {0, 1}) for which there exists a perfect quantum
strategy but no perfect classical strategy.

Theorem 5.12. Let G be a binary game. Then.(G) = 1
if and only ifwy(G) = 1.

Proof. Becausev,(G) > w.(G) for any gameZ, it suffices
to show thatu,(G) = 1 impliesw.(G) = 1.

Let us first assume that there exists a Hilbert spaead
two collections of subspaces
{V

S

s€S ac{0,1}} and (WP :teT be{0,1}}

of A that satisfy the following properties:

1. (VO = v and(W?)+ = W} for eachs € S and
tefT.

2. For every(s,t) € S x T with w(s,t) > 0 anda,b €
{0,1} with V'(a,b|s,t) = 0, we haveV® | W}.

We will show that this assumption implies that there exists
a perfect classical strategy fof. After this it will be shown
that a perfect quantum strategy fGrimplies the existence
of such a collection of subspaces.

For any 4-tuple(s,t,a,b) satisfying=(s,t) > 0 and

(s, t) was asked. From the above, together with the concav-V (4, b s,t) = 0 we may conclude from the two proper-

ity of g, it follows thatw, (s, t) < g(w.(s,t)). The overall
probability of winning using the quantum strategy is

> w(s, t)ym(s,t) > w(s t)g(we(s, 1))

s,t s,t

g (Z (s, t)we(s, t))

s,t

9(we(@)),

where we have again used the fact th& concave. m

<

<

<

ties above that® C (W))+ = Wb andW} C (Va)*+
V. These relations induce a partial order on the collec-
tion of subspace§V2} U{W/}. In order to distinguish this
partial order from any incidental set relations that maydhol
among the subspacé¥*} U {IW?}, we will use the sym-

bol < when referring to this partial ordering. Notice that in

all cases we have? < W} if and only if W,> < V¢, As

there are a finite number of these subspaces, there must exist
at least one maximal element and at least one minimal ele-
ment with respect to the partial order. Given thigt < W)

if and only if W,;"* < V.7, it holds thatV¢ is maximal

We emphasize that our means of defining the classicalif and only if V"¢ is minimal, and similarly fori?? ver-
strategy in the above proof is not original; indeed we can susW,™.

trace the technique back to Grothendieck, who used it to es-

Now, we claim that it is possible to reassign all maxi-

tablish the first upper bound on the constant that bears hismal and minimal subspaces.tbor {0} in such a way that

name [24]. More recently, Goemans and Williamson used (i) V. = A if and only if V¢

{0} (and similarly for

the same idea to derive randomized approximation algo-W} versusi¥,™?), and (ii) the partial ordering is preserved.

rithms for MAX CUT and related problems[23].

11

If V.#is maximal but not minimal, thel;"* is minimal and



not maximal, so it is clear that reassigniiy = .4 and is also at most 1. Therefore, by Lemmal5.5 we may replace

V., = {0} satisfies these conditions. In caBg is both the matriced Z?'} by new matrices satisfying? + Z} = p

maximal and minimal, then the partial ordering is essen- andtr(Z?Z}) = 0 while still achieving the maximum value

tially behaving trivially with respect t&’* (possibly equat-  of 1 in Eq.[3. (These new matrices do not necessarily arise

ing V¢ with other subspaces). In this case we Bgtand from some different strategy for Bob, but this is irrelevant

vV, to A and{0} arbitrarily, provided spaces equated with Let VY andV! be the orthogonal spaces onto whik

V& orV, " are assigned accordingly. The situation is similar and X!, respectively, are projections, and &t and W}

for W andW, . Applying this reassignment recursively to  be the spaces representing the span of the nonzero eigenvec-

the remaining subspaces (the ones that were neither maxitors of Z andZ}, respectively. Becausk? and X! are or-

mal or minimal) eventually reassigns all subspace$joor thogonal projections witik ?+ X! = I and becausg; and

A. The partial ordering is preserved and the reassignmentsz; satisfytr(Z?Z}) = 0 andZ? + Z} = p = trg |[¥) (¥,

necessarily satisfy¢ = (V,"*)+ andW} = (W, %)+ for we have that the first required property of the spgdés}

all choices ofs, ¢, a, andb. and{W}} is satisfied. The fact that the second property is
At this point a perfect deterministic strategy may be de- satisfied follows from the fact that the value of 8. 5is 1

rived. Specifically, if’* = A, then Alice answers question and therefore

s with @, and otherwise i = {0} then Alice answers

—a. Bob’s answers are similarly determined by the (reas- Z m(s,t)(1 — V(a,b| s, 1)) tr(X22ZP) = 0,

signed) subspacgs¥}. As one of V0 andV! is set to.A s,t,a,b

and the other tq0}, and similarly foriw and W, this

strategy is well-defined. The strategy can be seen to be dmMplying thattr(X$Z}) = 0 wheneverr(s,t) > 0 and

perfect strategy because Alice and Bob have zero probabil-V (a,b|s,t) = 0. This completes the proof. u

ity to answer incorrectly—ifs, ¢, a, b) satisfyn(s,t) > 0

andV (a,b| s, t) = 0, then the fact that the partial order was

preserved implies that® € W, andW} C V,¢. Thus,  5.4. Bounds on entanglement for XOR games

we cannot havé&’¢ = A andW/} = A, and therefore Al-

ice and Bob do not answer the pair of questitns) incor- The final results we prove concern thmountof entangle-

rectly with answersga, b). ment needed for Alice and Bob to play a given game opti-
It remains to show that a perfect quantum strategy im- mally. With respect to this question, our results are rettc

plies the existence of subspadds®} and{W?} as above.  to XOR games. The following theorem follows immediately

We may assume without loss of generality that Alice and from the results of Sectidn3.2.

Bob use a strategy satisfying the properties given by Theo-_l_heorem 5.13. Let G be an XOR game and le¥ —

remi5.3. As in the proof of Theoref®.4, let min(|S|, |T). There exists an optimal strategy for Alice and
70 = trp(I @ Y2) ) ()| Bob forG in which they share a maximally-entangled state
on [N/2] qubits.

foreacht € T"andb < {0, 1}. We have Unfortunately, even in this restricted setting of XOR games

agby _ the bound on the amount of entanglement provided by this
Z m(s )V (a, bls, ) tr(X72)) =1 theorem is still huge—the number of qubits shared by Alice

bt and Bob is exponential in the sizes of their inputs.
where{X? : s € S,a € {0,1}} are projections with However, if we are willing to settle for a slightly sub-
X9+ X! =TIforeachs € S,and{Z} : t € T, b€ {0,1}} optimal strategy, a polynomial number of shared qubits
are positive semidefinite matrices wittf + 7! = p = suffices. This fact follows from the Johnson-Lindenstrauss
trp 1) (| for eacht € T'. lemma [Z27], which we now state, following Ref.114].

Now, note that for any choice for positive semidefinite
matrices{Z? : t € T, b € {0,1}} satisfyingZ? + Z} = p
for eacht € T', we have that the quantity

Lemma 5.14 (Johnson-Lindenstrauss).For ¢ € (0,1)
and n a positive integer, let< be a positive integer such

that
—1
3 ws. ) tr(X22P) K >4(/2-¢%/3) logn.
sihab Then for any set’ of n points inR%, there is a mapping
is at most 1, and therefore the quantity f:R* — R¥ such that for allu, v € V,
3" wls,t)V(a,bls, t) tr(X2ZP) (5) (L= e)llu—vl® <[If(w) = fF()]* < X +e)u— o>

s,t,a,b
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Theorem 5.15. Let G = G(V, ) be an XOR game with  Corollary 5.16. For all s andc such thatd < s < ¢ < 1,
quantum valuev,(G). Let0 < ¢ < 1/10, and supposés SMIP?, ([2] € NEXP.

is an even integer such that We have no lower bounds on the amount of entangle-

K >4 (52/2 _ 53/3)—1 log (S| + |T| +1). ment required to play XOR games optimally or near opti-
- mally. Perhaps even @onstantamount of entanglement is
Then, if Alice and Bob share a maximally entangled state sufficient.
on K/2 qubits, they can win with probability greater than
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