
CHAPTER 4

Organized Thought:
Graphs & Trees

When designing an algorithm to solve a given computational problem, the representation of the

problem can make a big difference. When a problem is formulated using an appropriate model,

it makes the formulation of the solution much easier. In Chapter 1, a computational problem was

de®ned as a speci®cation of the relationship of input and output. How input or output is represented

and modeled is at the heart of modeling the problem itself.

This chapter introducesgraphs, basic graph terminology, and a few graph algorithms. Graphs

can be utilized to represent a large class of computational problems.Treesare a special case of

graphs that are also extremely popular in computer science. The chapter also introduces trees in ad-

dition to information coding as an application of trees.Finite State Machines(FSMs) are introduced

in this chapter as graphs with a special meaning. FSMs are very useful when designing hardware

tasks, which are sometimes called hardware algorithms. In Chapter 5, we will see how to transform

an FSM to an electronic circuit.

4.1 Graphs

A graphis simply a graphical representation of a relation de®ned on a set. It has a set of elements,

called vertices, and a set of edges that connect these vertices. Formally, a graph is a pair of sets,

G = ( VG; EG), whereVG is a set of vertices and the edgesEG � VG � VG (that is,EG is a relation

onVG).

If the relationEG is not symmetric, the edges are one-way and the graph is called adirected

graph. If the relationEG is symmetric, the edges are two-way and the graph isundirected. It is

sometimes also possible to label the edges, and the resulting graph is called alabeledgraph.

Example 4.1

The graphG1 in Figure 4.1 hasVG1 = f A; B; C; D gandEG1 = ff A; B g,f A; C g,f A; D g,
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f B; C gg. The vertices are drawn as circles and the edges are two-way (there is no indi-

cation on the edge that forces it to ¯ow in one direction rather than the other). Note that

we have used set notation to indicate undirected edges. So,f A; B g is the same edge as

f B; A g. E is a symmetric relation.

Figure 4.1: Undirected graphG1

Example 4.2

The graphG2 in Figure 4.2 hasVG2 = f A; B; C; D; E; F g and the set of edgesEG2 = f

(A; B ), (A; D ), (B; A ), (B; C ), (C; A), (C; F ), (D; E ), (E; A ), (E; E ), (F; E ) g. The

edges are one-way, indicated by arrows. Note that in the setEG2 , we used ordered pairs

to indicate one-way edges.(A; B ) indicates that there is an edge fromA to B , but there is

also the pair(B; A ) indicating another one-way edge fromB to A. E is not a symmetric

relation. Note also the edge(E; E ) from E to itself.

Figure 4.2: Directed graphG2

Example 4.3

Figure 4.3 shows an example of a labeled graph.

Example 4.4

Flow charts can be regarded as labeled directed graphs with two types of vertices: normal

and decision vertices. The labels can be chosen from the setf none, true, falseg.
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Figure 4.3: A labeled graph

Undirected graph terminology

Two vertices in an undirected graph are calledadjacentif they are connected by an edge. In graph

G1 (Figure 4.1),A is adjacent toB , C, andD; however,C andD are not adjacent. A (undirected)

path is a tuple of vertices(v1; v2; � � � ; vn ), such thatv1 is adjacent withv2, andv2 is adjacent with

v3, and so on. InG1, there is a path fromD to C, which is(D; A; B; C ). Notice that this is not the

only path fromD to C. A path is called acycleor acircuit if v1 = vn , or in other words it starts

and ends at the same vertex. InG1, the path(A; B; C; A ) is a circuit. Thedegreeof a vertex is the

number of adjacent vertices it has. Hence, the degree ofA in G1 is 3 since it has three adjacent

vertices. The degree ofB is 2 and that ofD is 1. A connectedgraph is a graph that has a path

between every pair of its vertices. In this book, we are concerned most of the time with connected

graphs. However, graphs need not be connected in general.

Directed graph terminology

If there is a directed edge from vertexv1 to v2, v1 is said to beadjacent tov2, or alternativelyv2 is

adjacent fromv1. In G2 (Figure 4.2),A is adjacent toD andE is adjacent fromD. A (directed)

path is a tuple of vertices(v1; v2; � � � ; vn ), such thatv1 is adjacent tov2 andv2 is adjacent tov3

and so on. A (directed) path is called a (directed)cycleor circuit if v1 = vn . In G2, the path

(B; C; A; D; E; A; B ) is a circuit. Thein-degreeof a vertex is the number of vertices that are

adjacent to it and theout-degreeis the number of vertices that are adjacent from it. InG2, A has an

in-degree of 3 (3 arrows are coming in) and out-degree of 2 (2 arrows are going out).

Graph representation

How is the graph input to or stored in a computer? One famous format is anadjacency matrix,

which is simply a table that encodes the graph. In the case of unlabeled graphs, the matrix will have

values of 0s and 1s only. In such a 0-1 matrix, a value of 1 in entry(i; j ) indicates the existence

of edge(i; j ) in the graph. Each row in the adjacency matrix de®nes anadjacency list. The row

corresponding to vertexi is the adjacency list of vertexi .



86 CHAPTER 4. ORGANIZED THOUGHT: GRAPHS& T REES

Example 4.5

Figure 4.4 depicts an example. A value of 1 in this matrix indicates the existence of an

edge. In the ®rst row, only the entry(A; B ) is 1, indicating the existence of the edge

(A; B ). There is no edge betweenA andC, so the entry(A; C ) is 0.

Since the graph is undirected, the value in entry(i; j ) is always equal to the value in(j; i ).

Such a matrix is called asymmetricmatrix.

Figure 4.4: A graph and its adjacency matrix representation

If the graph is labeled, then we can use an adjacency matrix where the 1s are replaced by the

labels of the corresponding edges.

Example 4.6

Figure 4.5 shows a labeled graph and its adjacency matrix representation

Figure 4.5: A labeled graph and its adjacency matrix representation
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Multigraphs

The de®nition of graphs (directed or undirected) does not allow multiple edges between any pair of

vertices. In the setEG of some graphG, the edge(u; v) or f u; vg can only occur once (recall that

sets count repeated elements only once). However for some applications, it is sometimes unavoid-

able to have multiple edges between vertices. A graph that allows multiple edges between a pair of

vertices is called amultigraph. That is, the set of edges in a multigraph is a multiset. Recall that

unlike sets, multisets allow the repetition of elements.

Example 4.7

The World Wide Web can be modeled as a directed multigraph. The vertices are the

Web pages and the edges are the hyperlinks. A Web page may have several hyperlinks to

another Web page.

4.2 Euler Paths

The town of Kaliningrad in the Russian Republic used to be called Konigsberg in the 18th century

and it was part of Prussia at that time. The Pregel River passes through Konigsberg, creating a nice

layout with seven bridges as shown in Figure 4.6. In Figure 4.6, land is marked with A (island),

B, C, and D. Sometime in the 18th century, the people of Konigsberg wondered if there was a tour

that started somewhere in town, crossing all bridges, crossing each bridge exactly once, and ending

up where the tour started. Since they could not ®gure if such a tour was possible, they wrote to the

famous Swiss Mathematician Leonard Euler seeking help. Euler came up with general theorems

that identify the conditions under which a graph has such a circuit. Since the Konigsberg layout

can be represented as a multigraph, his theorem can be used to answer the Konigsberg question.

The vertices in the Konigsberg graph (Figure 4.7) are the land bodies and the edges are simply the

bridges. Therefore, the question reduces to ®nding a circuit crossing all edges and crossing each

edge once. Such a circuit is called anEuler circuit.

Since multigraphs are more general than graphs (graphs are special cases of multi-graphs), Eu-

ler's observations for multigraphs also apply to graphs.

Euler's theorem states that an undirected multigraph has an Euler circuitif and only if all of its

vertices have even degrees. That is, Euler's theorem can be stated in logic as follows. Given a par-

ticular undirected multigraphG = ( VG; EG), [has-Euler-circuit(G) ! 8 v 2 VG, even-degree(v)] ^

[8v 2 VG, even-degree(v) ! has-Euler-circuit(G)].

An informal argument to Euler's theorem follows. If a multigraph has at least one vertex with

an odd degree, then an Euler circuit does not exist for this multigraph. Such an odd vertex, call itO,

cannot be the starting and ending point of the tour. To start fromO, an edge must be used to leave

and a different edge must be used to end the tour atO. So,O has to have a degree of at least 2,
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Figure 4.6: Konigsberg town layout

Figure 4.7: Konigsberg multigraph

which is not odd. Well, what if during the tour, you come back toO to leave again before the tour

ends? In such a case, every time you visitO, you must be coming in using a new edge (never used

before) and you must leave it using another new edge. Hence, each such visit uses 2 edges, leaving

us with an even degree for the start vertex. Therefore, the vertexO cannot be the start/end vertex.

Furthermore,O cannot be any other vertex. Any other vertex would also have an even degree

because you always visit this vertex using a new edge (O is not the start vertex) and you must leave

it using another new edge (O is not the end vertex). No matter how many times you visit the vertex,

each time you're using 2 edges and the degree of this vertex must be even, if you do not want to

leave uncrossed edges behind.

Given an undirected multigraphG where all vertices have even degrees, the algorithm Eu-

ler Circuit(G) constructs an Euler circuit forG.

Algorithm 4.1. Ð Euler Circuit(G) algorithm

Input: G, an undirected multigraph, where all vertices have even degrees
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Output: Euler circuit forG

1. Construct a circuit, starting and ending at an arbitrary vertex inG, call this circuitc

2. Remove the edges used inc fromG

3. Repeat the following untilG has no edges

(a) Construct a circuit inG that starts (ends) in a vertexv that is inc, call this circuitc0

(b) Addc0 into c at v

(c) Remove the edges ofc0 fromG

Example 4.8

Consider the graphG of Figure 4.8(a). Each vertex ofG has an even degree, so an Euler

circuit exists forG.

Step 1 of Algorithm 4.1 tells us to ®nd a circuit starting at an arbitrary vertex. One such

circuit is: (A; B; D; C; A ). The edges of this circuit aref A; B g, f B; D g, f D; C g, and

f C; Ag. Other possible circuits may also be used as a starting point.

In step 2, all the edges of the circuit(A; B; D; C; A ) are removed fromG. This is shown

in Figure 4.8(b). Note that this results in a graph that is not connected.

Since we still have edges inG, we apply steps 3a to 3c. Step 3a can result in the following

circuit (A; I; J; A ). Note that such a circuit must start at a vertex that is part of the circuit

constructed in step 1. We choose vertexA. VertexD could have been another choice.

Adding (A; I; J; A ) to (A; B; D; C; A ) results in the circuit:(A; I; J; A; B; D; C; A ).

(We could have also added(A; I; J; A ) at the second occurrence ofA in (A; B; D; C; A ),

resulting in(A; B; D; C; A; I; J; A )). Deleting the edgesf A; I g, f I; J g, and f A; J g

from G, yields the graph of Figure 4.8(c).G still has edges and step 3a results in the cir-

cuit (D; F; E; D ). Adding this circuit to(A; I; J; A; B; D; C; A ) results in:(A; I; J; A; B;

D; F; E; D; C; A ), which is an Euler circuit as required. Deleting the edgesf D; F g,

f F; E g, and f E; D g from G leavesG with no edges (Figure 4.8(d)). Therefore, the

algorithm terminates.

A simpler version of the Konigsberg problem is to ®nd an Eulerpath. Such a path still needs to

cross every edge once, but can start and end in different vertices. Euler noticed that a graphG has

an Euler path if and only ifG has only two vertices with odd degrees. These are the starting and

ending vertices of the Euler path.
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(a)
Original GraphG. All vertices have even

degrees

(b)
G after the edges of the circuit
(A; B; D; C; A ) are removed

(c)
G after deleting the edgesf A; I g, f I; J g,

andf A; J g

(d)
No more edges inG; the algorithm

terminates

Figure 4.8: Constructing an Euler tour

Example 4.9

Can you draw an envelope shape (Figure 4.9) using the following rules?

� Draw in continuous motion: you cannot lift the pen from one position to another.

� Draw so that no line is retraced: you cannot let the pen run on top of an already

drawn line.

The question reduces to ®nding an Euler path in the graph shown in the same ®gure.

This graph has two vertices with odd degrees, namelyD andE. So any Euler path must

start at one and end at the other. That is, you can draw this shape if you start at D and

stop at E or vice versa. One such path is(D; B; E; C; A; B; C; D; E ).
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Figure 4.9: Envelope shape and its graph representation

4.3 Graph Coloring

Graph coloringworks on an undirected graph and produces a coloring of the vertices of the input

graph, such that no two adjacent vertices have the same color and the number of used colors is

(approximately) minimized.

One way that comes to mind is to color each vertex with a different color; however, this violates

the speci®cation of the problem, requiring that the number of colors be (approximately) minimized.

This is especially desirable for larger graphs. However, in some graphs, the minimum number of

colors is equal to the number of vertices. Can you think of such a graph?

Graph coloring is very useful to solve scheduling problems, such as making sure that no two

courses with the same time can be scheduled in the same class room.

Figure 4.10: Coloring of graphG1

Example 4.10

Figure 4.10 shows a possible coloring for graphG1 (Figure 4.1). Note that 3 colors is the

minimum number of colors that can be used for this graph.

So how do we transform the input to the required output? This is the job of the GraphColoring(G)

algorithm, whereG is an undirected graph.
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Algorithm 4.2. Ð Graph Coloring(G) algorithm

Input: an undirected graph,G

Output: coloredG

Repeat the following two steps until all the vertices inG are colored:

1. Select an uncolored vertex inG and color it with a new color:c

2. For each uncolored vertexv in G,

� If v is adjacent to a vertex that is already colored with colorc, skipv

� Otherwise, colorv with color c

As mentioned earlier, graph coloring can be very useful in scheduling problems. The items that

need to be scheduled are arranged into a graph as vertices, and the edges indicate which items are

con¯icting and cannot be scheduled at the same time. Coloring the graph allows us to group the

items so that the ones in the same group (i.e., have the same color) can be scheduled at the same

time.

Note that Algorithm 4.2 does not specify a strict order in which vertices are considered. For in-

stance in an initially uncolored graph, any vertex can be chosen in step 1. In addition, the uncolored

vertices in step 2 can be considered in any order. This can produce different colorings of the same

input graph.

Example 4.11

Consider the traf®c intersection in Figure 4.11. The objective is to determine which traf®c

¯ows can run simultaneously. Intersections are an expensive resource and maximizing

their use is desirable. Thus, the naive solution of letting traf®c ¯ow only in one direction

is undesirable; after all, we do not do this in real life. For instance, traf®c fromA to D

(denoted byAD ), A to C (denoted byAC ), andB to A (denoted byBA ) can all run

simultaneously.

This is a scheduling problem and we can use graph coloring to determine the groups of

traf®c ¯ows that are non-con¯icting. Since the graph coloring algorithm minimizes the

number of colors used, it maximizes the traf®c ¯ow.

Figure 4.12 shows a graph model of the intersection where each vertex represents a traf®c

¯ow direction, and con¯icting ¯ows are connected by edges. The graph is also colored

using the graph coloring algorithm, showing three groups (colors) of traf®c ¯ows.
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Figure 4.11: Traf®c intersection

Figure 4.12: Traf®c intersection graph



94 CHAPTER 4. ORGANIZED THOUGHT: GRAPHS& T REES

Programming Example Ð Implementation of Algorithm 4.2 (Graph Coloring)

The program:

A sample run:

Comments:

GraphColoring(adj matrix) colors the graph represented by the adjacency matrixadj matrix .

Such a matrix is represented as a list of lists. The matrix[[0, 1, 1, 1], [1, 0, 1, 0],

[1, 1, 0, 0], [1, 0, 0, 0]] used in the sample run represents GraphG1 of Figure 4.1.

The vertex names are implicitly mapped to numbers as follows:A is vertex 0,B is vertex 1,C is

vertex 2, andD is vertex 3.

The output ofGraphColoring(adj matrix) is a list of colors, which are represented by

integers. For instance, the output in the sample run[0, 1, 2, 1] is the coloring of graphG1:

vertex 0 is colored with color 0, vertex 1 and 3 are colored with color 1, and vertex 2 is colored with

color 2.

Line 2 of the program determines the number of lists in theadj matrix , which is the number

of vertices,v, in the input graph. Line 3 initializes a list of lengthv to -1 , which representsno color.

The ®rst chosen color is0 at line 5. The loop at line 6 iterates over all vertices in the graph, which

are numbered from0 to v - 1 . If the vertexi is uncolored (line 7), it is colored withcolor at

line 8. Line 9 extracts the adjacency list of vertexi . This is the row in the adjacency matrix that

corresponds to vertexi . Then, the loop at line 10 scans through this adjacency list, looking at every

vertexj , other thani . If (line 11) there is no edge betweeni andj (adj list[j] == 0 ) and

j has not been colored yet (colors[j] == -1 ), thenj is colored withcolor . A new color is
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chosen at line 13, by incrementingcolor , and the process is repeated for a new vertexi , until all

vertices have been considered and colored.
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4.4 Shortest Path

If you are designing a ¯ying trip and you would like to make it as short as possible, you will be

required to ®nd the shortest path from one airport to another. This can be formulated as a labeled,

directed graph, where the vertices are the airports and the directed edges are the direct ¯ights and

their labels are the minimum time required to ¯y from one airport to another, including airport waits.

The shortest path is the one with the minimum sum of the labels of the traversed edges, which is not

necessarily the minimum number of traversed edges.

Example 4.12

Consider the labeled directed graph depicted in Figure 4.13. The shortest path fromA

to B is throughD: (A; D; B ), with a total cost of 60 (the cost of(A; D ) + the cost of

(D; B )). This is shorter than the path(A; B ), since the latter has a cost of 70.

The path(A; D; B; C; E ) (total cost of 95) is shorter than going directly fromA to E

with a cost of 120. Yet, the shortest path fromA to E is: (A; D; C; E ) with a total cost

of 75.

Figure 4.13: Labeled directed graph

Given a labeled directed graphG = ( VG; EG), the functionLABEL is de®ned as follows:

LABEL (a; b) =
�

the label of the edge(a; b), if (a; b) 2 E
1 otherwise ((a; b) 62E)

In other words, the functionLABEL returns the label of an edge if it exists and returns1 when

the edge does not exist.

Given a directed graphG = ( VG; EG) and a vertexs in VG, Dijkstra's algorithmcalculates the

cost of the shortest paths froms to all other vertices inVG.
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Algorithm 4.3. Ð Dijkstra(G; s) algorithm

Input: directed graphG and a vertexs in VG

Output: the cost of the shortest paths froms to every other vertex inVG

1. LetS be the setf sg

2. For each vertexv in VG  S, let cost[v] = LABEL (s; v)

3. Repeat the following untilVG  S = ; :

(a) Choose a vertexw in VG  S such that cost[w] is minimum

(b) Addw to S

(c) For each vertexv in VG  S, update cost[v] to the lesser of cost[v] or (cost[w]+

LABEL (w,v))

Example 4.13

We illustrate Dijsktra's algorithm on the graph of Figure 4.13 withA as the source vertex

(that is,s = A)

Step 1. S = f Ag

Step 2. cost[B ] = 70, cost[C] = 1 , cost[D ] = 50, and cost[E ] = 120

Step 3. VG  S = f B; C; D; E g 6= ; ; the algorithm does not stop yet

3a. The vertex with the minimum cost inVG  S is D with cost[D ] = 50; that isw

is chosen to beD

3b. AddingD to S results inS = f A; D g

3c. VG  S = f B; C; E g:

ConsideringB : cost[B ] = 70, cost[D ] = 50, andLABEL (D; B ) = 10. The

smaller of cost[B ] = 70 and cost[D ]+ LABEL (D; B ) = 60 is 60, so, cost[B ]

is updated to 60.

The signi®cance of this step is that it is shorter to go fromA to B through

D and hence the cost of the shortest path toB is updated accordingly

ConsideringC: cost[C] = 1 and cost[D ]+ LABEL (D; C ) = 50 + 20 = 70;

so, cost[C] is updated to be 70.

It is shorter to go toC throughD

.

ConsideringE: cost[E ] = 120 and cost[D ]+ LABEL (D; E ) = 50 + 30 = 80 .

So, cost[E ] becomes 80.
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It is shorter to go toE throughD

.

Now we have: cost[B ] = 60, cost[C] = 70, cost[D ] = 50, and cost[E ] = 80

Step 3. VG  S = f B; C; E g] 6= ; ; the algorithm does not stop yet

3a. The vertex with the minimum cost inVG  S is B with cost[B ] = 60, so,w is

B

3b. AddingB to S results inS = f A; B; D g

3c. VG  S = f C; Eg:

ConsideringC: cost[C] = 70 and cost[B ]+ LABEL (B; C ) = 60 + 30 = 90 ;

so, cost[C] does not change.

It is not shorter to get to C through B.

ConsideringE: cost[E ] = 120 and cost[B ]+ LABEL (B; E )= 60 + 1 = 1 .

So, cost[E ] does not change.

It is not shorter to get to E through B.

Now we have: cost[B ] = 60, cost[C] = 70, cost[D ] = 50, and cost[E ] = 80

Step 3. VG  S = f C; Eg 6= ; ; the algorithm does not stop yet

3a. The vertex with the minimum cost inVG  S is C with cost[C] = 70, so,w is

C

3b. AddingC to S results inS = f A; B; C; D g

3c. VG  S = f Eg:

ConsideringE: cost[E ] = 80 and cost[C]+ LABEL (C; E) = 70 + 5 = 75 .

So, cost[E ] becomes 75.

It is shorter to get to E through C.

Now we have: cost[B ] = 60, cost[C] = 70, cost[D ] = 50, and cost[E ] = 75.

Step 3. VG  S = f Eg 6= ; ; the algorithm does not stop yet

3a. The vertex with the minimum cost inVG  S is E , the only remaining vertex,

with cost[E ] = 75, sow is E

3b. AddingC to S results inS = f A; B; C; D; E g

3c. VG  S = ; .

There is nothing inVG  S, no updates are made

No changes are made to cost[]: cost[B ] = 60, cost[C] = 70, cost[D ] = 50, and

cost[E ] = 75.
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Step 3. VG  S = ; ; the algorithm stops.

Finally we have: cost[B ] = 60, cost[C] = 70, cost[D ] = 50, and cost[E ] = 75.

The cost of the shortest path fromA to any other vertexv is now given in cost[v].

Note that Dijkstra's algorithm calculates the cost of the shortest path, but it does not ®nd the

path itself. Next, we extend Dijkstra's algorithm to ®nd the shortest paths. The extended algorithm

is calledSSSPfor single-source shortest path. The additions to Dijkstra's algorithm are underlined.

The algorithm stores the path froms to a vertexv in path[v] as an ordered tuple. When the algorithm

terminates, path[v] contains a valid path only when cost[v] 6= 1 . Otherwise, if cost[v] = 1 when

the algorithm terminates, then there is no directed path froms to v.

Algorithm 4.4. Ð SSSP(G; s) algorithm

Input: directed graphG and a vertexs in VG

Output: shortest paths froms to every other vertex inVG and their costs

1. LetS be the setf sg

2. For each vertexv in VG  S, let cost[v] = LABEL (s; v)

3. For each vertexv in VG  S, let path[v] = (s; v)

4. Repeat the following untilVG  S = ; :

(a) Choose a vertexw in VG  S such that cost[w] is a minimum

(b) Addw to S

(c) For each vertexv in VG  S, if cost[v] > (cost[w] + LABEL (w; v)) then

i. Update cost[v] to (cost[w]+ LABEL (w,v))

ii. Replacev in path[v] by ªw; vº

Example 4.14

We re-do Example 4.12 using the revised algorithm, SSSP.

Step 1. S = f Ag

Step 2. cost[B ] = 70, cost[C] = 1 , cost[D ] = 50, and cost[E ] = 120

Step 3. path[B ] = ( A; B ), path[C] = ( A; C ), path[D ] = ( A; D ), and path[E ] = ( A; D )

Step 4. VG  S = f B; C; D; E g 6= ; ; the algorithm continues

4a. The vertex with the minimum cost inVG  S is D with cost[D ] = 50; that is,

w is D

4b. AddingD to S results inS = f A; D g
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4c. VG  S = f B; C; E g:

ConsideringB : cost[B ] = 70, cost[D ] = 50, andLABEL (D; B ) = 10. The

smaller of cost[B ] = 70 and cost[D ]+ LABEL (D; B ) = 60 is 60 and

cost[B ] is updated as cost[B ] = 60.

ReplacingB by ªD; B º in (A; B ) results in path[B ] = ( A; D; B )

ConsideringC: cost[C] = 1 and cost[D ]+ LABEL (D; C ) = 50 + 20 = 70;

so, cost[C] is updated to be 70.

ReplacingC by ªD; C º in (A; C ) results in path[C] = ( A; D; C )

ConsideringE: cost[E ] = 120 and cost[D ]+ LABEL (D; E ) = 50 + 30 = 80 .

So, cost[E ] becomes 80.

Path[E ] becomes(A; D; E )

Now we have: cost[B ] = 60, cost[C] = 70, cost[D ] = 50, and cost[E ] = 80, and

path[B ] = ( A; D; B ), path[C] = ( A; D; C ), path[D ] = ( A; D ), path[E ] = ( A; D; E )

Step 4. VG  S = f B; C; E g] 6= ; ; the algorithm continues

4a. The vertex with the minimum cost inVG  S is B with cost[B ] = 60, so,w is

B

4b. AddingB to S results inS = f A; B; D g

4c. VG  S = f C; Eg:

ConsideringC: cost[C] = 70 and cost[B ]+ LABEL (B; C ) = 60 + 30 = 90 ;

so, neither cost[C] nor path[C] change.

ConsideringE: cost[E ] = 120 and cost[B ]+ LABEL (B; E )= 60 + 1 = 1 .

So, neither cost[E ] nor path[E ] change.

Now we have: cost[B ] = 60, cost[C] = 70, cost[D ] = 50, and cost[E ] = 80, and

path[B ] = ( A; D; B ), path[C] = ( A; D; C ), path[D ] = ( A; D ), path[E ] = ( A; D; E )

Step 4. VG  S = f C; Eg 6= ; ; the algorithm continues

4a. The vertex with the minimum cost inVG  S is B with cost[C] = 70, so,w is

C

4b. AddingC to S results inS = f A; B; C; D g

4c. VG  S = f Eg:

ConsideringE: cost[E ] = 80 and cost[C]+ LABEL (C; E) = 70 + 5 = 75 .

So, cost[E ] becomes 75 and

replacingE with ªC; Eº in path[E ] = ( A; D; E ) makes path[E ] = ( A; D; C; E )

Now we have: cost[B ] = 60, cost[C] = 70, cost[D ] = 50, and cost[E ] = 75, and

path[B ] = ( A; D; B ), path[C] = ( A; D; C ), path[D ] = ( A; D ), path[E ] = ( A; D; C; E )

Step 4. VG  S = f Eg 6= ; ; the algorithm continues
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4a. There is only one vertex inVG  S is E with cost[E ] = 75, so,w is E

4b. AddingC to S results inS = f A; B; C; D; E g

4c. VG  S = ; : there is nothing to be done

We still have: cost[B ] = 60, cost[C] = 70, cost[D ] = 50, and cost[E ] = 75, and

path[B ] = ( A; D; B ), path[C] = ( A; D; C ), path[D ] = ( A; D ), path[E ] = ( A; D; C; E )

Step 4. VG  S = ; ; the algorithm stops.

Finally we have: cost[B ] = 60, cost[C] = 70, cost[D ] = 50, and cost[E ] = 75, and

path[B ] = ( A; D; B ), path[C] = ( A; D; C ), path[D ] = ( A; D ), path[E ] = ( A; D; C; E )

The shortest path fromA to any other vertexv is given in path[v], as long as cost[v] 6= 1 .
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Programming Example Ð Implementation of Algorithm 4.4 (SSSP)

The program:

A sample run:
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Comments:

The functionlabel(v,u,adj matrix) returns the cost or label of the edge(u,v) if this edge

exists in the input graph represented byadj matrix . Otherwise, it returns999999999 . We have

chosen this large number to represent1 . Hence, we are assuming that the sum of all edge labels in

the input graph does not exceed 999,999,999. Here again,adj matrix is a list of lists.

The sample run inputs the matrix[[0,70,0,50,120],[0,0,30,0,0],[0,0,0,0,5],

[0,10,20,0,30],[0,0,0,0,0]] , which corresponds to the graph of Figure 4.13. The vertex

names are implicitly mapped from letters to numbers such that A-E are mapped to 0-4 in order. For

example, the list at position 0,[0,70,0,50,120] , is the adjacency list corresponding to vertex

0 or A, the list at position 1,[0,0,30,0,0]] , is the adjacency list corresponding to vertex 1 or

B, and henceforth.

The functionSSSP(adj matrix,s) inputs an adjacency matrix and a starting vertexs. The

implicit numbering of vertices is done at line 4, where the set of verticesV is de®ned to contain

integers from 0 ton-1 , wheren is the number of vertices in the input graph. The listscost and

path are de®ned to be of lengthn. The loop at lines 8-10 initializes these two lists as per steps 2

and 3 of Algorithm 4.4. Note the use of the minus function on sets, which was de®ned in Chapter 3

Subsection 3.2.4.

The while loop represents step 4 of Algorithm 4.4. It is repeated untilVG  S = ; , or until

V minus S == [] . The list c is used to selectw, according to step 4(a) of the algorithm. We

need to selectwwith minimum cost among the vertices that are inV minus S only. The minimum

cost is found at line 17 andw is the vertex with the minimum cost (line 18). Line 20 corresponds

to step 4(b) of the algorithm. The variableV minus S must be updated every timeS changes (line

21).

The for loop at lines 23-27 corresponds to step 4(c) in the algorithm. Step 4(c)ii is implemented

at lines 26 and 27. These locate the index of vertexv in path and then insertw at that index in

path . This has the effect of replacingv with w,v .

Finally, lines 30 and 31 print the listspath andcost . In the sample run, the output is:

Shortest paths from 0 = [0, [0, 3, 1], [0, 3, 2], [0, 3], [0, 3, 2,

4]]

With costs = [0, 60, 70, 50, 75] .

The shortest path from0 to itself is simply through staying in0, with a cost of 0. The shortest path

from 0 (A in Figure 4.13) to vertex1 (B ) is given by the list[0, 3, 1] , with a cost of 60; that

is, the path goes from0 to 3 (or D) ending up in1 (or B ). The path from0 to 3 is given by the list

[0, 3] with a cost of 50, the path from0 to 2 is given by[0, 3, 2] with a cost of 60, and the

path from0 to 4 is given by[0, 3, 2, 4] with a cost of 75.

The listscost and path are calledparallel lists since the cost ofpath[i] is given by

cost[i] .
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4.5 Trees

Trees are a special case of graphs. Atreeis a directed graph that has the following two properties:

1. There is a designated vertex, called theroot of the tree

2. There is a unique directed path from the root to every other vertex in the tree

These properties ensure that the in-degree of the root is 0 and the in-degree of any other vertex

is 1.

Example 4.15

A tree is drawn downwards, with the root on the top. The root of the treeT of Figure

4.14 isA. Often, we drop the arrows from the edges, since it is always understood that

the edges' direction is downwards. The tree of Figure 4.15 is the same treeT.

Figure 4.14: TreeT

Figure 4.15: TreeT with undirected edges

Example 4.16

In games, trees are used to explore all the possibilities of a game. The root is the start of

the game and the path from the root to a leaf explores one possible outcome of the game.

In the game tree of Figure 4.16,1Sindicates that player 1 chooses scissors;1R indicates

that player 1 chooses rock; and1P is player 1's choice of paper. The notation is similar
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for player 2. Each path from the root to a leaf captures one possible instance of the game.

Figure 4.16: Tree for the paper-scissors-rock game

For other more complex games such as chess, the tree can become prohibitively large.

Tree terminology

A vertex which is adjacent from some vertexv, is called achild of v. In treeT (Figure 4.15),E and

F are children ofC. If a vertexv is a child of vertexw, thenw is theparentof v. All vertices have

exactly one parent, except the root which does not have a parent. A vertex that does not have any

children is called aleaf. In treeT, the verticesB; E; F andH are leaves. Thedistanceof a vertex

v from the root is the number of edges on the path from the root tov. In treeT, B is at distance 1

from the root, andH is at distance 3 from the root. Finally, a collection of trees is called aforest.

Binary trees

A binary treeis a tree that has the following two additional properties:

1. The edges are labeled with the labels from the setf left, rightg

2. Every vertex has at most two children; if both children exist, then one edge must be labeled

left and the otherright.

Example 4.17

An example binary tree is shown in Figure 4.17. Just as we have dropped the arrows, we

can also drop the labels, if we always draw the tree in such a way that left children are

drawn on our left and the right ones on our right. The binary treeT of Figure 4.17 can

be drawn as in Figure 4.18, without any confusion about who's who in the left and right

world.

Binary tree traversal

A traversalof a tree is a listing of all of its vertices. We discuss three famous ways by which binary

trees are traversed:
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Figure 4.17: Example binary treeT

Figure 4.18: The binary treeT without edge labels

In-order traversal: The vertices are listed in the order: visit the left subtree, visit the root, and

visit the right subtree.

Pre-order traversal: The vertices are listed in the order: visit the root, visit the left subtree, and

visit the right subtree.

Post-order traversal: The vertices are listed in the order: visit the left subtree, visit the right sub-

tree, and visit the root.

These traversals are recursive: the left and right subtrees are traversed in the same speci®ed

order. The algorithms for the traversal of binary trees with rootr are speci®ed recursively.
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Algorithm 4.5. Ð in-order(r )

Input: r , root of a binary treeT

Output: listing of the vertices inT

If r exists then

in-order(left child ofr )

list r

in-order(right child ofr )

Example 4.18

This example illustrates in-order traversal on treeT of Figure 4.18.

An in-order traversal on tree follows the order: left subtree of the rootA,

the rootA, and right subtree ofA. That is:

, ,

The left subtree ofA is rooted atC. Its in-order traversal yields:

, , , ,

The right subtree ofA has the rootD . D 's left subtree is empty. Traversing the right

subtree ofA in-order results in the following, where the empty box is a traversal of an

empty tree:

, , , , , ,

The right subtree ofD is rooted byG. Its in-order traversal results in:

, , , , , , ,

That is,T 's in-order traversal is:

, , , , , ,
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Algorithm 4.6. Ð pre-order(r )

Input: r , root of a binary treeT

Output: listing of the vertices inT

If r exists then

list r

pre-order(left child ofr )

pre-order(right child ofr )

Example 4.19

This example illustrates pre-order traversal on the same treeT.

A pre-order traversal on tree Follows the order: the rootA, A's left subtree,

andA's right subtree. That is:

, ,

pre-order traversal of the subtree rooted byC results in:

, , , ,

pre-order traversal of the subtree rooted byD yields:

, , , , , ,

pre-order traversal of the right subtree ofD gives:

, , , , , ,

The pre-order traversal ofT is:

, , , , , ,

Algorithm 4.7. Ð post-order(r )

Input: r , root of a binary treeT

Output: listing of the vertices inT

If r exists then

post-order(left child ofr )

post-order(right child ofr )

list r
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Example 4.20

This example illustrates post-order traversal on treeT as well.

A post-order traversal on tree follows the order: left subtree of the rootA,

right subtree ofA, andA. That is:

, ,

post-order traversal of the left subtree ofA yields:

, , , ,

post-order traversal of the right subtree ofA yields:

, , , , , ,

post-order traversal of the left subtree ofG yields:

, , , , , ,

The post-order traversal ofT is:

, , , , , ,

BL-Trees

Some binary trees make no distinction between the names (or labels) of non-leaf vertices, such as

the tree depicted in Figure 4.20. We use the termBL-treeto refer to such a binary tree. That is, in a

BL-tree only the leaves contain application data.

There are different ways by which trees are represented in a computer. Since trees are graphs,

we can use adjacency matrices. However, this is not the best way. We will only discuss representing

BL-trees here. A BL-tree can be represented as nested or recursive list or tuple.

The representation is recursive. The basis case is when we have a tree of one vertex, often

called adegeneratetree. In such a case, the root is a leaf and the tree is represented by the value

stored in this leaf. For example, the treeA is: . The recursive case de®nes a BL-tree as a list

of two subtrees:[left-subtree, right-subtree]. The list[1; 2] represents the tree of Figure 4.19. Any

of the left-subtree or right-subtree can be a list by itself representing a subtree. For instance, the

list [1; [2; 3]] has 1 as a left child and[2; 3] as a right child, which is itself a tree. The tree is shown
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in Figure 4.20. Any of the elements 1, 2, or 3 can be replaced by a list of size 2 and henceforth.

This allows us to create complex trees such as the one in Figure 4.21, corresponding to the list

[f; [[[e; d]; [c; a]]; b]].

Figure 4.19: BL-tree corresponding to[1; 2]

Figure 4.20: BL-tree corresponding to [1; [2; 3]]

Figure 4.21: BL-tree corresponding to[f; [[[e; d]; [c; a]]; b]]

4.6 Variable-length Coding

In Chapter 1, we saw how information in a computer is always coded with 0s and 1s. For instance,

we have seen how characters can be given ®xed-length codes of 0s and 1s, such as the ASCII coding.

Coding of a set of symbolsS is solved by ®nding a coding function that assigns to each symbol in

S a unique binary code. The code assigned to symbol� of S is denoted byCODE(� ).

Example 4.21

Assume that we have a ®le containing information formed from 6 characters only:

A; I; C; D; E; andS. If such a ®le has 1000 characters, how many bits are needed to

code the ®le? First, we need to determine the length of the codes. One attempt is to use
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codes of length 2, but this is not enough. This would only allow us to represent 4 distinct

characters, since22 = 4. Since23 = 8, 3 bits is more than enough because we have 6

characters only. Therefore, the ®le would require3 � 1000 = 3000bits.

An interesting question is whether the size of a text ®le can be reduced or compressed. One idea

is that if some characters are more frequent than others, we should give them shorter codes than the

less frequent ones. This gives rise tovariable-lengthcodes.

Example 4.22

Assume that we have analyzed the ®le of Example 4.21 and found the following statistics:

35% of the characters in the ®le areS; 28% areA; 20% areE; 7% areI ; 6% areC; and

4% areD.

We can use 2 bits to represent each ofS,E , andA (the most frequent ones), 3 bits to

representI and 4 bits for each ofC andD.

If we use this coding, what is the size of the ®le? 350S's (35% of 1000) require 700 bits

(2 bits for each S); 200E 's require 400 bits; 280A's require 560 bits; 70I 's require 210

bits; 60C's require 240 bits; 40D 's require 160 bits: the total is 2270 bits. Recall that

with ®xed-length codes, the size is 3000 bits. The compressed ®le size is about 76% of

the original ®le size.

Not any variable-length coding work. AssumeCODE(A)= 0, CODE(C)= 1, andCODE(E ) =

01. The code 0101 could correspond toACE , EAC , ACAC , or EE . A coding that works must

have the property that each code has a unique interpretation. Variable-length codes that have unique

interpretations must have the property that no code can be the pre®x of another code. These are

callednon-pre®xcodes. 0 is a pre®x of 01, and this is why our example coding failed.

Non-Pre®x codes can be generated using a BL-tree. We interpret aleft label as 0 and theright

label as 1. Each path from the root of the tree to a leaf represents a code and all these codes are

non-pre®x codes.

Example 4.23

The BL-tree of Figure 4.22 has the symbolsA, B , C, D , E , andF stored in the leaves.

The left labels are replaced with 0s and the right labels with 1s. The labels on the

path from the root to the leaves result in the following non-pre®x codes:CODE(A)=00,

CODE(B )=0100,CODE(C)=0101,CODE(D )=011,CODE(E )=10, andCODE(F )=11.

The code 111010011 represents the wordF EED , and there is no confusion about that.

So how do we generate non-pre®x, variable-length codes such that the most frequent charac-

ters have shorter codes than the least frequent characters? Huffman's algorithm allows us to do

just this. The input to this algorithm is a list of symbols and their frequencies and the output is

non-pre®x, variable-length codes for each input symbol, such that the characters with higher fre-
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Figure 4.22: Generating non-pre®x codes from a binary tree

quencies have shorter codes, where possible.Huffman's algorithmarranges the input symbols into

a BL-tree, ensuring that the more frequent characters have shorter distances from the root. LetS

be a set of pairs, each consisting of a symbol and its weight (or frequency). In Example 4.22,S =

f (A; 28); (C; 6); (D; 4); (E; 20); (S;35); (I; 7)g.

Algorithm 4.8. Ð Huffman(S) algorithm

Input: S, a set of symbol-weight pairs

Output: binary tree

1. For each pair(a; b) 2 S, build a treet with one vertexa only. Letw(t) = b. Call the resulting

forestF .

2. Repeat the following untilF consists of a single tree:

(a) Choose two treest andt0such thatw(t) andw(t0) are minimum

(b) Replacet andt0by a new treen with new rootr

(c) If w(t) � w(t0), t is the right child ofr ; otherwise,t is the left child ofr

(d) Assign treen the weightw(n) = w(t) + w(t0)

3. Interpret theleft labels as 0s and theright labels as 1s. Assign each leaf the code consisting

of the labels of the edges on the path from the root to that leaf.

Example 4.24

Consider the symbols and their frequencies of Example 4.22. The input to Huffman's

algorithms isf (A; 28); (C; 6); (D; 4); (E; 20); (S;35); (I; 7)g.

Step 1 generates the forestF :
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SinceF consists of more than one tree, step 2 is applied. The trees with minimum weights

areD andC with w(D) = 4 andw(C) = 6 . These trees are combined into a single tree

[C; D] with weight 10. The resulting forestF is:

Applying step 2 again results in choosing the treesI and [C; D], with w(I ) = 7 and

w([C; D]) = 10 . They are combined into a new tree[[C; D]; I ] with weight 17:

Applying step 2 again results in choosing the trees[[C; D]; I ] andE. They are combined

into a new tree[E; [[C; D ]; I ]] with weight 37:

Applying step 2 again results in choosing the treesA andS, with w(A) = 28 andw(S) =

35. They are combined into a new tree[S; A] with weight 63:

Applying step 2 for the last time results in a single tree[[S; A]; [E; [[C; D ]; I ]]] in F :
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Finally the codes are assigned as in the following tree:

That is, CODE(S)=00, CODE(A)=01, CODE(E )=10, CODE(C)=1100, CODE(D )=1101,

andCODE(I )=111.
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Programming Example Ð Implementation of Algorithm 4.8 (Huffman's Coding)

The program:

A sample run:
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Comments:

The functionHuffmanCodes(symbols,freqs) is de®ned at line 37. It inputs twoparallel

lists: symbols is the list of symbols for which variable-length codes are to be generated and

freqs is the list of their frequencies. The symbolsymbols[i] has the frequencyfreqs[i] .

The implementation assumes that these lists are of length at least 2.

The sample run inputs[`A',`C',`D',`E',`S',`I'],[28,6,4,20,35,7] , which is

the symbol set of Example 4.24 and their frequencies. The output of the sample run is a step-by-

step building of the BL-tree, until there is a single tree in the forest:New forest: [[[[`I',

[`D', `C']], `E'], [`A', `S']]] with frequencies: [100] . The codes are

assigned and printed at lines 39 and 40.

The HuffmanTree(symbols,freqs) function builds the BL-tree. Two trees with min

frequencies are chosen at lines 4-6 and 10-14. The trees are removed from the forest, and are

replaced bynewTree , which combines both trees at lines 18-21. If the frequency oftree1 is less

than the frequency oftree2 , newTree is built as[tree1,tree2] ; that is,tree1 is the left

subtree ofnewTree . Otherwise,tree2 becomes the left subtree (line 21).newTree is added to

the forest at line 23. The frequency of the new tree is the sum of the frequencies of the old two (line

24).

This process is repeated until there is one tree in the forest, orlen(symbols) == 1 . The

while loop at line 3 ensures this. Thepop() function removes the last element of a list and returns

the value that was removed. At this stage, there is only one tree insymbols and this is returned at

line 27. Hence,tree at line 38 is assigned a nested list representation of Huffman's tree.

This is passed to functionprintCodes() , which does a pre-order traversal of the tree. Lines

30 and 31 are the basis case. The recursive steps are at lines 33 and 34. Recall thattree is a list

representation of a BL-tree. Therefore, it has two lists,tree[0] for the left subtree andtree[1]

for the right subtree. The code for any symbol downtree[0] must add a1, code+`1' , for the

traversal of a left-edge. The same applies for right-edges, where 0 is applied. Whenlen(tree)

becomes1, it must be the case that we are looking at a leaf. In such a case, the value of the leaf

tree and the code that has been collected on the path from the root to the leaf is printed at line 31.
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4.7 Finite State Machines

A ®nite state machine(FSM) is a special kind of a directed graph with two properties:

1. the set of vertices, calledstates, is ®nite

2. the edges arelabeled transitions. The labels are also calledevents.

FSMs are very handy when designing hardware controllers such as the ones found in remote con-

trols, traf®c lights, vending machines, or automatic doors. An example FSM is given in Figure 4.23.

This FSM has two states:hungryand full and two events:eat and jog. The directed edges are

labeled with events that trigger transitions from one state to another. So, if you are in thehungry

state and you jog, you will still behungry. However, if you eat, the state changes tofull. Eating

while you're full does not change the fact that you'refull, but jogging will make youhungryagain.

Figure 4.23: A simple FSM

Example 4.25

Consider an automatic sliding door that opens when people step on its front or rear pads

(Figure 4.24). An FSM that controls the door is given in Figure 4.25. The door can be in

one of two states: OPEN or CLOSED. The events that can occur are:

FRONT: someone steps on the front pad

REAR: someone steps on the read pad

BOTH: both pads have someone stepping on them

NONE: neither pad has someone stepping on it

We allow an edge to have more than one label. So, if the door is CLOSED and any of the

events FRONT, REAR, or BOTH takes place, the door should OPEN. It only goes back

to the CLOSED state in the case of the NONE event.

The graphical representation of an FSM as a graph is called astate diagram. We can also

represent the FSM as a matrix, calledstate table. We choose to represent it in the way

shown in Table 4.1 (there are shorter forms of state table representations).
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Figure 4.24: An automatic sliding door

Figure 4.25: An FSM for an automatic sliding controller

Input Current Next
State State

NONE CLOSED CLOSED
NONE OPEN CLOSED
FRONT CLOSED OPEN
FRONT OPEN OPEN
REAR CLOSED OPEN
REAR OPEN OPEN
BOTH CLOSED OPEN
BOTH OPEN OPEN

Table 4.1: A state table for an automatic sliding controller
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Example 4.26

Consider an automatic door that opens both ways toward the pads (Figure 4.26). An

FSM that controls the door is given in Figure 4.27 and the state table in Table 4.2. In

this version, we have to split the OPEN state to two: OPENR, open to the rear, and

OPENF, open to the front. This is necessary because if someone steps on the front pad

(respectively, rear pad) it will be unsafe to open the door to the front (respectively, the

rear).

Example 4.27

A simple vending machine (Figure 4.28) dispenses $3 phone cards. It accepts $1 and $2

coins only. It does not give any change. If the user exceeds the $3 amount, the machine

gives the money back without dispensing any phone cards. It can dispense one phone

card at a time. The machine has two buttons: CANCEL to cancel the transaction and

COLLECT to dispense the phone card. The machine keeps the collected coins in a coin

collector, until a card is dispensed, in which case the coins are dropped into the piggy

bank and cannot be recovered by the user.

An FSM that controls the vending machine requires ®ve states:

ONE: the total amount in the coin collector is $1

TWO: the total amount in the coin collector is $2

THREE: the total amount in the coin collector is $3

ZERO: the total amount in the coin collector is $0. This is the initial state of the ma-

chine. When the machine is turned on it starts in this state. The machine goes to

this state when the user presses CANCEL

DISP: this is the state when the machine dispenses a card, rolls in the coins to the piggy

bank (the coin collector becomes empty), and gets ready for the next user

The events are:

$1: the user inserts a $1 coin

$2: the user inserts a $2 coin

CANCEL: the user presses CANCEL

COLLECT: the user presses COLLECT

The FSM is given in Figure 4.29.



120 CHAPTER 4. ORGANIZED THOUGHT: GRAPHS& T REES

Figure 4.26: A two-way automatic door

Figure 4.27: An FSM for a two-way automatic door controller

Input Current Next
State State

NONE CLOSED CLOSED
NONE OPENF CLOSED
NONE OPENR CLOSED
FRONT OPENF OPENF
FRONT CLOSED OPENR
FRONT OPENR OPENR
REAR CLOSED OPENF
REAR OPENF OPENF
REAR OPENR OPENR
BOTH CLOSED CLOSED
BOTH OPENF OPENF
BOTH OPENR OPENR

Table 4.2: A state table for a two-way automatic door controller
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Figure 4.28: A simple vending machine

Figure 4.29: An FSM for the simple vending machine
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Example 4.28

An FSM for the wall-hugging robot of Chapter 1 is given in Figure 4.30. Note that in

this FSM, we are allowing transition labels to be logical expressions. This allows us to

represent the FSM in a more concise way.

The FSM states are:

ON: the robot has just been turned on

FW?: the robot takes a step (forward) searching for a wall

F: the robot is hugging the wall, it takes a step (forward)

L: the robot turns left (in the same square)

R: the robot turns right (in the same square)

(We can add an OFF state, which is reached by switching the power button off, from any

state. This is straightforward and is left out)

The transitions are:

RS=S: the right sensor senses space

RS=w: the right sensor senses a wall

FS=S: the front sensor senses space

FS=w: the front sensor senses a wall

Figure 4.30: An FSM for the wall-hugging robot
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Exercises

1. Construct an algorithm that inputs an adjacency matrix and checks if the matrix is symmetric

or not.

2. Describe how an unlabeled multigraph can be represented using an adjacency matrix. What

if the multigraph is labeled?

3. Modify Euler's circuit algorithm so that it ®nds an Euler's path, not necessarily a circuit.

4. According to Euler's theorem, a graph that does not have any edges has an Euler circuit, since

all vertices, if any, have a degree of 0, which is even. What is the Euler circuit of such a

graph?

5. Identify problems that can be solved by graph coloring.

6. Construct an example graph consisting of at least 5 vertices, such that the minimum number

of colors required for the graph is equal to the number of vertices.

7. Give an example of a graph with more than one vertex that can be colored by one color only.

8. Political maps are colored in such a way that no two countries that share a border can have

the same color. Formulate this problem as a graph coloring problem.

9. The SSSP algorithm ®nds the shortest paths from a given vertexs to every other vertex. Make

use of SSSP to formulate an algorithm ASSP that solves the all-source shortest paths problem.

The input to this problem is a labeled directed graph and the output is the shortest paths from

every vertex to every other vertex.

10. Does the SSSP algorithm require any changes if the input graph has negative labels? If yes,

modify it. If not, defend your answer.

11. Suggest an algorithm that counts the number of vertices in a binary tree.

12. Suggest an algorithm that counts the number of leaf vertices in a binary tree.

13. Draw the tree represented by the recursive list[[[x; [[y; h]; h]]; e]; [n; [k; [r; c]]]].

14. How many bits are required to code 10 charactersA to H using ®xed length codes? Choose

the shortest possible codes.

15. If a ®le contains 10000 characters from the characters (A to H ), how many bits will the size

of the ®le be, using your coding from the previous question?

16. Apply Huffman's algorithm to the following input:(A; 23%), (B; 60%), (C; 4%), (D; 3%),

(E; 2%), (D; 2%), (E; 2%), (F; 2%), (G; 1%), (H; 1%). Generate variable length codes for

the charactersA to H .

17. Repeat Question 15, using the codes from Question 16. What is the percentage of savings

compared to the ®le size from Question 15?
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18. Design an FSM for a garage door controller. Garage doors receive signals from a remote

control with one button. If the button is pressed, the door opens when it is closed and vice

versa. If the button is pressed while the door is in motion, the door stops; when the button is

pressed again, the door starts moving but it reverses the direction it had before it was stopped.

19. Modify the vending machine FSM to allow the machine to accept two toonies and return a

loonie back

20. Design an FSM for a similar vending machine that has two types of cards: $3 and $4 cards.

The machine would have two COLLECT buttons to choose one for each type of card. The

machine also gives $1 change

21. Modify the wall-hugging robot's FSM, assuming the robot can only turn right.


