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Abstract

There are two versions of type assignment in
A-calculus: Church-style, in which the type of
each variable is fixed, and Curry-style (also
called “domain free”), in which it is not. As an
example, in Church-style typing, Az : A . x is
the identity function on type A, and it has type
A — Abutnot B — B for a type B different
from A. In Curry-style typing, Ax.x is a general
identity function with type C' — C for every
type C.

In this paper, I will show how to interpret in
a Curry-style system every Pure Type System
(PTS) in the Church-style. (This generalizes
some unpublished work with Garrel Pottinger.)

*This work was supported in part by a grant from the
Natural Sciences and Engineering Research Council of
Canada. Some of the work in this talk was joint work
with Garrel Pottinger.

I will then show how to interpret in a system of
the Church-style (a modified PTS) every PTS-
like system in the Curry style.
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1 Introduction

There are two main styles of type theory: the
Church-style, in which each abstraction indi-
cates the type of the variable, as in

Ax AL M,

and the Curry-style, in which no such type is
given:
Ax . M.

These two styles of typing are often called the
domain-full and the domain-free styles respec-



tively. These styles are compared and discussed
in [2].

Remark 1 Barthe and Sgrensen [2] distinguish
between domain-free systems, which they re-
gard as Church-style systems with the types of
the bound variables omitted, and what they think
of as the Curry view, in which typing assigns
types to terms that already exist in the pure -
la -calculus. In this they are following Baren-
dregt [1, Definition 4.1.7], who identifies as the
Curry-version of A2 a system in which the rules
for V are given as follows:
(V-elimination)

' M: (Va.o)
' M:[rt/alo

(V-introduction)

' M: (Va.o)
' M:o

where in the latter rule, o ¢ FV(I).

But these two rules seem to me to be closer to
the ideas of the intersection type systems than to
any of the systems that interested Curry. To be
historically accurate, I think it is better to iden-
tify the Curry-style with domain-free type sys-
tems.

In this paper, I propose to show how to in-
terpret a system of each style in an appropri-
ate system of the other. In one direction, the
direction from Church-style to Curry-style, this
paper extends previous work with Garrel Pot-
tinger [8], which carried through the interpreta-
tion for three systems from the Barendregt cube:
A, A2, AC, and its extension, the system ECC
of Luo [4, 5].

2 Basic definitions

I will assume that the reader is familiar with the
basic definitions and notation of [3]. The sys-
tems considered in this paper are defined from
the pure syntax for pseudoterms

M — vlc|]MM| v : M . M|(Ilv : M . M),

for a Church-style system or from the pure syn-
tax

M — v|e|]MM| v . M|(Ilv : M . M)

for a Curry-style system. The reduction we con-
sider will be (-reduction. For a Church-style
system a (-contraction will be

(ﬁCh) ()\.TAM)N >ch [N/.Z']M,
whereas for a Curry-style system, it will be
(Bew) (Az . M)N >cy [N/z]M.

A pseudo-context is a finite, ordered sequence
r1 : Ay,xe @ As,...,z, : A,, where the
variables x1, 2o, ...z, are all distinct. Typing
judgements will all have the form

'+ M:A,

which says that M : A, where M and A are
pseudoterms, can be derived from the context I'
by the typing rules of the system; in this case,
M and A are called legal expressions or legal
terms and I' is a legal context.

Definition 1 A pure type system, or PTS is de-
termined by a specification, which consists of a
triple S = (S, .4, R) where



1. Sis a set of constants called sorts;
2. Ais a set of axioms of the form
c:s,
where c is a constant and s is a sort;
3. R is a set of rules of the form
(81, $2, 83)7
where s1, $o, 83 € S.

The typing rules for a Church-style PTS, \S =
A(S, A, R) are as follows:

(axiom) If c: s € A,
Foc:s
(start) If s € Sand z ¢ FV(T'),

' H A:s
x:AF x: A

(weakening) If s € S and = € FV(I'),

'-M:B I'F A:s
'z:AF M:B

(product) If (s1, $2,53) € R and z & FV(T')

' A:sy Tht:AF B:sy
' (Ilx: A.B):s3

(application)

'FM:(Ilz:A.B) Tk N: A
' H MN :[N/z|B

(abstractioncy,) If s € S and = ¢ FV(I),

Fe:AF M:B ' (Ilx:A.B):s
' M:A.M):(Ilz: A.B)

(conversion) If s € S

'-M:B '+ B':s
' - M:B

B=3 B

The typing rules for a Curry-style PTS, C'S =
C(S, A, R), are the same except that the rule
(abstractioncy,) is replaced by

(abstractionc,) If s € Sand x ¢ FV(T),

e:AF M:B I'F (Ile:A.B):s
' (M. M):(Ilz: A.B)

3 Church-style to Curry-style

The basic idea of this interpretation is due
to Garrel Pottinger [7], who proposed using
a constant Label so that in the Curry-style
syntax (Az : A.M) is an abbreviation for
LabelA(Az . M). By the analogy with (S¢y,),
we will want

LabelA(Az . M)N ¢y [N/x]M.

This suggests that Label should have the reduc-
tion rule
LabelXYZ > Y Z,

which, in turn, suggests that Label can be de-
fined by
Label = \zyz . yz.

With this definition, we can define a function
to interpret the Church-style syntax in Curry-
style syntax as follows:

Definition 2 The function —©* from the
Church-style syntax to the Curry-style syntax is
defined as follows by induction on the structure
of the pseudoterms of the Church-style syntax:



1. If x is a variable, °" = z,

2. If ¢ is a constant, ¢“" = ¢,

3. (MN)O" = MO N©y,

4, A\x: A. M) = Label A (\x . MCY),
5. (llx: A. B)°" = (Tlx : A" . BO).

The following lemmas are easily proved by
induction:

Lemma 1 For every pseudoterm of the Church-
style syntax, FV(M*) = FV(M).

Lemma 2 For pseudoterms M and N of

the Church-style syntax, ([N/x]M)“* =
[NCU/ZE]MCU.
Lemma 3 If
M I>/BC}1 N
then
M >, N
For a pseudocontext
F'=x1: A1, 29: Ag,...,2, A,
define
T =gy AQY my 0 ASY Ly, 0 AW

Recall that a ropsort of a PTS is a sort s for
which there is no sort s’ such that s : s’ € A.

Definition 3 Given a PTS AS = \(S,, Ay, R))
in the Church-style, let C'S be defined as
C(Sc, Ac, R¢) where S¢ is obtained from Sy,
Ac from Ay, and R from R as follows:

1. If there is a topsort s which occurs in the
first position of a rule in R, then a new
sort s” is added to S¢ and for each such
topsort s an axiom s : s is added to A¢,
and

2. If there is a rule (s1,52,5) € Ry of \S,
then (s, s,s) and (¢, s,s), where s1 : ' €
Ac, are added to R¢. (Here s’ may be s
If there is more than one sort s’ with s; :
s’ € Ac, then any one may be chosen.)

Theorem 1 If
' M:A
in \S, then
rCu | pCu. gCu

in C'S. If no new rules are added to those of R
to get R, then the converse also holds.

The proof is by induction on the derivation of
I' = M : A. The interesting case is for (ab-
straction), and the additions specified in clauses
1 and 2 of Definition 3 are used to show that
Label has the type needed for this clause of the
proof, which assures that if

' (Az.M):(Ilz: A.B) (1)
in C'S, then
[' b LabelA(Az . M) : (Tlz: A.B) (2)

is also derivable in C'S.

Remark 2 The converse will fail if new rules
are added to those of R, to get R¢, since the



underlying system is made stronger. New rules
will have to be added for all the systems of
Barendregt’s A\-cube. However, no new rules
need to be added in the case of Luo’s ECC [4, 5].
ECC is really an extension of a PTS, but it is
enough like a PTS that the above result holds.

Remark 3 Note that the inference from (2)
to (1) follows by the Subject-Reduction Theo-
rem [2, Theorem 17], since

LabelA(Az . M) ¢y
>Cu
>Cu
B>cu

A . (Az . M)w
Aw . [w/x]M
Az . M.

This means that in C'S, (1) and (2) are equiva-
lent.

If subtyping is present, (Az . M) is, in a
sense, a restriction of (Az . M) to the type A as
domain. The equivalence of (1) and (2) means
that Curry-style typing identifies functions with
their restrictions. At first this might seem sur-
prising, but if we stop to think about it, I think it
makes sense: A-calculus involves uniform def-
initions of functions as rules, and Curry-style
typing emphasizes this fact.

4 Curry-style to Church-style

An interpretation in the reverse direction re-
quires a type to use as the domain in the Church-
style syntax to interpret the Curry-style abstract
(Ax . M). Since the latter abstract can be ap-
plied to any term as an argument, the needed
type would have to be a type of all terms with
types in the Church-style syntax. It would be

possible to use the type w that is often a part of
intersection type systems, since every term has
this type. However, a system with this type does
not have the normal form property. An alterna-
tive is to postulate a constant A along with the
rule

(AD) If B is any legal type,

' M:B
' M:A

But this is still not enough. We also need the

(Auvw . vw)A(Az . M) e

(AN

' A:B.M):(llz:B.C)
' A:A.M):(Ilz: B.C)

This rule formalizes in the Church-style the in-
ference in the Curry-style system from (2) to (1).
It also turns out to be necessary for the proof of
the Theorem 2 below.

We can now define the mapping from the
Curry-style syntax to the Church-style syntax:

Definition 4 The function —°" from the Curry-
style syntax to the Church-style syntax is de-
fined by induction on the structure of the pseu-
doterms:

1 .CECh

xz,

2 CCh

c,

3. (MN)h = MChNCh,

4. v . M)h =z : A MCh),

5. (Ilz: B.C)" = (Ilx : B . C°M),

The following lemmas follow easily by induc-
tion:



Lemma 4 If M is a term of the Curry-style syn-
tax, then FV(M*) = FV(M).

Lemma 5 If M and N are terms of the Curry-
style syntax, then ([N /x| M)® = [NP /2] M©h,

Lemma 6 If
M I>BCu N
then
MCh |>BCh NCh.

Definition 5 Given a PTS C'S in the Curry-
style, define the system \S’ by first defining A.S
to be the Church-style PTS with the same spec-
ification as C'S. Then add the two typing rules
(AI) and (A)\) given above.

Note that the system AS’ is not a PTS.
Theorem 2 If
' - M:B
in C'S, then
rCh 1 sCh . gCh

in \S', and conversely.

5 Open Questions

The following questions arise naturally from the
above interpretations, but are so far unanswered:

1. The above interpretation of the Curry-style
system in a Church-style system leaves
one problem open: how to deal with 7-
reduction. This is no problem in the Curry-
style semantics, but in the Church-style se-
mantics, CR fails for n-reduction, as the

following example due to Nederpelt [6, p.
71] shows: Let z, y, and z be distinct vari-
ables. Then

Ay (Ariz.x)r gy, Ay . @
and
Ay (Arz.x)r >, Az,

and the terms Ax : y . x and Az : z . x are
distinct terms in normal form.

In the Church-style syntax, we might con-
sider extending [cp-reduction by adding
the contraction scheme

AM:B.M)>(M:A.M). @3)

In conjunction with this extended reduc-
tion, the typing rule (A)\) would preserve
the Subject-Reduction Theorem. Further-
more, the contraction scheme (3) is the ana-
logue for the Church-style syntax of a valid
reduction in the Curry-style syntax. But
would the Church-Rosser property hold for
this reduction?

. It is possible to carry out the interpretation

of the Curry-style system in a Church-style
interpretation using the type w of the inter-
section type discipline instead of A. Then
instead of Rule (AI), we have

(w) If M is any pseudoterm of the Church-
style semantics,

' M:w

The normal form theorem fails for a system
with this typing rule. In intersection type



systems with this type, it can be proved that
any term that has a type in which w does
not occur has a normal form. Would this
be true here?

. Is it possible to find pairs of systems of the

form A\S’ and C'S such that the functions
—Cu and —C! interpret each system in the
other without further change?
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