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Pure Type Systems (PTSs)
Church-style

Pseudoterms:

M — vlc|(MM)|(A: M . M)|(Mv: M. M)

Specification: A triple AS = A(S, A, R), where

1. §: a set of constants called sorts

2. A: a set of axioms of the form c: s

3. R: a set of rules of the form (sq, s, s3)

A rule (81,82) means (81,82,82)



Contexts: I is xzq1 : Aq,...,zn : Ap; all x; are
distinct, and x; not freein Aq,...,A;_1

dom(lN) ={x1,...,xn}

Typing judgments: ' W M : B



Rules:

(axiom) If z:s€ A
F c:s

(start) If s€ S and = ¢ dom(I")

[ A:s
Mz:AkFx: A

(weakening) If s € § and =z & dom(I")

' M:B I F A:s
zr: A+ M:B

(product) If (s1,s9,83) € R and x & dom(IN)

[ A:s1 Ibzo:AF B:so
'+ (Mx:A.B): s3

(application)

r-M:(Mx:A.B) T N:A
- MN : [N/z]B




(abstractioncy) If s € S and =z ¢ dom(IN)
,e: A+ M:B I'F (NMzx:A.B):s

FrF Ax:A.M):(MNx:A.B)

(conversion) If z € S

- M:B T+ B:s B=yB
r - M:B




Curry-style
Same as Church-style except:

Pseudoterms

M — vle|[(MM)|(A . M)|(Mv : M . M)

Rule (abstractioncp) replaced by

(abstractionc,) If s€ S and =z ¢ dom(IN)
r,e:AF M:B I'kF (NMex:A.B):s

Fr+- (M. M):(Mx:A.B)

Called CS =C(S,A,R)
Also called domain-free PTS

Church-style also called domain-full PTS



To interpret Church-style in Curry-style:

Make
(Ax:A. M)

an abbreviation for

LabelA(Ax . M)

Want

LabelA(Ax . M)N > [N/x]M

To get this, define

Label = Azyz . yz



Define: —CY from A\S to CS by:

1. If z is a variable, zCU =«

2. If ¢ is a constant, ¢“Y = ¢

3. (MN)CU = myCuncu

4. Az : A. M)CY = LabelACY(\z . MCY)

5. (Nz: A.B)Y = (Nz: ACY . BCW)

This translation preserves free variables, sub-
stitution, and reduction



For a pseudocontext
I‘Ea;lel,xQ:AQ,...,xn:An
define
rCu = xr1 - A%U,QZ‘Q : Agu,...,a:n ; Agu

A topsort of a PTS is a sort s for which there
is no sort s/ such that s: s’ € A

Given a PTS AS = A(S), Ay, R)) in the Church-
style, let C'S be defined as C(S¢, Ac, R¢) Where
Sc is obtained from S§,, Ao from Ay, and Rg
from R, as follows:

1. If there is a topsort s which occurs in the
first position of a rule in R,, then a new
sort s! is added to Sp and for each such
topsort s an axiom s : sl is added to Ac

2. If there is a rule (s1,82,s) € Ry of AS, then
(s',s,s) and (s, s, s) are added to R if they
are not already present, where sq : s’ € Ao



Theorem 1 If

r - M: A
in AS, then
I—CU |_ MCU:ACU

in CS. Furthermore, if ho new rules need to
be added to R, then the converse is true.

Note that in all the systems of the A-cube,
new rules need to be added to those in 'Ry to
get R, so for none of these systems is the
converse true.



An example for which the converse is true is
Luo’'s Extended Calculus of Constructions. For
this system, which is an extension of a PTS,
we have

S {xtu{0;ls € N}

A = {+*:00}U{0;:0;41]t € N}

R {Ge, %)y U{(0;, 04, Omaxi )i, 7 € N}
U{(x,0;)]t € N} U {(O, *,0;) ]z € N}

The reason we do not have to add a rule (O;, *)
to R is that this system has the property that
r-A:x — IkF A:0; (1> 0),



The proof of the theorem is by induction on the
derivation of ' = M : A. The interesting case
is for (abstraction), and the additions specified
in clauses 1 and 2 of the definition of C'S are
used to show that Label has the type needed
for this clause of the proof, which assures that
if

Fr+- (M. M):(MNx:A.B) (1)
in CS, then

M LabelAQMz . M) : (Mz: A.B)  (2)

IS also derivable in CS.

Note that (1) follows from (2) by reduction



To interpret Curry-style in Church-style:

Add new type A to the Church-style systax so
that

(A :A. M)

interprets Curry-style

(Ax . M)

We need rules:

(AI) If B is any legal type,

r - M: B
r - M:A

Fr- (Ax:B.M):(MNz:B.C)
Fr- (Ax:A.M):(MNz:B.C)




The function —¢N from the Curry-style syntax
to the Church-style syntax is defined by induc-
tion on the structure of the pseudoterms:

3. (MN)Ch = prChyCh

4, Az . MY = Oz AL MEM

5. (MNz:B.C)h = (Nz: BCh . cCh)

This translation preserves free variables, sub-
stitutions, and reduction



Given a PTS CS in the Curry-style, define
the system \S’ by first defining A\S to be the
Church-style PTS with the same specification
as C'S. Then add the two typing rules (AI) and
(AX) given above.

Note that the system M\S’ is not a PTS

Theorem 2 If

- M: B
in CS, then

|—Ch - MCh : BCh

in \S' and conversely.



Open problems:

1. The above interpretation of the Curry-style
system in a Church-style system leaves one
problem open: how to deal with n-reduction.
This is no problem in the Curry-style se-
mantics, but in the Church-style semantics,
CR fails for n-reduction, as the following
example due to Nederpelt shows: Let z, vy,
and z be distinct variables. Then

A iy.(Aziz.x)r>gAr iy . T

and

Axiy.(Aziz.x)xDpAx 2. x,

and the terms Az : y.x and Ax . z.x are
distinct terms in normal form.

In the Church-style syntax, we might con-
sider extending Bcnh-reduction by adding the
contraction scheme

(A :B.M)>(Ax:A.M). (3)



In conjunction with this extended reduc-
tion, the typing rule (AX) would preserve
the Subject-Reduction Theorem. Further-
more, the contraction scheme (3) is the
analogue for the Church-style syntax of a
valid reduction in the Curry-style syntax.
But would the Church-Rosser property hold
for this reduction?

. It is possible to carry out the interpretation
of the Curry-style system in a Church-style
interpretation using the type w of the inter-
section type discipline instead of A. Then
instead of Rule (AI), we have

(wl) If M is any pseudoterm of the Church-
style semantics,

' M:w

The normal form theorem fails for a system
with this typing rule. In intersection type



3.

systems with this type, it can be proved
that any term that has a type in which w
does not occur has a normal form. Would
this be true here?

Is it possible to find pairs of systems of the
form \S’ and CS such that the functions
—CU and —Ch interpret each system in the
other without further change?




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /None
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Error
  /CompatibilityLevel 1.4
  /CompressObjects /Tags
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /SyntheticBoldness 1.00
  /EmitDSCWarnings false
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile ()
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /ENU (Use these settings to create PDF documents with higher image resolution for high quality pre-press printing. The PDF documents can be opened with Acrobat and Reader 5.0 and later. These settings require font embedding.)
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308030d730ea30d730ec30b9537052377528306e00200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e305930023053306e8a2d5b9a306b306f30d530a930f330c8306e57cb30818fbc307f304c5fc59808306730593002>
    /FRA <>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


