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Figure 1: Volume subdivision, manipulation, and fitting. A lattice (top left) is recursively subdivided and re-shaped at the fourth subdivision
level. This shape is low-pass filtered by removing fine-resolution wavelet coefficients (bottom right).

Abstract

We present a biorthogonal wavelet construction based on Catmull-
Clark-style subdivision volumes, like multi-linear cell averaging
(MLCA). Our wavelet transform is the three-dimensional exten-
sion of a previously developed construction of subdivision-surface
wavelets that was used for multiresolution modeling of large-scale
isosurfaces. Subdivision surfaces provide a flexible modeling tool
for geometries of arbitrary topology and for functions defined
thereon. Wavelet representations add the ability to compactly repre-
sent large-scale geometries at multiple levels of detail. Our wavelet
construction based on subdivision volumes extends these concepts
to trivariate geometries, such as time-varying surfaces, free-form
deformations, and solid models with non-uniform material proper-
ties. The domains of the represented trivariate functions are defined
by lattices composed of arbitrary polyhedral cells. These are recur-
sively subdivided based on stationary rules converging to piecewise
smooth limit-shapes. Sharp features and boundaries, defined by
specific polygons, edges, and vertices of a lattice are explicitly rep-
resented using modified subdivision rules. Our wavelet transform
provides the ability to reverse the subdivision process after a lattice
has been re-shaped at a very fine level of detail, for example using
an automatic fitting method. During this coarsening process all ge-
ometric detail is compactly stored in form of wavelet coefficients
from which it can be reconstructed without loss.
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1 Introduction

Subdivision surfaces provide a flexible tool for solid modeling.
In contrast to boundary representations (B-rep’s) based on multi-
ple trimmed non-uniform rational B-spline (NURBS) surfaces, the
boundary of a solid can be represented as a single subdivision sur-
face. This simple and homogeneous representation has many ad-
vantages: First, it eliminates the need for cumbersome consistency
checks to avoid “dangling” edges and faces, as well as holes in a B-
rep. Second, there are no interpolation constraints involved and no
trimming is necessary to ensure that incident faces share a unique
edge. These edges are often prone to numerical errors in a B-rep,
since the boundary curves of incident trimmed NURBS patches do
not exactly match in general. Problems of this kind are completely
avoided when using subdivision. We note that trimming operations



Figure 2: Subdividing a pyramid. Most cells generated by subdivision are hexahedra, except for one row of type — 4 cells connecting the

top and the center of the pyramid.

Figure 3: Subdivision volume defined by two cells. The boundary
is a single face-feature without sharp edges or vertices.

exist as well for subdivision surfaces [25].

The domain for such a subdivision surface is given by a coarse
polyhedral mesh defining a two-manifold topology. This coarse
mesh, denoted as base mesh, is recursively subdivided by splitting
edges and polygons and inserting new vertices. The locations of
these vertices, as well as the new locations of the existing vertices,
are locally computed by linear subdivision rules. This means that
the coordinates of every vertex obtained from a subdivision step
depend linearly on the coordinates of a local stencil of vertices prior
to this subdivision step. A subdivision scheme is called stationary,
if the weights of this linear combination are invariant under the level
of subdivision and only depend on local mesh connectivity.

The surface defined by a base mesh using certain subdivision
rules is the limit surface obtained from the recursive subdivision
process. In many cases, this limit surface is composed of piece-
wise polynomials and can be analytically computed as a function
of some local parameters corresponding to a point on the polyg-
onal domain [46, 51]. The property of polynomial precision can

be easily obtained when the subdivision rules are derived, for ex-
ample, from the knot-insertion procedure for B-splines on regular
rectilinear grids. The subdivision rules are then adapted to irregular
mesh structures, such as extraordinary vertices, i.e. vertices that
have a valence other than four in a quadrilateral mesh and a valence
other than six in a triangle mesh. (The valence denotes the number
of incident edges.) It is well known how to analyze the degree of
continuity of subdivision surfaces at extraordinary points using the
eigen structures of local subdivision matrices [39, 40, 37, 52, 53].

When modeling solids, it is necessary to consider “sharp” fea-
tures in a surface, such as creases and cusps, where the degree of
smoothness is reduced. These features are modeled using different
subdivision rules for vertices located on certain edges of the mesh
that define creases. For example, a sequence of consecutive edges
in a base mesh can be subdivided such that it converges to a B-
spline curve defining a feature within a surface [11, 5, 49]. The
smooth patches of a subdivision surface interpolate their boundary
curves due to the mesh connectivity without the need of specifying
interpolation constraints.

Wavelets complete the concept of subdivision to a powerful mul-
tiresolution modeling paradigm that is designated to process large-
scale geometries efficiently [28, 13, 4]. Considering the subdivision
process only, the entire geometry of a surface would be defined by
the (few) control points of its base mesh. The wavelet approach
allows to perturb the mesh points after every subdivision step to
approximate arbitrary shapes of high geometric detail. The detail
added to a limit surface is expanded from a sparse set of wavelet
coefficients. Due to the adaptive nature of the subdivision process,
this geometric detail can be introduced gradually, providing mul-
tiple levels of resolution. The amount of detail can be locally ad-
justed, for example to satisfy a prescribed precision.

The inverse process of subdividing and expanding detail is im-
plemented by a fitting and compaction procedure, which is called
wavelet transform. In the wavelet literature, fitting / compaction is
denoted as decomposition or analysis, whereas subdivision / expan-
sion is known as reconstruction or synthesis. The wavelet transform
starts with a subdivided mesh at fine resolution where the individual
vertices correspond to points on a surface (these mesh points can be
projected onto a given geometry by some algorithm or they can be
manually edited). In reverse order of subdivision, the fitting process
computes mesh points at each coarser level defining a sequence of
surfaces. Due to the smaller number of control points, geometric
detail is removed. This detail is compactly stored as wavelet coeffi-
cients at the vertices removed by fitting. For compression purposes,
these wavelet coefficients can be quantized and encoded into a min-
imal bit sequence using, for example, an arithmetic coder [32].

Subdivision volumes, see figures 1-3, extend the subdivision ap-
proach to trivariate (three-manifold) domains defined by polyhe-
dral lattices. A base lattice is composed of arbitrary polyhedral



cells sharing common faces (polygons), edges, and vertices. Each
face, edge, or vertex can belong to a sharp feature (boundary) of
a certain dimensionality. For example, a set of faces can define a
smooth surface within the lattice or on its boundary. This surface is
uniquely defined by the control points of its defining faces and the
limit-shape of the subdivided lattice locally follows the shape of
this surface. Edges can belong to a crease, i.e. a sharp curve, or to
a surface feature as described above. Multiple surface features can
share a sharp curve inside the lattice, thus defining a non-manifold
feature. Vertices can be part of a surface feature, a crease, or a cusp
(a fixed vertex). All other vertices that are not part of any feature
are transformed by the volume subdivision rules.

Considering the range of applications for subdivision wavelets,
the third dimension introduces a variety of feasibilities. First, we
can represent the interior of a solid composed of different materials
in addition to its boundary in a single homogeneous model. Sec-
ond, we can define highly-detailed freeform deformations in order
to automatically re-shape three-dimensional objects. The most in-
teresting application, however, is a wavelet representation of time-
varying surfaces. Therefore, the base mesh of a subdivision surface
is swept (dragged along line segments), resulting in a lattice com-
posed of prisms. Each layer of this lattice defines the surface at
a certain time parameter corresponding to the sweeping distance.
Local changes of surface topology can be modeled by splitting or
collapsing primitives of the lattice on either side. For representing
multiple transitions of surface topology this sweeping process can
be repeated multiple times.

The contribution of the present work is a wavelet construction for
subdivision volumes with individual synthesis and analysis proce-
dures for features of different dimensionalities. We present a linear-
time algorithm implementing our wavelet transform based on sim-
ple vertex manipulations. Our algorithm is very memory efficient,
since it does not require adjacency information of cells. Instead, it
uses a top-down connectivity with respect to the dimensionality of
primitives, i.e. every cell is linked to its faces, every face is linked
to its edges, and every edge is linked to its two defining vertices.
This kind of data structure and our wavelet construction generalize
nicely to higher dimensions.

In the next section we summarize related work on subdivision
schemes and subdivision-based wavelet constructions. In Section
3, we review the construction of subdivision volumes with features
and introduce a set of lifting operations that is used for wavelet con-
struction in section 4. In addition to the technical details of our ap-
proach, we provide numerical examples and versatile applications
for our method in Section 5.

2 Related Work

Subdivision surfaces based on uniform B-splines were initially de-
scribed by Catmull / Clark [9] and Doo / Sabin [12]. Catmull-Clark
subdivision generates bicubic B-splines on a regular grid and is
used (with different weights like MLCA [1] in the extraordinary
cases) for modeling surface features in our algorithm. Their al-
gorithm inserts vertices inside each face and on each edge result-
ing in quadrilaterals that are regularly subdivided by the succes-
sive steps. Doo-Sabin subdivision generalizes biquadratic B-spline
subdivision to arbitrary base meshes and uses the dual mesh struc-
ture of the meshes generated by Catmull-Clark subdivision. Both
schemes provide C*-continuous limit surfaces in the extraordinary
case.

Loop [27] developed a subdivision scheme based on box splines
for triangle meshes by inserting vertices only on the edges of a
mesh, thus splitting each triangle into four. Loop’s surfaces are C'-
continuous and approximate C'-continuity at extraordinary points.
This scheme can be improved satisfying G2-continuity everywhere
[38]. An interpolating scheme known as butterfly subdivision

[54, 14] uses the same mesh structure. A less “aggressive” scheme
known as v/3-subdivision [18] only triples the number of triangles
at every subdivision step. An edge-splitting approach for polyhe-
dral meshes is due to Peters / Reif [36]. Subdivision schemes gen-
eralizing uniform B-Splines of arbitrary order were recently con-
structed [45, 50].

Continuity degrees for different classes of subdivision surface
schemes were analyzed by Prautzsch [39], Peters / Reif [37] Zorin
[53], and by Levin [23]. The idea of using the eigen structure of
local subdivision matrices for the limit analysis at extraordinary
points goes back to Doo / Sabin [12]. This kind of limit analy-
sis for volume subdivision has not been investigated, so far. The
reason for this is a much broader range of irregular constellations
in the volume case. Excluding the extraordinary points, the con-
tinuity degrees of schemes derived from B-spline subdivision are
known, since the limit shape is locally a B-spline curve, surface, or
volume. For our construction based on cubic B-spline subdivision,
C?-continuity is obtained almost everywhere, except for extraordi-
nary points.

Subdivision rules for sharp features within piecewise smooth
limit surfaces were introduced by Hoppe et al. [17]. Features can
easily be incorporated into every subdivision scheme [11, 5, 6, 49].
Interpolating subdivision for quadrilateral meshes is due to Kobbelt
[20]. Interpolation can be directly built into subdivision schemes
or enforced by some kind of fitting method [16, 22, 33]. Algo-
rithms for fitting subdivision surfaces to some prescribed geometry
are well known [19, 3, 26] and can be used in combination with our
technique.

A very useful approach for re-parametrization of triangle meshes
is known as multiresolution adaptive parametrization of surfaces
(MAPS) [21]. This algorithm converts an irregular triangle mesh
into a pseudo-regular mesh with subdivision connectivity, thus pro-
viding the fine-resolution input for a wavelet transform. An inter-
esting algorithm for re-shaping subdivision volumes based on phys-
ical principles (Lagrangian equation of motion) is presented by Mc-
Donnell / Qin [31]. A subdivided lattice, deformed by any of these
methods, can be compressed and reconstructed using our wavelet
transform.

Many subdivision algorithms use the Catmull-Clark mesh struc-
ture due to its regular refinement of quadrilateral patches. In addi-
tion, this structure nicely generalizes to volume subdivision, where
for many types of base polyhedra only hexahedral cells (cubes) are
issued by the first subdivision step. The first approach to volume
subdivision by MacCracken / Joy [30] extends Catmull-Clark sub-
division to three-dimensional lattices. Their subdivision approach
is used to define free-form deformations in computer animation. It
is observed that the number of vertices grows by a factor of eight
for volume subdivision. A less aggressive scheme by Pascucci [35]
splits every subdivision step into three smaller ones, reducing the
growth to a factor of two. Wavelets for this style of subdivision
were used for data compression based on regular lattices [24].

Another variant of volume subdivision applying trilinear subdi-
vision followed by a second vertex-modification step (multi-linear
cell averaging, MLCA) is due to Bajaj et al. [1]. Though, we de-
veloped the subdivision scheme for our wavelet construction inde-
pendently of their work, both schemes are nearly identical. Hence,
we provide a wavelet construction for MLCA subdivision.

There exists no straight-forward volume construction generaliz-
ing triangle-based schemes, like Loop subdivision. The reason for
this is that tetrahedra cannot be split into smaller primitives of con-
gruent shape, like triangles, rectangles, and hexahedra. A tetrahe-
dron can be split into four tetrahedra and an octahedron, which can
be split into tetrahedra, again. This way, a pseudo-regular subdivi-
sion hierarchy with few different cell types is constructed. There
still remains the problem of constructing a (polynomial) subdivi-
sion scheme for such a pseudo-regular mesh hierarchy.



Figure 4: Recursive subdivision by knot-insertion for a cubic B-
spline curve.

Biorthogonal wavelet constructions for many different subdivi-
sion surface schemes were introduced by Lounsbery et al. [28, 29].
Further subdivision-surface wavelet constructions for functions de-
fined on triangulated spherical domains are described by Schroder
/ Sweldens [43], Nielson et al. [34], and Bonneau [8, 7]. Their
approaches can be extended to more general domains, but they are
mainly used for constructing functions on given geometries rather
than representing these geometries.

Considering wavelet constructions for B-splines, there exist a
variety of different constructions. Semi-orthogonal approaches
[10, 15, 47] transform curves and surfaces into a hierarchy of least-
squares approximations. Least-squares fitting requires the solution
of a global system of equations in the case of non-orthogonal scal-
ing fumctions (B-Splines are non-orthogonal for any order greater
than one). In the case of surfaces defined by regular, rectilinear
control meshes, the corresponding matrices are banded such that
the transform has linear-time complexity. In the case of arbitrary
meshes, these matrices are sparse, but not generally banded, imply-
ing a less efficient inversion.

Our approach is a biorthogonal wavelet construction where the
transform and its inverse are computed by local filtering operations,
providing linear time complexity and the advantage of local com-
putation for out-of-core algorithms. The coarse approximations are
consequently not least-squares approximations of the finest level. It
is possible, however, to obtain a local least-squares fit when using
biorthogonal constructions [29, 42]. The fitting is performed either
with respect to the geometric limit shape [28, 29] or with respect to
the control polygon minimizing a discrete norm [13, 42, 41].

In a previous paper we introduced a wavelet construction for
Catmull-Clark-style subdivision for large-scale isosurface repre-
sentation [3, 4]. This wavelet construction is extended to three-
dimensional lattices in the present work. The idea of this construc-
tion is to compute the transform by a small number of simple vertex
updates (lifting operations [48]) in order to obtain highest efficiency
and locality for processing large meshes. The time- and memory
requirements for our algorithm depend linearly on the number of
transformed coefficients / control points.

3 Subdivision Volumes

The subdivision scheme used for our wavelet approach is identi-
cal to multi-linear cell averaging (MCLA) by Bajaj et al. [1], ex-
cept for the treatment of type-n cells. In this section, we describe
the construction of subdivision curves, surfaces, and volumes in-
cluding features [17, 11, 6, 49] iand introduce the simple building
blocks (lifting operations) of our wavelet transform. We start with
our construction in one dimension and then extend this approach to
regular meshes and lattices as a tensor product. The individual ver-
tex updates implementing the subdivision process are then adapted
to the irregular settings, e.g. to extraordinary vertices.

3.1 Subdivision Curves

Considering a cubic B-spline curve defined by control points v; and
a uniform knot sequence, a subdivision scheme can be derived by
inserting a new knot in the center of every knot interval. Recursive
subdivision will create a sequence of control polygons converging
rapidly to the B-spline curve, see figure 4. Every subdivision step is
computed by inserting a new vertex e; on every edge v;v;+1 and by
modifying the coordinates of the existing vertices. This subdivision
scheme is computed as follows:

(CA)

ei = 3(vi + Vit1);
! 1

vi + (ei1 + e).

The boundarv vertices are not modified by this subdivision pro-
cess. Vertex features (cusps) inside the curve can be modeled anal-
ogously. For the subsequent subdivision step, the vertices of the
new control polygon are re-named to v;.

We now define the basic building blocks of our wavelet trans-
form and re-write the subdivision process using the following three
operations:

w-lift(a):
e + e + a(vi + viy1), (3.2)
slift(a):
vi < vi + a(ei-1 + e;), (3.3)
s-scale(a):
Vi < avi. (3-4)

In the context of a wavelet transform, the e-vertices already
exist prior to a subdivision step and are associated with wavelet
coefficients carrying geometric detail. Hence, we call the manip-
ulation of e-vertices w-lift, inspired by Sweldens’ lifting scheme
[48]. The v-vertices representing a data set at a certain level of
resolution are the coefficients of so-called scaling functions in the
wavelet context. Hence, we call the v-manipulating operations
s-lift and s-scale.

For the subdivision process, our wavelet coefficients e; are zero
prior to a subdivision step. The cubic subdivision procedure from
equation(3.1) can now be written as a sequence of lifting opera-
tions:

w — lift(3);
s — lift(2); (3.5)

s — scale(3).
This procedure remains valid for subdividing meshes and lattices.
For this purpose, however, we need to re-define the individual lift-

ing operations. Analogously to the above construction, we can for-
mulate subdivision rules for B-Splines of other polynomial degrees.



Figure 5: Subdividing a polyhedral mesh by inserting a new vertex
for each face and each edge. Blue vertices denote vertex features.
Red edges and vertices correspond to curve features and orange
primitives denote face features.

The simpler linear subdivision, for example, is defined by
w — lift(1); (3.6)

Similar constructions exist for higher polynomial degrees (for the
quintic case see [4]).

3.2 Subdivision Surfaces

A polyhedral mesh is defined by a set of vertices, a set of edges, and
a set of faces. Every edge has two incident vertices and every face
corresponds to a cycle of edges. Catmull-Clark-style subdivision
inserts a new vertex for every face and for every edge and connects
these to define smaller quadrilateral faces, see figure 5. We denote
the sets of vertices corresponding to faces, edges, and (old) vertices
by F, E,and V, respectively. Foreveryf € F,e € E,andv € V,
we use the following neighborhood definitions:

e NF(v): set of f-vertices corresponding to incident faces of
V.

e NE(v): set of e-vertices corresponding to incident edges of
V.

e NF(e): set of f-vertices corresponding to faces sharing the
edge associated with e.

e NV (e): set of two incident v-vertices of the edge.

e NE(f): set of e-vertices corresponding to edges that define
the face associated with f.

e NV(f): set of v-vertices defining the face.

of—>-e<—9f @ ® @
RSN D .

e f f f f
@—>0 -0 @ ® @

Figure 6: Tensor product computation of an s-lift operation.
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Figure 7: Different order of computation for s-lift operation.

Considering a regular, rectilinear mesh, a subdivision surface is
defined by the tensor products of the one-dimensional operations.
In this case, the one-dimensional lifting steps are applied to the
rows and columns (or vice versa), as illustrated in figure 6. In
the case of an s-lift, we can modify the order of computation
such that we first update all v-vertices and then all e-vertices,
according to figure 7. To obtain the same computation result, we
must consider that the contribution of a f-vertex to a neighboring
v-vertex traverses exactly one e-vertex and is multiplied twice
with the lifting parameter a. Thus, we re-define the s-lift operation
for regular meshes:

regular 2d s-lift(a):
vev+ta Z f+a Z e;
fENF(v) eENE(v)

e < e+ a Z f.
fENF(e)

(3.7)

In the case of an extraordinary v-vertex, we want to normalize
the contribution of neighboring e- and f-vertices by the valence.
Therefore, we define the centroids

5 .— 1 .

& = NEM] oo
e€ENE(v)

F — 1 .

foi=mrey 2§ (3.8)
fENF(v)

.

for=mrmr 2. F
fENF(e)

Using these centroids instead of summations, equation (3.7) can be
written as

2d slift(a):

vV« v + 4a°f, + 4ae€y;
_ (3.9)
e «— e + 2af..

Analogously to the s-lift, we define generalized two-dimensional
w-lift and s-scale operations. For a w-lift the dual mesh is con-
sidered, i.e., the v- and f-vertices simply change their roles. The



centroids ¢, V¢, and Ve are defined analogously to equation (3.8).
For an s-scale operation, the e-vertices are multiplied once with
the parameter a, and the v-vertices are multiplied twice:

2d w-lift(a):
f « f + 4a°V¢ + 4a@y;
«— f + a_vf + 4aey; (3.10)
e +— e + 2ave.
2d s-scale(a):
v « a’v;
(3.11)
e < aqae.

3.3 Modeling Features

Feature lines within a subdivision surface are obtained by using
the one-dimensional lifting operations for vertices corresponding
to certain edges in a base mesh. To represent features of different
kind, we define a feature-dimensionality for every base-mesh prim-
itive. During the subdivision process, the newly generated faces,
edges, and vertices inherit the feature-dimensionality from the cor-
responding primitives of the prior subdivision step. A vertex, for
example, can be associated with these feature-dimensionalities:

if v represents a vertex — feature;
if v is part of an edge — feature;
if v is part of a face — feature;

, otherwise.

dim(v) =

w N =O

(3.12)
The dimensionality of every edge (and correspondingly of an e-
vertex) is at least one and the dimensionality of every face is at least
two. We assume that for every face, the feature-dimensionalities of
its defining edges and vertices is less or equal the face’s dimen-
sionality. Analogously, the feature-dimensionality of a vertex is
typically less or equal than the dimensionality of its incident edges.
It can be observed that in the case of a w-lift the manipulated
vertices have greater dimensionalities than the manipulating ones.
Thus, the w-lift operation has no impact on the shape of features.
For s-lift and s-scale operations, however, the vertex manipulation
is directed from higher dimensionalities to lower ones. In the case
of an edge-feature, we apply the one-dimensional lifting operations
to the vertices defining the feature and reject any contribution from
higher-dimensional primitives. In the case of a vertex-feature, all
subdivision rules are ignored.
The resulting subdivision rules are defined as follows:

2d w-lift(a):
f « f + 40°V¢ + 4aey; 5.13)
e «— e + 2avVe; '
2d s-ift(a):
4a’fy + 4dae, if dim(v) = 2;
v+ v+ Q258 if dim(v) = 1;
0 otherwise; (3.14)
2af.  if dim(e) = 2;
e et { 0 otherwise.
2d s-scale(a):
v « o4y, (3.15)

e « ae ifdim(e) = 2.

Figure 8: A subdivision volume defined by sweeping a polyhe-
dral mesh (duplicating the mesh and connecting corresponding ver-
tices).

The term &%) denotes the centroid taken from only those neigh-

boring e-vertices that have a feature-dimensionality of one. Insert-
ing these definitions of the individual lifting operations in equation
(3.5) provides the generalized bicubic subdivision rules including
features for arbitrary base meshes. These meshes are not limited
to manifold topologies. For example, more than two faces can
share an edge-feature and more than two edges can share an in-
cident vertex-feature.

3.4 Subdivision Volumes

In the trivariate case we consider base-lattices composed of polyhe-
dral cells. The subdivision process inserts a new c-vertex for every
cell, an f-vertex for every face, and an e-vertex for every edge, see
figure 2. The first subdivision step issues only quadrilateral faces
and mostly hexahedral cells. In some cases, however, so-called
type-n cells [30] composed of 2n faces and 2n+2 vertices (n > 3)
are generated.

A hexahedron is a type-3 cell. Type-n cells with n > 3 are
created when the valence of a v-vertex is n > 3 considering only
edges belonging to a certain cell. An example for a type-4 cell
is the topmost cell in a subdivided pyramid, see Figure 2. When
subdividing a type-n cell, two type-n cells and 2n hexahedra are
generated. In the limit, an entire curve is defined by a sequence
of type-n cells, see Figure 9. Type-n cells with n > 3 can be
completely avoided by using only certain cell types in a base mesh.
All v-vertices of these cells must have valence three, which is the
case for hexahedra, prisms, and tetrahedra.

For generalizing our lifting operations to volume subdivision, we
first consider the regular, hexahedral case. Here, the individual lift-
ing steps are tensor-products of one-dimensional operations applied
to the three canonical grid directions. In the case of an s-lift, for ex-



Figure 9: Recursive subdivision of a type-4 cell. A type-n cell
contains two vertices of valence n. Hence, subdivision produces
two smaller type-n cells (and 2n hexahedra). In the limit, the row
of type-n cells converges to a curve inside the volume.

ample, a v-vertex has 8 cell-neighbors, 12 face-neighbors, and 6
edge-neighbors. Every cell-neighbor contributes with a weight of
a® (traversing an f-vertex and an e-vertex), every face neighbor con-
tributes with weight a? (traversing an e-vertex), and every e-vertex
contributes directly to v with weight a. In addition to v-vertices,
the e- and f-vertices are also modified by an s-lift operation. Sim-
ilar considerations as for the bivariate case provide the generalized
trivariate subdivision rules.

Considering features of different dimensionality, the lifting
operations for volume subdivision are defined as

3d w-lift(a):
¢ « ¢ + 8a°V. + 124”8, + 6af.
f « f + 4a°Ve + 4a&y; (3.16)
e < e + 2aVe;
3d sift(a):
8a’cy + 12a°fy + 6ae, if dim(v) = 3;
7(2) e P
vV & v + 402&,) + 4aey’ if dim(v) = 2;
2aey if dim(v) = 1;
0 otherwise;
4a’Ce + 4afe if dim(e) = 3;
e e+ 2af§) if dim(e) = 2;
0 otherwise.
2ace  if dim(f) = 3;
fefs { 0 otherwise.
(3.17)
3d s-scale(a):
v « gdim™y,
e « a®™® e if dim(e) > 2; (3.18)

f « of if dim(f) =3.

The centroids ?5,2), éE,Z), and ?ff) are computed from vertices of
feature-dimensionality two, only. The neighborhood definitions are
extended to include c-vertices. The set of subdivision rules is now
completely defined. Examples for this subdivision process are il-
lustrated in figures 1 and 8.

3.5 Continuity at Extraordinary Points

Due to the wide range of special irregular cases (even when consid-
ering only type-3 cells) in volume-subdivision structures, it is hard
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Figure 10: Subdivision masks for surfaces generalizing bicubic
B-splines. Different choices for «, 8, and ~y are feasible.

to predict the degree of continuity of the limit shape at extraordinary
points. In all ordinary points, our subdivision scheme produces C2-
continuous shapes (except across features), since it is derived from
cubic B-splines.

Considering surface features, our subdivision is C* at extraordi-
nary points which can be verified by analyzing the eigenstructure
of a local subdivision matrix [37]. Our bicubic scheme uses three
lifting operations computing the control points f, e, and v’ from
coarse-level points v,

f
e = S3 S2 Sl v, (319)

!
v

where the matrices S; correspond to the individual lifting steps in
equation 3.5. Combining these operations into one matrix S =
Ss S2 Si provides the subdivision masks for f, e, and v'-vertices,
as shown in Figure 10. For extraordinary vertices, there exist mul-
tiple valid choices for the weightsa + 8 + v = 1.

The weights for our approach are the same as for MLCA subdi-
vision [1]:

a = 1%, B = %, and v = %6. (3.20)

Catmull / Clark suggested different weights, depending on the va-
lence n of a v-vertex [9]:

7 3
a:l—ﬂ, B = =

and v = ﬁ. (3.21)
Both choices provide C*-continuous limit surfaces at extraordinary
points, see [37]. In the three-dimensional case, the subdivision
used in our construction is still identical to MLCA, except for cases
where type-n cells (n > 3) are involved. We do not use Catmull-
Clark subdivision, since our lifting-based construction would not
have an inverse when vertices of valence three occure.

When using wavelets, surfaces and volumetric shapes can be
approximated arbitrarily closely by adding geometric detail ex-
panded from wavelet coefficients. This implies that discontinuities
of high-order derivatives across a represented shape can be reduced
to a minimum at fine levels of resolution. Hence, the degree of
smoothness at extraordinary vertices becomes a less important is-
sue. Smooth representations are often preferred, however, since
they reduce the number of wavelet coefficients required to approx-
imate certain shapes.

4 \Wavelet Construction

In the preceding section we defined stationary subdivision rules
for arbitrary base lattices. Recursively applying these subdivi-
sion rules, denoted here by the operator S, results in a (piecewise)
smooth limit shape defining continuous basis functions associated
with the control points of a lattice. In addition to subdivision, a
wavelet transform provides the following three operators:



Figure 11: Linear and cubic B-spline wavelets.

Figure 12: Two-dimensional scaling function and (face-)wavelet
located near an extraordinary point.

E Expanding detail. At every level of refinement, geometric
detail can be added to a subdivision volume. This detail is
compactly stored as wavelet coefficients and can be expanded
from these during subdivision.

F Fitting. This operation reverses a subdivision step. Based on
all vertices on a fine level, the vertices on the next coarser level
are predicted such that they provide a good approximation to
the fine level when applying subdivision, again.

C Compacting detail. The difference between two levels of res-
olution, i.e., the displacement of mesh vertices when applying
F followed by S, is compactly stored in the wavelet coeffi-
cients replacing the removed vertices.

The operation E is computed togerther with S by an exten-
sion of the subdivision rules. Subdivision and expansion of de-
tail represent the reconstruction procedure of a wavelet transform.
Recursively applied reconstruction steps correspond to the inverse
wavelet transform.

The operators F and C provide the inverse of E and S and de-
fine a decomposition step. Repeated decomposition starting with
a fine-resolution lattice and ending at the base lattice corresponds
to the wavelet transform. For our wavelet construction, the recon-
struction process is computed by local vertex manipulations whose
inverse can be computed locally, too. Hence, the decomposition
process is obtained by inverting every single vertex manipulation in
the reverse order of reconstruction.

In a previous work, we have constructed wavelets for bilinear
and bicubic subdivision surfaces that we used for multiresolution
modeling of large-scale isosurfaces [3]. The computation of this
wavelet transform is based on the lifting operations described in
the preceding section. These are the reconstruction rules for our
wavelet constructions:

Linear B-splinewavelet reconstruction:
s — lift(—1);

w — lift (1); “.1)

Cubic B-spline wavel et reconstruction:

s — lift(—2);
w — lift(3); 42
o1y, (4.2)
S_hft(g),
s — scale(3).

One- and two-dimensional basis functions of the wavelet trans-
form are depicted in figures 11 and 12. The shape of recursively
generated basis functions can be visualized by modifying a single
coefficient corresponding to a vertex in the lattice and then applying
the inverse wavelet transform.

We observe that the additional s-lift operations in equations (4.1)
and (4.2) do not modify the subdivision process. When the wavelet
coefficients, i.e. the e-, f-, and c-vertices, are zero prior to subdivi-
sion, then the first lifting operation does not have an impact. The
first lifting operation determines the shape of the wavelets that are
composed of scaling functions (corresponding to v-vertices) of the
next finer level.

It is possible to obtain different wavelet constructions based on
the same subdivision scheme by modifying this first lifting step.
Our biorthogonal wavelet construction is driven by the need for effi-
ciency and simplicity considering large meshes. Its fitting operation
could be further improved, however, by a more expensive first lift-
ing operation taking into account a broader stencil of manipulating
vertices. For example, it is possible to approximate orthogonality
between wavelets and scaling functions on the same level, result-
ing in a least-squares fitting operator F, following Lounsbery’s ap-
proach [28, 29]. Since the computation of inner products of basis
functions required for orthogonalization is computationally expen-
sive, Duchaineau [13] and Samavati / Bartels [42] suggest to use a
discrete norm minimizing the coefficients rather than the geomet-
ric distance. Both approaches would work with our subdivision
scheme, as well.

The time complexity of our wavelet transform is linear in the
number of transformed coefficients / control points. At every level
transition, each coefficient is modified by a fixed (small) number
of lifting steps, such that decomposition and reconstruction for one
level transition are linear-time operations. Considering a fine-to-
coarse transition, the number of coefficients transformed again at
the coarser levels is at most one half of all coefficients (for one
dimension and less for higher dimensions). Hence, the computation
time of the entire transform is linear, since O(n) + O(%)+O(2)+
O(%)+---=0(n).

In the remainder of this section we provide a few implemen-
tation details for our wavelet transform. The use of our specific
lifting operations makes the required data structures fairly sim-
ple. In particular, we need to store only downwards connectivity
with respect to the dimensionality of primitives. This means that
cells are only linked to their faces, faces are only linked to edges,
and edges to vertices. There is no need for upwards connectivity.
The only upwards information needed for vertices, edges and faces
are the numbers of incident primitives that have the same feature-
dimensionality. No explicit links to these primitives are required.

When computing an s-lift operation, we traverse the cells, faces
and edges of a mesh and transport their contributions downwards to
the primitives of lower dimensionality. To add these contributions
with the correct weights, the low-dimensional primitives like ver-
tices and edges need to “know”, how many primitives of the same
type they are connected to. When computing a w-lift, we traverse
again the cells, faces, and edges and collect the contributions of the
lower-dimensional manipulating primitives.

When implementing the decomposition rules, every individual
vertex manipulation must be inverted by subtracting the terms that
were added during the reconstruction process. In the case of an s-
scale operation, the coefficients would be divided by the scaling pa-



Figure 13: The noise-filtering experiment examining the stability
of our wavelet construction.

Figure 14: Geometric detail of a subdivided shape, obtained, for
example by low- and high-frequency deformations is compactly
represented by wavelet coefficients.

rameter, rather than multiplied. All lifting operations used in equa-
tion 4.2 have an inverse of the same type that is easily constructed.
When inverting the individual lifting steps of the reconstruction, the
order of operations needs to be reversed. The resulting inverse of
equation 4.2 defines our wavelet decomposition.

We note that our transform can be computed in integer
arithmetic for lossless compression purposes. Here, the terms
added/subtracted would be rounded to closest integers in the same
way for decomposition and reconstruction. The s-scale operation
is ignored when using integer arithmetic, reducing the precision of
low-level coefficients.

5 Results and Applications

We provide numerical examples for the stability of our wavelet con-
struction and summarize the most relevant applications of our tech-
nique.

Figure 15: Transition of polyhedral meshes representing a time-
varying surface. Four inner faces of the first mesh are collapsed to
an edge in the second mesh where the genus of the surface is decre-
mented. To obtain a manifold, the inner edge must be removed.

Figure 16: Subdivision volume representing a time-varying sur-
face with genus reduction. This figure shows the footprints and the
meshes for the first subdivision (with geometric detail added), as
well as the limit surfaces.

Figure 17:  Subdivided base mesh shrink-wrapped to an isosur-
face (left) and a low-resolution representation using 1.6 percent of
wavelet coefficients (right).



5.1 Stability

Considering the subdivision S, we know that our scheme converges
locally to polynomial segments. Due to the convex-hull property of
B-splines that holds for our approach as well, there are no stability
objections involved with the subdivision scheme.

Our fitting operator F does not provide a least squares fit, since
it is computed locally using a very small stencil of coefficients as
input. A mathematical definition of stability, requiring that wavelet
coefficients representing any bounded function are bounded (as-
suming an infinite number of levels) may not be satisfied by our
transform. In practical applications, however, we have found that
our transform does not exhibit any stability problems. Additionally,
In the case of subdivision volumes the number of level transitions
is typically low.

level index | number of vertices | max. displacement
5 277662 1.00
4 36686 1.23
3 5094 1.44
2 770 2.15
1 132 3.46
0 28 1.95

Table 1: Displacement of the lattice at different fitting levels due to
noise added to representation at the fifth subdivision level.

A relevant measure for the stability of a fitting scheme is its abil-
ity to deal with noisy data. This is necessary to avoid the accu-
mulation of numerical errors that may already be present in a data
set or could be introduced by the transform. For a noise-removal
experiment, we have randomly perturbed the control points of a
subdivided lattice (see figure 8) at the fifth subdivision level. Then,
for each level of fitting we recorded the maximal displacement of a
vertex (at the fifth subdivision level). The results are shown in table
1 and in figure 13.

These results show that the noise amplitude grows moderately
and is reduced again at the base level. In the case of a highly unsta-
ble transform, the noise amplitude would rapidly grow such that the
shape of the represented object could not be recognized anymore.
Our linear wavelet construction provides a greater level of stability,
but it leads to much larger wavelet coefficients when representing
smooth shapes [4].

5.2 Applications

Our wavelet transform provides a sparse representation for subdi-
vided lattices that are re-shaped by some process, see figure 14. The
shape modification can be performed on a very fine subdivision
level, or it can be done gradually during the subdivision process.
Due to the fitting/compaction procedure, detail of high frequency
can be preserved while the coarse shape is edited at a low resolu-
tion. Some of the most interesting applications for our technique
are described in the following

o Freeform deformations. Algorithms exploiting volume subdi-
vision of lattices as a freeform-deformation tool have already
been devised by MacCracken/Joy [30]. With the additional
operations provided by a wavelet transform, we can easily ap-
ply highly-detailed deformations of three-dimensional objects
based on low and high frequencies at the same time.

e Multiresolution editing. The Shape of a solid object can be
created at multiple levels of resolution. When the coarse
shape is modified, the high-resolution detail is still present in
the geometric model. Using volumes rather than surfaces will
extend these techniques to the representation of inner struc-
tures of solids, like material compositions.

e Visualization of large-scale geometries. Subdivision surfaces
can be fitted to implicitly defined geometries, such as isosur-
faces, see figure 17. Multiresolution representations of this
kind are used for visualization of large structures on low-end
graphics hardware and for view-dependent rendering.

e Time-varying surfaces can be represented as a sequence of
meshes embedded in a single lattice. Every layer of the lattice
produced by subdivision can be considered as a surface at a
certain time. It is feasible to model local topology changes by
collapsing or subdividing polygons of surface meshes corre-
sponding to consecutive time steps. An example for a genus
transition is shown in figures 15 and 16. This technique has
been successfully applied to represent one-dimensional con-
tour sets of scalar fields [2].

e Lossless compression. Vertices represented at finite precision
(or snapped to a certain regular grid) can be represented by in-
teger coordinates. The lifting scheme is then computed using
integer arithmetic such that no quantization of wavelet coeffi-
cients is necessary for compression purposes.

6 Conclusions and Future Work

We have introduced a promising technique for multiresolution mod-
eling of arbitrary volumes combining smooth subdivision surfaces
with biorthogonal wavelets. Our representation is C*-continuous
almost everywhere and is capable of representing volumes with fea-
tures of different dimensionalities at multiple levels of resolution.

One of the most interesting applications of our technique is the
adaptive representation of time-varying surfaces. In the past, a va-
riety of fitting approaches have been developed using subdivision
surfaces and wavelets for the representation of highly-detailed ge-
ometries. New algorithms need to be devised for the fitting of lat-
tices to certain geometric shapes such that our new technique can
develop its full potential.
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