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Abstract
We haveshownhow to constructmultiresolutionstructures for reversing subdivisionrules using global least
squaresmodels16. As a result,semiorthogonal waveletsystemshavealso beengenerated.To constructa mul-
tiresolutionsurfaceof anarbitrary topology, however, biorthogonalwaveletsareneeded.In 1 weintroducedlocal
leastsquaresmodelsfor reversing subdivisionrules to constructmultiresolutioncurvesand tensorproductsur-
faces,noticingthattheresultingwaveletswerebiorthogonal(underaninducedinnerproduct).Here, weconstruct
multiresolutionsurfacesof arbitrary topologiesby locally reversing theDoo subdivisionscheme. In a Doo sub-
division,a coarsesurfaceis convertedinto a �ne oneby thecontractionof coarsefacesandtheadditionof new
adjoiningfaces.Weproposea novel reversingprocessto converta �ne surfaceinto a coarseoneplusanerror. The
conversionhasthepropertythatthesubdivisionof theresultingcoarsesurfaceis locally closestto theoriginal �ne
surface, in theleastsquaressense, for two importantfacegeometries.In this process,we�r st �nd thosefacesof
the�ne surfacewhich mighthavebeenproducedby thecontractionof a coarsefacein a Doosubdivisionscheme.
Then,we expandthesefaces.Sincethe expandedfacesare not necessarilyjoined properly, several candidates
are usuallyat handfor a singlevertex of thecoarsesurface. To identify thesetof candidatescorrespondingto a
vertex, weconstructa graphin such a waythatanysetof candidatescorrespondsto a connectedcomponent.The
connectedcomponentscaneasilybe identi�ed by a depth�r st search traversal of thegraph.Finally, verticesof
thecoarsesurfaceare setto betheaverage of their correspondingcandidates,andthis is shownto beequivalent
to local leastsquaresapproximationfor regular arrangementsof triangular andquadrilateral faces.

Keywords: Multiresolution;Doo Subdivision;Surfaces;B-splines;DataFitting.

1. Intr oduction

Theobjectiveof amultiresolutiontechniqueis to obtainrep-
resentationsof curves, imagesandsurfacesas a hierarchy
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of successively �ner approximationsin sucha way thatone
caneasilychangeoneapproximationto another. To achieve
this, it is necessaryto have an appropriatereverseproce-
dure, transforminga given �ne (or high) resolutionmodel
to a coarse(or low) one.To do this ef�ciently , we needa
convenientwayto storeinformationaboutapproximationer-
rorscompactly. This error informationis usuallyaccounted
for by a linear combinationof functionsnamedwavelets.
Theprocessof transformingtheapproximatehighresolution
of the model to its correspondingapproximatelow resolu-
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tion, alongwith thedeterminationof thecoef�cients of the
waveletsis termeddecomposition. The reconstructionpro-
cessof obtainingthe �ne (high resolution)model from its
correspondingcoarse(low resolution)oneandits error in-
formationis namedreconstruction.

Findingmultiresolutionsof surfaceswith arbitrarytopolo-
gies is a well known problemhaving variousapplications
in computergraphics14. Here,we intendto presenta novel
methodfor solving this problemby extendingthe ideasof
reversesubdivision schemesintroducedin 1, andreversing
the Doo subdivision rule, which is a commonsubdivision
procedurefor surfacesof arbitrarytopologicaltype.

Subdivision methods are quite useful for generating
curvesandsurfacesin computergraphics.Thereareseveral
ef�cient varietiesof subdivision that canbe usedfor com-
plex surfacesof arbitrarytopology3� 6� 7� 11� 19. A �ne approx-
imation of the model is obtainedby successively subdivid-
ing the verticesof a coarseapproximation.This processis
achievedby linearoperations;eachsubdivision couldbein-
terpretedasa matrix transformationappliedto thevertices.
That is, if Vk arethe verticesat the kth stage,andVk � 1 is
obtainedby a subdivision of Vk, then

Vk � 1 � PkVk 	 (1)

whereVk is anr-vector, Vk � 1 is ans-vector(s 
 r), andPk,
s � r, is thesubdivisionmatrix. Pk dependsonk. In subdivi-
sion schemeseachpoint of Vk � 1 dependsupononly a few
points of Vk that are situatedin geometricproximity, and
this implies that Pk is sparse.Under the arrangementthat
thepointsof thevectorsareorderedaccordingto geometric
proximity (trivially donefor curvesbut anopenproblemfor
arbitrarysurfaces),Pk will bea bandedmatrix.For thesim-
ple subdivision of curves,the bandedform of Pk is onein
which eachcolumnis a shiftedversionof theprevious one
(exceptfor a few initial and�nal columns);hence,it is easy
to generate.

In multiresolution,Vk � 1 is usuallyathandasahigh reso-
lution approximationfor a model,andit becomesnecessary
to decomposeVk � 1 to Vk, a low resolutionapproximation,
andEk, thecoef�cients of thewavelets.In general,it is not
mandatorythatVk � 1 havebeenobtainedasaresultof asub-
division.For anef�cient handlingof themodels,thefollow-
ing propertiesaredesired18� 14� 17

� Vk is a goodapproximationfor Vk � 1.
� Thestoragerequirementfor storingVk andEk is notmore

thanthatof Vk � 1.
� The time requiredto decomposeVk � 1 into Vk andEk is

linearlydependentons.
� Thetime requiredto reconstructVk � 1 from Vk andEk is

linearlydependentons.

Theprocessesof decompositionandreconstructionareall

linearoperations;they canbe representedby the following
relations:




Ak

Bk �

Vk � 1 �




Vk

Ek �

(2)

�

Pk Qk �




Vk

Ek
�

� Vk � 1 	 (3)

where



Ak

Bk �

�

Pk Qk �

�




I O
O I ���

(4)

Therefore,if thereareconvenientrepresentationsfor Qk, Pk,
Bk andAk, thentheoperationsof decomposition(2) andre-
construction(3) caneasilybe carriedout. In practice,such
speci�cationsas bandedness(with a small bandwidth) of
thematricesandsimplicity of thecomponentsarenotalways
obtainable.Suchmatricespresentedin 16 areobtainedby a
reversesubdivision schemethatmakesuseof leastsquares
�tting. The approachin 16 doesnot make use of Ak and
Bk directly, sincethesematricesareusuallybe expectedto
be full for leastsquares.Furthermore,in solving the least
squaresproblemfor multiresolutionof surfaceshaving ar-
bitrary topologies(nontensorproductforms),we encounter
matriceswith many nonzeros(not necessarilybanded),and
thusthework of decompositionandreconstructionmaynot
belinearin thedata.

Equations(2) and(3) appearin theliteratureonwavelets.
Pk embodiesthe representationof basis functions (scale
functions) for a space�

k in termsof basisfunctionsfor a
containingspace�

k � 1. Qk givesa correspondingrepresen-
tationfor basisfunctions(wavelets) for �

k � 1 �

�

k in terms
of thebasisfor �

k � 1. Ak andBk provide correspondingex-
pressionsfor thedualbasesof thedualspaces̃�

k and ˜
�

k � 1.
Equation(4) de�nes the primal/dual,scale/wavelet system
asbiorthogonal. TheVk andVk � 1 representcoef�cients of
the bestapproximationsof somefunction f � in termsof
functionsf k in �

k and f k � 1 in �

k � 1, respectively. In thege-
ometricsetting,however, theVk andVk � 1 arethemselvesof
primaryinterestaspointsin n-dimensionalEuclidianspace.
Weneitherknow norcareaboutthespaces�

k or �

k � 1, about
baseson them, functions in them, or best-approximation
normsover them. Our attentionis �x ed on the Euclidian
spacesof thepointsC andtheleast-squaresnormin thesim-
plegeometryof thosespaces.

In 1, wehaveproposedalocal reversesubdivisionprocess
toobtainbandedAk andBk for tensorproductcurvesandsur-
faces.Most importantly, the bandednessof all the matrices
Ak, Bk, Pk, andQk is equivalentto thelocal characterof the
decompositionandreconstructionprocesses.Every point of
Vk dependsononly acombinationof somesmallnumberof
nearbypointsof Vk � 1. Every waveletcoef�cient Ek is like-
wisesucha combination,andevery point of Vk � 1 is a com-
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binationof nearbypoints in Vk andassociatedcoef�cients
Ek. The decompositioncanbe carriedout by appealingto
theselocal combinations,and the underlyingmatricescan
beignored.

In this paperwe describea processto handlesurfacesof
arbitrarytopologies.Ourprocesswill usePk implicitly in the
form of thelocaloperationsof theDoo subdivision scheme.
Theelementsof Vk will beprovidedby a localaveragepro-
cessthat implicitly de�nes Ak. Bk will also be implicit in
operationsthatcomputetheEk from differencesbetweenel-
ementsof Vk � 1 andVk. Finally, Qk will have sucha simple
regularform thatit canalsobehandledaslocaloperationson
thedata.Thus,noneof thematricesin equations(2) through
(4) will have to bedealtwith explicitly.

2. RelatedWorks

In this paper, we constructmultiresolutionsurfacesof arbi-
trary topology. We do this work on surfacesthat have the
connectivity thatmayresultfrom Doosubdivision,although
we make no demandthat the verticesof the surfacemesh
actuallycomefrom sucha subdivision. They canhave been
measuredfrom anobjectusingsome3D picking device, for
example.

The generalviewpoint of our work is closeto the view-
point of Lounsberyet al. 14. We supposethereis a sequence
of meshesM0 	 M1 	

�����

	 Mk 	

�����

andthattheelementsof each
provide differentapproximationsof a limit surfaceS. This
sequenceof meshesis to be createdby a subdivision rule,
possiblywith someerrorateachstagein eachvertex thatwe
arepreparedto recordseparately. Thetopologyof S, andall
Mk for k � 1, is inheritedfrom M0; and therefore,all Mk

andShave thesametopology. But M0 canhave any topol-
ogy, suchasan arbitrarygenus,andany kind of continuity
andconnectivity. Thisgeneralityis considerable,but thereis
a restriction:themeshconnectionsandadjacenciesin M j � 1

mustbe obtainablefrom subdividing M j . This conditionis
calledsubdivisionconnectivity, andit restrictsthemeshad-
jacency structure;however, it doesn't restrictthepositionof
theverticesin mesh.

A multiresolutionsurfaceassociatedwith this sequence
of meshes,aswe wish to constructit, will startwith some
meshMk � 1 that approximatesa surfaceS. We assumethat
Mk � 1 hassubdivision connectivity consistentwith Doosub-
division, but we do not assumethat Mk � 1 was produced
by Doo subdivision or that S is the limit we would ob-
tain if we apply Doo subdivision to Mk � 1 in�nitely often.
We wish to �nd a surfaceMk suchthat applyingDoo sub-
division to Mk will produceMk � 1 within an error Ek � 1:
Doo: Mk � Mk � 1 � Ek � 1. Wewish to constructMk sothat
Ek � 1 is small, andso that the storagerequiredfor Mk and
Ek � 1 togetheris essentiallythe sameas that requiredby
Mk � 1. Themultiresolutionsurfaceto beconstructedconsists
of � M0 	 E1 	 E2 	

�����

	 Ek � 1 � formedby repeatingthisprocess.

In 14, multiresolutionof a surfaceof generaltopologyis
obtainedby presentinga new classof subdivision wavelets.
By contrast,we developmultiresolutionof suchsurfacesby
reversingsubdivision aswasdiscussedin 16 and1 for curves
andtensor-productsurfaces.This contrastis similar to that
betweentraditionalmethodsof re�ning B-splineandBezier
modelsand the subdivision methodsbasedupon B-spline
andBezierrecursion.In subdivsionmethods,linearandlocal
re�nementoperationsarecarriedout on thecontrolvertices
of a meshinsteadof applying recursionsto sumsof basis
functions.Althoughthebasisfunctions(scalefunctionsand
wavelets) don't appeardirectly in the subdivision process,
they have in�uence on the subdivision structure.The same
view canbetakenof our methodwith respectto themethod
of 14. We constructthe decompositionof a modelby using
linearandlocaloperationswithoutthedirectuseof scaleand
wavelet functions,althoughthey do exist in thebackground
of our construction.

A distinctionshouldbe madeherebetweenmultiresolu-
tion meshesand progressivemeshes, althoughthe distinc-
tion is oneof degreeandnotof kind. Mostprogressive mesh
methodsarebasedon edge,half edgeandvertex pair col-
lapsing8 � 10� 12, andsincethey simplify a meshoneedgeat a
time, thereis a minimal differencebetweentwo successive
meshesM j and M j � 1, often only a diferencein a couple
of vertices.In contrast,the differencebetweentwo succes-
sivemeshesin amultiresolutionwill usuallyinvolveall, or a
largenumber, of thefacesandvertices.It is notunusualthat
thenumberof verticesandfacesin M j will beonly afraction
of the numberin M j � 1. Progressive mesheswork locally,
while multiresolutiontechniqueswork globally, or at least
over largeregionsof ameshatonce.In this regard,progres-
sive meshtechniquescanbeusedmorereadilyat locations
wherea meshhasunusualfeatures10, while multiresolution
andsubdivision modelshave beenexplored more often to
achievemultilevel editing10� 19 aswell asthecompressionof
geometryandassociatedsurfaceattributessuchascolor 4� 10.
Progressive modelsdo not have therequirementof subdivi-
sionconnectivity, but this requirementhasnot proved to be
arestrictive conditionin modeling.

3. Chaikin' sSubdivision

SinceDoosubdivisionmaybeexplainedasChaikin'ssubdi-
vision rule for curvesextendedto surfaces,we �rst explain
geometricallyhow to determinethe Chaikin local reverse
subdivision rule.

Chaikin's subdivision is a “corner-cutting” strategy �rst
presentedin 5. Figure1 shows onestepof this subdivision
asa two-stepprocess(for simplicity, we usevi to standfor
vi

k andw j for v j
k � 1 ). Two new pointsare�rst determined

on every line segment,and then the secondnew point on
eachsuccessive line segmentis connectedwith the�rst new
point of the next segment.It can be shown that the points
generatedby repeatedlyapplyingChaikin's subdivision rule
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convergeto aquadraticB-splinecurve,andthusthelimiting
curve is �

1 (smooth)15.

v0 v1

v3v2

w0 w1

w4w5

w2

w3

w7

w6

w0 w1

w4w5

w2

w3

w7

w6

Figure1: A two stage representationof Chaikin's rule.

3.1. Chaikin' sLocal ReverseSubdivision

In a subdivision process,thevi areassumedto begivenand
thew j arecomputed.In a reversesubdivision process,how-
ever, to obtainlower resolutionsfrom the higherones,it is
assumedthat thew j aregivenandthevi areneeded.A pos-
siblesituationis depictedin Figure2, in which the formula
relatingw2i � 2, w2i � 1, andvi is solved for vi , asis the for-
mularelatingw2i , w2i � 1, andvi .

Fromthis, two candidates,Åv�i and Åvri , suggestthemselves
for replacingeachvi along the curve. It is clear that if all
w j local to vi comethrougha subdivision scheme,thenwe
would want to have Åv

�i
� Åvri

� vi . But, in generalandcom-
putationally, we can not expect that thesevaluescoincide.
However, it can be shown that if we let vi be the average

of thesetwo candidates,vi
� 1

2 �

Åv�i
� Åvri  

, thenvi will ap-

proximatebothcandidateslocally in theleastsquaressense.

The proof follows the outline we give in Sections5 and6,
respectively for 4-sidedand3-sidedsurfacemeshes.

vi

w2i ! 1

w2i � 2

w2i � 1

w2i

v̄"i

v̄r
i

Figure2: Asituationfor Chaikin'slocal reversesubdivision.

4. DooSubdivision

Doo subdivision is a “corner-cutting” method, presentedin
6, for therepresentationof threedimensionalsurfaces.In this
method,the shapesof the facesof the surfaceareassumed
to be arbitrary (consequently, if a faceis not triangular, it
may not be planar).It canbe shown that the Doo subdivi-
sion schemeis an extensionof Chaikin's method.To show
this, considerChaikin's methodin two stagesasshown in
Figure1.

In the �rst stage,contracteachline segmentof thepoly-
gon towardsits centerby a factora. For example,in Fig-
ure1, # v0

	 v1 $

is contractedinto # w0
	 w1 $

, wherew0
� ad �

# 1 � a
$

v0, d � v0 � v1
2 , andso on for the otherw points. In

thesecondstage,for thoseline segmentshaving beenjoined
togetherbeforethe subdivision, introducea new line seg-
mentby joining the correspondingendpointsof their con-
tractedline segments.Again in Figure1, the line segment

# w0
	 w1 $

is joined with # w2
	 w3 $

throughthe new line seg-
ment # w1

	 w2 $

. Themultiplying factora shouldbesochosen
that the limiting curve be �

1. For instancea � 1
2 leadsto a

�

1 curve.

For theDoosubdivision of surfaces,theoperationsabove
on theline segmentsof a polygonareextendedto the faces
of a polyhedron:thefacesarecontractedtowardstheir cen-
troids, and the contractedversionsof adjoining facesare
joinedby introducingadditionalnew faces.For example,in
Figure3 theoriginal surfaceis composedof thetwo adjoin-
ing facesf1 and f2. In the�rst stage,g1 andg2 areobtained
by the contractionof f1 and f2. In the next stage,g1 and
g2 are joined throughg3. To observe the effect on a three
dimensionalshape,seeFigure21,wherethreeDoo subdivi-
sionsareperformedona cube.
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f2

f1

g1

g2

Figure3: A simpleDoo subdivision.

To explainmorecompletely, assumethat # Fk 	 Vk
$

is asur-
faceof an arbitrary topologicaltype, being representedby
facesFk andverticesVk. Eachvertex v % Vk is identi�ed
by its coordinatesin spaceandeachfaceby thesequenceof
its associatedvertices.Let E bethesetof theexisting edges
in # Fk 	 Vk

$

. We explain how to identify a subdivided sur-
face # Fk � 1 	 Vk � 1

$

astheresultof anapplicationof theDoo
subdivision schemeon # Fk 	 Vk

$

. First, for eachfi % Fk in-
troducea new facegi % Fk � 1 by contraction,asin Figure3,
in thefollowing way: If fi

�

# v1
	

�����

	 vn
$

is thefacein orig-
inal faces,andgi

�

# w1
	

�����

	 wn
$

	 is thecontractedface,the
wµ comefrom contractingthevl with respectto thecentroid
d of fi asfollows (for any reasonable,systematicindexing
systemfor the f , g, v, andw):

&

wµ
�

# 1 � a
$

d � avl
d � 1

n # v1
� v2

�

�����

� vn
$

�

(5)

In (5), thevalueof a, 0 ' a ' 1,canbechosensothatthe
limiting surfacewill be �

1 (see6� 13, for example,thevalue
a � 1

2 impliesthis property).After this operation,thesetof
all wµ obtainedfrom thecontractionof all faces,forms the
new setVk � 1. Note thateachv % Vk correspondsto deg # v

$

(thedegreeof v; thatis, thenumberof facesjoinedatv) new
verticesintroducedin Vk � 1 (seeFigure4).

Thesetof new facesin Fk � 1 is composedof thefollowing
threetypes.

� Face-to-face:Thesetof new faces,gi , obtainedfrom Fk,
denotedby FF .

� Face-to-edge:If fi is joinedwith f j throughanedgee in
thegraph # Fk 	 Vk

$

, thenwe introducea facege joining gi
andg j in # Fk � 1 	 Vk � 1

$

(asg3 wasintroducedin Figure5,
for example)so thatgi is joinedwith ge andge is joined
with g j . Thus,for eachedgein # Fk 	 Vk

$

, not lying on the
boundary, a new faceis introducedin Fk � 1. We denote
thesefacesby FE.

� Face-to-vertex: For eachinternal vertex v in # Fk 	 Vk
$

, a
new facegv is introducedsothatit joinsthecorresponding
new verticesw j of v (as in Figure 5). We collect these
facesin FV .

f1 f2

f3 f4

g1 g2

g3 g4

v

wf wp

wdwg

Figure4: Conversionof v to wf , wp, wg, andwd.

Notes:It caneasilybeveri�ed that
� eachfacein FF hasthesamenumberof edgesastheface

from which it is contracted,
� eachfacein FE is rectangular(hasfour sides),and
� the numberof sidesfor eachfacein FV is equalto the

degreeof its correspondingvertex in Vk.

Determiningthesethreetypesof faces,thesubdivision is
complete.Therefore,we have

Fk � 1 � FF (

FE (

FV
�

5. Quadrilateral Faces

Weshow in Sections5 and6 anaverage-basedreversingpro-
cessfor two specialcasesof regular facestructures.There-
sult of theaveragereversingwill befoundto bethesameas
theresultof thelocal, leastsquaresreversingprocessin 1 for
thosefacestructures.In Section7, we extendthe average-
basedreversingfor any arrangementof facesin Doo subdi-
vision.

We establishin this sectionthat, for a geometryof adja-
centquadrilateralfaces,reversingDoosubdivisionby means
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wpwf

v

gv

wg wd

Figure5: gv, thefaceassociatedwith v.

of local averagingis equivalentto reversingthesubdivision
by a local leastsquaresestimate1 . In Section6 weestablish
thesamething for a geometryof adjacenttriangularfaces.

Considera regularportionof a rectangularmeshfor Doo
Subdivision asin Figure6.

w0 w1 w2 w3

w4 )*)+)

v1v0 v2

v7v6 v8

v4v3 v5

)+)*)

w15

Figure6: A regular, rectangularsetting.

Wehavenumberedthecoarseverticesvi from left to right
andtopto bottom.The�ne verticesw j comefrom DooSub-
division,andthey have beennumberedin thesameway. We
can expressDoo Subdivision locally by a matrix relation
W � PV with

W �-, w0
	 w1

	

�����

	 w15.

T

V �/, v0
	 v1

	

�����

	 v8
.

T

5.1. Elementsof P

ConsiderFigure7. Wehave:

v0 v1

v2 v3

w0 w1

w2 w3

d

Figure7: Contractionononerectangle.

d �

1
4

# v0
� v1

� v3
� v4 $

and,usinga � 1
2 (for simplicity – othervalueswill produce

thesimilar results):

w0
�

# 1 � a
$

v0
� ad �

1
2

v0
�

1
2

d

�

5
8

v0
�

1
8

v1
�

1
8

v3
�

1
8

v4

It caneasilybeveri�ed that:

w1
�

1
8

v0
�

5
8

v1
�

1
8

v3
�

1
8

v4

and shifted versionsof this relation hold for the other w.
Thus, the numbers5

8
	 1

8
	 1

8
	 1

8 repeatin eachrow of P and
their positionsrelateto indexing of coarseand�ne vertices.
Thatis, P is givenby

01

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

12

53 8 13 8 0 13 8 13 8 0 0 0 0

13 8 53 8 0 13 8 13 8 0 0 0 0

0 53 8 13 8 0 13 8 1 3 8 0 0 0

0 13 8 53 8 0 13 8 1 3 8 0 0 0

13 8 13 8 0 53 8 13 8 0 0 0 0

13 8 13 8 0 13 8 53 8 0 0 0 0

0 13 8 13 8 0 53 8 1 3 8 0 0 0

0 13 8 13 8 0 13 8 5 3 8 0 0 0

0 0 0 53 8 13 8 0 13 8 13 8 0

0 0 0 13 8 53 8 0 13 8 13 8 0

0 0 0 0 53 8 13 8 0 13 8 13 8

0 0 0 0 13 8 53 8 0 13 8 13 8

0 0 0 13 8 13 8 0 53 8 13 8 0

0 0 0 13 8 13 8 0 13 8 53 8 0

0 0 0 0 13 8 13 8 0 53 8 13 8

0 0 0 0 13 8 13 8 0 13 8 53 8

4 5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

6
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5.2. Local LeastSquaresReversing

To employ ourmethodin 1 wemustdeterminev4 from solv-
ing the local leastsquaresproblemgiven by PV � W. The
subdivision matrix P usually is a rectangularmatrix, and
consequently, it isn't invertible.Thepseudoinverseof P, de-
�ned by # PTP

$

� 1PT and denotedby P� , is a generaliza-
tion of inversematrix whenP is not invertible 9. We have
V � P� W, andthevectorv4 wouldcorrespondto extracting
the�fth row of V � P� W. Usingasymbolicalgebrasystem
to �nd thepseudoinverseof thematrix P just given,we �nd
thatthisproduces

v4
�

#

�

1
16 $

w0
�

#

�

1
16 $

w1
�

#

�

1
16 $

w2
�

#

�

1
16 $

w3
�

#

�

1
16 $

w4
�

#

7
16 $

w5
�

#

7
16 $

w6
�

#

�

1
16 $

w7
�

#

�

1
16 $

w8
�

#

7
16 $

w9
�

#

7
16 $

w10
�

#

�

1
16 $

w11
�

#

�

1
16 $

w12
�

#

�

1
16 $

w13
�

#

�

1
16 $

w14
�

#

�

1
16 $

w15

We canusea geometricinterpretationasin Figure8. Note
thatverticesw nearv4 have 7

16 ascoef�cient andverticesw
far from v4 have � 1

16 ascoef�cient. Thesumof all coef�-
cientsis unity.

7

1
16

7

1
16

7

1
16

7

1
16

7

1
16

7
16

7
16

7

1
16

7

1
16

7

1
16

v4

7

1
16

7

1
16

7

1
16

7

1
16

7
16

7
16

Figure8: Diagramof thelocal averaging.

5.3. AverageReversing

Considerusinganaveragingprocessto reversesubdivision
for that sameexample(Figure7). We proposethe reversal
processto be:

� Determinethecentroidsd1, d2, d3, d4 of facesg1, g2, g3,
g4 asin Figure9.

� Expandthe facesg1, g2, g3, g4 with respectto their cen-
troids.

� Determineall the candidatesof v4 (call them Åv5, Åv6, Åv9,
Åv10 correspondingto their associatedw vertices).

w0 w1 w2 w3

w4 w5 w6 w7

w8 w9 w10 w11

w12 w13 w14 w15

v4

g2g1

g3 g4

v̄10v̄9

v̄5 v̄6

Figure9: Theaveraging processfor rectangularfaces.

� Let v4 betheaverageof Åv5, Åv6, Åv9, Åv10.

Following this plan,we have:

� Centroids

d1
�

1
4

# w0
� w1

� w4
� w5 $

d2
�

1
4

# w2
� w3

� w6
� w7 $

d3
�

1
4

# w8
� w9

� w12
� w13 $

d4
�

1
4

# w10
� w11

� w14
� w15 $

� Expansion

Åv5
� 2w5

� d1
�

7
4

w5
�

1
4

# w0
� w1

� w4 $

Åv6
� 2w6

� d2
�

7
4

w6
�

1
4

# w2
� w3

� w7 $

Åv9
� 2w9

� d3
�

7
4

w9
�

1
4

# w8
� w12

� w13 $

Åv10
� 2w10

� d4
�

7
4

w10
�

1
4

# w11
� w14

� w15 $

� Average

v4
�

1
4

# Åv5
� Åv6

� Åv9
� Åv10 $

�

7
16

# w5
� w6

� w9
� w10 $

�

1
16

# w0
� w1

� w4
� w2

� w3
� w7

� w8
� w12

� w13
� w11

� w14
� w15 $

Theresultis exactly thesameasfrom thelocal leastsquares
approach.
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6. Triangular Faces

Consideraregularportionof atriangularmeshfor DooSub-
division asin Figure10.

v4v2

v3

v6v5

w3

w0 w1
w6

w5
w4 w8

w9 w10 w15 w16

w11
w13 w14

w17

w7

w2

w12

v0 v1

Figure10: Coarseand�ne verticesfor triangular faces.

v0 v1

v2

w0 w1

w2

d

Figure11: Contractionof a triangular face.

6.1. Elementsof P

ConsiderFigure11, if weusea � 1
2 again,wewill get

d �

1
3

# v0
� v1

� v2 $

w0
�

1
2

v0
�

1
2

d �

4
6

v0
�

1
6

v1
�

1
6

v2

It caneasilybeveri�ed that 4
6 , 1

6 , 1
6 appearin every rela-

tion, sothey occurin every row of P.

6.2. Local LeastSquaresReversing

P hastheform:
0

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1

1
2

23 3 13 6 0 13 6 0 0 0

13 6 23 3 0 13 6 0 0 0

13 6 13 6 0 23 3 0 0 0

23 3 0 13 6 13 6 0 0 0

13 6 0 23 3 13 6 0 0 0

13 6 0 13 6 23 3 0 0 0

0 23 3 0 13 6 13 6 0 0

0 13 6 0 23 3 13 6 0 0

0 13 6 0 13 6 23 3 0 0

0 0 23 3 13 6 0 13 6 0

0 0 13 6 23 3 0 13 6 0

0 0 13 6 13 6 0 23 3 0

0 0 0 23 3 0 13 6 1 3 6

0 0 0 13 6 0 23 3 1 3 6

0 0 0 13 6 0 13 6 2 3 3

0 0 0 23 3 13 6 0 1 3 6

0 0 0 13 6 23 3 0 1 3 6

0 0 0 13 6 13 6 0 2 3 3

4

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

5

6

Settingup the leastsquaressystemandextractingthe row
correspondingto v3 yields:

v3
�

5
18

# w2
� w5

� w7
� w10

� w12
� w15$

�

1
18

# w0
� w1

� w3
� w4

� w6
� w8

� w9
� w11

� w15
� w14

� w16
� w17$

v3
�

5
18

# nearvertices
$

�

1
18

# f arvertices
$

6.3. AverageReversing

If insteadweproposeareversalbaseduponaveragingto de-
terminev3, theprescriptionwould be:

� Centroids

d1
�

1
3

# w0
� w1

� w2 $

d2
�

1
3

# w3
� w4

� w5 $
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d3
�

1
3

# w6
� w7

� w8 $

(6)

d4
�

1
3

# w9
� w10

� w11 $

d5
�

1
3

# w12
� w13

� w14 $

d6
�

1
3

# w15
� w16

� w17 $

� Expansion

Åv2
� w2

� d1 Åv10
� 2w10

� d4
Åv5

� 2w5
� d2 Åv12

� 2w12
� d5

Åv7
� 2w7

� d3 Åv15
� 2w15

� d6

If we replacedi by (6) we will get

Åv2
� 2w2

�

1
3

# w0
� w1

� w2 $

�

5
3

w2
�

1
3

w0
�

1
3

w1

Åv5
�

5
3

w5
�

1
3

w3
�

1
3

w4

Åv7
�

5
3

w7
�

1
3

w6
�

1
3

w8

Åv10
�

5
3

w10
�

1
3

w9
�

1
3

w11

Åv12
�

5
3

w12
�

1
3

w13
�

1
3

w14

Åv15
�

5
3

w15
�

1
3

w16
�

1
3

w17

� Average

v3
�

1
6

# Åv2
� Åv5

� Åv7
� Åv10

� Åv12
� Åv15 $

v3
�

5
18

# w2
� w5

� w7
� w10

� w12
� w13$

�

1
18

# w0
� w1

� w3
� w4

� w6
� w8

� w9
� w11

� w13
� w14

� w16
� w17 $

This determinesv3 asexactly thesameastheresultof local
leastsquaresreversal.

7. ReverseDoo Subdivision for GeneralFaceGeometry

We develop themultiresolutionof surfaceshaving arbitrary
topologiesby presentingan ef�cient methodfor reversing
the Doo subdivision. We saw how to constructa �ner res-
olution # Fk � 1 	 Vk � 1

$

by an applicationof the Doo subdi-
vision to # Fk 	 V

$

. Fk � 1 is composedof threetypesof new
faces:face-to-face,face-to-edgeand face-to-vertex. To re-
versethe process,we assumethat # Fk � 1 	 Vk � 1

$

is at hand
andconsiderconstructinganappropriate# Fk 	 V

$

. We know
that eachfacein FF is supposedto be obtainedasa result
of thecontractionof a correspondingfacein Fk. Therefore,
with FF at hand,we canexpandthe faces,with respectto
their centroids,to their originalsin Fk. But, in general,it is
not mandatorythat # Fk � 1 	 Vk � 1

$

be obtaineddirectly asa
resultof a subdivision. To bemoreprecise,we mayassume
thatthecoordinatesof theverticesin Vk � 1, for somereasons

(for instance,computationally),arenotexactly thosearrived
at by a subdivision.Sowe expectthatthefacesobtainedby
the expansionmay not join exactly. For an illustration,see
Figuress12 and13. These�gures suggestthe approachto
be taken. A subsetof the Fk � 1 are to be identi�ed as FF
faces,andeachmemberof thesubsetis to beexpandedwith
respectto its centroidin orderto provide thesetFk of faces
for thecoarsesurface.

g1

g2

f1

f2

wp

wf

Figure12: Doo's subdivisionin a simple�gure.

Figure 12 shows a simple surfacealong with its corre-
spondingsubdivision in which g1 andg2 arethecontraction
of f1 and f2 respectively, verticeswp and wf eachcorre-
spondto v. In Figure13, theup �gure is assumedto beof a
higherresolution,whichmaypossessinaccuracies,while the
down �gure is thesituationbeingencounteredafteranappli-
cationof a reversesubdivision. We seethat two candidates
Åvp andÅvf , areintroducedto beplacedfor v. Thissituationis
similar to theonedepictedin Figure2, theresultof areverse
Chaikin's subdivision. Thus,in general,for eachv % V, we
mayexpectseveralcandidates(i.e.,thenumberof facesto be
joinedat v) to ariseafteranexpansionof thecorresponding
facesin FF . As in our reverseChaikin'ssubdivisionmethod,
andassuggestedby thediscussionsin Sections5 and6, we
let thevertex besetto theaverageof its candidates.

Consideringtheabove,weoutlinethefollowing stagesfor
carryingouta reverseDoosubdivision process:

� Identify facesFF in Fk � 1.
� Expandthefacesin FF .
� Determineall the candidatesfor eachpotentialvertex in

Vk.
� Determinethecoordinatesof all verticesin Vk.
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g1

g2
wp

wf

f1

f2

v̄f

v̄p

Figure 13: Disconnectionof facesresultingfromexpansion
of FF .

We emphasizethat # Fk � 1 	 Vk � 1
$

musthave the subdivi-
sionconnectivity property, which means# Fk � 1 	 Vk � 1

$

must
qualify as a graph obtainableby a subdivision (seeFig-
ure14) . We notethat theexactsubdivision mayfollow the
subdivisionpathasin theFigure,but thegraph # Fk � 1 	 Vk � 1

$

at handmustbeat leastanedited(or computed)versionof
theactualsubdividedgraph # Fk � 1

	 Vk � 1
$

sothatthereverse
subdivision pathmaybefollowed.

reversesubdivision

subdivision8

Fk 9 Vk :

;

F
k

9 V
k <

8

Fk ! 1 9 Vk ! 1 :

;

F
k ! 1

9 V
k ! 1 <

editing

Figure14: Thechangein coordinatesof theverticesthrough
subdivisions.

Therefore,althoughtherearenorestrictionson thevalues
of thecoordinatesof theverticesin Vk � 1; nevertheless,the
facesin Fk � 1 arerequiredto bearranged( in regardto adja-
cencies) sothatthey canbegeneratedby aDoosubdivision
of a hypotheticalsurface.This requirementof subdivision
connectivity canbejusti�ed by mostpracticalapplications.

7.1. Identifying FacesFF in Fk � 1

Weknow that

Fk � 1 � FF (

FV (

FE
�

Wealsoknow that,in thesubdivisionprocessfor converting
Fk to Fk � 1, FF is obtainedat the �rst stepandin the next
steps,FE andFV will be obtainedconsequently. Therefore,
wecanputthesetypesof facesinto Fk � 1 with thesameorder
thatareobtained,permittingusto write:

Fk � 1 �

# FF
	 FE

	 FV
$

As theresultof this, the �rst faceof Fk � 1 will certainlybe
in FF . Therefore,we couldusethis factfor thereversalpro-
cessin convertingFk � 1 to Fk. Wecouldadditionallyuseany
specialinformationwe might have regardingFF andFE in
Fk � 1. But, to bemoreef�cient andmoregeneral,wepresent
a methodwhich requirestheknowledgeof only onefacein
FF and�nds therestby a linearsearch.

Let g % FF . We wish to identify the remainingelements
of FF from theonesin Fk � 1. We noticethat if thereexistsa
rectangularfaceg̃i % FE betweeng andsomefacegi , thengi
belongsto FF . WeuseFigure15,asanexample,to makeour
points.We observe thatthefaceg̃1 is locatedbetweenfaces
g andg1, meaningthatg̃1 hasacommonedgewith g andan-
othercommonedgewith g1, but g andg1 have no common
edgeor vertex. Thus,g1 belongsto FF aswell (in fact,g and
g1 weretwo adjacentfacesof thesurfacebeforethesubdi-
vision,andthefaceg̃1 is producedafterthesubdivision due
to theexistenceof a commonedgebetweeng andg1). The
sameobservation appliesto g2, g3, andg4. Therefore,g̃1,
g̃2, g̃3, andg̃4 arefacesof the face-to-edgetype belonging
to FE.

g3

g̃3

g4 g̃4 g

g̃1

g1

g̃2 g2

Figure15: Thefacesof Fk � 1.

With theseconsiderations,we interpret the problem of
�nding theelementsof FF asa graphtraversal.We �rst de-
�ne graphGF asfollows. Theverticesof GF correspondto
the facesFF (with the �rst faceto startwith, as the root),
andthe edgescorrespondto the facesin FE. For example,
Figure16 shows thecorrespondinggraphGF for Figure15
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=?>

@?A

=?>

@?A

=?>

@?A

=B>

@BA

=B>

@BA

g

g1

g3

g2g4

g̃1

g̃3

g̃2g̃4

Figure16: Thegraphassociatedwith Fk � 1.

Figure17: Thegraphassociatedwith Fk � 1 A surfaceexam-
pleandits GF graph.

andin Figure17shows a surfaceandits GF Graph. We can
seethat thecostfor �nding the facesFF correspondsto the
costfor performinga breadth(or a depth)�rst searchof the
verticesof GF .

Themainoperationsfor thetraversalisof O # ne
$

, wherene
is thenumberof edgesin GF . Consideringthatthenumberof
edgesin GF equalsthenumberof facesin FE, andknowing
that C

FE

CED-C

Fk � 1

CED-C

Vk � 1

C

	

we realize ne

DFC

Vk � 1

C

. We concludethat the proposed
traversalcost is only linearly dependenton the numberof
verticesof theexisting surface.Therefore,thecostfor �nd-
ing FF is linearin thedata.

7.2. Expansionof the FacesFF

To constructFk, we needto expandthe facesin FF with
respectto their centroids(reversingthecontractionprocess
(5)). We usethefollowing notations:

� g for a facein FF having somem sides.
� w1

	

�����

	 wm for theverticesof thefaceg.
� d for thecentroidof g.
� f for thefaceobtainedaftertheexpansionof g.
� Åv1

	

�����

	 Åvm for verticesof thefacef .

eG

e

w1 w3

w2 w4

g g̃i gi

Figure18: Adjacencyof g, g̃i andgi .

� a for thecontractionfactorin Doosubdivision (for exam-
plea � 1

2 is suitable)

Wenotethattheexpansionfactorfor g equals1
a . With these

notations,we observe:
� Thecentroidsof f andg coincide,i.e.,d is thecentroidof

both.
� Thefollowing relationshold for theverticesof f andg:

Åvi
�

1
a

wi
�

1 � a
a

d i � 1 	 2 	

�����

	 m
�

(7)

Therefore,having g andusing(7), wecandeterminethever-
ticesof thefacef .

7.3. Determining the Candidatesfor the Verticesin Vk

Supposethat the facesg andgi areadjoinedby the faceg̃i
(asin Figure18).Then,thereexist someedgese �

# w1
	 w2 $

commonto g andg̃i , andeG

�

# w3
	 w4 $

commonto gi andg̃i .
After the expansionof g andgi , the pair of verticesÅv3 and
Åv1, andÅv4 andÅv2 arepresumedto coincide.As explainedbe-
fore, this is morelikely not to occur. Thus, Åv3 and Åv1 serve
as two candidatesfor onevertex in Vk, and Åv4 and Åv2 for
another. We show, by properly examining thesesituations
during the processof �nding facesin FF (or traversingthe
verticesof GF ), how to identify the variouscandidatesfor
eachvertex in Vk. We constructanothergraphGC whose
verticesarethesameastheonesin Vk � 1. In every phaseof
the traversalof GF , we addtwo edgesto GC. For instance,
if Åv1 and Åv3 are two candidatesfor a vertex and Åv2 and Åv4
are two candidatesfor anothervertex, thenwe includethe
respective edges# Åv1

	 Åv3 $

and # Åv2
	 Åv4 $

in GC. After thecom-
pletion of the traversalof GF , the graphGC is completely
de�ned. Figure19 shows a surface # Fk � 1 	 Vk � 1

$

on the up
andits correspondinggraphGC on thedown. Now, it is ob-
servedthattheverticesof a connectedcomponentin GC are
thecandidatesto be replacedby a singlevertex v % V. The
connectedcomponentsof agraphmaybefoundby abreadth
�rst searchalso.So,theoperationalcostis O # ne

$

, wherene
is thenumberof edgesin GC

2.

Wenotethatin everyphaseof thetraversalof thenodesof
GF , anassociationof two facesin FF areestablishedthrough
a facein FE (seeFigure18,for anexample).Thus,for every
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facein FE, therecorrespondstwo edgesin GC. Hence,ne, the
numberof edgesin GC, is twice thenumberof face-to-edge
facesFE. Therefore,we have

ne
� 2

C

FE

CHD

2

C

Vk � 1

C

�

In other words, the main operationalcost for determining
the connectedcomponentsof GC is linear, with respectto

C

Vk � 1

C

.

* *

* *

Figure 19: Thesurface # Fk � 1 	 Vk � 1
$

aboveandtheassoci-
atedgraphGC below.

7.4. Determining the VerticesVk

Wesaw thatall theverticesof Vk � 1 belongingto aconnected
componentin GC mustbereplacedby a vertex v % V. Sup-
posew1

	 w2
	

�����

	 w
�

arethe verticesin a connectedcompo-
nent,and Åv1

	 Åv2
	

�����

	 Åv
�

are the correspondingverticesafter
expansion.If thesurface # Fk � 1 	 Vk � 1

$

wereobtainedfrom a
Doosubdivision, thenwe wouldexpectthat

v1
� v2

�

�����

� v
�

�

But, in practice,the vi arenot equal(Figure20 shows a
simplesituationin whichv1

	 v2
	 v3

	 andv4 areto bereplaced
by a vertex). If we let v betheaverageof v1

	 v2
	

�����

	 v
�

, then
thelocalerrorin v is minimizedin theleastsquaressensein
certaincases,aswe have shown. So,we let

v �

1I
# v1

� v2
�

�����

� v
�

$

�

(8)

Repeatingtheabovefor all theconnectedcomponentsof GC,
we determineall theverticesin Vk. We remarkthat theset-
ting (8) for all theverticesin Vk doesnot necessarilyimply
anoptimalglobalsetting(i.e.,doesnotproducealeastglobal

v̄1 v̄2

g2g1

g3g4

w3
w4

v̄3
v̄4

w2w1

Figure20: A simpleexampleof disconnectionof thevi .

error),but nevertheless,is ef�ciently practical.In any case,
thereis no known practicalapproachfor anef�cient (linear
operationalcost)in theglobalsetting14

We now presentseveral examplesillustrating the effec-
tivenessof our approach.In Figure 21, the result of three
successive Doo subdivisionsareshown for the cubein the
top. In Figure22,someverticesfrom the�ne surfaceon the
far down of Figure21 is selectedandmoved,andthreelev-
els of the reverseDoo subdivisions areshown resultingin
theoriginal surface,a cube.(Themultiresolutionimplicit in
Figure22would,of course,includethesmallpeakappearing
in themost�nely subdividedsurfaceaspartof theerrorrep-
resentation;thatis, in thewaveletportionof themultiresolu-
tion.)Figures23and24show thesameprocessesfor another
surface.

Figure27showstheapplicationof Doosubdivisiononthe
third surfaceof theFigure22. Figures28 and29 show two
otherpracticalexamplesof thereversingprocess.

8. Err or Representation

We wish to computeandstorethe local errorof (8) so that
the reconstructionof # Fk � 1 	 Vk � 1

$

is madepossible.Obvi-
ously, if we canreconstructthepoints Åvi , thenwe caneasily
reconstructthewi (equation(7)). We notethatthefollowing
systemof equationsis nonsingular:

�

1 Q �




v
e �

�

�

Åv � (9)

where1 is a columnof length
I

, all of whoseentriesare1,
whereÅv is the

I

-lengthcolumnvectorof the Åvi , wheree is
a columnvectorof length #

I

� 1
$

, and,whereQ is a matrix
of size

I

�J#

I

� 1
$

whosecolumnsform a basisfor thenull
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Figure21: Threestepsof Doosubdivisionona cube.

spaceof 1 – thefollowing choiceis quiteeffective:

Q �

KL

L

L

L

L

L

LM

1 0
�����

0
� 1 1

�����

0
0 � 1

�����

0
...

...
�����

...
0 0

�����

1
0 0

�����

� 1

N O

O

O

O

O

O

O

P

(10)

It may be veri�ed that the �rst row of the inverseof the
matrix in equation(10) is , 1

�

	

�����

	 1

�

.

, so the appearanceof
v asthe top elementof the “solution vector” of the system
is consistentwith our de�nition of it elsewhereastheaver-
ageof the Åvi . By this means,thevertices # Åv1

	 Åv2
	

�����

	 Åv
�

$

are
turnedinto thevertex v alongwith theerror representedby

# e1
	 e2

	

�����

	 e
�

� 1 $

. Theseerror elementsmay be interpreted
as the local wavelet coef�cients. We are never concerned

Figure 22: Reverse Doo subdivisionafter the change of
somevertex coordinates.

with the wavelet functionsassuch;they are implicitly de-
�ned by thematrixQ, justastheircorrespondingscalefunc-
tionsarede�ned implicitly by thesubdivision P.

We can produce the original �ne # Fk � 1 	 Vk � 1
$

com-
pletely. Figures25and26show thecompletereconstruction
of thesurfacesin Figures22 and24 usingtheerrorcompo-
nents.

9. Concluding Remarks

We presentedanef�cient (lineartime) reverseDoo subdivi-
sionapproach,obtainingamultiresolutionmethodfor repre-
sentingsurfaceshaving arbitrarytopologies.To decompose
a �ne surfaceinto a coarseone,we showedhow to �nd the
facesof thecoarsesurface,from amongthefacesof the�ne
surface,by a breadth�rst searchof a graph.Then we ex-
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14 Samavati,Mahdavi-Amiri,andBartels/ ReverseDooSubdivision

Figure23: Doosubdivision.

pandedthesefacesandobtainedcandidatesfor thevertices.
Finally, we seteachvertex of thecoarsesurfaceto theaver-
ageof its correspondingcandidates.We provedthat this re-
sultedin a local leastsquareserror, at leastfor common,reg-
ulargeometries.Wealsopresentedaconvenientbasismatrix
to computethewaveletcoef�cients, beingutilizedfor there-
constructionprocess.We presentedseveral examplesillus-
tratingtheeffectivenessandpracticalityof ourapproach.
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Figure27: ApplyingDoosubdivision,but withoutaddingtheerror information,to theresultsof reversal.

Figure 28: Dolphin, from left to right: initial coarse model,�ne modelafter applyingDoo subdivision,new �ne modelby
editingtheDolphin's tail, andtheeditedversionreversed.

Figure 29: Bart Simpson,from left to right, initial coarsemodel,after one level of Doo subdivision,and after one level of
reversing. There is nodifferencebetweentheoriginal andthis one.
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