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Abstract

We have shownhow to constructmultiresolutionstructues for reversing subdivisionrules using global least
squaes models?®. As a result, semiorthgonal waveletsystemsavealso beengeneated. To constructa mul-
tiresolutionsurfaceof an arbitrary topolagy, howerer, biorthagonalwaveletsare neededIn  weintroducedocal
leastsquaes modelsfor reversing subdivisionrulesto constructmultiresolutioncurvesand tensorproductsur-
facesnoticingthattheresultingwaveletsvere biorthogonal (underaninducedinner product).Here, weconstruct
multiresolutionsurfacesof arbitrary topolagiesby locally reversing the Doo subdivisionscheme In a Doo sub-
division, a coarsesurfaceis corvertedinto a ne oneby the contraction of coarsefacesandthe addition of new
adjoiningfaces We proposea novel reversingprocesgo converta ne surfaceinto a coarseoneplusanerror. The
corversionhasthe propertythatthesubdivisiorof theresultingcoarsesurfaceis locally closesto theoriginal ne
surface in theleastsquaessensefor two importantfacegeometriesin this processwe r st nd thosefacesof
the ne surfacewhich mighthavebeenproducedby the contractionof a coarsefacein a Doo subdivisionscheme
Then,we expandthesefaces.Sincethe expandedfacesare not necessarilyjoined properly several candidates
are usuallyat handfor a singlevertex of the coarse surface To identify the setof candidatesorrespondingo a
vertex, we constructa graphin sud a waythat any setof candidatesorrespondgo a connecteccomponentThe
connecteccomponentgan easilybe identi ed by a depth r st search traversal of the graph. Finally, verticesof
the coarsesurfaceare setto be the average of their correspondingandidatesandthis is shownto be equivalent
to local leastsquaesappoximationfor regular arrangementof triangular and quadrilateral faces.

Keywords: Multiresolution;Doo Subdivision;SurfacesB-splines;Data Fitting.

1. Intr oduction

Theobjective of amultiresolutiontechniques to obtainrep-
resentation®f cunes, imagesand surfacesas a hierarchy
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of successiely ner approximationsn suchaway thatone
caneasilychangeoneapproximatiorto anotherTo achieve
this, it is necessaryto have an appropriatereverseproce-
dure,transforminga given ne (or high) resolutionmodel
to a coarse(or low) one. To do this ef ciently, we needa
corvenientwayto storeinformationaboutapproximatiorer-
rors compactly This errorinformationis usuallyaccounted
for by a linear combinationof functions namedwavelets
Theproces®of transformingheapproximatenighresolution
of the modelto its correspondingpproximatdow resolu-
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tion, alongwith the determinatiorof the coefcients of the
waveletsis termeddecompositionThe reconstructiorpro-
cessof obtainingthe ne (high resolution)modelfrom its
correspondingoarse(low resolution)one andits errorin-
formationis namedreconstruction

Findingmultiresolutionf surfaceswith arbitrarytopolo-
giesis a well known problemhaving various applications
in computergraphicst4. Here,we intendto presenta novel
methodfor solving this problemby extendingthe ideasof
reversesubdvision schemesntroducedin 1, andreversing
the Doo subdvision rule, which is a commonsubdvision
procedurdor surfacesof arbitrarytopologicaltype.

Subdvision methods are quite useful for generating
cunesandsurfacesin computergraphics.Thereareseveral
efcient varietiesof subdvision that canbe usedfor com-
plex surfacesof arbitrarytopology3 6 7 11 19, A ne approx-
imation of the modelis obtainedby successiely subdvid-
ing the verticesof a coarseapproximation.This procesds
achiered by linearoperationspachsubdvision couldbein-
terpretedasa matrix transformatiorappliedto the vertices.
Thatis, if VK arethe verticesat the kth stage,andvk lis
obtainedby a subdvision oka, then

vkl phyk )

wherevKis an r-vectorVk lis ans-vector(s r), ande,

s r,isthesubdivisionmatrix PX depend®nk. In subdvi-

sion scheme®achpoint of vk 1 dependsipononly a few

points of V¥ that are situatedin geometricproximity, and
this implies that PKis sparse Under the arrangementhat
the pointsof the vectorsareorderedaccordingto geometric
proximity (trivially donefor curvesbut anopenproblemfor

arbitrarysurfaces),Pk will beabandedmatrix. For the sim-
ple subdvision of curves,the bandedform of PX is onein

which eachcolumnis a shiftedversionof the previous one
(exceptfor afew initial and nal columns)henceijt is easy
to generate.

In multiresolutionV¥ 1is usuallyathandasahighreso-
lution approximatiorfor amodel,andit becomesecessary
to decompos&/k 1 to VX, alow resolutionapproximation,
andEX, the coefcients of the wavelets.In generaljt is not
mandatoryhatvk ! have beerobtainedasaresultof asub-
division. For anef cient handlingof themodels thefollow-
ing propertiesaredesired!s 14 17

vKis agoodapproximation‘orVk 1
Thestoragaequiremenfor storingvk andEK is notmore
thanthatof V¥ 1.

Thetime requiredto decomposég/k Linto VK andEX is
linearly dependentns.

Thetime requiredto reconstrucv® * from VK andEK is
linearly dependentns.

Theprocessesf decompositiomndreconstructiorareall

linear operationsthey canbe representedby the following
relations:

Qt E \ét @
Kook VK k1
Pt Q gk V 3)
where
Aopog L0 @

Thereforejf therearecorvenientrepresentationfor Qk, Pk,
BK andAX, thenthe operationsf decompositior(2) andre-
construction(3) caneasilybe carriedout. In practice,such
speci cationsas bandedneséwith a small bandwidth) of
thematricesandsimplicity of thecomponentsrenotalways
obtainable Suchmatricespresentedn 16 areobtainedby a
reversesubdvision schemehat males useof leastsquares
tting. The approachin 16 doesnot make use of A and
BK directly, sincethesematricesare usually be expectedto
be full for leastsquaresFurthermorejn solving the least
squaresproblemfor multiresolutionof surfaceshaving ar
bitrary topologies(nontensormproductforms),we encounter
matriceswith mary nonzerognot necessariljpanded)and
thusthework of decompositiorandreconstructiormay not
belinearin thedata.

Equationq?2) and(3) appeaiin theliteratureon wavelets.
Pk embodiesthe representatiorof basisfunctions (scale
functiong for a space K'in termsof basisfunctionsfor a
containingspace k1 Qk givesa correspondingepresen-
tationfor basisfunctions(wavelet$ for Kin terms
of thebasisfor K 1. AK andB* provide correspondingx-
pressiongor thedualbasesf thedualspaces ¥ and " 1.
Equation(4) de nes the primal/dual,scale/vavelet system
asbiorthagonal TheVK andvX 1 representoefcients of
the bestapproximationsof somefunction f  in termsof
functionsf¥in XandfX Yin ¥ 1, respectiely. In thege-
ometricsetting,however, theVK andvk 1 arethemselesof
primaryinterestaspointsin n-dimensionaEuclidianspace.
Weneitherknow norcareaboutthespaces kKor Kk 1, about
baseson them, functionsin them, or best-approximation
normsover them. Our attentionis x ed on the Euclidian
space®f thepointsC andtheleast-squaresormin thesim-
ple geometryof thosespaces.

In 1, we have proposedlocal reversesubdvision process
to obtainbanded\* andB for tensomproductcurvesandsur
faces.Most importantly the bandednessef all the matrices
A BK PK andQK is equivalentto thelocal characteof the
decompositiorandreconstructiorprocessesEvery point of
VK depend®nonly acombinationof somesmallnumberof
nearbypointsof VX 1. Everywaveletcoefcient EK is like-
wise sucha combination andevery point of VK Lisacom-
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binationof nearbypointsin V¥ and associatedtoefcients
EX. The decompositiorcan be carriedout by appealingto
theselocal combinationsand the underlyingmatricescan
beignored.

In this paperwe describea processo handlesurfacesof
arbitrarytopologiesOurprocesswill usePX implicitly in the
form of thelocal operationf the Doo subdvision scheme.
Theelementof VX will be providedby alocal averagepro-
cessthat implicitly de nes A, B will alsobe implicit in
operationghatcomputethe EX from differencesetweerel-
ementsof VK 1 andvk, Finally, Qk will have suchasimple
regularformthatit canalsobehandledaslocal operation®n
thedata.Thus,noneof thematricesin equationg2) through
(4) will have to bedealtwith explicitly.

2. RelatedWorks

In this paper we constructmultiresolutionsurfacesof arbi-
trary topology We do this work on surfacesthat have the
connectiity thatmayresultfrom Doo subdvision, although
we male no demandthat the verticesof the surfacemesh
actuallycomefrom sucha subdvision. They canhave been
measuredrom anobjectusingsome3D picking device, for

example.

The generalviewpoint of our work is closeto the view-
pointof Lounsberyetal. 14, We supposéhereis a sequence
of meshesvi® M! MK andthatthe elementof each
provide differentapproximationsof a limit surfaceS. This
sequencef meshess to be createdby a subdvision rule,
possiblywith someerrorateachstagen eachvertex thatwe
arepreparedo recordseparatelyThetopologyof S andall
MK for k 1, is inheritedfrom M?; andtherefore all MK
and S have the sametopology But MO canhave ary topol-
ogy, suchasan arbitrarygenus,andary kind of continuity
andconnectiity. Thisgeneralityis considerablebut thereis
arestriction:the meshconnectionsndadjacenciein M’ 1
mustbe obtainablefrom subdiiding M!. This conditionis
calledsubdivisionconnectivity andit restrictsthe meshad-
jacengy structurehowever, it doesnt restrictthe positionof
theverticesin mesh.

A multiresolutionsurfaceassociatedvith this sequence
of meshesaswe wish to constructit, will startwith some
meshM¥ 1 that approximates surfaceS. We assumethat
M¥ 1 hassubdiision connectiity consistentvith Doo sub-
division, but we do not assumethat M 1 was produced
by Doo subdvision or that S is the limit we would ob-
tain if we apply Doo subdvision to MK Lin nitely often.
We wishto nd a surfaceMK suchthat applying Doo sub-
division to M¥ will produceM® ! within an error EX 1:
Doo: MK  MX 1 EK 1 wewishto constructM¥ sothat
EX 1 s small,andsothatthe storagerequiredfor MK and
EX 1 togetheris essentiallythe sameas that required by
MK 1. Themultiresolutionsurfaceto beconstructedonsists
of MCELE?2  EX ! formedby repeatinghis process.

submittedto COMPUTERGRAPHICSForum(11/2001).

In 14 multiresolutionof a surfaceof generaltopologyis
obtainedby presentinga new classof subdvision wavelets.
By contrastwe develop multiresolutionof suchsurfacesby
reversingsubdvision aswasdiscussedh 16 and? for curves
andtensofproductsurfaces.This contrastis similar to that
betweertraditionalmethodf re ning B-splineandBezier
modelsand the subdvision methodsbasedupon B-spline
andBezierrecursionln subdisionmethodslinearandlocal
re nementoperationsarecarriedout on the control vertices
of a meshinsteadof applying recursionsto sumsof basis
functions.Althoughthe basisfunctions(scalefunctionsand
wavelet} don't appeardirectly in the subdvision process,
they have in uence on the subdvision structure.The same
view canbetakenof our methodwith respecto the method
of 14, We constructthe decompositiorof a modelby using
linearandlocal operationsvithoutthedirectuseof scaleand
waveletfunctions,althoughthey do exist in the background
of our construction.

A distinction shouldbe madeherebetweenmultiresolu-
tion meshesand progressivemeshesalthoughthe distinc-
tion is oneof degreeandnotof kind. Most progressie mesh
methodsare basedon edge,half edgeand vertex pair col-
lapsing® 10 12 andsincethey simplify ameshoneedgeata
time, thereis a minimal differencebetweentwo successie
meshesM! andM! 1, often only a diferencein a couple
of vertices.In contrastthe differencebetweentwo succes-
sive meshesn amultiresolutiorwill usuallyinvolveall, ora
large numbey of thefacesandvertices It is notunusuakhat
thenumberof verticesandfacesn M! will beonly afraction
of the numberin M1 L. Progressie mesheswork locally,
while multiresolutiontechniqueswvork globally, or at least
over largeregionsof ameshatonce.In thisregard,progres-
sive meshtechniquesanbe usedmorereadily at locations
wherea meshhasunusuafeatures'®, while multiresolution
and subdvision modelshave beenexplored more often to
achiere multilevel editing© 19 aswell asthecompressiomf
geometryandassociatedurfaceattributessuchascolor4 19,
Progressie modelsdo not have the requiremenbf subdvi-
sion connectyity, but this requirementasnot provedto be
arestrictive conditionin modeling.

3. Chaikin' s Subdivision

SinceDoo subdvision maybeexplainedasChaikin's subdi-
vision rule for curvesextendedto surfaceswe rst explain
geometricallyhow to determinethe Chaikin local reverse
subdvisionrule.

Chaikin's subdvision is a “cornercutting” stratgy rst
presentedn °. Figure 1 shavs one stepof this subdvision
asatwo-stepprocesgfor simplicity, we usey; to standfor
vik andw; for vik 1). Two new pointsare rst determined
on every line sggment, and then the secondnew point on
eachsuccessie line sggmentis connectedvith the rst new
point of the next segment.It canbe shavn that the points
generatedy repeatedhyapplyingChaikin's subdvision rule
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corvergeto aquadraticdB-splinecurve, andthusthelimiting
cuneis *(smooth)Ls.

Vo Vi
V2 V3
Wo W1
*—

W7 W2
We I IWs
*—=0
Wg Wy
Wo W1
W7 W2
We W3
Wsg Way

Figure 1: Atwo stage representatiorof Chaikin's rule.

3.1. Chaikin' sLocal ReverseSubdivision

In a subdvision processthev; areassumedo be givenand
thew; arecomputedIn areversesubdvision processhow-
ever, to obtainlower resolutionsfrom the higherones,it is
assumedhatthew; aregivenandthev; areneededA pos-
sible situationis depictedin Figure2, in which the formula
relatingwy; 2, Wy 1, andy; is solved for v;, asis the for-
mularelatingws;j, Wy 1, andv;.

Fromthis, two candidatesA and A&, suggesthemseles
for replacingeachv; alongthe cune. It is clearthatif all
w;j localto v; comethrougha subdiision schemethenwe
wouldwantto have & A& vi. But, in generalandcom-
putationally we can not expectthat thesevaluescoincide.
However, it canbe shavn thatif we let v; be the average

of thesetwo candidatesy; 5 A A , thenv; will ap-

proximateboth candidategocally in theleastsquaresense.

The proof follows the outline we give in Sections5 and6,
respectiely for 4-sidedand3-sidedsurfacemeshes.

_ Vi
Vi .
.Qv'{

Woi

Wi

Wi
Woi 1

Figure2: Asituationfor Chaikin'slocal reversesubdivision.

4. Doo Subdivision

Doo subdvision is a “cornercutting” method, presentedn
6, for therepresentationf threedimensionakurfacesIn this
method,the shapef the facesof the surfaceareassumed
to be arbitrary (consequentlyif a faceis not triangular it
may not be planar).It canbe shavn that the Doo subdvi-
sion schemds an extensionof Chaikin's method.To shav
this, considerChaikin's methodin two stagesas shawn in
Figurel.

In the rst stagecontracteachline sggmentof the poly-
gon towardsits centerby a factora. For example,in Fig-
urel, vg v1 iscontractednto wp wq , wherewy ad

1 avpd ;% andsoon for the otherw points.In
thesecondstagefor thoseline segmentshaving beenjoined
togetherbeforethe subdvision, introducea new line seg-
mentby joining the correspondingnd points of their con-
tractedline sggments.Again in Figure 1, the line sggment

wo W1 is joinedwith w, wz throughthe new line seg-
ment wy; Wy . Themultiplying factora shouldbesochosen
thatthe limiting curve be ! Forinstancea % leadsto a

Leune.

For the Doo subdvision of surfacesthe operationabore
on theline sggmentsof a polygonareextendedto the faces
of a polyhedronthefacesare contractedowardstheir cen-
troids and the contractedversionsof adjoining facesare
joined by introducingadditionalnew faces For example,in
Figure3 theoriginal surfaceis composeaf thetwo adjoin-
ing facesf; andf,. In the rst stageg; andg, areobtained
by the contractionof f; and f,. In the next stage,g; and
g2 arejoined throughgs. To obsere the effect on a three
dimensionakhapeseeFigure21, wherethreeDoo subdvi-
sionsareperformedonacube.
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fa

f

Figure 3: A simpleDoo subdivision.

To explain morecompletelyassumehat FX VK isasur
faceof an arbitrarytopologicaltype, being representedby
facesFX andverticesV¥. Eachvertex v VX is identi ed
by its coordinatesn spaceandeachfaceby the sequencef
its associatedertices.Let E bethesetof theexisting edges
in FKVX . we explain how to identify a subdvided sur
face FK 1 vk 1 astheresultof anapplicationof the Doo
subdvision schemeon FK VX . First, for eachf; FKin-
troducea new faceg; Fk 1 by contractionasin Figure3,
in thefollowing way: If fi vy Vn isthefacein orig-
inal facesandg;, wp wn is thecontractedace,the
wy comefrom contractinghev, with respecto thecentroid
d of f; asfollows (for ary reasonablesystematidndexing
systentor the f, g, v, andw):

wy 1 ad ay
d fvi w» Vi ®)
In (5),thevalueofa,0 a 1,canbechosersothatthe
limiting surfacewill be * (see® 13, for example,the value
a % impliesthis property).After this operationthe setof
all wy, obtainedfrom the contractionof all faces formsthe
nev setvk 1. Notethateachv VX correspondso deg v
(thedareeof v; thatis, thenumberof facegoinedatv) new
verticesintroducedn V¥ 1 (seeFigured).

Thesetof new facesn FX 1is composedaf thefollowing
threetypes.

Face-to-fice:The setof new facesgj, obtainedfrom FK,
denotedby Fr.

Face-to-edgelf fj is joinedwith f; throughanedgeein
thegraph Flovk , thenwe introducea facege joining g;
andgjin FX 1 vk 1 (asgs wasintroducedn Figures,
for example)sothatg; is joined with ge andge is joined
with gj. Thus,for eachedgein FX VX not lying onthe
boundary a new faceis introducedin Fk 1. We denote
thesefaceshy Fe.

Face-to-ertex: For eachinternalvertex vin FX V¥ | a
new facegy is introducedsothatit joinsthecorresponding
new verticesw;j of v (asin Figure 5). We collect these
facesn Fy.

submittedto COMPUTERGRAPHICSForum(11/2001).

f fa
v
fa fa
O1 o2
Wf Wp
Wg Wd
03 O4

Figure 4: Conversionof v to wg , Wp, Wg, andwy.

Notes: It caneasilybeveri ed that

eachfacein Fr hasthe samenumberof edgesastheface
from whichit is contracted,

eachfacein Fg is rectangulahasfour sides),and

the numberof sidesfor eachfacein F, is equalto the
degreeof its correspondingertex in vk,

Determiningthesethreetypesof facesthe subdvision is
complete Therefore we have

F*lD R R R

5. Quadrilateral Faces

Weshaw in Sections$ and6 anaverage-basenversingpro-

cesdfor two specialcasef regularfacestructuresThere-

sultof the averagereversingwill befoundto bethe sameas
theresultof thelocal, leastsquareseversingprocessn 1 for

thosefacestructuresin Section7, we extendthe average-
basedeversingfor ary arrangemenof facesin Doo subdi-
vision.

We establishin this sectionthat, for a geometryof adja-
centquadrilaterafacesyeversingDoo subdvision by means
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LV
R
. gv

Figure5: gy, thefaceassociatedvith v.

of local averagingis equivalentto reversingthe subdvision
by alocalleastsquare®stimatée . In Section6 we establish
the samething for ageometryof adjacentriangularfaces.

Consideraregular portion of arectangulameshfor Doo
Subdvision asin Figure®6.

Vo V1 Vo
Wo Wy W2 W3
Wy
V3 Vg Vg
W15
\'G V7 Vg

Figure6: Aregular, rectangularsetting

We have numberedhecoarseverticesv; from left to right
andtopto bottom.The ne verticesw; comefrom Doo Sub-
division, andthey have beennumberedn the sameway. We
can expressDoo Subdvision locally by a matrix relation
W PV with

W owows  wgs!

V vovp VgT

5.1. Elementsof P
ConsiderFigure7. We have:

Vo Vi
N //
\\WO W]_ //

N
° o
AY 7’
N //
 d
// N
, N
] ]
// N
L7 W2 W3 ™~
// N
A
V2 V3

Figure 7: Contractionon onerectangle

d Vo V1 V3 W

AP

and,usinga %(for simplicity — othervalueswill produce
thesimilar results):

1 1
1 a ad = =d

Wo Vo 2V0 >
EYSE V-
g’ 8t 83 8"

It caneasilybeveri ed that:

W, }v §v }v }v

1 gV g1 gV gV

and shifted versionsof this relation hold for the otherw.
Thus, the numbers3 & % 1 repeatin eachrow of P and
their positionsrelateto indexing of coarseand ne vertices.
Thatis, P is givenby
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5.2. Local Least SquaresReversing

To employ our methodin 1 we mustdeterminev, from solv-
ing the local leastsquaregproblemgivenby PV~ W. The
subdvision matrix P usually is a rectangulamatrix, and
consequentjyit isn't invertible. The pseudoimerseof P, de-
ned by PTP P" anddenotedby P , is a generaliza-
tion of inversematrix whenP is not invertible . We have
V P W, andthevectorv, would correspondo extracting
the fth rowofV P W. Usingasymbolicalgebrasystem
to nd the pseudoimerseof the matrix P just given,we nd
thatthis produces

V, iW iW iW iW
4 16 0 16 * 16 2 16 °
1w, Tw Tw 1
6" 16" 1% 16"
1 7 7 1
EWS EWQ EWlO EWll

1 W 1 1 1

16 V12 16 W13 16 Wi4 16
We canusea geometricinterpretationasin Figure 8. Note
thatverticesw nearv, have %3 ascoefcient andverticesw
far from vq have 4 ascoefcient. The sumof all coef-
cientsis unity.

W15

1 1 1 1
16 16 16 16
1 A A 1
16 16 16 16
A7
1 z z 1
16 16 16 16
1 1 1 1
16 16 16 16

Figure 8: Diagramof thelocal avelaging.

5.3. AverageReversing

Considerusingan averagingprocesso reversesubdvision
for that sameexample (Figure 7). We proposethe reversal
procesgo be:

Determinethe centroidsd,, d, ds, d4 of facesgs, 9o, g3,
g4 asin Figure9.

Expandthefacesgs, 02, g3, 94 With respecto their cen-
troids.

Determineall the candidatef v4 (call them A, A, A,
Ao correspondingo their associated vertices).

submittedto COMPUTERGRAPHICSForum(11/2001).

Wo Wy W2 W3
O1 o2
Wy W5 Vs Ve Wg W7
V4
o
W, Wy /— —\ W W
8 9Ny o\ W10 11
03 O4
W12 W13 W14 W15

Figure 9: Theaveraging procesdor rectangularfaces.

Let vy betheaverageof A, A, A, Apo.

Following this plan,we have:

Centroids
1
d]_ Z Wo W1 Wz Wg
1
dy 2 Wo W3 Wg Wy
1
d3 7 We Wo Wip Wig
1
da 2 Wio W11 Wig4 Wis
Expansion
7 1
A 2w d W oz Wo w1 W
7 1
A 2w do wg W wz wy
4 4
7 1
A 2wy ds Ve W Wi wig
7 1
Ao 2wip ds gWi0 4 Wir Wis Wis
Average

1
w A KK ko
W5 W Wg Wig
— Wo W1 Wg W W3 Wy
Wg Wiz Wiz Wi1 Wig Wis

Theresultis exactly the sameasfrom thelocal leastsquares
approach.
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6. Triangular Faces

Considerregularportionof atriangularmeshfor Doo Sub-

divisionasin Figure10.

Vo Vi
V3
\%) Va
V5 6
Wo W1
W3 Weg
Wi Wy 7 Wg
Wg W10 15 W16
W11 W17
W13 W14

Figure 10: Coarseand ne verticesfor triangular faces.

Vo Vi

Wo W1

W2

V
Figure 11: Contractiozn of atriangular face

6.1. Elementsof P

ConsiderFigurell,if weusea %again,wewill get

1
d Vo V1 V2

3
1 1 4 1 1

It caneasilybeveri ed that g, &, £ appeaiin every rela-

tion, sothey occurin every row of P.

6.2. Local Least SquaresReversing

P hastheform:
23 16 0 16 0 0 0

16 23 0 16 0 0 0
16 16 0 23 0 0 0
23 0 16 16 0 0 0
16 0 23 16 0 0 0
16 0 16 23 0 0 0
0 23 0 16 16 0 0
0 16 0 23 16 0 0
0 16 0 16 23 0 0
0 0 23 16 0 16 0
0 0 16 23 0 16 0
0 0 16 16 0 23 0
0 0 0 23 0 16 16
0 0 0 16 0 23 16
0 0 0 16 0 16 23
0 0 0 23 16 0 16
0 0 0 16 23 0 16

0 0 0 16 16 0 23

Settingup the leastsquaressystemand extracting the row

correspondingo v3 yields:

V3 18 Wz W5 Wz Wip Wiz W5
1
— Wp W1 W3 Wg Wg Wg
18
Wg W11 Wiz Wig Wie W17
\Y, > neawertices L farvertices
5 18 18

6.3. AverageReversing

If insteadwe proposeareversalbaseduponaveragingto de-

terminevs, the prescriptiorwould be:

Centroids

W3 Wg Wsg
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1
ds 3 We W7 Ws (6)
1
da 3 Wo Wio Wiy
1
ds 3 Wiz Wiz Wiy
1
de 3 Wis Wie Wi7
Expansion
A wp  dy Ao 2wy dg
A 2wy dp A 2wip ds
A 2wy d3 As 2wis  dg
If wereplaced; by (6) we will get
1 5 1 1
A ow 3 Wo Wi W W2 ZWo 5w
5 1 1
A §W5 §W3 §W4
5 1 1
'& §W7 §W6 §W8
5 1 1
&0 §W10 §W9 §W11
% Sws tws tw
2 3Wi2 3zW13 zWag
A Swis lws tw
5 3Wis  3Wie Wiz
Average
1
V3 5 A & A A A As
5
V3 18 Wy Ws W7 Wi Wi W13
TS Wo W1 W3 Wg Wg Wg

Wg W11 W13 Wig4 Wie Wiy

This determines/;z asexactly the sameastheresultof local
leastsquareseversal.

7. ReverseDoo Subdivision for General FaceGeometry

We develop the multiresolutionof surfaceshaving arbitrary
topologiesby presentingan ef cient methodfor reversing
the Doo subdvision. We sav how to constructa ner res-
olution FX 1 vX 1 by anapplicationof the Doo subdi-
visionto FXV . FX 1is composedf threetypesof new
faces:face-to-ace,face-to-edgend face-to-ertex. To re-
versethe processwe assumehat FX 1 vK 1 s athand
andconsiderconstructingan appropriate FKV . We know
thateachfacein Fr is supposedo be obtainedas a result
of the contractionof a correspondindacein FX. Therefore,
with F at hand,we canexpandthe faces,with respectto
their centroids o their originalsin FK. But, in generaljt is
not mandatorythat FX 1 V¥ 1 be obtaineddirectly asa
resultof a subdvision. To be moreprecise we mayassume
thatthecoordinatef theverticesin VK 1, for somereasons
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(for instancecomputationally)arenot exactly thosearrived
atby a subdvision. Sowe expectthatthe facesobtainedoy
the expansionmay not join exactly. For anillustration, see
Figuressl2 and13. These %ures suggesthe approachto
be taken. A subsetof the FX 1 areto beidenti ed as F¢
facesandeachmemberof the subsets to beexpandedwith
respecto its centroidin orderto provide the setFX of faces
for the coarsesurface.

We

Figure 12: Doo's subdivisionin a simple gure.

Figure 12 shavs a simple surface along with its corre-
spondingsubdvisionin which g; andg, arethe contraction
of f; and f, respectiely, verticeswp andw; eachcorre-
spondto v. In Figure13,theup gure is assumedo beof a
higherresolutionwhichmayposses@accuraciesyhile the
down gure is thesituationbeingencountereafteranappli-
cationof areversesubdvision. We seethattwo candidates
A and A, areintroducedto be placedfor v. This situationis
similarto theonedepictedn Figure2, theresultof areverse
Chaikin's subdvision. Thus,in generalfor eachv V, we
mayexpectseveralcandidatesi.e.,thenumberof faceso be
joinedatv) to ariseafteran expansionof the corresponding
facesin Fr. Asin ourreverseChaikin's subdvision method,
andassuggestedby thediscussionsn Sectionss and6, we
let the vertex be setto the averageof its candidates.

Consideringheabore, we outlinethefollowing stagesor
carryingoutareverseDoo subdvision process:

Identify facesFg in FX 1.

Expandthefacesn Fg.

Dlt(atermineall the candidategor eachpotentialvertex in
V*©.

Determinethe coordinatesf all verticesin VX.
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W

Figure 13: Disconnectiorof facesresultingfromexpansion
of Fe.

We emphasizehat FX 1 v 1 musthave the subdii-
sionconnectity property which means Fk 1vk T must
qualify as a graph obtainableby a subdvision (see Fig-
ure 14) . We notethatthe exact subdvision mayfollow the
subdiision pathasin theFigure butthegraph F¥ 1 vk 1
at handmustbe at leastan edited(or computed)versionof

theactualsubdvided graph FX 1V ! sothatthereverse
subdvision pathmaybefollowed.
Ek K subdvision Fk 1yk 1
—_—
editing
EXyk reversesubdiision gk 1k 1

-

Figure14: Thechange in coodinatesof theverticeshrough
subdivisions.

Thereforealthoughtherearenorestrictionson thevalues
of the coordinatef the verticesin V¥ 1; neverthelessthe
facesn FK 1 arerequiredto bearranged in regardto adja-
cencieg sothatthey canbegeneratedby a Doo subdvision
of a hypotheticalsurface. This requiremeniof subdvision
connectvity canbejusti ed by mostpracticalapplications.

SamavatiMahdavi-Amiri,and Bartels/ Reverse Doo Subdivision

7.1. Identifying FacesFg in FX 1
We know that

FF*Y R RORe
We alsoknow that,in the subdvision procesdor converting
FX to FX 1, Fr is obtainedat the rst stepandin the next
steps,Fe andR, will be obtainedconsequentlyTherefore,
we canputtheseypesof facesnto FX 1 with thesameorder
thatareobtained permittingusto write:

FFY RRR

As the resultof this, the rst faceof F¥ 1 will certainlybe

in F. Thereforewe couldusethis factfor thereversalpro-

cesdn corverting FX TtoFk We couldadditionallyuseary

specialinformationwe might have regardingF- andFg in

FX 1. But,to bemoreef cient andmoregeneralwe present
amethodwhich requiresthe knowledgeof only onefacein

Fr and nds therestby alinearsearch.

Letg Fr. We wish to identify the remainingelements
of Fr from theonesin FK 1 We noticethatif thereexistsa
rectangulaface§; Fg betweergandsomefaceg;, theng;
belonggo Fr. We useFigure15,asanexample,to make our
points.We obsere thatthefaceg; is locatedbetweerfaces
g andg;, meaninghatd; hasacommonedgewith g andan-
othercommonedgewith g, but g andg; have nocommon
edgeor vertex. Thus,g; belongso Fr aswell (in fact,g and
g1 weretwo adjacentfacesof the surfacebeforethe subdi-
vision, andthefaceg; is producedafterthe subdvision due
to the existenceof a commonedgebetweeng andgi). The
sameobsenation appliesto gy, g3, andgs. Therefore, g,
§», 03, and§, arefacesof the face-to-edgaype belonging
to Fg.

01

04 O2

03

Figure 15: Thefacesof F¥ 1.

With theseconsiderationsye interpretthe problem of
nding the elementof Fr asa graphtraversal.We rst de-
ne graphGg asfollows. Theverticesof Gg correspondo
the facesFr (with the rst faceto startwith, asthe root),
andthe edgescorrespondo the facesin Fg. For example,
Figure 16 shawvs the correspondingraphGg for Figure 15
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01

s7} g 92

03

Figure 16: Thegraphassociatedvith Fk 1,

Figure 17: Thegraphassociateavith Fk 1 Asurfaceexam-
pleandits Gg graph.

andin Figurel7 shawvs asurfaceandits Gg Graph. We can
seethatthe costfor nding thefacesFr correspondso the
costfor performinga breadth(or a depth) rst searchof the
verticesof Gg.

Themainoperationgor thetraversalis of O ne , wherene
isthenumberof edgesn Gg. Consideringhatthenumberof
edgesn Gg equalsthe numberof facesin Fg, andknowing
that

Fe Fk 1 Vk 1

we realizene VK 1. We concludethat the proposed
traversalcostis only linearly dependenbn the numberof
verticesof the existing surface.Therefore the costfor nd-
ing Fr islinearin thedata.

7.2. Expansionof the FacesFg

To constructFk, we needto expandthe facesin Fg with
respecto their centroids(reversingthe contractionprocess
(5)). We usethefollowing notations:

g for afacein Fr having somem sides.

W1 wm for the verticesof thefaceg.

d for the centroidof g.

f for thefaceobtainedafterthe expansionof g.
A A for verticesof thefacef.

submittedto COMPUTERGRAPHICSForum(11/2001).

Wi W3
g e Gi e Oi
Wo W4

Figure 18: Adjacencyof g, §i andg;.

a for thecontractiorfactorin Doo subdvision (for exam-
plea 1 issuitable)

We notethatthe expansionfactorfor g equals%. With these
notationswe obsere:

Thecentroidsof f andg coincide,i.e.,d is thecentroidof
both.
Thefollowing relationshold for the verticesof f andg:

1 1 a .
—-w —d 12 7
A aW| a | m (7

Thereforehaving g andusing(7), we candeterminghever-
ticesof thefacef.

7.3. Determining the Candidatesfor the Verticesin A

Supposehatthe facesg andg; areadjoinedby the faceg;
(asin Figure18). Then,thereexist someedgese  wj; Wy
commonto g andgi, ande w3 w4 commonto g; andg.
After the expansionof g andg;, the pair of vertices & and
A, and A and A arepresumedo coincide As explainedbe-
fore, this is morelikely not to occur Thus, A& and A sene
astwo candidatedor one vertex in VK, and A and A for
another We shaw, by properly examining thesesituations
during the procesof nding facesin Fg (or traversingthe
verticesof Gg), how to identify the variouscandidategor
eachvertex in VX, We constructanothergraph Gc whose
verticesarethe sameasthe onesin VK 1. In every phaseof
thetraversalof Gg, we addtwo edgesto G¢. For instance,
if A and A aretwo candidatedor a vertex and A and A
aretwo candidatedor anothervertex, thenwe includethe
respectie edges & A and A A in G¢. After thecom-
pletion of the traversalof Gg, the graphG¢ is completely
de ned. Figure19 shawvs a surface FX 1 vk 1 ontheup
andits correspondingraphG¢ onthedown. Now, it is ob-
senedthatthe verticesof aconnectedcomponentn G¢ are
the candidatedo bereplacedby asinglevertexv V. The
connected@omponentsf agraphmaybefoundby abreadth
rst searchalso.So,the operationakostis O ne , whereng
is thenumberof edgesn G¢ 2.

We notethatin every phaseof thetraversalof thenodesof
Gr, anassociatiomf two facesn Fr areestablishedhrough
afacein Fg (seeFigure18,for anexample).Thus,for every
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facein Fg, therecorrespondswvo edgesn Ge. Hence e, the
numberof edgesn Gg, is twice the numberof face-to-edge
facesFe. Thereforewe have

ne 2F 2vKk1

In otherwords, the main operationalcost for determining
the connecteccomponentof Ge is linear, with respectto
vk,

* *

* *
[ ] *——0 o
[ ] *——0 [ ]

Figure 19: Thesurface FX 1 v 1 above andtheassoci-
atedgraph G¢ below

7.4. Determining the VerticesVK

Wesaw thatall theverticesof V¥ 1 belongingo aconnected
componenin G¢c mustbereplacedoy avertex v V. Sup-
posew; Wp w arethe verticesin a connecteccompo-
nent,and A A& A arethe correspondingserticesafter
expansionlf thesurface FX 1 V¥ 1 wereobtainedrom a
Doo subdvision, thenwe would expectthat

Vi Vo v

But, in practice thev; arenot equal(Figure20 shaws a
simplesituationin whichvy v, v3 andv, areto bereplaced
by averte). If we letv bethe averageof v; v» v, then
thelocal errorin v is minimizedin theleastsquaresensen
certaincasesaswe have shavn. So,we let

Y 1vl Vo Y (8)

Repeatingheabove for all theconnectedomponentsf G¢,
we determineall the verticesin VK. We remarkthatthe set-
ting (8) for all the verticesin vk doesnot necessarilymply
anoptimalglobalsetting(i.e.,doesnotproducealeastglobal

O1 o2
q W1 Wo >
Vi V2

]

V3
4
[ Wa W3 >
J4 O3

Figure 20: A simpleexampleof disconnectiorof thev;.

error), but neverthelessis ef ciently practical.In ary case,
thereis no known practicalapproactfor anefcient (linear
operationatost)in the globalsetting4

We now presentseveral examplesillustrating the effec-
tivenessof our approachln Figure 21, the resultof three
successie Doo subdvisions are shavn for the cubein the
top. In Figure22, someverticesfrom the ne surfaceonthe
fardown of Figure21is selectecandmoved, andthreelev-
els of the reverseDoo subdvisions are shavn resultingin
theoriginal surface,a cube.(The multiresolutionimplicit in
Figure22would, of coursejncludethesmallpeakappearing
in themost nely subdvidedsurfaceaspartof theerrorrep-
resentationthatis, in thewaveletportionof the multiresolu-
tion.) Figures23and24 shav thesameprocessefor another
surface.

Figure27 shavstheapplicationof Doo subdvisiononthe
third surfaceof the Figure22. Figures28 and29 shav two
otherpracticalexamplesof thereversingprocess.

8. Err or Representation

We wish to computeandstorethe local error of (8) sothat
thereconstructiorof FX 1 VK 1 is madepossible.Obvi-

ously, if we canreconstructhepoints A, thenwe caneasily
reconstructhew; (equation(7)). We notethatthefollowing

systemof equationss nonsingular:

v A 9)

e

1Q

wherel is a columnof length , all of whoseentriesarel,
whereWhis the -lengthcolumnvectorof the & wheree is
a columnvectorof length 1, and,whereQ is a matrix
of size 1 whosecolumnsform a basisfor the null
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Figure 21: Threestepsof Doo subdivisionon a cube

spaceof 1 —thefollowing choiceis quite effective:

1 0 0
1 1 0
0 1 0
Q S : (10)
0 o0 1
0 o0 1

It may be veri ed thatthe rst row of the inverseof the
matrix in equation(10)is ¥ 1, sothe appearancef
v asthe top elementof the “solution vector” of the system
is consistenwith our de nition of it elsevhereasthe aver-
ageof the A By this meansthevertices & & A are
turnedinto the vertex v alongwith the error representedby

e e e 1 . Theseerror elementsmay be interpreted
as the local wavelet coefcients. We are never concerned
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Figure 22: Reverse Doo subdivisionafter the chang of
somevertex coordinates.

with the wavelet functionsas such;they areimplicitly de-
ned by thematrix Q, justastheir correspondingcalefunc-
tionsarede ned implicitly by the subdvision P.

We can producethe original ne FK vk 1 com-
pletely Figures25and26 shav the completereconstruction
of the surfacesin Figures22 and24 usingthe error compo-
nents.

9. Concluding Remarks

We presentecnef cient (lineartime) reverseDoo subdvi-
sionapproachgbtainingamultiresolutionmethodfor repre-
sentingsurfaceshaving arbitrarytopologies.To decompose
a ne surfaceinto a coarseone,we shaved how to nd the
facesof thecoarsesurface,from amongthefacesof the ne
surface,by a breadth rst searchof a graph.Thenwe ex-
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pandedhesefacesandobtainedcandidategor the vertices.
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Figure 23: Doo subdivision.

Finally, we seteachvertex of the coarsesurfaceto theaver
ageof its correspondingandidatesWe proved thatthis re-
sultedin alocalleastsquare®rror, atleastfor commonyeg-
ulargeometriesWe alsopresented convenientbasismatrix
to computethewaveletcoefcients, beingutilizedfor there-
constructionprocessWe presentedeveral examplesillus-
tratingthe effectivenessaandpracticalityof our approach.
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Figure 27: ApplyingDoo subdivision put withoutaddingthe error information,to theresultsof reversal.

Figure 28: Dolphin, from left to right: initial coarse model, ne modelafter applying Doo subdivision,nev ne modelby
editingthe Dolphin'stail, andthe editedversionreversed.

Figure 29: Bart Simpsonfrom left to right, initial coarse model,after onelevel of Doo subdivision,and after one level of
reversing Theeis no differencebetweertheoriginal andthisone
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