Incremental Catmull-Clark Subdivision

Hamid-Rez&Pakdel
University of Calgary
hrpakdel @cpsc.ucalgary.ca

Abstract

In thispaper a new adaptivemethodor Catmull-Clarksub-
divisionis introduced.Adaptivesubdivisionre nesspeci ¢

areasof a modelaccoding to useror application needs.
Naive adaptivesubdivisionalgorithm change the connec-
tivity of the mesh causinggeometricalinconsistenciethat

alter the limit surface Our methodexpandsthe speci ed
region of the meshsud that whenit is adaptivelysubdi-
vided,it producesa smoothsurfacewhoseselectechreais

identicalto whenthe entire meshis re ned. Thistechnique
also producesa surfacewith an increasinglevel of detalil

from coarseto ne areasof the surface We compae our

adaptivesubdivisionwith other schemesand presentsome
exampleapplications.

1. Intr oduction

Subdvisionsurfaceshave becomeacommonlyusedtool
in modelingand animationpackages. Subdvision is de-
ned by simple operationsthat are globally appliedto a
given control mesh. Repeatedapplicationsof theseoper
ations producea sequenceof meshesthat corverge to a
smoothlimit surface. Using specialsubdvision rules, it is
possibleto createpiecavise smoothsurfaces. Subdvision
surfaceshave a clear advantageover NURBS and Bézier
tensorproductpatchesthat are traditionally usedin com-
putermodelingandanimationapplicationsbecauseubdi-
vision operatorscan be appliedto arbitrary topology two-
manifold meshes.In addition, subdvision surfacesdo not
have the continuity limitations that tensorproductpatches
have when connectingmultiple patchesto producepiece-
wise smoothsurfaced5].

In mary cases,subdvision of the entire input meshis
not necessaryor desired.Recursie subdvision exponen-
tially increaseshe numberof facesof the mesh,andleads
to heary computationalload at higher levels of subdii-
sion. Generallyhigh curnvature areasrequire more subdi-
visionsthanplanarregionsin orderto obtaina smoothsur
face.In modelingapplicationsdesignersnayrequirea de-
tailed view of a portion of the modelthatthey areworking
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Figure 1. Global and incremental subdivisions

on. Adding featuresto a meshrequiresanincreasen the
level of detail wherethe featureis being added. In such
casesadaptve subdvision producesa surfacewith lesser
facecountby subdviding only someareaf the mesh.

Naive adaptve subdvision introducesconnecwity in-
consistenciethatmustbe addressedor correctrendering,
editing and further processingof the mesh. Becausethe
shapeof the limit surfacedependson the connectvity and
the geometryof the vertices,caremustbe taken to avoid
ary side-efectsto the subdvision scheme Repeateddap-
tive subdvision may leadto a large differencein the level
of subdvision of adjacenfaces.t is desirablehatthevari-
ationin subdvision depthbetweenadjacenfacesarelim-
ited [12].

Laterwe will describenow currentalgorithmsdealwith
the issuesthat arisewhen somefacesof a meshare sub-
divided, includingtheir disadwantages Our contrikution in
this paperis a new adaptve subdvision schemehatis de-
signedto addresghe limitations of thesealgorithmswithin
the constrainsthat we have establishedo obtain both an
efcient algorithmanda visually pleasingsurface. Incre-
mentalsubdivisionour method producesneshesvith con-
sistentconnectvity and geometry An incrementallysub-



divided region of a meshresembleghe sameareaof the
surfaceproducedby globally subdviding the mesh.Incre-
mentalsubdvision limits the subdvision depthof adjacent
facessothesurfacegraduallyvariesfrom coarseéo ne. An
exampleof a globally andincrementallysubdvided model
is shavn in Figurel,

The local nature of subdvision operationsnaturally
lendsitself to a datastructurethatallows ef cient andintu-
itive local modi cationsto the mesh.Sucha datastructure
allows the subdvision operationto be performedentirely
within thegraphspaceof the mesh.Oneof thegoalsin de-
signingincrementakubdvision wasto avoid methodghat
would requireadditionalbook-keeping,including methods
thatrequireoff-line pre-computatiomndstorageof thesub-
division levels.

We introducedincrementalLoop subdvision in an ear
lier paper[9]. Loop subdvision is an approximating
schemehat operateson triangularmeshed7]. Theincre-
mental Loop subdvision is very efcient aswell aseasy

to implement. However, it is limited to triangularmeshes.

Our contribution in this paperis the extensionof incre-
mentalsubdvision to arbitraryfaces.We have focusedon
Catmull-Clarksubdvision[4], which canbeappliedto gen-
eraltopology mesheswith arbitraryfaces. It hasa simple
face-splittingre nementalgorithm,producesa surfacethat
approximateshe control mesh,andis C? almostevery-
where.

In section2/we give an overvien of the Catmull-Clark
subdvision. Existing adaptve subdvision schemesare
coveredin section3. Incrementabkubdiision is coveredin
detailin section4. Resultsandapplicationsof incremental
subdiision arepresentedh sectiorb.

2. Catmull-Clark Subdivision

In Catmull-Clarksubdvision, meshM ! is subdiidedto
producethemeshM '*1 by splitting eachfaceof the mesh
to m quadrilateralswherem is the numberof verticesof
the face, and repositioningthe verticesof M. As illus-
tratedin Figure2, threekinds of verticesare createdfor
eachfacesplit. Face-vert& fj' *1 is the centroidof theface

thatincludesverticesv'; v/, andvl ,, . Edge-vertece]™* is
computedas

) 1 . . ) .
eJ!+1 - Z(VI + le + fj|+1 + fj|+11); (1)
wherev]-i is the j th neighbourof vertex v'. Subscriptsare
taken modulon; the valenceof v'. \ertex-vertex v'*! is
computedoy repositioningverticesof M ':
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Figure 2. Catmull-Clark subdivision. The denotes
existing vertex, denotes face-vertex,  denotes

edge-vertex, and  denotes vertex-vertex.

An example of Catmull-Clark subdvision is given in
Figure[3. To producepiecavise smoothsurfaces,a con-
nectedseriesof edgesaretaggedas sharpand subdvided
sothatthe surfaceis tangentcontinuousalongtheseedges,
but not acrossthem [3, 5]. Boundaryedgesare crease
edgeswith only oneface. Figurel2 alsoshavs the maskof
edge-erticesandvertex-verticesalonga creaseor bound-
ary edge.

3. Adaptive Catmull-Clark Subdivision

3.1. Selectingthe Subdivision Area

Adaptive subdvision involvesselectingthe areasof the
meshrequirere nement. This decisioncanbe madeeither
by the applicationor the user Higher cunatureregionsof
the meshrequiremore subdvisionsthan planarareas.In-
cidentally highercurvatureareascontainmoredetailsthan

at areas.Dihedral angle the anglebetweerthe facenor
malsof adjacenfacesprovidesasufcient measuref the
surfacecunature. In real-timevisualization,otherfactors
suchas frustumvisibility, distanceto the viewer, andthe
pixel areaof faces,may be usedto tune the selectional-
gorithm. For example,a view frustum visibility testcan
determinevhetherafaceshouldbere ned [1].
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Figure 4. Adaptive subdivision of a user selected
area as indicated by the highlighted vertices on the
left

In renderingapplicationstheselectioralgorithmmaybe
derived by non-geometrigropertiesof the mesh. For ex-
ample,to generatesmoothsilhouetteghe selectioncriteria
canbesetto take thenormalof eachfaceandtheview vec-
tor into consideratiorandsubdvide all the facesthatshare
edgeson the silhouetteboundary6]. In non-photorealistic
renderingmethodghatarebasedon edgesize[11], the se-
lection areacan be determinedby the size of the coarse
edges.

In modelingapplicationsusersmay needlocal control
overthelevel of detail of the model. Artists sometimesm-
phasizepartof a sceneby increasinghe detail of thatarea.
Lastly, addingfeatureso a meshgenerallynecessitatean
increasdn the level of detail wherethe featuresare being
added. In thesecasesthe subdvision areais determined
by the user Figureld shavs adaptve subdiision of a user
de ned area.

3.2. Handling Cracks

Thoughthe ideaof adaptve subdvision is simple,care
must be taken to avoid connectvity inconsistencieghat

Figure 5. Cracks due to subdivision depth difference
of adjacent faces. The numbers represent the current
subdivision depth of each face

ariseasthe result of subdviding a subsetof facesof the
mesh. Figure[5 shavs what happensvhenonly one face
of the meshis subdvided. Edge-erticesbetweenfaces
with different subdvision depthscreatecrackswhenthey
arerepositionedn the subdvision processCracksmustbe
removedfrom themeshfor editing,renderingandprocess-
ing of the mesh. Sincethe subdvision algorithmdepends
ontheconnectvity of themeshit is alsocrucialthatcracks
areremovedaftereachsubdvision step.

The mostcommonmethodto remove cracksis to insert
new edgesthat connectthe edge-erticeson the cracksto
the other verticeswithin the face with lower subdvision
depth[8]. We call thesenewly introducededgescrack re-
moving edges (CRES). Figurelé shavs two possiblecases
wherecracksmayappeain afaceandhow to removethem.
Whena facehasonly onecrack, it is triangulatedoy con-
nectingthe edge-ertex that causedhe crackto the restof
the verticesin the face. If afacehastwo cracks,thenthe
crackis removed eitherby triangulatingthe faceor by in-
serting a face-ertex in the face and connectingit to the
verticesto producequads.This later approactis preferred
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Figure 6. Inserting edges to remove cracks. Two pos-
sible methods exist when there are two cracks in a
face: (a) quads (b) triangles.

becauseuadfacesproduceordinaryverticeswhen subdi-
vided. However, if afacewith a large numberof vertices
is subdvided, thenthis methodwill leadto mary otherface
re nement.In thiscasethe rst approactis preferred Usu-
ally, faceswith morethantwo cracksare subdvided using
theregular Catmull-Clarksubdvisionrules.

This methodremorescracksef ciently, but asillustrated
in Figurel7] it hassomeside-efects. The connectiity and
valenceof edge-erticeson the cracksare changed.Since
theseverticeslie within the selectedsubdiision area,the
shapeof thelimit subdvisionsurfaceis modi ed. Repeated
subdvisionsof theselectedareaproducesigh valencever-
tices where new edgesare introducedto remove cracks.
High valenceverticesmale long facesthat are undesired
in both analysisand renderingof the surface. Finally, if
a selectedegion is subdvided repeatedlythe subdvision
depthdifferencebetweernthe selectecandunselectedreas
becomedsargeraftereachsubdvision. Thisresultsin asud-
denchangean theresolutionof themeshfrom coarsdo ne
areasandis analogoudo aliasing. In renderingand mesh
analysisapplicationsijt is desirableto have a smoothtran-
sitionfrom thecoarseéo ne regionsof themesh.

3.3. A Combined Method

Subdvision of a subsebf thefacesof the meshchanges
theconnectvity of someverticeswithin the selectedsubdi-
vision area,andthereforeit affectsthe resultinglimit sur
face. In adaptve subdvision for triangular meshestwo
separatemethodsattemptto avoid this side effect. One
methodrestrictthemeshby enforcingtheverticesinvolved
in the subdvision processto be at the samesubdvision
depth[13]. If during subdvision it is determinedhatthe
subdvisiondepthof verticesdonotmatch thentheadjacent
facesatlower subdvision level arere ned until all vertices
have the samesubdvision depth. The other method,red-

R

PE A A

L
.

T

e

[

T

Global

Adaptive

Figure 7. Comparison of adaptive subdivision with
simple crack removal algorithm to global subdivision

greentriangulation[2], attemptsto avoid irregular shaped
meshesCracksareremovedusingCRESs,but if afacecon-

tains morethanone crack per edge,thenthe faceis regu-

larly re ned. This effectively limits the subdvision depth
differenceof adjacenfaces.It is possibleto combinethese
two methoddo obtainaproperadaptve subdvision surface
with desirableconnectvity.

Figure[8 shavs an example of extendingthesealgo-
rithmsto Catmull-Clarksubdvision. To restrictthe mesh,
for eachselectedvertex the subdvision depthof its neigh-
boursarechecled. If they do not match,thenthefacewith
the lower subdvision depthis subdvided. During subdi-
vision, CREsareusedto remove crackasdescribedorevi-
ously andif afacecontainsmorethanonecrackperedge,
thenit is regularly re ned. Notethat,if only quadsarepro-
ducedwhenremoving cracks,thenthe meshis alwaysre-
stricted. However, in the generalcaseof mesheavith arbi-
trary facesthe meshrestrictioncriterionis required.

Althoughthis combinedmethodsatis esall therequire-
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Figure 8. Combination of mesh restriction and red-
green triangulation to remove cracks. The blue faces
are re ned because of cracks, and the green faces are
re ned to satisfy the restriction criteria.

mentsthat we setearlierin this paper it is not ef cient.
Eachface re nement, whetherperformedto obtain a re-
strictedmeshor to avoid multiple cracksperedge maypro-
ducenew cracks. Thus,a single adaptve subdvision step
involvesrecursve checkingfor cracksand ensuringmesh
restrictionuntil no facesare split. In the worst case,this
algorithm may re ne all facesof the mesh. Incremental
subdvision not only producegproperadaptve subdvision
surfacesput alsoit is notmorecomple thanregularsubdi-
vision.

4. Incremental Catmull-Clark Subdivision

We now describeour new incrementaimethodof adap-
tive subdvision for Catmull-Clarksurfaces.This algorithm
generatesnesheswith properconnectity and geometry
Thegeneratedurfacegraduallychangesn resolutionfrom
coarseto ne areasRe ecting thelocal natureof Catmull-

2l |2
20/ 1 11 \[2 |2
21/ 1 1 11 \|2

1 \|2
2N\ 1
2
2IN 1 1
2N 2 2
2l ]2 2

Figure 9. Ring one and two expansion of the selected
vertices

Clark subdvision schemeopurincrementakubdvision also
operatedocally onthemesh.

rentmesh. Let S be subsetof V. We wish to adaptvely
subdvide S suchthatthelimit surfacegeneratedrom S is
exactly the sameaswhenV is globally subdvided. To do
this, we expandtheselectedsetS to anew largersetof ver-
tices,andthenwe subdvide this larger set. More formally,
at eachsubdvision level, expandS to E' (S) by including
the verticesof V thatareinsidether-ring neighbourhood
of atleastonevertex of S

E'(S) = [
v2S

N"(v);r > 0; 3

where N'(v) denotesthe r-ring neighbourhoodof v.

Thereforew 2 V isin N (v) if andonly if thereis a path
from v to w with maximumr edgesln graphtheoryterms,
the distanceof v andw mustbe smalleror equalthanto

r. Figure9shavs E*(S) andE?(S) of agroupof selected
vertices. Next, subdvide E' (S) anduseCREsto remove

cracks.Let S’ bethe new selectedareathatis the resultof

subdviding S. Figurg1Qillustratestwo stepsof incremen-
tal subdvision by using E*(S) expansion. As Figure/11

shaws, incrementakubdvision canbe usedwhetherquads
or trianglesare usedwhenremaoving cracksin faceswith

two cracks.

Adaptive subdvision of E' (S) producesa limit surface
from S thatis exactly the sameaswhenthe entiremeshis
subdvided. Thereasorfor this is thatedge-erticeswhose
connectvity was changedto remove cracks lie outside
E' (SO); so the connectiity of verticeswithin S’ remains
unchanged. In addition, vertices of S’ and their neigh-
boursareat the samesubdvision depthbecausé " (S) in-
cludesthe r-ring neighboursof S in the subdvision pro-
cess. Therefore the limit surfaceof S is not changeddue
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Figure 10. Incremental subdivision on the left. The
dots indicate selected vertices for subdivision.
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Figure 11. Comparison of the meshes produced
when (a) quads are used and (b) triangles are used
to remove cracks in faces with two cracks.
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Figure 12. Incremental subdivision of the faces on
the interior boundary loop results in a smooth change
in the subdivision level from coarse to ne areas

to the adaptve subdvision. Furthermoreanr -ring neigh-
bourhoodof S before subdvision correspondgo 2r-ring
neighbourhooaf s’ Therefore edge-erticeswith modi-
ed connectity to remove cracksandtheoppositevertices
they areconnectedo are2r and3r edgesaway from s’
respectiely. This preventstheincrementakubdvision al-
gorithm from producinghigh valenceverticeswhen s’ is
subdvided. Finally, 3r-ring neighboursof s’ are always
onelevel of subdvision lower thanits 2r -ring neighbours.
Thisyieldsasurfacethatgraduallyincreasesn subdvision
depthfrom coarseregionsto the incrementallysubdvided
areas.Figure 12/ demonstratethis effect thatis analogous
to anti-aliasing. Larger valuesof r resultin surfaceswith
smoothetransitionfrom coarseo ne.

Incrementakubdvision of a selectedareathatincludes
boundarieds the sameasincrementakubdvision of inte-
rior vertices,with the differencethat boundaryedgesare
split accordingto creaseules.

5. Results

To implementsubdvision we usedthe vertex-verte sys-
tems[10Q] thataccuratelyrepresentshelocal natureof sub-
division operations.This datastructureholdsa setof ver
ticesalongwith anorderedsetof theirneighboursA single
passover the meshcreatedace-erticesandedge-ertices,
repositionsvertex-vertices,andtheninterconnectshe new
vertices. Incrementalsubdvision is a simple extensionof
thisalgorithm,but operate®nly onthe selectedrerticesfor
subdvision. During subdvision, r-ring unselectedheigh-
bours of eachselectedvertex are taggedand includedin
the subdvision process. Edge-erticesare only created
on edgeswith both verticesselectedor tagged. A face-
vertex is createdvhenall verticesof thefaceareselectedr
tagged.Finally, whenthe new verticesareinterconnected,
the cracksareremoved by usingCREsasdescribedn sec-
tion[3.2

Incrementakubdvision canbe usedin a numberof ge-
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Figure 13. Comparison of incremental subdivision based on dihedral angle (top) and global subdivision (bottom)

ometricmodelingapplications.An exampleof suchappli-
cationis creatingef cient smoothsurfacesby only subdi-
viding high curvatureregions of the mesh. In Figure 13,
dihedralangleis usedto selectandincrementallysubdvide
high curvatureareasof the model. A bene t of usingin-
crementabkubdvision is that subdvision depthof adjacent
faceds limited, sothelevel of detail of the surfacechanges
graduallyfrom coarseo ne areasSinceno analyticalpre-
computations required themodelcanbeeditedatany sub-
division depth. Usersmay alsolocally increasehe resolu-
tion of the meshfor more controlledediting asillustrated
previously in Figure4. Incrementakubdvision canalsobe
usedto addsharpfeaturesto a model. In Figure 14, faces
on sharpor boundaryedgesare incrementallysubdvided.
An advantageof incrementakubdvision is thatfaceselec-
tion is performedautomaticallythroughE" (S) expansion
at eachsubdvision level. This methodalso producessur
faceswith fewerfacecountwhile achiezing the samevisual
quality assubdvision of theentiremesh.

6. Conclusion

Adaptive subdvision allows us to createsurfaceswith
differentsubdvision depthsby subdviding selectareasof
theinputmesh.To remove cracks—thaaretheresultof sub-
division depthdifferenceof adjacentfaces—ne& edgesare
introducedinto the mesh.However, this methodof remov-
ing cracksproducessurfaceswith undesirableproperties.

Using a combinedmethodof restrictingthe meshandlim-
iting the depthdifferenceof adjacenfacesit is possibleto
adjustthis methodto obtainbetterbehaed adaptve subdi-
vision surfaces. The disadwantageof this algorithmis that
it is inef cient. We introducedincrementabdaptve subdi-
vision for Catmull-Clarksubdvision surfaces.It produces
surfacesthathave properconnectvity andgeometrywith a
gradualchangein subdvision depthfrom coarseand ne
areas Basedon our comparisonincrementabhdaptve sub-
division is moreef cient thanthe combinedmethodto re-
move cracks,while it is still simpleto implement. It can
alsobe effectively usedin modelingandrenderingapplica-
tions.
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