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Abstract

In thispaper, anew adaptivemethodfor Catmull-Clarksub-
divisionis introduced.Adaptivesubdivisionre�nesspeci�c
areasof a modelaccording to user or application needs.
Naiveadaptivesubdivisionalgorithm change the connec-
tivity of themesh,causinggeometricalinconsistenciesthat
alter the limit surface. Our methodexpandsthe speci�ed
region of the meshsuch that whenit is adaptivelysubdi-
vided,it producesa smoothsurfacewhoseselectedarea is
identical to whentheentire meshis re�ned. Thistechnique
also producesa surfacewith an increasinglevel of detail
from coarseto �ne areasof the surface. We compare our
adaptivesubdivisionwith otherschemesandpresentsome
exampleapplications.

1. Intr oduction

Subdivisionsurfaceshavebecomeacommonlyusedtool
in modelingand animationpackages.Subdivision is de-
�ned by simple operationsthat are globally applied to a
given control mesh. Repeatedapplicationsof theseoper-
ations producea sequenceof meshesthat converge to a
smoothlimit surface. Usingspecialsubdivision rules,it is
possibleto createpiecewise smoothsurfaces.Subdivision
surfaceshave a clear advantageover NURBS and Bézier
tensorproductpatches,that aretraditionally usedin com-
putermodelingandanimationapplications,becausesubdi-
vision operatorscanbe appliedto arbitrarytopologytwo-
manifold meshes.In addition,subdivision surfacesdo not
have the continuity limitations that tensorproductpatches
have whenconnectingmultiple patchesto producepiece-
wisesmoothsurfaces[5].

In many cases,subdivision of the entire input meshis
not necessarynor desired.Recursive subdivision exponen-
tially increasesthenumberof facesof themesh,andleads
to heavy computationalload at higher levels of subdivi-
sion. Generallyhigh curvatureareasrequiremore subdi-
visionsthanplanarregionsin orderto obtaina smoothsur-
face.In modelingapplicationsdesignersmayrequirea de-
tailedview of a portionof themodelthat they areworking
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Figure 1. Global and incremental subdivisions

on. Adding featuresto a meshrequiresan increasein the
level of detail wherethe featureis being added. In such
cases,adaptive subdivision producesa surfacewith lesser
facecountby subdividing only someareasof themesh.

Naive adaptive subdivision introducesconnectivity in-
consistenciesthatmustbeaddressedfor correctrendering,
editing and further processingof the mesh. Becausethe
shapeof the limit surfacedependson theconnectivity and
the geometryof the vertices,caremustbe taken to avoid
any side-effectsto thesubdivision scheme.Repeatedadap-
tive subdivision may leadto a large differencein the level
of subdivisionof adjacentfaces.It is desirablethatthevari-
ation in subdivision depthbetweenadjacentfacesarelim-
ited [12].

Laterwe will describehow currentalgorithmsdealwith
the issuesthat arisewhen somefacesof a meshare sub-
divided, includingtheir disadvantages.Our contribution in
this paperis a new adaptive subdivision schemethat is de-
signedto addressthelimitationsof thesealgorithmswithin
the constrainsthat we have establishedto obtain both an
ef�cient algorithmanda visually pleasingsurface. Incre-
mentalsubdivision, ourmethod,producesmesheswith con-
sistentconnectivity andgeometry. An incrementallysub-



divided region of a meshresemblesthe sameareaof the
surfaceproducedby globally subdividing themesh.Incre-
mentalsubdivision limits thesubdivision depthof adjacent
faces,sothesurfacegraduallyvariesfromcoarseto �ne. An
exampleof a globally andincrementallysubdividedmodel
is shown in Figure1.

The local nature of subdivision operationsnaturally
lendsitself to a datastructurethatallows ef�cient andintu-
itive local modi�cations to themesh.Sucha datastructure
allows the subdivision operationto be performedentirely
within thegraphspaceof themesh.Oneof thegoalsin de-
signingincrementalsubdivision wasto avoid methodsthat
would requireadditionalbook-keeping,includingmethods
thatrequireoff-line pre-computationandstorageof thesub-
division levels.

We introducedincrementalLoop subdivision in an ear-
lier paper [9]. Loop subdivision is an approximating
schemethat operateson triangularmeshes[7]. The incre-
mentalLoop subdivision is very ef�cient as well as easy
to implement.However, it is limited to triangularmeshes.
Our contribution in this paper is the extensionof incre-
mentalsubdivision to arbitraryfaces.We have focusedon
Catmull-Clarksubdivision[4], whichcanbeappliedto gen-
eral topologymesheswith arbitraryfaces. It hasa simple
face-splittingre�nementalgorithm,producesa surfacethat
approximatesthe control mesh,and is C 2 almostevery-
where.

In section2 we give an overview of the Catmull-Clark
subdivision. Existing adaptive subdivision schemesare
coveredin section3. Incrementalsubdivision is coveredin
detail in section4. Resultsandapplicationsof incremental
subdivisionarepresentedin section5.

2. Catmull-Clark Subdivision

In Catmull-Clarksubdivision,meshM i is subdividedto
producethemeshM i +1 by splitting eachfaceof themesh
to m quadrilaterals,wherem is the numberof verticesof
the face,and repositioningthe verticesof M i . As illus-
tratedin Figure 2, threekinds of verticesare createdfor
eachfacesplit. Face-vertex f i +1

j is thecentroidof theface
that includesverticesvi ; vi

j , andvi
j +1 . Edge-vertex ei +1

j is
computedas
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Figure 2. Catmull-Clark subdivision. The � denotes
existing vertex, � denotes face-vertex, � denotes
edge-vertex, and � denotes vertex-vertex.

An example of Catmull-Clark subdivision is given in
Figure 3. To producepiecewise smoothsurfaces,a con-
nectedseriesof edgesaretaggedassharpandsubdivided
sothatthesurfaceis tangentcontinuousalongtheseedges,
but not acrossthem [3, 5]. Boundaryedgesare crease
edgeswith only oneface.Figure2 alsoshows themaskof
edge-verticesandvertex-verticesalonga creaseor bound-
aryedge.

3. AdaptiveCatmull-Clark Subdivision

3.1. Selectingthe Subdivision Ar ea

Adaptive subdivision involvesselectingtheareasof the
meshrequirere�nement. This decisioncanbemadeeither
by theapplicationor theuser. Highercurvatureregionsof
the meshrequiremoresubdivisionsthanplanarareas.In-
cidentally, highercurvatureareascontainmoredetailsthan
�at areas.Dihedral angle, theanglebetweenthe facenor-
malsof adjacentfaces,providesa suf�cient measureof the
surfacecurvature. In real-timevisualization,other factors
suchas frustumvisibility, distanceto the viewer, and the
pixel areaof faces,may be usedto tune the selectional-
gorithm. For example,a view frustum visibility test can
determinewhethera faceshouldbere�ned [1].
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Figure 3. Catmull-Clark subdivision

Figure 4. Adaptive subdivision of a user selected
area as indicated by the highlighted vertices on the
left

In renderingapplications,theselectionalgorithmmaybe
derived by non-geometricpropertiesof the mesh. For ex-
ample,to generatesmoothsilhouettestheselectioncriteria
canbesetto take thenormalof eachfaceandtheview vec-
tor into considerationandsubdivide all thefacesthatshare
edgeson thesilhouetteboundary[6]. In non-photorealistic
renderingmethodsthatarebasedon edgesize[11], these-
lection areacan be determinedby the size of the coarse
edges.

In modelingapplications,usersmay needlocal control
over thelevel of detailof themodel.Artistssometimesem-
phasizepartof a sceneby increasingthedetailof thatarea.
Lastly, addingfeaturesto a meshgenerallynecessitatesan
increasein the level of detail wherethe featuresarebeing
added. In thesecases,the subdivision areais determined
by theuser. Figure4 shows adaptive subdivision of a user
de�ned area.

3.2. Handling Cracks

Thoughthe ideaof adaptive subdivision is simple,care
must be taken to avoid connectivity inconsistenciesthat
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Figure 5. Cracks due to subdivision depth difference
of adjacent faces. The numbers represent the current
subdivision depth of each face

ariseas the result of subdividing a subsetof facesof the
mesh. Figure5 shows what happenswhenonly one face
of the meshis subdivided. Edge-verticesbetweenfaces
with differentsubdivision depthscreatecrackswhen they
arerepositionedin thesubdivisionprocess.Cracksmustbe
removedfrom themeshfor editing,rendering,andprocess-
ing of the mesh. Sincethe subdivision algorithmdepends
ontheconnectivity of themesh,it is alsocrucialthatcracks
areremovedaftereachsubdivisionstep.

Themostcommonmethodto remove cracksis to insert
new edgesthat connectthe edge-verticeson the cracksto
the other verticeswithin the facewith lower subdivision
depth[8]. We call thesenewly introducededgescrack re-
moving edges (CREs). Figure6 shows two possiblecases
wherecracksmayappearin afaceandhow to removethem.
Whena facehasonly onecrack,it is triangulatedby con-
nectingtheedge-vertex thatcausedthecrackto the restof
the verticesin the face. If a facehastwo cracks,thenthe
crackis removed eitherby triangulatingthe faceor by in-
sertinga face-vertex in the faceand connectingit to the
verticesto producequads.This laterapproachis preferred
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Figure 6. Inserting edges to remove cracks. Two pos-
sible methods exist when there are two cracks in a
face: (a) quads (b) triangles.

becausequadfacesproduceordinaryverticeswhensubdi-
vided. However, if a facewith a large numberof vertices
is subdivided,thenthismethodwill leadto many otherface
re�nement.In thiscase,the�rst approachis preferred.Usu-
ally, faceswith morethantwo cracksaresubdividedusing
theregularCatmull-Clarksubdivision rules.

Thismethodremovescracksef�ciently , but asillustrated
in Figure7, it hassomeside-effects. Theconnectivity and
valenceof edge-verticeson the cracksarechanged.Since
theseverticeslie within the selectedsubdivision area,the
shapeof thelimit subdivisionsurfaceis modi�ed. Repeated
subdivisionsof theselectedareaproduceshighvalencever-
tices where new edgesare introducedto remove cracks.
High valenceverticesmake long facesthat are undesired
in both analysisand renderingof the surface. Finally, if
a selectedregion is subdivided repeatedly, the subdivision
depthdifferencebetweentheselectedandunselectedareas
becomeslargeraftereachsubdivision. Thisresultsin asud-
denchangein theresolutionof themeshfrom coarseto �ne
areasandis analogousto aliasing. In renderingandmesh
analysisapplications,it is desirableto have a smoothtran-
sition from thecoarseto �ne regionsof themesh.

3.3. A CombinedMethod

Subdivisionof asubsetof thefacesof themeshchanges
theconnectivity of someverticeswithin theselectedsubdi-
vision area,andthereforeit affectsthe resultinglimit sur-
face. In adaptive subdivision for triangularmeshes,two
separatemethodsattemptto avoid this side effect. One
methodrestrictsthemeshby enforcingtheverticesinvolved
in the subdivision processto be at the samesubdivision
depth[13]. If during subdivision it is determinedthat the
subdivisiondepthof verticesdonotmatch,thentheadjacent
facesat lower subdivision level arere�ned until all vertices
have the samesubdivision depth. The othermethod,red-
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Figure 7. Comparison of adaptive subdivision with
simple crack removal algorithm to global subdivision

greentriangulation[2], attemptsto avoid irregular shaped
meshes.CracksareremovedusingCREs,but if a facecon-
tainsmorethanonecrackper edge,thenthe faceis regu-
larly re�ned. This effectively limits the subdivision depth
differenceof adjacentfaces.It is possibleto combinethese
two methodsto obtainaproperadaptivesubdivisionsurface
with desirableconnectivity.

Figure 8 shows an example of extending thesealgo-
rithms to Catmull-Clarksubdivision. To restrictthe mesh,
for eachselectedvertex thesubdivision depthof its neigh-
boursarechecked. If they do not match,thenthefacewith
the lower subdivision depthis subdivided. During subdi-
vision, CREsareusedto remove crackasdescribedprevi-
ously, andif a facecontainsmorethanonecrackperedge,
thenit is regularly re�ned. Notethat,if only quadsarepro-
ducedwhenremoving cracks,thenthe meshis alwaysre-
stricted.However, in thegeneralcaseof mesheswith arbi-
trary faces,themeshrestrictioncriterionis required.

Althoughthis combinedmethodsatis�esall therequire-



Combined Global

Figure 8. Combination of mesh restriction and red-
green triangulation to remove cracks. The blue faces
are re�ned because of cracks, and the green faces are
re�ned to satisfy the restriction criteria.

mentsthat we set earlier in this paper, it is not ef�cient.
Each facere�nement, whetherperformedto obtain a re-
strictedmeshor to avoid multiplecracksperedge,maypro-
ducenew cracks. Thus,a singleadaptive subdivision step
involves recursive checkingfor cracksandensuringmesh
restrictionuntil no facesaresplit. In the worst case,this
algorithm may re�ne all facesof the mesh. Incremental
subdivision not only producesproperadaptive subdivision
surfaces,but alsoit is notmorecomplex thanregularsubdi-
vision.

4. Incr ementalCatmull-Clark Subdivision

We now describeour new incrementalmethodof adap-
tivesubdivision for Catmull-Clarksurfaces.Thisalgorithm
generatesmesheswith properconnectivity and geometry.
Thegeneratedsurfacegraduallychangesin resolutionfrom
coarseto �ne areas.Re�ecting thelocal natureof Catmull-

2

11

11

11

1

1

1

1 1 1

1
2

2

2

22

22

2

2

2

2

2

2 2 2

Figure 9. Ring one and two expansion of the selected
vertices

Clarksubdivisionscheme,our incrementalsubdivisionalso
operateslocally on themesh.

Let V = f v0; v1; : : : ; vk � 1g bethevertex setof thecur-
rent mesh. Let S be subsetof V . We wish to adaptively
subdivide S suchthatthelimit surfacegeneratedfrom S is
exactly thesameaswhenV is globally subdivided. To do
this,weexpandtheselectedsetS to anew largersetof ver-
tices,andthenwe subdivide this largerset.More formally,
at eachsubdivision level, expandS to E r (S) by including
the verticesof V that areinsidethe r -ring neighbourhood
of at leastonevertex of S

E r (S) =
[

v2 S

N r (v); r > 0; (3)

where N r (v) denotesthe r -ring neighbourhoodof v.
Therefore,w 2 V is in N r (v) if andonly if thereis a path
from v to w with maximumr edges.In graphtheoryterms,
the distanceof v andw mustbe smalleror equalthan to
r . Figure9 shows E 1(S) andE 2(S) of a groupof selected
vertices. Next, subdivide E r (S) anduseCREsto remove
cracks.Let S

0
bethenew selectedareathat is theresultof

subdividing S. Figure10 illustratestwo stepsof incremen-
tal subdivision by using E 1(S) expansion. As Figure 11
shows, incrementalsubdivision canbeusedwhetherquads
or trianglesareusedwhenremoving cracksin faceswith
two cracks.

Adaptive subdivision of E r (S) producesa limit surface
from S that is exactly thesameaswhentheentiremeshis
subdivided. Thereasonfor this is thatedge-verticeswhose
connectivity was changedto remove cracks lie outside
E r (S

0
); so the connectivity of verticeswithin S

0
remains

unchanged. In addition, verticesof S
0

and their neigh-
boursareat thesamesubdivision depthbecauseE r (S) in-
cludesthe r -ring neighboursof S in the subdivision pro-
cess.Therefore,the limit surfaceof S is not changeddue
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Figure 10. Incremental subdivision on the left. The
dots indicate selected vertices for subdivision.

(a) (b)

Figure 11. Comparison of the meshes produced
when (a) quads are used and (b) triangles are used
to remove cracks in faces with two cracks.

Figure 12. Incremental subdivision of the faces on
the interior boundary loop results in a smooth change
in the subdivision level from coarse to �ne areas

to theadaptive subdivision. Furthermore,an r -ring neigh-
bourhoodof S beforesubdivision correspondsto 2r -ring
neighbourhoodof S

0
. Therefore,edge-verticeswith modi-

�ed connectivity to removecracksandtheoppositevertices
they areconnectedto are2r and3r edgesaway from S

0
,

respectively. This preventsthe incrementalsubdivision al-
gorithm from producinghigh valenceverticeswhenS

0
is

subdivided. Finally, 3r -ring neighboursof S
0

are always
onelevel of subdivision lower thanits 2r -ring neighbours.
Thisyieldsasurfacethatgraduallyincreasesin subdivision
depthfrom coarseregionsto the incrementallysubdivided
areas.Figure12 demonstratesthis effect that is analogous
to anti-aliasing.Larger valuesof r result in surfaceswith
smoothertransitionfrom coarseto �ne.

Incrementalsubdivision of a selectedareathat includes
boundariesis the sameasincrementalsubdivision of inte-
rior vertices,with the differencethat boundaryedgesare
split accordingto creaserules.

5. Results

To implementsubdivisionweusedthevertex-vertex sys-
tems[10] thataccuratelyrepresentsthelocal natureof sub-
division operations.This datastructureholdsa setof ver-
ticesalongwith anorderedsetof theirneighbours.A single
passover themeshcreatesface-verticesandedge-vertices,
repositionsvertex-vertices,andtheninterconnectsthenew
vertices. Incrementalsubdivision is a simpleextensionof
thisalgorithm,but operatesonly ontheselectedverticesfor
subdivision. During subdivision, r -ring unselectedneigh-
boursof eachselectedvertex are taggedand includedin
the subdivision process. Edge-verticesare only created
on edgeswith both verticesselectedor tagged. A face-
vertex is createdwhenall verticesof thefaceareselectedor
tagged.Finally, whenthenew verticesareinterconnected,
thecracksareremovedby usingCREsasdescribedin sec-
tion 3.2.

Incrementalsubdivision canbeusedin a numberof ge-
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Figure 13. Comparison of incremental subdivision based on dihedral angle (top) and global subdivision (bottom)

ometricmodelingapplications.An exampleof suchappli-
cationis creatingef�cient smoothsurfacesby only subdi-
viding high curvatureregions of the mesh. In Figure 13,
dihedralangleis usedto selectandincrementallysubdivide
high curvatureareasof the model. A bene�t of using in-
crementalsubdivision is thatsubdivision depthof adjacent
facesis limited, sothelevel of detailof thesurfacechanges
graduallyfrom coarseto �ne areas.Sincenoanalyticalpre-
computationis required,themodelcanbeeditedatany sub-
division depth.Usersmayalsolocally increasetheresolu-
tion of the meshfor morecontrolledediting as illustrated
previously in Figure4. Incrementalsubdivisioncanalsobe
usedto addsharpfeaturesto a model. In Figure14, faces
on sharpor boundaryedgesareincrementallysubdivided.
An advantageof incrementalsubdivision is that faceselec-
tion is performedautomaticallythroughE r (S) expansion
at eachsubdivision level. This methodalsoproducessur-
faceswith fewer facecountwhile achieving thesamevisual
qualityassubdivisionof theentiremesh.

6. Conclusion

Adaptive subdivision allows us to createsurfaceswith
differentsubdivision depthsby subdividing selectareasof
theinputmesh.To removecracks–thataretheresultof sub-
division depthdifferenceof adjacentfaces–new edgesare
introducedinto themesh.However, this methodof remov-
ing cracksproducessurfaceswith undesirableproperties.

Usinga combinedmethodof restrictingthemeshandlim-
iting thedepthdifferenceof adjacentfaces,it is possibleto
adjustthis methodto obtainbetterbehavedadaptive subdi-
vision surfaces.The disadvantageof this algorithmis that
it is inef�cient. We introducedincrementaladaptive subdi-
vision for Catmull-Clarksubdivision surfaces.It produces
surfacesthathave properconnectivity andgeometrywith a
gradualchangein subdivision depthfrom coarseand �ne
areas.Basedon our comparison,incrementaladaptive sub-
division is moreef�cient thanthecombinedmethodto re-
move cracks,while it is still simple to implement. It can
alsobeeffectively usedin modelingandrenderingapplica-
tions.
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