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Abstract— Recent research in network coding shows that, joint =

consideration of both coding and routing strategies may led a

to higher information transmission rates than routing only. A b

fundamental question in the field of network coding is: how a b

large can the throughput improvement due to network coding

be? In this paper, we prove that in undirected networks, the a a+b b

ratio of achievable multicast throughput with network coding

to that without network coding is bounded by a constant ratio o a+b a+b

of 2, i.e, network coding can at most double the throughput. T T

This result holds for any undirected network topology, any Ink

.Capacity. Configuratiqn, any multicast group size, and any sarce Fig. 1. A classic example from [1]: network coding helps aegkia multicast
information rate. This constant bound 2 represents the tightest roughput of 2, in a topology where each link has unit capaci

bound that has been proved so far in general undirected setigs,
and is to be contrasted with the unbounded potential of netwk
coding in improving multicast throughput in directed networks.

Index Terms—Network Coding, Multicast, Undirected Net- with coding is always lower bounded by that achieved without

works, Routing, Complexity coding.

An important direction in network coding research is to
understand and quantify the potential of network coding in
improving end-to-end throughput of information transrites
T HE throughput of information transmission within a datg, general multi-hop communication networks [3], [4], [5],

ng_twork is c_c_)nstrained py the |_1et_vvork tqpology apq Iinl%], [71, [8], [9], [10], [11]. In this paper, we consider
capacities. Traditional techniques in improving transmis ngirected networks with bidirectional links. We compdre t
throughput focus on strategically routing information 0w gchievable throughput with coding both a routing scheme and
along high bandwidth or multiple paths from the source to ”H*corresponding coding scheme. Optimal throughput actiieve

destinations. Recently, it is shown that such routing egi@s jth coding is always lower bounded by that achieved without
alone may not be sufficient. Rather, it is necessary to censigqging.

encoding/decoding data on nodes in the network, in order to,
achieve the optimal throughput [1], [2]. Since these codirl%d

operations are not restricted to source or _destination S]Odﬁnproving end-to-end throughput of information transritias
Fhey are referred to asetwork codlngA cla_ssm example t.hat in general multi-hop communication networks [3], [4], [H],
illustrates the power of network coding is shown in Fig. ’]:}[g], (8], [2], [10], [11]. In this paper, we consider undited

whr(]e_re e;chtr:ink hr::\s ltmittcapa:/(i/i_tt)rq V\{[ith ggtwotrrl: cod;ng, tb etworks with bidirectional links. We compare the achidgab
achievabie throughput Is two. YWIthout coding, the achitya throughput with coding to other parameters that have been
throughput is only one, if integral routing is requirad., if

. ) L previously defined to reflect a communication network’s con-
al I|_nk_ flow rates are integerg)(or 1 in this e>_<amp|e). nectivity or capacity. Such parameters include the packing

S|m|_lar tq source erasure codes, encodmg and deC(_)qmgmber (which is also the achievable throughput without
operations in network coding are also defined over fm"ceoding) strength, and connectivity. We consider threesyaf
fields, which have fixed length representation of Symbo'éommu,nication s;essions: unicast (one-to-one), broadoast

Therefore, information flows do not increase in size aft%_a”) and multicast (one-to-many). We examine the reéati

bem_g encoded. The mtrod_uctlon of net_work codl_ng_ has Srder among the above four quantities, from which we derive
sentlall_y e_xpanded the available strategies to gchmvmabt_ upper bounds for theoding advantagei.e, the ratio of

transmission throughput: rathe_r than only relying on rogiti roughput improvement due to network coding. In contrast
strategies, an optimal transmission strategy to achieee previous work, which shows the coding advantage is not

maximum throughput includes both a routing scheme andfiﬁ'tely bounded in directed networks [5], [9], [12], we show

corresponding coding scheme. Optimal throughput achiev&1 t the coding advantage is always bounded by a constant

Manuscript received February 2007; revised February 2GGgepted fE_‘Ctor of tWO in unqireCted ne.tworks. _Our proof h0|d§ for
August 2008. either fractional routing, where information flows can bétsp

I. INTRODUCTION

n important direction in network coding research is to
erstand and quantify the potential of network coding in
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and merged at arbitrarily fine scales, or half-integer rayti advantage proved in this paper in the following two aspects.
where each information flow being transmitted has either &irst, it provides an alternative proof method for the bound
integer or half-integer rate. 2 in the fractional flow case, since the integrality gap of

We extend the result to an Internet-like bidirected netwotke bidirected cut relaxation is bounded by the gap of the
model, where the bound for the coding advantage dependsundirected relaxation of the minimum Steiner tree problem,
how imbalanced link capacities can be on two opposite linkghich is known to be bounded by [15], [16]. Second, it
between the same pair of nodes. We also provide brief discebows that the advantage of network coding in decreasing
sions on the integral flow model and the hypergraph modetulticast cost is also bounded Ry(assuming the linear link
In addition, we prove that the achievable throughput, aradst model in the classic min-cost flow literature [17]),cgin
therefore the coding advantage, are independent of thédacathe minimum Steiner tree IP and its bidirected cut relaxatio
of the information source within the communication groupyield the optimal cost without and with network coding, re-
which is a unique property that is only valid in undirectedpectively. The proof of bounglin this paper is combinatorial
settings. Finally, we show that in many cases, including in nature and does not rely on linear programming technigues
both directed and undirected networks, with both integnal ait works for not only fractional routing but also half-integ
fractional routing, optimal throughput with network codin routing.
is much easier to compute than optimal throughput without Chekuri et al. studied the coding advantage in directed
coding. In particular, the small bounds on the coding achgat networks, without the symmetrical throughput requirenant
may lead to nice approximation algorithms. multicast receivers [5]. They demonstrate classes of n&svo

The remainder of the paper is organized as follows. Wehere the coding advantage is bounded2byncluding net-
introduce related work on network coding in Sec. Il, proveorks with two unit sources, or networks with two receivers.
bounds on the coding advantage for unicast, broadcast, dif¢y also construct a network pattern where the coding
multicast in Sec. IIl, extend the result to group communic@dvantage grows at ra&(./[V|). In this paper, we focus on
tions in Sec. 1V, and to other network models in Sec. V. Wendirected networks with symmetrical multicast throughpu
then discuss the coding advantage and complexity issuesTire bound we prove holds for any multicast throughput and
Sec. VI and finally conclude the paper in Sec. VII. any multicast group size.

Cannongt al.[18] and Doughertyet al.[19] also performed
comparison studies between network capacity with network
coding (coding capacity) and network capacity with routing

Ahlswedeet al. [1] initiated the study of network coding. only (routing capacity). In particular, they show that the
They show examples that demonstrate the benefit of netwertwork capacity is independent of the coding alphabet, and
coding, in terms of throughput improvement. They also prothat while routing capacity of a network is always achieeabl
the fundamental result that, for a multicast transmissio@a i coding capacity is not.
directed network, if a rate can be achieved for each receiver Empirical comparisons of multicast throughput with and
independently, it can also be achieved for the entire sessiwithout network coding can be found in [3] and [20]. Both
Koetteret al. [2] also derived this result for directed acycliccomparisons suggest that for random network topologies, th
networks within an algebraic framework. They further extencoding advantage is marginal at best. Other advantages are
the discussion to multiple transmissions, and examined thgggested instead, such as ease of management, robustness
benefit of network coding in terms of robust networking. and ease for algorithm design.

Li et al. [13] show that linear codes suffice in achieving The coding advantage in the case of multiple unicast ses-
optimal throughput for a multicast transmission. The boand sions has also been examined in recent literature. Whike it i
the necessary base field size is first given by Koettel.[2]. known that the coding advantage is larger thafor either
They show that for a multicast session with throughpand directed networks or integral flows, it was conjectured by
number of receivers, there exists a solution based on a finitélarveyet al. [21] and by us [22] that network coding does not
field GF(2™), for somem < [log,(kr + 1)]. This bound is make a difference in undirected networks with fractionakfio
then improved by Heet al. to m < [log,(r + 1)] [14]. This conjecture remains unsettled except for some special

Li et al. [13] also proposed the first code assignmemetwork cases [6], [7], [8].
algorithm, which performs an exponential number of vector Early network coding research often focus on directed
independence tests. Jaggi al. [9] observed that, exploiting acyclic networks, where the lack of cycles facilitates the
flow information in the routing strategy dramatically siifigls definition and computation of the global coding vectors at
the task, and designed a polynomial time code assignmentedch network node. For converting an undirected network int
gorithm accordingly. They also show that, in directed nekso a directed one, our approach in this paper is the same as that
with integral routing, the coding advantage may increastssed in classic network flow research and that adopted by
proportionally as2(log |V]), and therefore may be arbitrarilyHarveyet al. [6] and Krameret al. [23]: each undirected link
high. uv with capacityC(uv) is viewed as a pair of directed links

Agarwal and Charikar [4] show that the potential of networkv andvu, whose Capacitieé’(zﬂz) andC(ﬁL) can be flexibly
coding to improve throughput is equivalent to the integyali chosen as long a@(zﬂz)—i—(}(ﬁ) < C(uv). For extending the
gap of the bidirected cut relaxation of the minimum Steinatefinition of network coding from directed acyclic netwotks
tree problem. This result is related to the boundn coding general directed networks, we refer the readers to the igaan

Il. PREVIOUS RESEARCH
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of time-parameterized layered graphs by Ahlswetl@l. [1] require f(¢) to take integer values only (assuming all inputs

and by Yeung [24]. in C(uv) are integers), leading to integral packing, or allow
f(t) to take rational values, leading to fractional packing.
I1l. FINITE BOUNDS ONCODING ADVANTAGE IN Strengthis a kind of partition connectivity of the network
UNDIRECTED NETWORKS [26], and is denoted ag(N). Let P denote all possible ways

Igf partitioning NV into a number of disconnected components,

Network coding introduces a new dimension to the info . :
such that each component contains at least one terminal node

mation transmission problem. Traditionally, only the iogt )
dimension is considered in a transmission strategy; with ng’hen. |E,|
work coding, a transmission strategy includes both theimgut n(N) = mi :
scheme and the coding scheme. Considering both dimensions

together is necessary to achieve the maximum informationtere E is the set of inter-component links, anél.| =
transmission rate. > wven, C(uv); |p| is the number of components that the

We use a simple grapli = (V, E) to represent the topology Network is separated into, in
of a network, and use a functiofi : E — Z* to denote  Connectivityrefers to the minimum edge connectivity be-
link capacities. However, when we study fractional routinveen a pair of nodes in the communication group, and
models, having integer values i is neither important nor IS denoted as\(N). It is also the minimum size of a cut
necessary, and we assurfiecan take rational values too. Thethat separates the communication group. Fig. 2 illustrites
communication group isV/ = {S,Ti,...,T,} € V, with concept of these four parameters using an example multicast
S being the sender of the unicast, broadcast, or multicdtwork.
session, by default. In our graphical illustrations, tevahi _
nodes (nodes in the communication group) are black, ang rela &5
nodes (nodes not in the communication group) are white. We:
focus on fractional routing in this section, and will extemar
discussion to integral routing later in the paper. For irdaég
routing, all link capacities and flow rates have integer galu
For fractional routing, we assume link capacities may be
shared fractionally in both directions, and flows can betspli
and merged at arbitrarily fine scales.

We usex(N) to denote the maximum throughput of a net- Ts
work N containing a single transmission session. We compare Packing Throughput
x(IN) with other parameters that are defined to characterize
the connectivity or capacity of a communication network,
including thepacking numberstrengthand connectivity We
study and compare the four parameters for unicast, brogdcabk;
and multicast transmissions, respectively. Based on teesul
obtained from such comparison studies, we derive a bound
on the coding advantage in each case. We refer the readers t
our previous work [20], [25] for precise linear programming
formulations of x (V).

Packingrefers to the procedure of finding pairwise edge-
disjoint sub-trees of7, in each of which the communication Ts Ts
group remains connected. The packing number of a commu-
nication networkN is denoted asr(N), and is equal to the
maximum throughput without coding. The reason is that, eagly 2. The four parameters of a communication netwiStkpacking number
tree can be used to transmit one unit information flow from(N), throughputx(N), strengthn(N) and connectivity A\(V). In this
the sender to all receivers, therefore the packing numivesgi Particular network with unit capacity at each undirectatklin(N) = 1.8,

. . . nine trees (each labeled with a letter between ‘a’ and ‘igheaf rate0.2 can
the maximum number of unit information flows that can bge packed;y (IN) = 2, two unit information flowsz andb can be delivered to
transmitted. Formally, IeT” denote the set of all possible treesill receivers simultaneously)(N) = 2, in the illustrated optimal partition,
connecting the communication group, then the packing nmmﬂgr‘i = 125 = 2 A(N) = 2, each pair of terminal nodes i-edge-
can be defined using the following liner program: connected.

pep p| -1

atb

T, T, To

Strength Connectivity

Maximize Doer f()
Subject to:
Y er /(1) < Cluv) Vuv € E A. Unicast
f(t) >0 vteT In an undirected network with a unicast sessidh =

{(G\V,E),C:E—Z*,M = {S,T} C V}, the packing
In the LP abovef(¢) is a variable representing the amounhumberr(N) becomes the number of edge-disjohf” paths.
of information flow one ships along tree One can either The throughputy (V) is the maximum information rate that
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can be achieved in th8—T transmission. The strengtf{N) network, NV,
is now minimized over all cuts separatisgandT — no valid 1
partition with more than two components exists, since each 5/\(1\7) <m(N) =x(V) =n(N) < AN)
valid component contains at least one terminal node ane ther
are two terminal nodes only in the network. The connectivityroof: We first show thatr(N) = x(IV) = n(V). Tutte-Nash-
becomes the edge-connectivity betwegnand 7', i.e, the Williams Theorem characterizes the relationship between i
minimum amount of edge capacity one needs to remove frasgral spanning tree packing and network strength [27]}, [28
the network, in order to separateand 7 into disconnected [29]: A graphG hasz pairwise edge-disjoint spanning trees if
components. and only if, for every vertex partition, there are at legst-1)x
Based on previous results, we can show that the foedges with endpoints in different components, whei® the
guantities turn out to be all equal for a unicast transmissio number of components in the partitiofutte-Nash-Williams
Theorem 1. For a unicast transmission in an undirecte-cli-heorem shows that, for the integrgl spanning tree packing
problem,7(N) = |n(N)]. In the fractional flow model, one
network, N, . . .
can apply the technique of scaling edge capacities up, and
T(N) = x(N) =n(N) = A(N). then scaling the solution down accordingly, to deriveV) =
n(N) from the integral packing result. Furthermore, since the
Proof: Due to the fact that)(N) can be minimized over spanning tree packing numbe(V) is equal to the uncoded
simple cuts (cuts which separates the network into exaety t throughput, it can not exceed the coded throughplV),
components) only, it becomes identicalX@V) by definition; i.e. 7(N) < x(N). Next, we observe that, if the network is
both are equal to the size of the min-cut betwe®rand partitioned intop components, each component not containing
T. Furthermore, observe that uncoded throughput is alwaift source needs a total incoming edge capaciin order
bounded by coded throughput — network coding allow® achieve throughput; therefore(p — 1)z inter-component
instead of requires coding, and any valid transmissionraehe€dge capacity is required in total. This leadg{aV) < n(N).
with routing only is still valid in the paradigm of network Combining the above results, we haveV) = x(N) = n(N).
coding. Thereforer(N) < x(N). Next, theS—T information ~ We next show that A(N) < w(N) andn(N) < A(N).
rate is bounded by thé-7 min-cut,i.e, x(N) < n(N). In By definition, n(N) < A(NV) holds since \(N) can be
order to finish the proof, it is sufficient to shaw V) = \(N), viewed as a special case @fN), where only partitions
which is implied by Menger’'s Theorem [27]et u, v be two containing two components are considered. We now prove that
vertices of a graplt;. The maximum number of pairwise edgesA(N) < x(NV), using Nash-Williams’ Weak Graph Orien-
disjoint u-v paths equals to the minimum number of edgdstion Theorem [30]: a graph G has anz-edge-connected
whose removal separatesfrom v in G. O orientation if and only if it is2z-edge-connectedlhe weak
It follows from Theorem 1 that network coding is notorientation theorem implies that, in the fractional model,
necessary in order to achieve the maximum throughput foroadcast networkV always has ajA(V)-edge-connected
a unicast session: orientation,i.e, an orientation where the max-flow between
each pair of nodes is at leagt\(V). Combined with the

Corollary 1. The coding advantage for a unicast session Rsult in directed networksa transmission rate that can be

always 1. independently achieved for each receiver can be achiewed fo
the entire sessiqrthis implies3A(N) < x(NV). O
B. Broadcast From Theorem 2, we can see that network coding has no
let N = {G(V,E),C : E—=Z*M = V = potential in improving broadcast throughput either:
{S,T1,...,T}}} be an undirected network containing a broadcorollary 2. The coding advantage for a broadcast session is

cast session, witly' being the broadcast sender, and all othefiways 1.

nodes in the network being receivers. The packing number

7(N) becomes the spanning tree packing numher, the .

maximum number of pair-wise edge-disjoint spanning treés Multicast

that can be identified in the network. A spanning tree is a treeMulticast is a more general form of communication than

that connects every node in the network. The throughi) both unicast and broadcast. A unicast session can be viewed

is the maximum information rate frorfl to every other node as a special case of multicast, where exactly two nodéds in

in the network, simultaneously. The strengthV) is still as are in the multicast group/. A broadcast session can also be

defined; just note that for a broadcast network, every jamtit viewed as a special case of multicast, where all nodeg in

is valid, since each component of a partition always costaiare in the multicast group/. In general, the multicast group

some node from the communication group. Connecti¥{ttf) M can be any subset &f that has size two or larger, and the

becomes the size of the minimum simple cut of the networjgacking problem becomes Steiner tree packing. A Steiner tre
The fact that all nodes in the network request the sarngea subtree in the network connecting all the terminal npdes

information leads to the following nice property for broadt each relay node may or may not appear in the tree.

transmissions: . L . .
Theorem 3. For a multicast transmission in an undirected

Theorem 2. For a broadcast transmission in an undirectetetwork, N={G(V, E),C : E—~Z* M = {S,Ty,..., Ty} C
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V1,
1 s T, S T1
- < < < < . s T
SAIN) < (V) < X(N) < 9(N) < A(N) /T * /T &/
Proof: The fact that uncoded throughput is bounded by coded A\ T3\ T3\
; o B .Tz T2
throughput again leads to(N) < x(N). Furthermore, the s @ T2 ) ©

partition connectivity condition is necessary for a certai_ _ . .
Fig. 4. Transforming a multicast network into a broadcasivoek, where the

throughput to be feasible in multicast networl_<s as Weu/alidity of %)\(N) < w(N) can be traced back. (a) The original multicast
therefore x (V) < n(N). Next, n(IN) < A(N) still holds network, with unit capacity on each link. (b) The networkeafepplying
due to the same argument as in the broadcast casXe(AL) operation (2), moving the M-cut nodé into the multicast groupA becomes

. . receiver T3. (c) The network after applying operation (1). A split-offas/
can pe conS|d§r(_ed as a special casen@V) where only yone ot relay nodés. A broadcast network is obtained.
partitions containing two components are allowed. We now

haver(N) < x(N) < n(N) < A(N), and need only to focus

on the validity of 3A(N) < m(N) in the rest of the proof, capacity in the input network, then we scale the solutionrow
which is more complex in the case of multicast. by a factor of i at the end. Note that, assuming the input
We build the proof of3A(N) < 7(N) in the multicast nenwork has integer link capacities, then each node hasam ev
case upon the same result proven in the broadcast Caggyree after doubling link capacities. Furthermore, a-sili
More specifically, we transform the multicast network int@peration does not affect the parity of the degree of any node
a broadcast network, by eliminating the existence of relgy the network. Therefore the Undirected Splitting Theorem
nodes, while guaranteeing thgt(N) < x(N) holds after g arantees that as long as there are relay nodes that are not
the transformation only if it holds before it. _ cut nodes, operation (1) is possible. Furthermore, omerati
Before describing the transformation in more detail, WEl) does not increase(NV). Therefore, ifL1A(N) < m(N)
first introduce Mader’s Und_irected Splitting Theorem _[30]holds after applying operation (1), it holds before appyin
Let G(V + z, E) be an undirected graph so tha¥, E) is gperation (1) as well. Operation (2), applied to M-cut nodes
connected and the degreé(z) is even. Then there existsyges not affect either (V) or A(V). So, again we can claim
a complete splitting atz pr_eserving the edge-connectivityihat for operation (2), i%)\(N) < m(N) holds after applying
betweer_l all pairs Of nodes iw. the operation, it holds before applying the operation ad.wel
A split-off operation at node: refers to the replacement g |ong as there are relay nodes in the multicast network,
of a 2-hop pathu-z-v by a direct edge betweemandv, as 4 |east one of the two operations can be applied. If both
illustrated in Fig. 3. A comp!ete splltt|ng_at|s the pr(_)cedgre operations are possible, operation (1) takes prioritc&iach
of repeatedly applying split-off operations atuntil » IS oheration reduces the number of relay nodes by one, evéntual

isolated. we obtain a broadcast network with terminal nodes only. By
! y " v Theorem 2L \(N) < 7(N) holds.
O—0O Finally, note that we obtained an integral transmission
O\ = strategy after doubling each link capacity. Thereforeeraft
o we scale the solution back by a factori),f the transmission
7 strategy is half-integral. O

Corollary 3. For a multicast transmission in an undirected
network, the coding advantage is upper-bounded by a cdnstan

factor of two, as long as half-integer routing is allowed.
The Undirected Splitting Theorem says that, if a graph g ¢ g

has an even-degree non-cut node, then there exists a gplitRioof: By Theorem 31 A(N) < 7(N) and x(N) < A(N) as
operation at that node, after which the pairwise conndiivi long as half integer routing is allowed. Therefore we codelu
among the other nodes remain unchanged; and by repeategtyN) < m(N), i.e, the coding advantage(N)/m(N) < 2.
applying such split-off operations at this node, one cameve O
tually isolate it from the rest of the graph, without affecti  Fig. 5 shows the optimal throughput without coding of
the edge-connectivity of any pair of nodes in it. the multicast session given in Fig. 1, assuming half-irgegr

Now, consider repeatedly applying one of the followingouting and arbitrarily fractional routing respectivelyith the
two operations on a multicast network: (1) apply a completeetwork being undirected. Links labeled with the same fette
splitting at a non-cut relay node, preserving pairwise edge number form a Steiner tree. For example, the tree labeled
connectivities among terminal nodesiii; or (2) add a relay with ‘a’ is highlighted in bold edges. In (a), each tree has
node that is a M-cut node into the multicast groliy i.e., capacity 0.5; in (b), trees labeled with a letter each haaaap
change its role from a relay node to a receiver node. H&5, and trees labeled with a number have capacity 0.125.
a M-cut node is one whose removal separates the multicAst a result, uncoded throughput achieved is 1.5 in (a) and
group into more than one disconnected components. Figl4875 in (b) respectively, by transmitting a flow along each
illustrates these two operations with a concrete example. Steiner tree, with the flow rate equal to the tree capacihcsi

In order to meet the even node degree requirement aptimal throughput with coding is 2, the corresponding ogdi
the Undirected Splitting Theorem, we first double each linkdvantages are 1.333 and 1.067, respectively.

Fig. 3. A split-off at nodez.
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can be arbitrarily different in the two directions. Second,
it is rather obvious that this property holds for multicast
without coding. The uncoded multicast problem is equivalen
to the Steiner tree packing problem, and the packing number
is defined upon the network topology and the terminal set,
regardless of which node in the terminal set is the “sender”.
However, with network coding considered, it is less obvi-
ous whether the source independence property still hotds. |
(@) () Theorem 4, we provide an affirmative answer, based on which
we then extend the bourdon coding advantage for multicast

Fig. 5. Throughput without network coding, for the examgiewn in Fig.1. g the case of group communication.
(a) With half-integer routing, optimal throughput 1s5. Each flow is of rate

0.5. (b) With a_rbitrary fractional routing, optimal throughtpis 1.875. Each Theorem 4.The optimal throughput of a multicast transmis-
flow labeled with a letter and a number has a5 and0.125, respectively. sion in an undirected network is completely determined lezy th
network topology, the link capacities, and the multicastugr,

5 is not dependent on the selection of the sender within the
@ulticast group.

ab bc

ab bc

We point out that none of the inequalities in Theorem
can be replaced with equality in general multicast networ
In particular, the network in Fig. 1 is an example where
m(N) < x(N), showing that packing number is not always
equal to multicast throughput; the network in Fig. 6 is an
example wherex(N) < n(N), showing that strength is not
always equal to multicast throughput either. The value of
x(N') was computed using the linear optimization approach in
[25]; the value ofy(IN) was computed by optimizing over all
valid network partitions. In the same network(N) = 13.5
can be obtained by enumerating all different multicastgre€ig. 7. Two scenarios of reversing the— B flow. Thicker links are being
and then solving the tree-packing LP, aA¢N) = 16 can reversed
be obtained by solving two max-flow LPs. Therefore, we
also haveiA(N) < 7(N) and n(N) < A(N) here. The Proof: The proof we present below is based on the following
construction of the network top0|ogy was inspired by th@ct a directed multicast transmission is feasible if and Only

“gadget” used in the proof by Dahlhoes al.[31] that shows if it satisfies all the simple cut conditior{g], i.e. if every
the multiterminal cut problem is NP-Complete. simple cut between the source and any receiver has size no

less than the multicast rate.

Suppose we exchange the sender and receiver roles between
two terminal nodesA and B, and the optimal throughput
before the exchange ig. Then there must exist a network
flow of rate f from the sender to every receiver (including,
in particular, from A to B). Consider reversing thel— B
network flow, which has ratg. We show that after the reversal,
simple cut conditions are still satisfied. Lét be another
multicast node. Consider a cut that separdeandC'. There
are two cases, eithed is in the same partition a8, or A

4 is in the same partition aS', as shown in Fig. 7. In the first
o6 Amul cwh y v _ case, we have net flow of rateé traversing the cut from the
tr:rgaughpu&li}'v%ait ”gf’g(’)rstxn;ﬁ,?gf,)"f ?in;?]‘{dr cgnnégigi'tynj\?xj\'[”;”:m AB component to the” component before the reversal, and
16. Unlabeled links each has capacity This example shows that multicast 2N equal amount of flow in both directions will be reversed;
throughput is in general not equivalent to strength in wuled networks.  therefore after the reversal, we still have the same amaount o
flow going from theA B component towards th& component.
In the second case, similarly, the total flow going from @
IV. SOURCEINDEPENDENCE ANDCODING ADVANTAGE component towards thB component isf before the reversal,
FOR GROUP COMMUNICATIONS and all flows crossing the cut will be reversed. Thereforgraf

In this section, we show that the achievable throughput fme flow reversal, we have flows of total rafegoing from the

a multicast transmission does not depend on which nodefﬁncomponent towards thdC’ component. . . =
Our proof also shows that, after the information source

the multicast group acts as the sender. In other words, if we d th ticast th hout b hieved
move the information source from one node in the multicat MoVed: the same multicast throughput can be achieve
h exactly the same bandwidth consumption on each link.

group onto another, the optimal coding throughput remail\_?%t ; derive the followi llary:
unchanged. First, note that such a property does not hold'i erelore, we can derive the foflowing corofiary.
directed networks, where the connectivity between two sod€orollary 4.a A multicast rate is feasible if and only if it is

Ty
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feasible with the information source separated into indepemoment, if theu—wv link is congested and the—u link
dent sub-sources and redistributed among the multicaspgrois idling, it is not feasible to “borrow” bandwidth from the
y—u direction to theu—wv direction, due to the lack of a

Fig. 8 shows an example containing the same network as . : .
9 : e ng ynamic bandwidth allocation module. Therefore, the imbér
in Fig. 1, with the two unit information sources at the top

molicastnode moved ot the two bt st roaSEeTES 1 ULt P e ot
respectively. Each information source can still be tramisui ’

to all three multicast nodes, after the movement. link is directed with a fixed amount of b_andwidth. .

' The Internet can be better modeled withalanced directed
network. In a balanced directed network, each link has a fixed
direction. However, a pair of neighboring nodesand v are
always mutually reachable through a direct link, and thirat
between:(uv) andc(vu) is upper-bounded by a constant ratio
a. In cases wherex = 1, we have an absolutely balanced
directed network. This is rather close to the reality in the |
ternet backbone, although last-hop connections to therlete
exhibit a higher level of asymmetry in upstream/downstream
capacities. Based on the constant bound developed in the
Fig. 8.  Optimal transmission strategy after splitting andving the Previous section, we now show that the coding advantage in

information source, for the network shown in Fig. 1. Hee is the source such ana-balanced network is also finitely bounded.
for a and P, is the source fob.

Theorem 5. For a multicast session in am-balanced bidi-
Corollary 4.a is relevant to video conferencing, where eachctional network, the coding advantage is upper-bounged b
participant multicasts his/her local audio/video datawerg 2(« +1).
other participant, and receives_ audio/video dgta from. thelg?oof: We first define a few notations. Le¥y.. be thea-
as vyell. By Corolla_ry 4.a,_a video conferenc!ng SESSION 3 1anced network; letN; be an undirected network with
feasible with a certain sending throughput requiremenaahe

- . ; . o . the same topology ad'1.., wherec(uv) in Ny is equal to
participant, if and only if the multicast transmission db&l the smaller one Ot(%) and c(v—&) in Ny.: let Noi; be

by congregating all throughput requirement at one of tqﬁe undirected network obtained by multiplying every link

participants is feasible. o : )
Since both throughput with and without network coding ar%apacny NNy with o+ 1. Then we have:

i i i 1 1 1
source independent |n.und|rected networks, we can exteng{(lea) > 7(Ny) > 7(Nas1) > 2 (Nas1)
the bound of2 proved in Theorem 3 to the case of group a+1 a+12
communication: 1

. . Z 7X(N1:a)
Corollary 4.b The coding advantage for a group communica- 2(a+1)
tion session in an undirected network is upper-bounded by an the derivations above, the third inequality is an ap-
constant factor of. plication of Theorem 3; the other inequalities are based on
As a final note of this section, we point out that th&definitions. O

‘flow reversing’ technique used in the proof of Theorem 4 From Theorem 5, we can see that the more “balanced” a
is not always applicable in general networks. For exampl@',reCtEd ne_twork is, a smaller bound on the coding advantage
Dougherty and Zeger [32] demonstrated a specific (directetf P€ claimed. In the case of an absolutely balanced net-
network N, consisting of multiple unicast sessions, such©rk the bound ist. In arbitrary directed networksy may
that N; has a network coding solution while iteverse approachxo, and correspondmglyaflmte bound on the coding
networkdoes not. A reverse network is defined as the netwoRgvantage does not exist.

obtained from reversing every link direction and exchaggin

the sender/receiver role of every unicast session. B. Integral Flows and Hypergraph Models

We now briefly discuss the cases of integral flow rates and
) S hypergraph network models. The motivation of having indégr
A. Internet-like Bidirectional Networks flows lies behind the fact that in packet-switched networks,

Given the fact that the coding advantage is finitely bounde@ch packet constitutes an atomic data unit and data flow rate
in undirected networks but not in directed ones, it is ndturshould be discrete. We showed in [33] that in the model of
to ask which model is closer to real-world networks, andndirected networks with integral flowsg;(N) < 267(N),
whether the coding advantage is bounded in such networksi.@, the coding advantage is bounded by a constant factor
real-world computer network, such as the current genaratiof 26. A hypergraph is similar to a graph except that each
Internet, is usually bidirectional but not undirectedulfand edge may connect more than two vertices. It naturally models
v are two neighboring routers in the Internet, the amoudata transmission in wireless networks equipped with omni-
of bandwidth available from: to v and that fromv to « directional antennae, where each transmission is heard by a
are both fixed and independent of each other. At a certaisers within a certain effective reception range.dkjirand

V. CODING ADVANTAGE IN RELATED NETWORK MODELS
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Lau [34] recently showed that in the hypergraph model, if packing result by Bang-Jensenm al. [38], Chekuriet al. [36]
communication group i8z-hyperedge-connected, then there iproved that without network coding, a rate vectar, . . ., xx

an orientation within which it isc-hyperedge-connected. Thiscan be achieved, such that for eaGh x; is no less than half
demonstrates that the multicast throughput can achiewaast | of the max-flow fromS to 7;. This implies that the upper-
half hyperedge connectivity. However, this does not diyectbound of2 for the coding advantage remains valid, for average
lead to a constant upper-bound on the coding advantagethroughput of non-uniform multicast.

we leave that as future work.

VI. CODING ADVANTAGE AND COMPLEXITY

C. Non-Uniform Demand Networks and Average ThroughputBy establishing constant bounds on the coding advantage, so

Internet clients often exhibit significant heterogeneity ifar in the paper we have been arguing in the direction that the

their network connections. Dial-up, cable modem, ADSL :';1nt()1er.]ef.It of netwp_rk codlng in terms of 'mproving throughput
IS limited. Empirical studies on the coding advantage revea

campus networks each may provide a different connection . . . . . .
. . a similar picture. For multicast in undirected networks th
capacity. Consequently, the max-flows between the mutticas . . )
. . : : argest coding advantage value observed is only slightfyela
sender and different receivers may be drastically differéor
real-world multicast applications such as media streamms than one. In [25], we showed a small network where the value
PP Yis 9: in [4], the authors there pointed out a network pattern

. : Zis, 25
common technique for accommodating heterogeneous C“ef?‘\ts\';vhich the coding advantage approaci%eas the network
siz? grows towards infinity. It was also observed in [25] that

in the same session layered codind35]. With layered cod-
ing, the source media is encoded into a base layer and severa . . .

. g . the coding advantage value is almost alwdys randomly
enhancement layers. Depending on the receiving capacity, a

. : nstructed network topologies.
receiver may choose to receive and decode a subset of all .
. . n the other hand, however, network coding may dramat-
layers only, and accept a suboptimal playback quality.

ically reduce the complexity of many optimization problems

o i
Such real-world heterogeneily is naturally modeled by tqﬁat arise in information dissemination. In some cases, the

non-uniform demand networkodel [36], [37]. A non-uniform . : )
: o ; .underlying network flow structure of coded multicast traissm
demand network is very similar to a multicast network, with. - . o X .
. . . ion leads to efficient linear optimization algorithms; onge
one node acting as the information source and a set of no &S

; : . ofher cases, the small bound on coding advantage leadsgo nic
acting as receivers. However, the requirement that alivere o N . -
receive information at the same rate is relaxed. Differesetrsi polynomial-time approximation algorithms. We provide om

may receive information at a rate tailored according to leer o of such examples in the rest of this section.
capacity. The goal is to maximize the total throughput of all
the receivers, or equivalent, the average throughput arabngA. Information Exchange
the receivers. In an information exchangeession, two nodegl and B
Unfortunately, non-uniform multicast is computationadly need to transmit information to each other, with throughput
much harder problem than multicast. Cassuto and Bruck [3é&quirementf,s and fz 4 respectively. This form of commu-
proved that determining whether a rate vecter...,x» (x; nication arises in scenarios such as: two sensor nodesregeha
denotes the desired throughput for recei¥¢y is feasible is sensed data with each other [39], [40], two receivers in
NP-hard; consequently, maximizing the average throughpan asynchronous file downloading session reconcile reteive
£ >, x: is also NP-hard. data with each other [41], or two online messaging appli-
A practical heuristic to circumvent the complexity of noneations stream multimedia data to each other concurrently.
uniform multicast is to use successive layering [35]. Theaid An information exchange session can also be viewed as two
is to first compute the multicast rate that can be achieveinultaneous unicast sessions between a pair of nodes, in
for all receivers, and the corresponding multicast flow;ntheopposite directions.
remove the utilized network capacities froM, remove the  If network coding is ignored, then even a problem as simple
bottleneck receivers who can not achieve higher rates, amldetermining the feasibility of a single information eange
compute the maximum multicast rate in the residual networkession is NP-hard, in directed networks with integraliraut
These two steps are repeated until there is no more receiv@re may derive this NP-hardness result from the proof given
in the residual network. By Theorem 3, within each layer dfy Fortuneet al. [42] that shows the edge-disjoint path
normal multicast, we can still achieve at least half of thproblem is NP-hard for two opposite commodities. On the
coding throughput. Therefore the upper bound2ofor the other hand, when network coding is taken into consideration
coding advantage holds if the average throughput with né¢wahe information exchange problem becomes nicely tractable
coding is computed using this practical solution. As shown in Fig. 9, we can transform the coded information
Characterizing the coding advantage using the true magixchange problem into a coded multicast problem, which
mum average throughput with network coding is theoretycalfequires just two max-flow computations [1]. In the transfor
a more interesting direction. A similar framework as in thenation, we add an extra source node to be the multicast sender
proofs of Theorem 2 and Theorem 3 can be adopied, then assume the two unicast nodes are multicast receivers.
utilize the fact that coding throughput is upper-bounded §onnect the sendef with A and B with an edge of capacity
the connectivity, and then bound the ratio between throughgf 4z and fz 4 respectively. Then we can verify that the original
without coding and connectivity. Based on a partial Steire information exchange session is feasible if and only if the
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resulting multicast session can achieve throughfpwt+ fs4  in the fractional model; more accurately, it holds as long as

with coding. The latter requirement is equivalent to havehbohalf-integer flows are allowed. In the integral model, it @ n

the S—A max-flow and theS—B max-flow to be at least known whether; A\(IV) < 7(NV) still holds or not. In fact, it

faB+ fBa [1]. is a well known open problem in graph theory. The best result
known so far is the aforementioned rat&é. On the other

= hand, we show that throughput with network coding can still

achieve half connectivity in the integral routing model.

fae fea
\>R Theorem 5. For a multicast transmission in an undirected
[ \ network, N, [1A(N)] < x(N) holds under the integral
’/* B routing requirement.
\ J Proof: Our proof is based on Nash-Williams’ Strong Graph
- Orientation Theorem [30]:every undirected grapldéz(V, E)
Fig. 9. Transforming the coded information exchange proble the coded has an orientationG’ = (V, D) for which Mg (u,v) >
multicast problem. |2X¢(u,v)], for all u,v € V. This theorem guarantees the
existence of a “well-balanced” orientation of an undirelcte
network, within which the connectivity from any nodeto
B. Multicast with Fractional Routing any other node is at least half of the connectivity between
andw in the original undirected network.
From the theorem above, we know that\ifN) = x, then

dhere is an integral orientation of the network, such that th
directed connectivity among the multicast grolupis at least

We now switch back to the undirected network model
and consider again multicast with fractional routing. Witk
network coding, the optimal multicast throughput proble
is equivalent to the fractional Steiner tree packing prohle 1 e :
which is NP-Complete and APX-hard [43]. However, oncéz®- This implies thf‘t the integral max-flow froi to each
network coding is supported, the optimal throughput cam thE€Ceiverr; is atleast 3z |. Then by the feasibility condition of
be computed efficiently, due to the nice network flow strudirected multicast [1], [2], there is an integral routingisme
ture underlying the coded information dissemination peahl t© achievex(N) > [52). O
We pointed out in [44] that optimal multicast with networkCorollary 5. The optimal multicast throughput problem in
coding in the fractional flow model can be solved using thendirected networks with integral routing can be approxéeda
linear programming approach. Various efficient and digtéd  within a factor of two in polynomial time.
algorithms have been designed thereafter within the linear . . .
optimization framework, for achieving maximum muIticasPrOOf: The claim X(N)S/\(N) n Theorem 8 stillholds
throughput or minimum multicast cost [45], [46], [25], [47] |n1 the integral case. Combined with Theo_rem 5, we have
[48], [49]. [5A(V)] < _X(N_) < A(N). Therefore computlng(]\f) gives

To conclude, in all the above three examples we have Sho\ﬁn?-apprOX|matlon forx_(N)_. Note .that)\(N) is_obviously

é)mputable in polynomial time — in the worst case, one can

the optimal transmission throughput problem is much mof te th flow betw h pair of multicast nod
tractable with network coding considered. In the first aral gfOMpute the max-tiow belween each pair of mufticast nodes,
nd take the minimum value among them. It is also possible

third example, the problem is NP-Complete without networ® find the detailed t - trat that achi th
coding, and is P with network coding. In the second examp in € detailed transmission strategy that achieves the

the problem is NP-hard either with or without network Codin%gbproximated throughput value, since polynomial time algo

but with network coding the optimal solution is much easi lLthms exist for both the orientation [30] and code assigmme

. . - . 9], [12]. O
to approximate using polynomial-time algorithms. ’ .
pproxi using poly - gon To conclude, in all the above three examples we have shown,

_ _ _ the optimal transmission throughput problem is much more
C. Multicast with Integral Routing tractable with network coding considered. In the first ara th

Continuing from the previous subsection, we now furthdhird example, the problem is NP-Complete without network
restrict our solutions to integral flows only. Without netkwo coding, and is P with network coding. In the second example,
coding, the achievable multicast throughput equals to tkee problem is NP-hard either with or without network coding
(integra|) Steiner tree packing number. It has been shoan t}ﬁ)ut with network Coding the optimal solution is much easier
the Steiner tree packing problem is NP-Complete [43], [50l0 approximate using polynomial-time algorithms.
it is even worse in the integral case: there did not exist any

known polynomial time algorithm that can approximate the VII. CONCLUDING REMARKS
problem to any constant ratio, until the resktr(N) > A(N) In this paper, we have compared the coded transmission
[33] was recently proven in the integral flow model. throughput with the packing number, strength, and conwnecti

On the other hand, by taking network coding into conty, in an undirected network with a unicast, broadcast, and
sideration, we are led to a 2-approximation for the optimahulticast transmission, respectively. Our results leadnall
multicast throughput. We show this claim by examining theonstant bounds on the coding advantage in these cases: the
relation between connectivity and throughput in the iniégrcoding advantage is always for unicast or broadcast, and
model. We have shown thdt\(N) < m(N) < x(N) holds is at most2 for multicast. The bound for multicast is then
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extended to the case of group communication, by showirig)
that achievable throughput is source independent in ucteide

networks, either with or without network coding. We alsélg]
make the observation that applying network coding makes
it possible to design efficient algorithms that compute ariéf]
achieve the optimal transmission throughput. Finite bsungl]
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