S ynTuETIC
00 - CATeCory T HEORY

FMCS 2019

DoM-Nlc VEKI“\’)’ Emu,y zléw—-

CenTre oF ATEWAL}A " DepaRTrenT of | ATHemATICS
CATEGolY | HEORY -

MACQUARIE UNI(/EVZSIT‘/ JO"’NS HOPK”\'S UN'VEQSlT\/

Sroney, AusTRACIA BAL‘T?MOQE MD , RS A



A CIVe A PRedseE AND MoDEL.
INDEPENDENT ACCOUNT OF

O - CATEERY ThEoRY .

KESoURCES
" 00~ CATECORY TreORy Het SCRATCU” (2016)
https://arxiv.org/abs/1608.05314
"ClevenTs OF eo - Citiegery THEoRY | (2019)
http://www.math.jhu.edu/ " eriehl/elements.pdf



20,]) — CATEGRIES

SCHEMATIC MODELS

((Pgﬁ\"ﬂog’ \)
QUAS | — CATLGOILIE S
- CATE ol
AN (oo, | )= CRTEGORY IS | rompreTe SEGAL PACES

A CRICGoY  WEAKLY scrbl CATEGOIES
ENRICHED N SPAES | MAKED QuAs-Cfitioite s

OO Al So FABRED
JAMLIANTS OF
| TMESL NOTION S




HAT 1S A Quicen
MODEL CATEGoRY ¢

O
O

OR A (EAST
o) Do They RECATE
T0 0 — CATEGOR (S I



0 — CATEGoRIES

AXICIARY AM: Ruicp A FRAMEUORK
™ Che € EXTENDED 1P (Ve
FOUNDATIoN's  Tol. TNE CATEGRS TVSHRY

OF (oo, n) - CATE FolIES.
“c
MoDELS CAEGlss AR
CoMfelCipe Qe FNRICHED  IN
ITERATEY  SEERC - _CATE FolRIE
(@)a-SETS A0 FACES (o= por) - CATE >

WE WILL USE The TERm 00 —CATEGOYY TO MEAN
ANY STRACTURE Thas INMARTS AN INSTANGS OF
The FRAME Lol e SWLD HERE .



RENEF TS

) GVE [SYNTheTIC| PRooFs OF
oD — CATE olUCAT Resuct s, LMICH
TveN AP N ALL MoPELS -

) TRANSFLER CATEGoRICAL [KESUETS
e ve D [ANALYICALY] 1N ONE
Mol TO RECATED MepE S

Y ADAPT  AND ALY INTWTIoNS b
CMETA - CATEGoly — ThESY

GRS
2- CATEGORICh

Fou D AMNonr S




PLAN

L ECTURE 12 AN AxromATIC  FRAME oL K
Fol o - CAT £ Gy TTheol .

| FCTORE 23 LTS AND ADTUNCTIONS .

LECTURE 22 HoMorofY CoHcKionNT
MoNADS  Anp BECK Mon ADiciTy

[ECTWE [ 3 I



\UINC IN: - CATEER [£S
O

TeTh 7Y OF cAtELe)

Fancals + NATWA
TUNSFo M AoV S

- ofsreTs A,B,C 2-CELLS  (omnPSU

VaNCRL Y
s
— -CceLLs f\@@ A @g
3  Ur 7
5 L & ~ P
/\ Hoﬂ'EoMTA‘LC;/ \ 77 s
A@ﬁ Ly’ \ Borh sphcty ~
9 j/’ Ve — Assocane "~



£ /‘f_\J c L
A ?,6 b 2,C > AN
> “ sy A IR R B I =C
SOOI
N F L
ALT BLY, & NN \) o (p-9)
3 M : A— 5—>C (6-7 P
Up "5 L
N N R Z
SCIE o
h n Cgo ﬁ>0(>\09/>
WHISKERIN
- >\9 lo = /\09/ = Q/IV\'7C/\ /,(,_N
2
(I —C L - A
A lLa [ PN T






DY UNCTIONS [N 2-CATCEGoRIES

DEFN fN ADJUWCTIoN [N A 2 -CRTE ol (oM IISES

_ A Pk oF OBTEcTs A Aw [ .
— A Pal of -ceees  p =T A R -T—A

— A Pkl of 72 _cceus -
A
@ - - D B @ oo
3y EAk
— TMUAPE  10eTITIE S L 1DNTITY K
5 A3 o7 2-Clues L——=0
— —> o AN

XN A Ay - IIRMV\
£ A/IE\A - Af 8 L
A

W
l
A




REPRISE UMM STINGS

| —CCcue S

L-CEeLCS

)C\
0 e

TRIMNGLs | DENTITIES

\74
U
s

£

V5§




Some (oNSEQUENCES

_ (oMPeSiTlon OF ADTURICHNS

— ADJowTS ARE UNr@QuE (P, AND
STABLE UNDER [SoMaCFHIS 1.

. EQuvALENCES MAY BE FRoSTED
70 ADJIOINT EQWVALENCES .

— ADTJUNCDNS  ARE  STABLE
ON DR FQu VALENCES.



SLOGAN

CATEGORIES LIVE
NSIDE 2-CATEGORIES

@ |T IS MoRe ACCURKIEZ To SAY THAT
D - CrEGRIES [RUns A NATURA
META - FRAME WK N (G TP [LEVELOF

CAT(=Goky ThEoRY .



00 -SLOGCAN
OO -CATEGORIES LIVE
INSIDE  (00,2)-CATIGORIES

@ |T IS MoR: ACCURKT=Z To SAY THAT
(00,0) - CRTEGRIES Tvins A NATURA
META - FRAME WK [N (NG TP [EVELor

00 — CAT[EGRY ThEory .



(0, V) -CATEGORIES REALY?!

TME TRIcK MERE 1S TOS

—DPlck A MODEL OF (=1)-CATERF ORIES
THAT IS FAMILIAR.

_ SIMPCIEY MANY ARGUMENTS Y WOKKING
WHERLE PossIGLE, IN THE HoMoTofPY
L-CATEGCORY ASSOCIATED (JMTH OUR
AMBDIENT (20,) - CATEGORY.



MMITTINGE TO
00,1 ) -CATECORICAL MOoDEL

AN o00- (oSMoS [S, IN ESSENCE)
A CATEGoy OF FURANT
ORIECTS ENRIcHED N THE

J OYAL MoDEC STRUCTURE




CRURS| -CATECORIES

RECALL:

QA -CARE Y
1S A SiMmPLICIAT

SeT A SpSEY IV

J OYAL MoDEL STIRuCS

ON SSL  HAS

o) FIAAT OXJ3ECTS ™he
OQOUASI-CATE FoRIE S

) Fig .Zimows CAwD [SoBRLUNenS

e




29-( 005 N ONE PAGE...

EQWEEY UM
CLASSe § OF
/\’“’7/}, o SO FIl A onS

o WEAY CGWL/ALCY\’C(?S

(/ol-lf)’/ZAN/ /\a, oSS
RCPLACEMAaNT El T EA—> 1

oD ners  AND

5
PULLBACKS OF @ PATion NoTlonNs

[SO [/\QQKDO'\?S S//A\BCC UAIDEY2
o | (JJ’ PULLVACK

O

\)
Puconrs N | COTENSORS SATISFY NG "t

ENRICHED W IOYA(_ MODE(. SWUCT ufE

FAA




AxioM “TMZ

OFMK(A, MX o FWK(A)@X>

| O
INCIUWSIN 1: X e ¢ 2_34'

[SoFIBUON p L —> B

ffj_.M ?\\

ife 1S AN | SOF 1REATIoN
AND 1T 1S A TRIVIAL
FIBLATION |F i IS A
WEAK LQUWALENCE IN THE
JOYAL MODEL STRuCTWE
OR p IS A TRWIAC FIBLATION
IN K.




29-COSMoS EXAMILS

(00,1) - MDA (0,1 - Molets
c(LUAS| — CATECORIES s SECAC [pon) - SPACE S
 SECAL CAE (oIS « ®&), -Serg + SPACC S

o CotVLT SEGAL FACCS

o MMk QuASI-CATS o rL- ComPricitt SETS

Mosv ComMons
£ XAMPLES VAW DeryeD  EXARES
AL OfB3IECS o SLICES
CoALBNT 5 [ . Vo -CIREFRIES ARRED
X g Is ¢ OVeal A SAsc
o  (Co)CoMfems 0o ~CATS




HOMOTOPY L-CATEGORIES

HomoTolY CARBFNY

o O O O ( Fuwodl - ?@Eéﬂ@l/éi
]/L EN S fRoOuncH S

G £ 5SS

N °© oo NERVE

TALL CATLEGORIES
ARLE SnPerci s

| O
S5k - Cx ——=——")- (it
- ZOC 2-CrEGARY OF K



HomoToPy 2- CATEGORIES OF
oo - COSH0I

e Ssvhe [estaer
| Thd m7ry Z-CA hK
OF AN aP- COS Mes
TO CofflRAnT ogEeaS

'g__Q\\Q/‘w\‘
v vz \C
of ™ - CATIGREs )
(c 20 -CATEGARES

e O-CELLS TWE CoFIRRANT OBSECTS IN K ©©
a0 ) Funver LS
o | -CELLS ARROWS RETWLEN CoF OBJECTS N HOOQ

JHEN A 1S CoRBRANT
(N R TThEN ANY Mo (i
FMF{CA)K) S A RuiS)-CAT

0 2-CLLLS HomoToPY CLASSES OF [-SIMPLICES, TWAT 1S Of
(0~ NATUWRAL TRANSFoRMATIONS | IN' Fuw, (A,B)




A WILD CoNTECTURE !

Z- CATEGORICAL. ADTUNCT IONS
(N THE HomoTOPY Z-CATEGORY
hK OF AN 2 -CosMoS K ARE
THE CoRReCT NoTlod UiTH RESPECT
TO @0-CATEGORY THEORY.



Lo OTEPS
coo TOL\/P\@DS _00——%:6;0&\/ /{1[/’50/1\/.

LET ADTOINT .
RiGHT INWSE Yy 7
(LARD) |+ O | A L
~
A /,L\ 1 TERANIN OO T | RiGHT Adzon]
~ ' _ CLEnenT } @@C:&fw I;)f(/&gK

MINITMAL DATA PRESENTING A TORMWAL £LemenT
(1) AN [FLENCNT 7(;:“[—%/\
(i) A Z-CcLl A = dh A o

-

NATwRA. FACY
OF Mps Hom s
T flevres € Aot

(.ll.l‘) gﬁ/ = A’t’ ~‘-)HD§5 Com PoN e~ |
N AT £ € ThE e~y




EXERCISE

SUPPese Thar A Is A QUASI-CATEFR 7 -
AN OBIcCT IN g co-Costol (J0f .
LeT t R A VORTEX of A/ Thens

.4 —>A 1S ATERMINA ELEMENT

7
\“/ TS 1§ JovAaL S
TERMINA. OIECT
4 — 3 O NO’(—’DI\/
- A
[ A ADMITS FiLeeRs SR
FOR SMPLEX [ounDite s
Y

NN LAST VERTEX %




A—
S

o [
K [N
i M N
| . AL [=
L:1— o o
S-CA’% ) ADJO .
' i ~
c (/\A\/i 5 s = .
ANO Tﬁ- Vo,
& )"U\NG;OF_F- [—D/L
\L/B > LA /S 0 iy
?\ M(——%/\

o [CK
:/l.__>
N0 ~
CA :
; ‘ T @ [S
. ;
/77,72?6 Q;\\ML —
v G ,mf‘f .
’mM(' Smkg& ALL
NI & ol
[N .
ThE
¢




LimMmiTs AND ColdMiITS
g/g&fpxg/?}( Kop’(}(* 7,

X A— A A A — A%
o
CATERS S S Crosnle
(WHAY [ CiesIiid’
(co)Lrm TS OF SIMPUCif Closcy) O

ST SWED DRG] Lot oF Dicines

eSS SHWEs NS
So_CPC@UES IN K




FAMILIES OF DIAGRAMS

WE MAY UISH Tv ASK Thsy AN 0o-CAegaly HAS

SomE |, Dum Nom AL, CrmiTS OF A N SHAPE

FXAMPLE

- POINTZEED 00-CAVERLY UAS An/ ELCMAT
=:]—>A WGy (S Betm INFIAL + 1TERMINAL

Oo A A A .
~ 1N 1§ 7
A L‘MID .JA N/ig/ oG
— 1T IS Commov ONLY T ASK PR CEXKTAMW

POLLBACKS  AND  rSHouTS

Q_EJ\'_‘_’* &—g’“ > ‘ |
(ot e 39 A

J/ c . SG*O

R — — O~ *r -
fo



Al pY
lj LOOO
{ —— AxA

(-&-,4-7

- LOOP SYACES ARC PULLRACK S,
SO THEIR UNT VERSAL PpmTy CIVES
N TV DIARAM oo —CAIEGRY AT

— . [BUT W€ oNey (UANT TP z‘\s;( rcL
LrMug oF DIAGRAMS I A*

— A) = AT SfecFics A FAVILY OF DIAGAWIS
N A—' LhoSe Limits ARE Loof SPACES.




L \MITS OF FAMILIES

/HBSOLU\’Y, RIEHT

LIFT ING

(IN A 2-CAAEGRY)

q

73 A _T_—* A A
L A I ?! \"/g’ 7 r
« S.T ‘V[ ly | o~ | &/ |,
LA LT v
cC— 8 C—>08 C- cvﬁd
E XA P ¢ DeFn A FAMILY OF DIAGRAMS
AL y07 | § T —> AC ADMS A LMIT
o IE TheRC (S AN Aﬂwu’@
= RiGHrT C 1PN~
% 5 o 1S A A / la
JLE,[, RiGHT L PING W hK

’/’7AX

—

]




ESERVATION

CientT ADToInT S PRESERVE LimiTS OF FAMILICS
,F
>

Gl A Adguncnen/

5 /'\N AGSOCU\’!\S

1S AL AV co S
RIfm CIFTING A

Rl ciFAING .



OM-wisi= CMARACT R

OF ARTUNCTIONS

QEN I//GV’\A('§/3> /*’CXK (S
) LEPT RemeESENTRCE  |F Thal £sTS A
fowepll 4 :L—C AD AN LQuivASNCE

Homn (L, C) = M‘“’“‘A (f)9) I f(/&,z AN EQUIAEVS
Ei0eeD oVl CA3
. Rigpr REPRESENTAGLE [F TMERE Exists A

Fon ol rC— & AND AN £ Qur vACONTs
Hma(ﬂ/r) - Mmﬁ(’g/‘j\ ”\/ K/Cx'l




V
(/\/,
L:

.l A
| A § im% ThE
3 (g AN . ,ﬁ
| | 5 N NCIANGLE
| . /Nwm e ON The
\ mA(A)L')%WCéD FU\I\’;]\’/LL'/ %71\/&(.@%
H o*’\c(;:)"” IS AU L
f/MA(A,D H - QUIVALCNCE
Cg xﬁ mf\//\,w *
i ,'“)
L’/C"“‘C (.g/s) ro




LIFTIN oM-WISE

KEY ORseRuTay 1T (s A ConSEQUENCE OF
The Wik 2-UNIVelshe PaslaT?  OF  Ho,(5)9)

T Thdls  Exsts A BiGECoN

/ X/i_}HW« (75ﬂ>
\ \ 4,;\;:: (Mx ﬁ)%

-CrS [So-CCASSES OF
[-Ceres ovel D<A




| HEOREM
A Feneal u-A—R3 HAS A LT ADTOwf
|FF HMB(@,@ 1S LEPT REPRESENTARL
u&/‘ﬂg([‘,”\) —=> MMA( ,A>

N &

C 13 00

THIS 1S Ths USwAc
“Uotr- St CHAACH
OF AN ADGUNCION



?"«.\B: w§ (NANNS \_§ /
£ fu = Ay Ax[$

"Mopuiss®
RerRssSewTAGILiTY

2 - CAspticac IN WK

HoMoT Oy

CoHERENCE P
(LecTuRE 3)
v

A ——-0
IS RIGH™ AO0Towr IN K iFF
F;’Mn(x’p‘) —u_—__’ FM,((X/ R)

IS A RIGHT ADJowT Funcadl ofF
(QuUASI -CATEGORIES Fo2 AL X eK




RET URN TO [_ooPS

27
S A
‘J \w | /7 [
AL e LA P
« ~>A A c__—7 )
P\@SOLU\/\U
AL

o AW [ A
: LN~



COYLIMITS  AS An/

EXTENSIONS

X A DIAGAW™M  srAeS (N M\
Xd oORvANED Y ADDING I VNI

XQ
/ 7'14 .7A
PR P oo Y
_ X '
T \ - A 1 - N "AX
ADMITS AN = ADmuTs AN AQSevm

Q‘OP‘T LiFT LJ+109S 2-CCUL

ARQLWTE RIGT LIFTN-
1S Theé IDENTIT).



0P — SUSPENSION
AD T UNCTIoN




\NEw o2-Cosmor FRort OLo.

IMPRTANT - MANY  [2-) CATEFORICALLY  1NS PIRDD CoNSTUEToRS

APPCY TV po - (bSMol  PIUINGE  NOW STWCIWRsS WHICH ARE

AGAN oo — GoSMor .

SUCES

: 79
@,

(co) CoMPLETE oo —CAS S

FUNCD S |
K THX PRESAUS
ThoS LT )

OLTECTS -
THosg of K
AD MTTING SPHIS
CLpSS ©F L7 s

——————

¥PO W7D A —CAT S

|, powrep oBJEGS OF R
4 PO PRESERVING
FUA/@AS




| HREE VIEUS OF GROTHENDIECK FIBRATIONS

Pt E —> R AN SOFIRRATION 1 K

z
E -5 Z [’ 10”3('317’3
Has A Rigum ADgonTt
RiGHT In vERSE (RARD

s Hwb(ﬁlﬁ
N o

HAas A RifnT ADJDINT

.
17\ Tcne A LLE Y
< 1% Cﬁrrm 7N/ ’

ADMITS  LIFTS of ALl
AN Rows o - o\—/>(>!o T2 A

P-CALTESIAN Ao Do 7hb—b




More  a2-Cosmor

CARTESIAN BRRATINS
OVER A Fixa® BASE

Cot (R ol T

CAETESIAN FIGRAMoNS <o rTh
tase A+ CAREESIAY
F AN Crons feTeeoyy Thev

| 2-SI0ey_ CAmssA' Bl S

——

g = S

A

C

ALL CAMUTESIAN FRRATIoNS

(ot (K) 00 @
©0p
lq/ CARTESIAM
Fuwvcpell -

PRESRVES
CAETESIAN
(- ARRowS

7@&0\» PO L co-Ck

éf,r)\[(\f> 60O @

AéCpS\(k‘) F VYxek

FWK(X,M
\ 1S A KAN (emfcex

L —




MODLM,ES

AKA PRoFuaCTORS

Mo&(ﬁé GFL( ()

Gl A f—zCef—E»
HOMC(9,§> 1$ A




STABLE 90 -CATEGORIES

AN o -CATEGORY A 1S SAID 70 BE STARE IF
e A MAS A 2FR0 ORTECT «:1—A
o FVERY X-INDEXED FAMILY 3C;o——>LOOF ARROS

N A ADMITS KERNMELS + COKERNELS
&

o A TUANGELE [s A PwShour (CogeRNELY [FF IT
S A PWMCDACK (KERNEL) -



lol. wisE (CHARACTERISATION OF

PULLBACKS
o~ —7b Hown, (,55) - > Yoo (AB)
NI e 1T
9, Mloan, (A, €) — = Vo, (A,87)

T - INDEXCD GoMMUTRTIW e
SapMms N A [Co -SBuAY

This SQUARE (S g IS0 - SRUARE
AN T-1Npexed FAMi) G2 18 A UEAK [So -CobnA
OF Putl BACKS \[ FoR Acc ):3 —T.

o / ThE ComMPosrlon’ + CANCECLATION LAUS
AFPL[CAHO'\/ HOLD FoR PULLBACKS N ANY so-CAT .



ELEMENTARY RESULTS ...

o COMPOSITION + CANCEUATION OF PULLBACK
/ PULLRACK  SQUARES = STARL «-CATS
ADMIT ALL PULLBACKS / PUSHOLTS :

h—erhg —> 0. =

[l
C__,—y.\:'—ﬁa“’eg'

9 4
o THE LooP-SUSPENSION ADTJuNCTION OF A
STABLE @-CAT 1S AN LQUIUALENCE .
o A POIWNTED oo-CATLGoRY IS STABRLE |FF
T ADMITS KERNELS + |TS Lod FunCiok [S

AN EQWVALENCE.




STABILISATION

THE SURCATEFoRY OF
) POINTED 00 -AATEFoIES ADMITTING KERMELS
Y 90 -FUNCTORS ThAT PRCESERVE POINTS
AND KERNELS.
S A SUR - ao -CoSMoS SO IT ADMITS

A HomoToPY LIMIT OF [LEACY ChAW :

A a2 A 225 A

PROP LooPS FUNCTOR ON THIS LimTING
00 - CATCEELY (S AN EQuUALLNCE.
= TU % -CATEFOY Staa(A) 1S STAGLE







THE g!MPL!C 1AL C/\T@-QOZY Ag

n - ARRowS

l A

2
Sivand
A u

S

+ o

\_/

STRICTLY  WwnNDUANY,
SQWIGELLE = TREMELD

O O

@’2/3’ 1/L(_/f2/’f’/ Y, L’/—/z/z/ ’f—/@
J \

CoDoMAIN

DoMAIN!



7 0 W ITNESSES 7 0
% ( OF The Os Lﬁ (

2 2 °O\ i ANGE LS ? 2

T  IDENTTIES & 1 |




ComntlENCEE BeTwEew
> TRIANGLE (DANVITES




Anruncriovs s Cougeany

THEOREM: AN ADT UWCTION
£ IN W GlvesS RISE
To0 A SimPUCIAL FuncTol

A - Ay — K WHICK CARRIC S
ThE CANONICAC A DIUANCTlon/
Faa Ay TO The ADJUNCTIon
fFdu INWKR . THC SPACC OF

FualcToRs THWAT CLXTCEND S 4w IV
THis JAY (S CoNTRACTBCE




