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Overview

Last time:

Introduced discrete groupoids and topological groupoids, especially
étale groupoids

Finiteness spaces.

Can we embed topological spaces into finiteness spaces based on the
construction of C∗-algebras associated to groupoids? Yes, for a
limited class of spaces.

This will be the basis for constructing algebras.
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Ehrhard’s finiteness spaces I

Let X be a set and let U be a set of subsets of X , i.e., U ⊆ P(X ). Define
U⊥ by:

U⊥ = {u′ ⊆ X | the set u′ ∩ u is finite for all u ∈ U}

Lemma

U ⊆ U⊥⊥

U ⊆ V ⇒ V⊥ ⊆ U⊥

U⊥⊥⊥ = U⊥

A finiteness space is a pair X = (X ,U) with X a set and U ⊆ P(X ) such
that U⊥⊥ = U . We will sometimes denote X by |X| and U by F(X). The
elements of U are called finitary subsets.
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Finiteness spaces II: Morphisms

A morphism of finiteness spaces R : X→ Y is a partial function
R : |X| → |Y| such that the following two conditions hold:

(1) For all u ∈ F(X), we have uR ∈ F(Y), where
uR = {y ∈ |Y| | ∃x ∈ u, xRy}.

(2’) For all b ∈ |Y|, we have R{b} ∈ F(X)⊥.

We denote this category FinPf.

Proposition

The category FinPf is a symmetric monoidal closed, complete and
cocomplete category.
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Topological spaces as finiteness spaces

The following is the work of Joey Beauvais-Feisthauer, Ian Dewan & Blair
Drummond.

Definition

X is σ-compact if it can be covered by a countable family of compact
subsets.

X is σ-locally compact if it is both σ-compact and locally compact.

Theorem (B-F,D,D)

Let X be a σ-locally compact hausdorff space. Then it is a finiteness
space under the relatively compact structure.

The converse is false. Let X be an uncountable discrete space. Then
X is locally compact and hausdorff, but not σ-compact. But X is a
finiteness space.
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Overview II

Ribenboim constructed rings of generalized power series for studies in
number theory.

While his construction gives a rich class of rings, it also seems ad hoc
and non-functorial.

We show that the conditions he imposes in fact can be used to
construct internal monoids in a category of Ehrhard’s finiteness spaces
and the process is functorial.

Furthermore any internal monoid of finiteness spaces induces a ring
by Ehrhard’s linearization process. So we get lots of new examples of
generalized power series.
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Power series rings

We have the usual power series multiplication making K [[z ]] a ring:

(
∞∑
n=0

anz
n)(

∞∑
n=0

bnz
n) =

∞∑
n=0

cnz
n with cn =

∑
j+k=n

ajbk

But suppose we wish to add negative exponents:

(
∞∑
−∞

anz
n)(

∞∑
−∞

bnz
n) can lead to infinite coefficients.

A solution is Laurent Series which bound the indexing set below:

∞∑
n=k

anz
n where k can be negative (but is finite)

This ensures that, for all n, the set of pairs (j , k) with j + k = n is finite
and hence the above product is well-defined.
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Power Series Rings II

So if we represent the collection of terms of a series as a function:

f : N→ K or

f : Z→ K or more generally

f : M → K where M is a monoid

to ensure a well defined multiplication, we must make sure that the set

Xm(f , g) := {(u, v) ∈ M ×M|u + v = m and f (u) 6= 0, g(v) 6= 0}

is finite.
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Ribenboim’s generalized power series

We’ll need the following technical condition:
Let (M,+,≤) be a partially ordered monoid. M is strictly ordered if

s < s ′ ⇒ s + t < s ′ + t ∀s, s ′, t ∈ M

and similarly adding t on the left. We will henceforth assume that all the
monoids we work with are strictly ordered.

Definition

An ordered monoid is artinian if all strictly descending chains are finite;
that is, if any list (m1 > m2 > · · · ) must be finite. It is narrow if all
discrete subsets are finite; that is, if all subsets of elements mutually
unrelated by ≤ must be finite.
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Ribenboim’s generalized power series II

Definition

Let A be an abelian group, and recall that the support of a function
f : M // A is defined by supp(f ) = {m ∈ M|f (m) 6= 0}. Define the space
of Ribenboim power series from M with coefficients in A, G (M,A) to be
the set of functions f : M // A whose support is artinian and narrow.

If A is also a K-algebra, then G (M,A) is a K-algebra with the following
convolution product:

(f · g)(m) =
∑

(u,v)∈Xm(f ,g)

f (u) · g(v)
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Ribenboim’s generalized power series III

This requires the following observation. It is where the restrictions
imposed are used:

Proposition

The set Xm(f , g) is finite for f , g ∈ G (M,A). So when A is a ring,
G (M,A) is a ring with the above formula as multiplication.

There are lots of examples.

Let M = N, with discrete order. The result is the usual ring of
polynomials with coefficients in A.

Let M = N, with usual order. The result is the usual ring of power
series with coefficients in A.

Let M = Z. The result is the ring of Laurent series with coefficients
in A.
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Ribenboim’s generalized power series IV: More examples

Let M = Nn, with pointwise order. The result is the usual ring of
power series in n-variables with coefficients in A.

This next example is due to Ribenboim and was his motivation:

Let M = N\{0} with the operation of multiplication, equipped with
the usual ordering. Then G (M,R) is the ring of arithmetic functions
(i.e. functions from the positive integers to the complex numbers),
and multiplication is Dirichlet’s convolution:

(f ? g)(n) =
∑
d |n

f (d)g(
n

d
)
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Posets as finiteness spaces I

Ribenboim’s use of artinian and narrow subsets may seem unmotivated,
but it in fact is precisely what we need to embed posets into finiteness
spaces:

Theorem

Let (P,≤) be a poset. Let U be the set of artinian and narrow subsets.
Then (P,U) is a finiteness space.

Lemma

Under the above assumptions, U⊥ is the set of noetherian subsets of P.

Remark

This is a general result on posets and requires no monoid structure.
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Posets as finiteness spaces II: Functoriality

Unfortunately, if we consider the above construction from the usual
category Pos of posets to any of the categories of finiteness spaces we
have considered, it isn’t functorial. Indeed, the inverse image under an
order-preserving map of a noetherian subset may be not noetherian.
However, the problem disappears if we consider strict maps.

Definition

If (P,≤) and (Q,≤) are two posets, a map f : P // Q is said to be strict
if p < p′ implies f (p) < f (p′). In particular, it is a morphism of posets.
We denote the category of posets and strict maps by StrPos.

Proposition

The above construction is a strict symmetric monoidal functor
E : StrPos→ FinPf.
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Posets as finiteness spaces III: Internal monoids

As such, it takes monoids to monoids:

Remark

The category StrPos is symmetric monoidal with tensor taken as cartesian
product. (Note it is not the categorical product in this category.)

Theorem

The functor E induces a functor Mon(E ) : Mon(StrPos)→ Mon(FinPf)
from the category of strict pomonoids to the category of partial finiteness
monoids.

Definition

A partial finiteness monoid is an internal monoid in FinPf.
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Linearizing finiteness spaces and generalizing the
Ribenboim construction

Let A be an abelian group and X = (X ,U) a finiteness space. Ehrhard
defined the abelian group A〈X〉 as the set

A〈X〉 = {f : X → A | supp(f ) ∈ U}

together with pointwise addition.

Lemma

In the case of a poset (P,≤) with its finiteness structure as determined as
above, we recover G (P,A).
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Linearizing II

Theorem

If (M, µ : M⊗M→M, η : I →M) is a partial finiteness monoid and R a
ring (not necessarily commutative, but with unit), then R〈M〉 canonically
has the structure of a ring.

The multiplication in R〈M〉 is given by

(f · g)(m) =
∑

(m1,m2)∈Xm(f ,g)

f (m1) · g(m2).

where
Xm(f , g) = {(m1,m2) ∈ M2 |m1 + m2 = m, f (m1) 6= 0, g(m2) 6= 0}.

Note the obvious similarity to Ribenboim’s definition. But here it is the
second condition in the definition of morphism of finiteness spaces that
ensures the finiteness of the sum. 17 / 34



It’s well-defined

Why is the set

Xm(f , g) = {(m1,m2) ∈ M2 |m1 + m2 = m, f (m1) 6= 0, g(m2) 6= 0}

finite?

This set is exactly

(supp(f )× supp(g))︸ ︷︷ ︸
∈W

∩µ−1(m)︸ ︷︷ ︸
∈W⊥

Recall that µ is the multiplication. W is the finiteness space structure for
M⊗M.
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Matrix examples I

Let Xn = {1, 2, 3, . . . , n}. Define a multiplication on Xn × Xn by relational
composition:

(k1, k2) ? (k3, k4) = (k1, k4) if k2 = k3 and undefined otherwise.

Since Xn is finite, it has the only possible finiteness structure. (Note this is
an example where the partial function category is needed.)

Theorem

Ehrhard linearization of this finiteness space with respect to the ring R
yields Mn(R).
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Matrix examples II: row-finite matrices

Consider N+ × N+. Let U ⊆ P(N+ × N+) be defined as consisting of
those subsets W such that for all n ∈ N+ there are only finitely many m
such that (n,m) ∈W . Then (N+ × N+,U) is a finiteness space with U⊥
those subsets for which only finitely many n appear in the first component.

Theorem

With the same multiplication as the previous example, the result is a
finiteness monoid and its linearization is the ring RFM(R), the ring of
row-finite matrices.

We note that this example is fundamental in the theory of Leavitt path
algebras. Laurent polynomials are also an example. Is there a deeper
connection?
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An example of a finiteness groupoid

The following is due to Kumjian, Pask, Raeburn and Renault.

Let G = (V ,E ) be a directed graph with V countable. We’ll also assume
G is row-finite, i.e. for all vertices v , s−1(v) is finite. Let P(G ) be the set
of all infinite paths and F (G ) be the set of all finite paths. P(G ) can be
seen as a subspace:

P(G ) ⊆
∞∏
i=1

E with E topologized discretely

The topology can be described as follows. If α ∈ F (G ), let

Z (α) = {x ∈ P(G )|x = αy , with y ∈ P(G )}
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An example II

P(G ) is the object part of an étale groupoid.

Definition

Suppose x , y ∈ P(G ). We say that x and y are shift equivalent with lag
k ∈ Z if there exists N ∈ N such that xi = yi+k for all i > N. We write
x ∼k y .

Lemma

We have x ∼0 x and x ∼k y ⇒ y ∼−k x and x ∼k y , y ∼l z ⇒ x ∼k+l z .

Define

G = {(x , k , y) ∈ P(G )× Z× P(G )|x ∼k y}
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An example III

Define a multiplication µ : G2 → G

µ((x , k , y1)(y2, l , z)) 7→{
undefined if y1 6= y2

(x , k + l , z) if y1 = y2

with inverse given by i(x , k , y) = (y ,−k , x)

Theorem

Let G be a row-finite directed graph. The sets

{Z (α, β)|α, β ∈ F (G ) and r(α) = r(β)}

form a basis for a σ-locally compact Hausdorff topology on G. With this
topology, G is a second countable, σ-locally compact étale groupoid.
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Morphisms

This is sufficient to tell us that we have a finiteness space. But it is not
sufficient to say we have a monoid in the finiteness category.

In general, if X and Y are topological spaces such that the above
contruction gives them a finiteness space (finitenessizable?????) and
f : X → Y , then f will not in general be a map of the associated finiteness
spaces. Counterexamples are easy.

Counterexample

Consider a constant function from R→ R. The inverse image of the point
will not be cofinitary.
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Morphisms II

Definition

If f : X → Y is a partial function between two topological spaces, we say
that f is continuous (respectively locally injective) when the (total)
function f : dom(f )→ Y is continuous (respectively locally injective),
where dom(f ) is the domain of f with the topology induced by X .

Proposition

Let f : X // Y be a continuous, locally injective partial function between
two topological spaces such that Y is T1 and dom(f ) is closed in X . Then
f induces a morphism of finiteness spaces f : (X ,U) // (Y ,V) where U
(respectively V) is the set of relatively compact subsets of X (respectively
of Y ).
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It works

Theorem

G with the relatively compact structure is a finiteness space. The
multiplication of the groupoid makes this a partial finiteness monoid. So
linearization gives us a K -algebra. If K has a ∗-operation, then the result
is a ∗-algebra.

But at the moment, our construction is discrete. Can we add topology?
Yes, but this is quite different than the usual topology of functional
analysis.
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Lefschetz topology

Lefschetz introduced these topological spaces to improve the dualities of
vector spaces. If V ∗ denotes the dual space of V , it is standard that the
canonical embedding V → V ∗∗ is an isomorphism if and only if V is
finite-dimensional. But by introducing topology and redefining V ∗ to be
the linear continuous maps, then we can perhaps reduce the size of V ∗∗ by
just the right amount.

Definition

A vector space is a Lefschetz space if equipped with a T0-topology such
that

The vector operations are continuous, i.e. it is a topological vector
space. (We’ll assume that the base field is discrete.)

0 ∈ V has a neighborhood basis of open linear subspaces.

The category of Lefschetz spaces and continuous linear maps will be
denoted Lef.
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Lefschetz topology II

Lemma (Barr)

Lef is symmetric, monoidal closed. The tensor is described by a topology
on the algebraic tensor product.

Lemma (Lefschetz)

The embedding ρ : V → V ∗∗ is a bijection for all Lefschetz spaces.

Definition

Let RLef be the full subcategory of reflexive objects, i.e. those objects for
which ρ is an isomorphism.

These spaces were one of the primary motivations for Barr to define the
notion of a ∗-autonomous category.
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Lefschetz topology III

Theorem (Barr)

RLef is a ∗-autonomous category. In fact, RLef is a reflective subcategory
of Lef with reflection given by (−)∗∗.

In fact, this category was one of the primary motivations for the definition.

Phil Scott and I proved full completeness for multiplicative linear logic
(with MIX) by considering dinatural transformations in RLef. We then
proved the same for a noncommutative version of linear logic using
representations of a noncocommutative Hopf algebra in RLef.
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Lefschetz topology IV

In the groupoid approach to C∗-algebras, after building the ∗-algebra, one
defines a norm and then completes with respect to the norm to obtain a
C∗-algebra. In fact, in general, there are two possible norms, the reduced
and the full. The two are frequently but not always equal.

As observed by Ehrhard, there is a topology one can place on the
linearizations of finiteness spaces.

Definition

Let (X ,U) be a finiteness space. Let u′ ∈ U⊥. Let

Vu′ = {f ∈ R〈X 〉|supp(f ) ∩ u′ = ∅}
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Lefschetz topology V

This determines a neighborhood basis at the point 0 ∈ R〈X 〉. The
resulting topology is a Lefschetz topology.

Here are some properties, as observed by Ehrhard, for a finiteness space
(X ,U).

Lemma

If U consists of just the finite subsets, then R〈X 〉 gets the discrete
topology.

If U = P(X ), then R〈X 〉 = RX with the product topology

If fn ∈ R〈X 〉 for all n ∈ N, then
∑∞

0 fn converges if and only if
limn fn → 0.
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Completion

One can ask about convergence in this space:

Theorem (Ehrhard)

Under the above topology, R〈X 〉 is complete, i.e. every cauchy net
converges.

In fact, one can show more than this. If (X ,U) is a prefiniteness space, i.e.
U ⊆ P(X ) is an arbitrary subset, the previously defined topology is still
well-defined. One can show:
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Completion II

Theorem

R〈X 〉 is complete if and only if (X ,U) is a finiteness space.

So it makes sense to think of the map

R〈(X ,U)〉 −→ R〈(X ,U⊥⊥)〉

as a completion. This completion is very different from the C∗-completion
discussed earlier.

What precisely is the relationship?

Can the computational properties of linear topology considered by
Ehrhard and Tasson say anything about the corresponding
C∗-algebras?
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FMCS 2020

will be held in Ottawa
Dates to be determined
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