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Abstract

This thesis further develops the theory of tangent bundles, differential bundles and principal bundles in
tangent categories and restriction categories. We develop a notion of dimension in order to interpret the
universality of the vertical lift, a key defining property of tangent bundles and differential bundles in category
theory. This dimension provides an easy path to showing that a candidate endofunctor is not a tangent
structure or that a candidate projection is not a differential bundle.

Additionally, we provide a functorial characterization of differential bundles. We show that differential
bundles in a tangent category are equivalent to certain functors from the structure-category N® of free
finite-dimensional N-modules into that tangent category. This characterization through functors serves as
a translation of differential bundles from the axiomatic language of categories to the functorial language of
tangent categories as Weil-actegories and is suitable to be applied to functor calculus.

We show that group-objects in a tangent category are well-behaved and define principal G-bundles in join
restriction categories. In the combined setup of tangent join restriction categories with a group object, we
show that the principal bundles previously defined fulfill some desirable properties. In particular, they can
be used to construct differential bundles, generalizing the associated bundle construction from differential

geometry that connects principal and differential bundles.
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Preface

The main body of this manuscript-style thesis consists of three papers that have already been finished and
made accessible online before this thesis was written.

Chapter [3[is based on [83]. This is a single-author paper I wrote under supervision of Kristine Bauer. I
developed the theory and proofs on which Kristine Bauer gave feedback and guidance and she supervised
the writing.

Chapter [4] is based on [82]. It is also a single-author paper I wrote under supervision of Kristine Bauer.
Michael Ching proposed the idea of the project. Afterwards I developed the constructions and proofs, on
which Kristine Bauer gave feedback and guidance and she supervised the writing.

Chapteris based on [31]. This paper is a collaboration between me and my co-supervisor Robin Cockett.
He gave me permission to use it as part of my thesis. The mathematical content was jointly developed, based
on a suggestion by Robin Cockett. The first draft of the paper, including all the results, was written by
me, based on our joint mathematical work. Robin Cockett gave feedback, supervised the writing and added
historical context. Parts of the writing were also supervised by Kristine Bauer.

Chapter [6] was developed by myself under supervision of Kristine Bauer. It is not currently written as a
stand-alone paper. It relates the topic of Chapter ] and Chapter [5] in the context of this thesis.

Generative artificial intelligence (AI) was used as a writing tool in this thesis, however it did not develop
the mathematics. In particular, generative Al was not used for creating theorems, lemmas, propositions, or
other mathematical results, or writing or generating proofs.

Concretely, generative Al was used in the following ways.

1. Literature exploration and brainstorming: Gemini (integrated into Google Search) was used to sum-
marize related areas and locate relevant references. Accuracy was ensured by consulting the original
sources rather than relying on Al-generated summaries. This reduces the influence of the AI on the

thesis content to the Al’s selection of references.
2. Language and style correction: Writefull, integrated into the Overleaf LaTeX editor, was used for
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grammar and style suggestions. It only proposed linguistic changes, it did not affect the mathematical

content.

3. Text feedback: ChatGPT and Gemini were used to provide feedback on drafted sections to improve
clarity and readability. All revisions were manually implemented to ensure that only the language and

no mathematical content was altered.

In accordance with university policy, I retain full responsibility and accountability for all content in this
thesis, including work produced with the assistance of Al. The language of this Al statement was also

refined with the help of generative Al
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Chapter 1

Introduction



Bundles, consisting of a total space E with a projection to a base space M, are a fundamental concept
for many areas of mathematics and physics. In algebraic topology, bundles, such as covering spaces, provide
a way to study topological invariants, e.g. the fundamental group. Bundles allows us to analyze the total
space and use insights from the total space to make conclusions about the base space.

The utility of bundles extends to differential geometry, where we can use bundles and their sections in
order to perform operations from (multi)-linear algebra locally at any point of the manifold. Consequently,
many of the most essential tools in differential geometry, including vector fields, connections, differential
forms and metric tensors, are all sections of bundles, offering a way to combine local calculations with global
structure.

In physics, these mathematical uses of bundles are essential for modelling the natural world. Sections of
vector bundles are used for the local description of physical quantities and their interaction with spacetime.
Furthermore, in the study of gauge symmetries, the total space of a bundle provides a redundant description
of a physical system. By analyzing these bundles, physicists can make conclusions about the behaviour of
the physical system.

The main goal of this thesis is to advance the study of generalized bundles in category theory. In
particular, we focus on tangent bundles, differential bundles and principal bundles in tangent categories and
restriction categories. Both tangent categories and restriction categories are contexts in category theory that

generalize certain aspects of the structure of smooth manifolds.

1.1 Categorical geometry

Geometry is one of the oldest and most beautiful areas of mathematics, and also one of the richest sources of
ideas and intuitions. The concept of gluing local pieces together to obtain a global object, among many other
geometric ideas, have incarnations outside of traditional geometry and have influenced many sciences, going
beyond mathematics. Calculus, and in particular differentiation, are further tools from geometry to model
dynamics in a variety of contexts, from crisis bargaining diplomacy [85] to the expansion of the universe [50].
The abstract frameworks of tangent categories and restriction categories make it possible to formally
encode these geometric structures in more general settings settings which unify different approaches to
geometry or which may not traditionally be considered to be part of geometry.

By modelling local properties through partial maps, maps that are only defined on a subset of their
domain, restriction categories generalize local properties and gluings to a variety of setups. They can be
used both to describe geometric structures like manifolds and topological spaces, but also for computational

structures like Turing machines.



Complementary to that, tangent categories generalize the concept of differentiability and tangent vectors
to a more general categorical setup. They reveal the geometric nature of many concepts as a form of

differentiation, even non-analytic non-geometric concepts, like abelianization of groups.

1.1.1 Literature review on tangent categories

Historically, geometry has been thought about through certain desired properties instead of concretely giving
concrete mathematical objects fulfilling the behavioural axioms. In Euclid’s elements of geometry [78|,
geometric objects are defined using a list of axioms, e.g. that one can draw a line between any two points.

When Newton and Leibnitz developed modern western calculus in the 17th century (after the ideas had
been around for a long time in many cultures), they specified the operations while admitting that they
did not fully understand the underlying objects. They used a infinitesimal, a quantity o that whose higher
powers can be omitted. While intuitively it is a very small quantity and thus its square is negligibly small,
it was widely understood that this is not a well-defined mathematical concept.

Later, in the 19th century, Bolzano and Cauchy built a second approach to the underlying structure of
calculus. The key to their approach was that they replaced infinitesimals with limits, building the modern
foundations of analysis. For more details on the history of calculus one can, for example, read [12].

However, many still thought that the original approach using infinitesimals was still worth considering. In
[65], Sophus Lie highlights that there is an “analytic” approach and a “synthetic” approach to differentiation,
while admitting that the foundations of the “synthetic” approach are hard to make rigorous.

After the “analytic” approach had developed into differential geometry and the classical theory of smooth
manifolds, in 1967, William Lawvere gave a series of lectures on the “synthetic” approach, which were later
published as [60]. In there Lawvere rigorously defines synthetic differential geometry through a closed
category and an infinitesimal object D which represents differentiation. The tangent bundle of a manifold X
is then described by the object X . In 1981, Anders Kock wrote the textbook [57], further elaborating on this
approach. Synthetic differential geometry has further grown since. Many results from classical differential
geometry have been shown to have analogues in synthetic differential geometry. For example Marta Bunge
and Patrice Sawyer [14] proved results about connections and Rene Lavendhomme and Hirokazu Nishimura
[59] proved results about differential forms in SDG. Matthew Burke proved the correspondence between Lie
groups and Lie Algebras in his thesis [15]. Burke’s result in particular is similar to our results in Section
10.9.9

In 1984 [81], Jiff Rosicky developed a notion of abstract tangent bundle functors that encompass both

classical differential geometry and synthetic differential geometry, finally uniting the “synthetic” and “ana-



lytic” approach to differentiation. This notion of tangent bundle functors underlies the tangent categories
Robin Cockett and Geoff Cruttwell developed in 2014 [20]. They slightly generalized the definition to not
assume negatives, developed substantial techniques to work with tangent categories and related them to
the pre-existing notion of Cartesian differential categories. As a different formulation, Poon Leung [64] and
Richard Garner [44] showed that tangent categories can also be seen as functors from a structure category of
Weil-algebras. This approach is equivalent to the axiomatic definition by Cockett and Cruttwell, but allows
us to view tangent categories in a functorial perspective, which is useful for certain applications like higher
categories. We will revisit these equivalent characterizations in detail in Section [4.2]

The category of smooth manifolds is one example of a tangent category, but there are many more. Since
tangent categories have been developed, many geometric constructions have been generalized using them.
Vector bundles, one of the most fundamental and important concepts in differential geometry, were general-
ized as differential bundles in [29]. In his PhD thesis [67], Benjamin McAdam proved that differential bundles
in the category of smooth manifolds indeed are vector bundles and thus precisely generalize vector bundles
in tangent categories. Cruttwell and Marcello Lanfranchi [32] used display maps to study the existence of
pullbacks, required for differential bundles, and define a notion of submersion in tangent categories.

Cruttwell and Rory Lucyshyn-Wright [35] generalized differential forms and de Rham cohomology, with
their deep meaning to geometry and topology. Similarly, Cockett and Cruttwell [22] generalized connections,
enabling a new perspective on curvature and torsion, independently of the explicit model of geometry. An
important tool for system dynamics, differential equations, were formulated by Cockett, Cruttwell and Jean-
Simon Lemay in [23]. There curve objects are introduced as the objects that parametrize the solutions of
ordinary differential equations.

Since their development, tangent categories and the aforementioned concepts in them have been applied
to many different areas of mathematics. Originally, Cockett and Cruttwell [20] show that tangent categories
generalize the “analytic” and “synthetic” formulation of differential geometry. The category of rings is also
an example of a tangent category, already mentioned by Rosicky. Cruttwell and Lemay [33] further showed
that schemes, the object of study in Algebraic geometry, are another example of a tangent category and
studied the differential bundles therein. Thus, tangent categories do not just unite the different approaches
to differential geometry, they also unite differential and algebraic geometry.

In homotopy theory and homological algebra, tangent categories have proven themselves to be a useful
tool to encode approximations to certain functors. Kristine Bauer, Burke and Michael Ching use tangent
categories in [6] to describe the Goodwillie functor calculus of infinity categories. In addition, work by Bauer,
Brenda Johnson, Christina Osborne, Emily Riehl, and Amelia Tebbe [7] shows that the Johnson-McCarthy

calculus of chain complexes fulfills a chain rule up to homotopy. This strongly suggests that a certain
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bicategory of chain complexes admits a tangent structure that describes the Johnson-McCarthy calculus.

In addition to all these mathematical applications, the relevance of tangent categories goes beyond pure
mathematics. Machine learning has been an envisioned application since the development of Cartesian dif-
ferential categories in [9]. Cockett, Cruttwell, Jonathan Gallagher, Lemay, Gordon Plotkin and Dorette
Pronk [30] further developed this perspective using reverse derivatives. In his PhD thesis [45], Bruno Gavra-
novié¢ gave an overview of the development so far and advanced this application even further, giving explicit
implementation instructions on how to apply tangent categories in a machine learning context.

Due to the size and importance of differentiation, geometry and their categorical formulations, this section
is necessarily incomplete and there exist many more contributions to the field. We hope, though, that this

section conveys that tangent categories are a well-established and relevant area of mathematics.

1.1.2 Literature review on restriction categories

The fundamental questions on how to relate local and global properties of geometric objects, and indeed
what local properties are at all, have been around for a long time.

A key step to understand the concept of locality was the development of topological spaces. In 1914, Felix
Hausdorff, in his famous book “Grundziige der Mengenlehre” [49], proposed a list of axioms to characterize
open neighbourhoods. Spaces that fulfill this list of axioms are nowadays known as Hausdorff spaces. In
1924 Paul Alexandroff und Paul Urysohn further developed our modern notion of topological spaces in [3].
For a more expanded overview on the history of topology, we point the reader towards [17].

Using these definitions, a partial, or locally defined, function on a space X can be seen as a function
whose domain is some closed (or open, there is a choice here) subset of the space. In 1978, Peter Booth and
Ronald Brown [11] used this topological language to study partial maps.

Another reason why researchers studied partial maps was the theory of computation. Since Alan Turing’s
groundbreaking work [87] it is known that programs may or may not terminate and may or may not produce
an output. Motivated by both the programming and the topology, E. Robinson and G. Rosolini abstracted
the notion of partiality in [80]. Fully general formulations of restriction categories were given by Hans-Jiirgen
Hoehnke, who called them “fractal categories” in [52], and by Marco Grandis, who called them “e-cohesive
categories” [46]. Significantly for this thesis, Grandis also developed the manifold construction for join
restriction categories.

The formulation of restriction categories, which we will use in this thesis, was introduced by Cockett and
Steve Lack in [24], [25], and [26]. Importantly, this formulation allows for a partiality-respecting notion of

limits, called restriction limits. Coming from a perspective of Boolean logic, Cockett and Ernie Manes [27]



developed the theory of joins in restriction categories, which was further expanded on in Xiuzhan Guo’s PhD
thesis [47]. This notion of joins of partial maps allows us to combine partial maps which are only locally
defined into total maps, defined globally, or on a larger subset of the domain and thereby is a key step to
understand the relation between local and global properties.

While joins allow us to construct morphisms out of their local pieces, the Grandis manifold construction
first developed in [46] allows us to glue together objects into an object called the “gluing”. This gluing and
the manifold completion, which enables gluings, are combined with tangent categories in [20] where Cockett
and Cruttwell establish a notion of tangent join restriction categories and show that tangent structure is
preserved by the manifold completion. Recently, Lanfranchi [58] developed a notion of differential bundles
in tangent restriction categories, combining the tangent category perspective and the restriction category
perspective even further.

Restriction categories have major applications outside of geometry, in particular for the theory of com-
putation which they were motivated by. Cockett and Peter Hofstra [28] developed Turing categories based
on earlier work by Longo, Moggi, Di Paolo, and Heller. Turing categories are a particular case of Cartesian
restriction categories where all morphism factor through a certain object, called a “Turing object”. Tur-
ing categories are closely related to other structures in computer science, in particular partial combinatory
algebras in the study of lambda calculus.

For the categorical study of probability theory and Bayesian networks, Kenta Cho, Bart Jacobs [19] and
Tobias Fritz [42] developed Markov categories. Both Markov categories and Cartesian restriction categories
are special cases of copy-discard categories and Elena Di Lavore and Marco Romén [37] have combined these
two structures to form partial Markov categories, a direction of research that makes it possible to model
Bayesian networks with constraints.

Like the previous section, this section does not intend to be a complete report over all work in the area.
We hope though, that it showcases that the study of restriction categories is also a well-established area of

research with important applications.

1.2 Key questions answered in this thesis

This thesis continues the recent developments in categorical geometry. There are many perspectives in
categorical geometry and classical geometry which all aim to study similar phenomena. We will connect

some of these perspectives.



1.2.1 Dimensions in tangent bundles

In the definition of a tangent category there is a somewhat unintuitive condition called the universality of
the vertical lift which requires a certain diagram to be a pullback.

In the category of smooth manifolds the universality of the vertical lift enforces how “large” the tangent
bundle can be. This is made precise by the dimension of the manifolds fulfilling certain equations. For general
tangent categories, however, this is less understood since there was no preexisting definition of dimension
for them.

In order to align the dimension interpretation of the universality of the vertical lift with general tangent
categories, we invent a notion of dimension for general categories. In particular we also use it for categories
with no known tangent structure. This novel categorical dimension will allow us to interpret the universality
of the vertical lift in many different tangent categories and to put constraints on possible structures. Theorem

shows that any tangent bundle needs to respect the equation

dim(7T?(X)) + 2 - dim(X) = 3 - dim(7(X))

about a categorical dimension dim applied to the tangent bundle T(X), the tangent bundle of the tangent
bundle T?(X) and the underlying object X. If the dimension is a strong tangent dimension, as defined in
Definition Theorem shows that T'(X) is the same or double the dimension of X.

Differential bundles are also required to respect dimension, as we show in Theorems [3.2.13] and [3.2.14]

However, this condition becomes trivial if the tangent bundle endofunctor sends an object to an object of
twice the dimension.

Categorical dimensions appear in many common mathematical situations. We show that dimensions are
preserved by full subcategories and right-adjoints. Using this, we provide examples for sets, groups, rings,
modules, algebras and topological spaces. We observe that dimensions are closely related to the concept
of excision in homotopy theory. Since tangent structures need to respect dimension we can reject certain
functors T' as candidates for tangent structures, as showcased in Example In particular, this allows
us to classify all tangent bundle endofunctors on Set°? in Proposition and FinVect in Theorem

We find a categorical notion of dimension that generalizes the classical dimension of smooth manifolds
and vector spaces. By providing constraints for possible structures, it helps us understand all the possible
tangent bundles and differential bundles in a given category. In particular it is very easy to use dimensions
to show that something is not a tangent structure or not a differential bundle. This is demonstrated in
Example [3.2.10] we hope it will be helpful to exclude many more candidates for tangent structures in the

future.



1.2.2 Differential bundles in the functorial perspective

As Leung showed in [64], tangent categories can be studied both from an axiomatic and from a functorial
perspective. In [29], differential bundles were developed in the axiomatic perspective on tangent categories.
Other constructions, in particular tangent infinity categories have been developed using the functor per-
spective on tangent categories. In order to connect these concepts, it is necessary to find a translation of
differential bundles to the functor perspective on tangent categories.

We align Leung’s functorial perspective on tangent categories with the study of differential bundles. For
this purpose we study functors from a structure-category N®. Certain functors from this structure category
N*® have been previously shown to characterize differential objects, which are more specific than differential
bundles. We loosen certain requirements on the functors from N*® in order to characterize the more general
structure that are differential bundles.

We use differential functors which we introduce in Definition [£3.3] Differential functors are functors
between tangent categories that preserve certain pullbacks and come with a Cartesian natural transformation
relating them to the tangent bundle endofunctor.

We show that differential functors send differential objects to differential bundles. Thus we obtain an
evaluation functor Eval from the category of differential functors into X to the category of differential bundles
in X, summarized in Corollary [£:3.11] In Proposition[£.:4.9] we construct for every differential bundle £ — M
in a category X a differential functor from the structure category N*® in which all objects are differential
objects. This differential functor produces the differential bundle £ — M under evaluation. This leads
to Theorem [£.4.10] where we define a functor Ind from a category of differential bundles to a category of
differential functors. Indeed we show in Theorem that the two functors Eval and Ind are quasi-inverse

to each other and thus form an equivalence

DBun,gq(X) 2 DiffFun(N®, X)

between the category DBun,qq(X) of differential bundles in X with additive morphisms and the category
DiffFun(N®, X) of differential functors from N® to X and certain natural transformations as morphisms.
Theorem {4.5.3] also includes a variant of the equivalence for linear morphisms.

Our classification of differential bundles using differential functors is a way to prove that something is a
differential bundle. It allows us to express differential bundles in the functorial language developed by Leung
[64] and Garner [44]. This formulation will be particularly useful for future study of higher categories, like
the tangent infinity categories defined in [6]. Additionally, such a functorial characterization can be adapted

more easily to categorical constructions, like Kleisli categories and opposites, helping to relate differential
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bundles in the opposite category to differential bundles in the original category in the future.

1.2.3 Group objects in tangent categories

Lie groups are important objects of study in classical differential geometry. Much is known about their
tangent bundle. Their tangent space at the unit famously forms a Lie algebra.

In order to align the classical study of Lie Groups and principal bundles with more general categorical
geometry, we first study group objects in tangent categories, and show that they enjoy similar properties to
Lie groups in differential geometry.

We show in Theorem that the total space T(G) of the tangent bundle of a group object G in a

tangent category is isomorphic to a product of a tangent space T'(G),, and the group object

T(G) = G x T(G)..

We can characterize all the structure morphisms that characterize the tangent bundle through their corre-
sponding maps between the tangent spaces, as summarized in Table In classical differential geometry
the tangent space is known as the Lie group’s Lie algebra. We show in Theorem that in tangent
categories, the tangent space obtains an external Lie algebra structure too.

Due to our study of group objects, we have explicit coordinates to talk about the tangent bundle of a
group object. Additionally, we generalized the Lie bracket on the tangent space. Whenever we encounter a

group object in a tangent category, we now have plenty of tools to study its behaviour.

1.2.4 Principal bundles in tangent categories

Symmetry and differentiation are closely related in differential geometry. Much is known about the behaviour
of Lie groups, group objects in the category of smooth manifolds. Given a Lie-Group G Principal G-bundles
fulfill several well-understood properties, in particular their close correspondence with vector bundles. In
categorical geometry, differential bundles are the generalization of vector bundles, though neither principal
bundles nor their relation to differential bundles have been generalized yet. Since principal bundles are
defined using local conditions and join restriction categories are a tool to encode locality, we study principal
bundles in join restriction categories. Combining these two setups we can obtain strong results in tangent
restriction categories.

In order to generalize principal G-bundles, we define fibre bundles, G-bundles and principal G-bundles
in join restriction categories in Definitions [.4.1] and [5.4.14] replacing charts by partial isomorphisms. The

bundles we define indeed generalize the principal bundles from differential geometry and topology, as we
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see in Theorem [5.4.27] and Proposition [5.4.35] We continue to study their properties. Using constructions
similar to the ones in Section we show that categorical principal bundles in tangent join restriction
categories admit a total right G-action

r:PxG—P

as shown in Theorem that their vertical bundle is trivial in the sense of Theorem and they
fulfill the torsor-property of Theorem [5.4.42

Finally, we study which parts of the equivalence between principal and vector bundles from classical
differential geometry hold in the more general setup of Cartesian tangent join restriction categories with
gluings. Classically, for smooth manifolds, there is a correspondence between isomorphism classes of principal
GL,,-bundles and isomorphism classes of vector bundles with n-dimensional fibre. We show in Theorem
that in any Cartesian tangent join restriction category with gluings one can construct differential bundles

out of principal G-bundles and this is in fact a functor
PBung"'*** x G — Obj"™ — DBun'™P'**

sending principal G-bundles and objects with a G-action to differential bundles. So one direction of the
correspondence holds in this more general setup. However, the inverse does not, in general, exist. Example
includes an example of a differential bundle which can not come from a G-bundle.

By defining principal G-bundles in Cartesian tangent join restriction categories, we unify existing concepts
from differential geometry, point-set topology and we conjecture it also unifies them with the notion of
principal bundle from algebraic geometry. Besides these already existing notions of principal bundles, it
also makes it possible to study other categorical contexts and the principal bundles therein in the future.
Additionally, our construction of differential bundles from principal bundles relates these two kinds of bundles
in a general context. This construction not only clarifies which parts of geometric results hold more generally,
it also makes it possible to generate examples of differential bundles by constructing them out of principal

bundles.

1.2.5 Overall summary

All the work in this thesis improves our understanding of bundles in category theory, aligning different
perspectives from differential geometry and category theory.
This makes it possible to apply the geometric technique, which is the study of bundles, to areas of

math that are not traditionally considered as part of geometry. In particular the theory of computation
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(Turing categories, a special case of restriction categories), the theory of Bayesian networks (partial Markov
categories, closely related to restriction categories), and machine learning (reverse derivative categories, a
special case of tangent categories) all admit categorical descriptions that are closely related to the restriction
categories studied here. Thus we hope that the ideas which hold in restriction categories can be applied to
the setups similar to restriction categories and the results that hold in tangent categories can be applied to

the setups similar to tangent categories.

1.3 Novel contributions in this thesis

While the concepts of tangent categories and differential bundles were already known before, the notion
of a monoid-valued dimension and its variations (Definitions and are new contributions. Any
results in Chapter [3] involving dimension are novel, including the classification of Cartesian tangent bundle
endofunctors on FinSet®® and FinVect. However, almost all the tangent structures that are used in examples
were previously known in the literature. The only new tangent structure is in Example[3.6.1] which is closely
related to the example presented in [81, Example 1].

In Chapter |4 the concept of a (general/lax) differential functor and all the results depending on it are
novel. The characterization of differential bundles is terms of (general/lax) differential functors is a new
contribution. This generalizes what was known about strong differential functors. The classification of
differential objects using strong differential functors was proved in [6]. This is a strong version of what we
prove in Chapter @] Theorem which proves the euquivalence between tangent categories and and
certain actegories, is a slight generalization of |[44] Theorem 9] using a proof that is very similar to the proof
in [44 Theorem 9.

In Chapter |5 the concepts introduced in Section [5.2] are a review of the theory of restriction categories,
in particular restriction limits and the Grandis manifold construction. Lemma [5.2.8]is an novel result which
gives an easier way to identify restriction pullbacks of total maps. Group objects in category theory are well
known in the literature. The properties of their tangent space in a tangent category, described in Section
[.3] are novel in this generality.

Chapter[6] closely resembles the explicit formula for the associated bundle in classical differential geometry.
Definitions and are taken from the literature, but the remaining results, in particular all results

pertaining to principal bundles, are novel contributions.
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1.4 Structure of this thesis

This is a manuscript style thesis. The main body consists of three papers that have already been made public
as [31], [82] and [83]. The papers are presented in reverse chronological order. This way the technically most
accessible work comes first and the work using more involved techniques comes later.

In Chapter [2] we define tangent categories and principal bundles, concepts that will be of key relevance
throughout the document, providing ample examples. Chapter [3|is based on [83] and generalizes the dimen-
sion of smooth manifolds to arbitrary categories in order to provide an interpretation for the universality
of the vertical lift. Chapter [4]is based on [82] and connects the axiomatic definition of differential bundles,
as given in [29] with the functor perspective on tangent categories developed in [64], [44]. For this purpose
we show that the category of differential bundles in a given tangent category is equivalent to a category
of certain functors. Chapter [5| is based on [31] and studies group objects and principal bundles. It first
studies the behaviour of group objects in tangent categories, in particular their tangent bundles and tangent
spaces, developing an external Lie Algebra structure on them. Then it continues to develop the theory of
fibre bundles, G-bundles and principal G-bundles in Cartesian join restriction categories and showcase their
behaviour in Cartesian tangent join restriction categories. Chapter [6] relates principal bundles, as defined in
Chapter [p| to differential bundles, which were studied in Chapters|3|and which were the main focus of study
in Chapter [

Different parts of this thesis have been written for different audiences. Thus Chapters and [ use
applicative order of composition. Given morphisms f: A — B and g : B — C, their composition is denoted
go f:A— C in these chapters. However, Chapters [f] and [6] use diagrammatic order of composition. Given

morphisms f: A — B and g : B — C, their composition is denoted fg = f;g: A — C in these chapters.
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Chapter 2

Background on tangent categories

_— 3
M T(M) T(T(M)) e

Figure 2.1: An overview over the structures comprising a tangent category, defined formally in Definition
224

Tangent categories and differential bundles generalizes the concept of smooth manifolds, with T'(M) as
the tangent bundles and vector bundles. . This chapter serves to introduce these concepts by uniting the
background sections of [83], [82] and [31]. Many examples which will be relevant in later chapters will be
included.

This chapter uses applicative order of composition. The composition of f: A — B and g: B — C'is
denoted by go f : A — C. This is consistent with the notation used in [6], [44], |[64] and [81] and inconsistent

with [29], [20] and [32].
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In this chapter, we will review the definitions of tangent categories and differential bundles as stated
by Cockett and Cruttwell in [20] and [29]. We will also define the appropriate notion of functors between
tangent categories and natural transformations between such functors.

We introduce several important examples of tangent categories: SmMan and N*® will be extremely im-
portant throughout this thesis. SmMan is important because it recovers classical differential geometry.
The category N*® is important because it will be used to characterize differential bundles and objects in an

arbitrary tangent category in Sections and

2.1 Notations for pullbacks

Notation 2.1.1. As a convention, we will use throughout this document that, given a pullback or, in par-
ticular, a product, the projections onto the first and second components will be called g and wy, respectively.
More generally, the i-th projection out of a n-fold pullback will be w;_1. The morphism to the pullback of f

and g induced by the universal property will be denoted by {f,g):

In the case that Z = D x g/ E is another pullback, we will denote (for h: D — A and k : E — C over the
same map B' — B)

hxpk:=(homy,kom):Dxp E— AxpgC.

The most relevant case happens when B and B’ are the terminal object and the pullback is therefore a product:
in this case, f x g := (f omp,gom). Note that we are using applicable order for composition here: fomgy is
the composite of the projection mg followed by f. In the case where f = g, we use a subscript to denote the

pullback of f along itself:

Ay=AxpA — A

BT

A—T1 B

Likewise, A,, denotes the n-fold pullback of f along itself.
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2.2 Tangent categories

This section aims to recall notions from [20], namely tangent categories, lax/strong tangent functors between
tangent categories and (linear) tangent transformations between tangent functors. Tangent categories were
originally defined by Rosicky in [81] in a slightly different way; the formulation we use is the one from [20].
We will start by noting the observation about smooth manifolds that leads to the axiomatic definition of

tangent categories.

Remark 2.2.1. Here we recall some facts about tangent spaces and tangent bundles. They are basic facts
available in most differential geometry textbooks, for example in |71, Chapter I, Sections 1.8-1.11, 6.2]. Given
a smooth manifold X and a point x € X, the tangent space T, X is, intuitively speaking, the vector space of
all directional derivatives.

A key property of the category of smooth manifolds is that for every smooth manifold X there is another
smooth manifold TX which is the tangent bundle of X. The tangent bundle has as its underlying set the
disjoint union of tangent spaces at all points of the manifold, though with a topology and manifold structure

steming from the manifold structure of X.

o The tangent bundle comes equipped with a projection px : TX — X that sends a tangent vector

vy € T, X at the point x € X to the point x.

Given a smooth map f : X — Y between smooth manifolds, there is a smooth map Tf : TX — TY which
sends a tangent vector to the Jacobi matriz multiplied with the tangent vector. In fact this assignment
of objects and morphisms is an endofunctor T : SmMan — SmMan, which we call the tangent bundle
endofunctor.

Tangent vectors at any point form a vector space. The addition and zero of this vector space give rise to

certain smooth maps.

o There is a zero section map Ox : X — TX that sends a point x € X to the zero tangent vector
0, € T, X at the point x € X. We call it a zero section since the composition with the projection

px o 0x = lx is the identity.

o There is an addition map +x : To X =TX xxTX — TX that takes two tangent vectors v, w, € TX

which are over the same basepoint x to their sum vy + wy.

In addition to these well-known structures there are some less ubiquitous structures on the tangent bundle:
the vertical lift and the canonical flip, both relating to T>M = TTM, the tangent bundle of the tangent

bundle. We emphasize them here since they are essential for the aziomatic definition of tangent categories.
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e The vertical lift £ : TX — TTX is defined for example at the end of |71, Section 6.12].
e The canonical flip ¢ : TTX — TTX is defined for example in |71, Section 6.13].
We give more details on the vertical lift and the canonical flip of smooth manifolds in Example [2.2.7.

If we want to have an axiomatic approach to differential geometry, we need these structures.

Definition 2.2.2. |20, Definition 2.1]Let X be a category and A € Ob(X) an object. An additive bundle

(X, A, +,0,p) over A consists of the following data:
e an object X and a morphism p: X — A such that pullback powers X,, of p exist, and
e morphisms +: Xo =+ X and 0: A — X.
In addition, the morphisms must satisfy the following conditions:
e pot+=pomy=pom andpol =1y,
e the morphism 4+ must be associative, commutative and unital.

That is, the following associativity, commutativity and unitality diagrams

1 x4+
Xg—A>X2 XQ X
1x
+ X4 1J{ +J{ <7T177T0>J( \ <Oop,1X>J( \
+ + +
Xo ——mmMmM X Xog ——mMmM X Xo ——mMmM X

must commute.

A morphism of additive bundles consists of morphisms that commute with these structures, as explained

in the following definition.

Definition 2.2.3. |20, Definition 2.2]For two additive bundles (X, A, p,+,0) and (Y, B,p’,+',0") an addi-

tive bundle morphism (f,g) is a pair of maps f : X — Y and g : A — B such that the following diagrams

commute:
f <fO7TO7fO7T1> g
X—Y Xo———Yy A—F B
g / f
A—————B X————>Y X——mY

Additive bundles are a categorification of the basic structure underlying vector spaces. This will be
helpful in defining tangent categories, since each tangent space in the classical case is a vector space. In
the following definition, beware of the notation T5 (which refers to a pullback) and T2 (which refers to two

applications of the functor T'). For any category X, let 1 : X — X denote the identity functor.
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Definition 2.2.4. |20, Definition 2.3] A tangent category (X,T,p,0,4+,¢,c) consists of a category X and

the following structures:

a functor T : X = X, called the tangent bundle functor with a natural transformation p : T — 1 such

that pullback powers of par : TM — M exist for all objects M € X and T preserves these pullback

POwWers;

natural transformations + : Ty — T and 0 : 1 — T making each (TM,M,pyr,+a,00) an additive

bundle;

a natural transformation £ : T — T2, called the vertical lift, such that (€xr,0nr) is an additive bundle

morphism from (TM7 M7 Py, OM) to (T2M7 TM7 TPM> T(+M)7 T<OM>)7

a natural transformation c : T? — T? with ¢ = 1 and lc = 1, such that (cpr, 1) is an additive bundlem

morphism from (T?M,TM,Tpy, T(+ar), T(0ar)) to (T>M, TM,prar, +1ar,0rar)-

We will refer to the pullbacks T"Ty, as foundational pullbacks.

In addition, ¢ and c are required to be compatible with themselves and with each other, meaning that the

diagrams
4 T'(c) crm 129 T(c)
T™M ———— T*M T3M T3M T3M T?°M 2% T3M —2% T3M
El lT(Z) CTJLIJ/ lT(c) cl J/CTJM
T°M ———— T3M T3M M T3M T°M T3M
Lrm T(c) CrM ()
all commute. Finally, we require that
oM —%—— T?°M
PMOWO\L : J/T(PJVI)
M ————— TM
Onm

is a pullback preserved by powers of T, where v is a shorthand notation for v =T (+) o (€pr o 7o, Oppr 0 1)
This pullback is denoted as the universality of the vertical lift. The foundational pullbacks together with

powers of T applied to the universality of the vertical lift will be called the tangent pullbacks.

While the last condition is formulated differently in Definition 2.3 of [20], it is shown to be equivalent to

the formulation here in Lemma 2.12 of [20].

Remark 2.2.5. The last condition is called the universality of the vertical lift and it encodes the intuition

that T2M relates to To M in the same way that TM relates to M. For example, in the category SmMan of
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manifolds and smooth maps (see Example , each object has a dimenion. As we will show in Chapter@
the vertical lift ensures that dim(T*M) — dim(To M) = dim(T M) — dim(M). In particular if the dimension
of the tangent bundle is a multiple by n of the dimension of the manifold, this becomes n* — (2n—1) =n—1,
which only is the case when n =1 or n = 2. Thus the universality of the vertical lift in SmMan enforces
the idea that the dimension of the tangent bundle is either the same or twice the dimension of the original
manifold. We will explore the relationship between the vertical lift and the dimension of the tangent bundle

in general tangent categories in Chapter[3

The structures involved in Definition of tangent categories can be summarized as a diagram:

To(M) .
o0
M T(M) T?(M)
p T(p)

for every object M.
In general there can be many tangent structures for a given category X. In particular any category with
a nontrivial tangent structure T # 1x has at least two tangent structures, T and the trivial tangent structure

given by the identity functor.

Example 2.2.6. |20, Section 2.2] Any category X with the identity functor and identity transformations
for all of the natural transformations required by Definition [2.2.4] give an example of a tangent category,

(Xv ]-Xv 11X7 11X7 11X7 11xa ]‘1X)'
The main motivating example for the definition are smooth manifolds.

Example 2.2.7. |20, Section 2.2] Let SmMan be the category with smooth manifolds as objects and smooth
maps between them as morphisms. Then SmMan is a tangent category where the tangent functor is given by
forming the usual tangent bundle from differential geometry, T(M) := TM. Elements of the tangent bundle

are denoted by (p,vp), where p is a point on the manifold and v, is a vector in the tangent space T,M .
e The projection p: TM — M,
e the zero section 0: M — TM, and
e the addition of tangent vectors + : ToM — T M

are well-known from differential geometry, for example defined in |71, Section 6.2].

Elements of T?>(M) = T(T(M)) the tangent bundle of the tangent bundle are denoted by a 4-tuple
(P, Vp, Up, Wpo,) where p € M, v, € T,M, u, € T,M and wy., € T, T,M, which implies (uy, wp,.,) €
Tipw)TM.
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o Thevertical lift £ : TM — TTM is less frequently used in differential geometry, it is defined for example
at the end of |71, Section 6.12]. It sends an element (p,v) of the tangent bundle to (p,0p,0,,vp0,).
Here we use the canonical identification of the tangent space T, T, M of the vector space T, M with

itself.

e The canonical flip sends an element (p,up, vy, w) of TTM to the element (p, vy, up, w) of TTM which
is possible as both u, and vy, are in T,M and T, T, M is canonically identified with T, , T, M. While

less ubiquitous than other structures, it can be found for example in |71, Section 6.13].

Every manifold of dimension n is locally diffeomorphic to a subset of R™, see |71], and using this equivalent
formulation we can express points in the tangent bundle in local coordinates. In local coordinates, on an
open neighborhood U C M, the tangent bundle T(M) is isomorphic to a product of the base manifold with a
vector space

T(U) = U x R"

where n is the dimension of M. Here, we use U to denote both the open neighborhood of M and its diffeo-
morphic image in R™. For mandifolds My, My with dimensions ny,ns and a smooth map f : My — My,
there are open neighborhoods Uy C My and Uz C Ms with f(Uy) C Us such that T(Uy) = Uy x R™ and
T(Uy) 2 Uy x R™. The evaluation T(f) : T(My) — T(Ms) of the tangent bundle functor on the morphism

f can also be expressed in these local coordinates as

T(f)lrw, : T(U1) = T(U2)

T(U,) 2 U xR™ 3 (z,v) — (f(m), 5](;(yy)|y_w -v) € Uy x R™ = T(Us).

This formulation of T'(f) in terms of local coordinates is standard knowledge in differential geometry and

can, for example, be found in |71, Section 1.11].

Unlike classical manifolds, tangent categories do not need to be related to the real numbers. In the

following example we construct a tangent category using any field F.

Example 2.2.8 (Example 2.7 in [53]). Let F be a field. Then we define a category Polyr whose objects
are the finite-dimensional F-vector spaces, F¥. Morphisms g : F* — F* are k-tuples of of polynomials in n
variables , for example,

g:F =T (2,y,2) = (¢®2 — 1,92 + 22).

For a morphism f let Jy : & (3, ngj_xj)lgigk be the linear map given by the Jacobi matriz of f (where

i k
ng,- denotes the derivative of a polynomial defined by gz’ =k- xf_l). The category Polyr has a tangent
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structure, given by

e The tangent bundle endofunctor

T(F*) := F* x F*, T(f) = f x Jy),

e the projection ppx = o : F¥ x FF — F¥,
e the zero section Opr := (1px,0) : FF — FF x F¥,

e the addition +gx = (mg,add o (w1, m2)) : F¥ x F¥ x FF — F* x F* where add : F¥ x F¥ — F* is the

addition of vectors,

e the vertical lift fgr = (10,0,0,71) : F¥ x FF — F* x FF x F* x F*, and

the canonical flip cpr 1= (o, T, 71, T3) : FF x FF x Fk x F* — Fk x F* x FF x FF.

This example is useful because finite fields are a well-studied area of mathematics. In Remark [2.3.7] we
use this to show that not every additive morphism of differential bundles is linear.

A closely related example is the category Smooth in which the objects are all object R¥ and the morphisms
are all smooth maps. The same structure maps defined here (with F = R) give rise to a tangent structure

on Smooth.

Definition 2.2.9. [6, proof of Proposition 5.8] Let N* be the category with objects N¥ for k € N and
morphisms from N™ to N™ given by matrices f = (fij)i<i<n,i<j<m where fi; € N for alli, j. The composition

is given by matriz multiplication and the identity matriz is the identity.

In the following we will use Definition as definition for the category N°®. Other work, like [6], defines
it as the category of free finitely generated free commutative monoids, which we call FreeCommMon here.
These definitions are equivalent since the category N*® is the skeleton of FreeCommMon, the category of free
finitely generated commutative monoids, and monoid homomorphisms. The category FreeCommMon is used

in [6] to characterize infinity tangent categories.

Proposition 2.2.10. The category N°® is a skeletal subcategory of the category FreeCommMon of free finitely

generated commutative monoids, i.e. the inclusion functor I : N®* — FreeCommMon is an equivalence.

The proof is analogous to the matrix representation theorem in basic linear algebra, except that we

replace R vector spaces with free finitely-generated commutative monoids.
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Proof. Every object N in N* is a free finitely generated commutative monoid and every matrix describes a
monoid-homomorphism, therefore N*® is a subcategory of FreeCommMon. Any two objects that are isomor-
phic in N® are in fact the same, therefore N® is skeletal.

The inclusion functor I : N* — FreeCommMon is essentially surjective because every free finitely-
generated commutative monoid is isomorphic to N* for some k.

Every monoid-morphism f : N¥ — N™ can be split up into its components (f; : N¥ — N)1<i<m because

it is a map into a product. Since each component is a monoid morphism,

fi(nl, ceey nk) = ’/llfz'(l, 0, ceey 0) + ?’Lgfz'(o, 1, 0, ,O) + ..+ nkfi(O, ceey 0, 1)

We now define the number f;; := f;(0,...,0,1,0,...,0) where the j-th component is the unique non-zero
component of the vector. We see that fi(ni,...,nk) = > < < fijn;. Thus every monoid-morphism is
exactly given by a matrix and therefore I : N®* — FreeCommMon is fully faithful. This shows it is an

equivalence. |

Example 2.2.11. The category N® has products and the product structure is given by NF x N = NF+L,
There is an addition map add : N¥ x N¥ — N* given by (Lpsr|Lixr), where 1ypxy is the k x k identity matriz.

There is a tangent structure on N® with a tangent functor D : N®* — N® and structures defined by
(i) the tangent bundle endofunctor D(N*) = N¥ x N¥ = N2k D(f) = f x f doubling the dimension,

(ii) the projection p := my : N¥ x N¥ — NF projecting to the first component, which is the component holding

the base point,

(iii) the zero section 0 := (1F,0) : N¥ — N¥ x N* inserting the base point into the first component and zero

into the second,
(iv) the addition + = (my,add o (my,m)) : N¥ x N¥ x N¥ — NF x NF sending (i, v, %) — (i, ¥ + @),

(v) the vertical lift ¢ := (m,0,0,7m1) : (N¥)2 — (NK)* inserting zeros in the two middle components, i.e.

(U,0) — (v,0,0,d), and

(vi) the canonical flip ¢ := (mo, w2, m1,73) : (NF)* — (NK)* switching the two middle components, i.e.

—

(t, 0, T,7) — (,0,,0).

Note that in these definitions, D*(A) = A x Ax A x A and Da(A) = A x A x A. It was proven in

Proposition 5.18 of [6] that (N®, D) is a tangent category.
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Example 2.2.12. A more involved — but important — example is the category of Weil-algebras, Weil.
The key building block of this category is the polynomial algebra W := N[x]/(2?) called the dual numbers.
We define product powers W™ := N{x1, ..., x,|/(x;z;]i, j € {1,...,n}) (with W° := N) and coproducts W™ @
WF = N[Z1, oo, T, Y15 -rs yr)/ (22, T, vZ, yiy;). Of particular significance is the category Weil whose objects
are coproducts of product-powers of W. Morphisms are algebra-maps that preserve the constant terms (or
augmentation) . More details on Weil can be found in [64], where it is called Weil;.

The category Weil has a tangent structure given by the following:
(i) T(A) == AW, T(f) := f ® lw, the tangent structure is given by tensoring with the dual numbers.

(i) p:=140p: AQW — A®N = A is given by the identity of A and the projection p: W — N,a+bx — a

that is the projection to the constant term of a polynomial.

(iii) 0:=14 ®0: A — is given by the identity of A and the projection 0 where 0 : N — W sends the natural

number n to the polynomial n + Ox.

(iv) £:= 1a®l: AW — AQW @W is given by the identity on A and the map {: W — W @W;a+ bz —
a+bry (where W @ W = Nz, y]/(z?, y?)).

(V) c:=1,0¢: AQW W - AQW QW is given by the identity of A and the map ¢ : W @ W —
W@ W;a+ bz + cy + dzy — a+ by + cx + dxy.

In [64] it is shown that a tangent category can equivalently be defined as a category X with a strong
monoidal functor 7' : Weil — End(X) preserving certain pullbacks. We will revisit the details of this
correspondence in Section

Other important tangent structures are the known tangent structures on CRing, (unital rings) and on
CRing?P.

Examples 2.2.13. Let CRing, be the category of commutative unital rings with unit-preserving ring-
homomorphisms.
(i) As outlined in [81, Example 2], there is a tangent structure on CRing,, which is given by the following
data.

o The tangent bundle endofunctor T sends a ring R to Z[f;

e The projection pg : % — R is the evaluation of x as zero.

R[2

e The zero section is the inclusion Og : R — (gf)].

R[z,y]
(22,y%,2y)

R[z]

o The addition +pg : = & sends y to x.
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e The vertical lift £ : g;”; — g?% sends x to xy.

Rlz,y] Rlz,y]

e The canonical flip cg : T T @y sends x toy and y to x.

(i) As shown in [34], there is also a tangent structure on CRing Y, which is given by the following data.

o The tangent bundle endofunctor sends a commutative ring R to the free symmetric R-algebra
over its modules of Kahler differentials. Explicitly that means it is the free algebra generated by

{d(a)la € R} modulo the equations
d(1) =0, d(a+0b) =d(a) +d(b), and d(ab) = ad(b) + bd(a).
It sends a ring morphism f : R — S is to the ring morphism T(f) : T(R) — T(S) defined as on

generators as

e The projection pr : T(R) — R in CRing,? is defined as the inclusion of R into T(R) in CRing,.

o The zero section O : R — T'(R) in CRing,? is the ring morphism T (R) — R defined on generators

as follows:

e The addition +g : To(R) — T(R) in CRing.P is the ring morphism T(R) — T>(R) = T(R) ®r

T(R), defined on generators as follows:

+r(a) =a®r1=1®pga, +r(d(a)) =d(a) ®r 1 + 1 ®r d(a).

o The vertical lift £g : T(R) — T?(R) in CRing? is the ring morphism T?(R) — T(R), defined on

generators as follows:

lr(a) = a, lr(d(a)) =0, lr(d'(a)) =0, lr(d'd(a)) = d(a).

e The canonical flip cg : T?(R) — T?(R) in CRing?® is the ring morphism T?(R) — T?(R), defined

on generators as follows:

lr(a) = a, lr(d(a)) = d'(a), lr(d'(a)) = d(a), (r(d'd(a)) = d'd(a).

More details on this tangent structures are explained in |34, Section 4].
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The second example is particularly relevant to algebraic geometry since the category of affine schemes is
equivalent to CRing.F.

We now turn to establishing a way to compare tangent categories by defining tangent functors. The main
issue in defining tangent functors is how strongly a functor between tangent categories may preserve the
tangent bundle functor. Whether or not the tangent bundle functor is preserved up to natural isomorphism
or only preserved up to a natural transformation gives us two different possible defintions for tangent functors,

as in the next definition.

Definition 2.2.14. |20, Definition 2.7] Suppose that (X, T,p,0,4,¢,¢) and (X, T",p', 0", +',¢', ) are tangent

categories.

1. A lax tangent functor (called a morphism of tangent categories in |20, Definition 2.7]) (F,«) :
(X, T) = (X, T") is a functor F : X = X' and a natural transformation o : FoT = T' o F, called the

distributor, such that the following diagrams commute:

FolT —% 5T oF F FoTp, —2 5 T)oF
0%

/ FO !
(o) })F ()l \ F(+)l lﬂ
F FoTﬁT’oF FOT#)T/OF

Fol — % S T'oF For? It 1

F(@J{ J{e'p F(C)J{ C%J{
FoT? — 3 T720F FoT? — 3 T?260F
T(a)oar T(a)oar

2. A strong tangent functor is a lax tangent functor such that the distributor « is a natural isomorphism
and F preserves the tangent pullbacks of Definition [2.2.4), i.e. the foundational pullbacks and the

universality of the vertical lift.

One example of a tangent functor, that will be an example of our classification of differential bundles in

Theorem [4.5.3] is given by the following functor.

Example 2.2.15. There is a tangent functor F : N® — Smooth given by sending an object N¥ to RF and
each N-linear map f represented by a matriz (fi;) to the matriz (f;;), considered as an R-linear map using
the embedding of N into R. This linear map is smooth, and it is apparent that this assignment preserves

composition and the identity. The natural isomorphism o : F o D — Tsmootn © F' s given by

ok = lgai : F(D(N*)) = R?* — R?* = Tgpootn (F(NF)).
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Definition 2.2.16. [[20], Definition 2.8/ A Cartesian tangent category is a tangent category that has
all finite products (including a final object), where the product functor — x —: X x X = X (X, Y)—» X xY
is equipped with a natural isomorphism o : T(X) x T(Y) — T(X x Y) such that the pair (— x —, «) forms

a strong tangent functor.

In particular this means there is a natural isomorphism « : T(X) xT(Y) — T(X xY') which is compatible

with the natural transformations in the tangents structure, in the sense that the diagrams

) —2 S T(X xY) X xY To(X) x To(Y) —25 TH(X x Y)
Ox X0y
XXPYJ/ % / loxxy +X><+Yl l+XXY
XxY ) x T(Y) —— T(X x Y) T(X)x T(Y) ——— T(X xY)
T(X) x T(Y) —2 T(X x Y) T2(X) x T2(Y) "% 72(X x Y)
fxxeyl J{ZXXY CxXCyl J{CXXY
T?(X) x T?(Y) T T*>(X xY) T?(X) x T?(Y) T T*>(X xY)

commute. The identity natural transformation makes the trivial tangent structure on any category X into a
Cartesian tangent category. In fact, we also have seen nontrivial examples of Cartesian tangent categories.
The tangent structures on SmMan, Polyy and N*® are all Cartesian tangent categories. Weil is not a Cartesian
tangent category because not all binary products exist in Weil. For example, the product of W @ W and W
does not exist in Weil.

In order to obtain a 2-category of tangent categories and tangent functors, we need to specify the 2-cells.
We will introduce two different choices of 2-cells which will correspond to different notions of morphisms of
differential bundles in Chapter Linear tangent transformations will correspond to linear morphisms of

differential bundles.

Definition 2.2.17. A tangent transformation between (lax/strong) tangent functors (F,«) = (F', o)

is a natural transformation of the underlying functors ¢ : F = F'. It is called a linear tangent transfor-

mation if
FolT — 2 S FoT
la l‘“' (2.1)
Tor — @ prop
commutes.
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2.3 Differential bundles

Many constructions relevant in differential geometry and mathematical physics, such as metric tensors,
curvature, symplectic structures, spinors and differential forms are given by sections of certain vector bundles.
The study of vector bundles is also the central theme of K-theory. Thus a central object of study in
tangent categories are differential bundles, the categorical generalization of the notion of vector bundles

from differential geometry. We start by recalling the definition of differential bundles from [29]:

Definition 2.3.1. [29, Definition 2.3] Given a tangent category (X,T), a differential bundle

(E,M,q,(,0,)\) consists of
1. an object E (the total space),
2. an object M (the base space),

3. a morphism q : E — M (the projection), admitting finite pullback powers {E,},en over itself that are

preserved by powers of the tangent functor T*,

4. a morphism ¢ : M — E (the zero section) and a morphism o : Ey — E (fiberwise addition) such that

(¢,¢,0) is an additive bundle, and

5. a morphism A : E — T(E) (the lift) such that

(A, 0): (B, M, q,0,¢) = (T(E), T(M),T(q)),T(c), T(C))

and
(A7 g) : (E7 M7 q7 O-’ C) *> (T(E)’ E7p7 +7 O)
are additive bundle morphisms.

In addition the diagram
T(o)o(Mom,00m1)

Es TE
qOTrol iT(q) (2.2)
M o TM

is a pullback and the morphisms g o A, T(A\) oA : E — T(T(E)) are equal. In the special case when M is

the terminal object, the differential bundle is called a differential object.

The maps ¢, o and A will be suppressed from the notation when they are not needed. Then the differential

bundle (E, M, q,(,0,A) will be denoted by E 4 M or (E,M,q). Due to the commutativity of the addition,
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it is equivalent to ask for Diagram [2.2] or

T(o)o(0omg,Aomry)

B, TE
qo‘ffol lT(q)
M—% . TM

to be a pullback. Since they are equivalent, we use both conditions, depending on what is more convenient

in a given situation.

Remark 2.3.2. For a differential object (V,*,q,(,0,\), the morphism q : V. — * to the terminal object must
be the unique morphism ! : V — x to the terminal objectﬂ Thus we denote a differential object by (V,o,(, A).

If the morphisms o,(, \ are not needed they are suppressed and the differential object is just denoted by V.

Example 2.3.3. A Cartesian tangent category is a tangent category in which finite products exist and the
product projections are compatible with the tangent structure, see |20, Section 2.4]. Given a differential object

(V,0,(, ) and an object M in a Cartesian tangent category, there is a differential bundle with:
e total space M XV,
e base space M,
e projection mg: M XV — M

addition 1l x o - M xV xV - MxV

e zero section 1 X (M2 M x+x— M xV

vertical lift Opy x A : M xV - T(M)xT(V)=ZT(M x V)
We call bundles of this form trivial differential bundles.

Classically defined vector bundles from differential geometry were the motivating example of differential
bundles. Theorem 2.5.1 of [67] shows that differential bundles in SmMan are exactly vector bundles. In
particular, differential objects in SmMan are simply vector spaces. The subcategory Smooth in SmMan is

the full subcategory consisting of the differential objects, i.e. the vector spaces.

Example 2.3.4.

1Tt is also true that the universality of the vertical lift shows that o o (A x 0) : V2 — T(V) is an isomorphism. We will not
need this, but it is an important property of differential objects.
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(a) Every object in N*® is a differential object, i.e. every N¥ is a differential bundle over N° with the

structure given by the following maps:

¢ :=0:N° = N*, the inclusion of zero in N¥;
o := add : N** — N*_ the usual addition map;

A= (0, Ink) : NF — N2¥,

It is an easy exercise to check that these maps fulfill all the conditions required for a differential bundle.

(b) Replacing N with R in the previous example shows that every object of Smooth is a differential ob-
ject. This is because the tangent functor (F,«) : N®* — Smooth from Exzample preserves the
differential object structure. Given a differential object in N® with structure maps (,0 and A, the maps
F(¢),F(o) and F(X\) are the structure maps of a differential object because F leaves these maps essen-
tially unchanged. FEvery object of Smooth is of this type because F' is essentially surjective. This, plus
the fact that « is the identity transformation in this case, make it trivial to verify that the resulting

structures fulfill Definition|2.5. 1.

(¢) Replacing N with any field F will show that every objection of Polyy is a differential object. This works

essentially the same as the argument in (b).

The differential object structure on N! is a key property of the category N® that will allow us to classify
differential bundles in Theorem [£.5.3

Definition 2.3.5. [29, Definition 2.3] A morphism of differential bundles
(f? g) : (E’ M’ q’ 0-7 <7 >\) 4> (E/7 M/7 q/7 0-/’ </7 >\/)

is a pair of maps f: E — E',g: M — M’ such that the diagram

commutes. A morphism of differential bundles is called linear if

E—1 ,p

,\l L\’ (2.3)

TE —— TFE'
()
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commutes and it is called additive if the diagrams

B - B M —2 s M
R
E——F E——F

commute.

In the special case of differential objects, a morphism of differential bundles between differential objects
is just a morphism in the underlying tangent category.

It was shown in [29] that every linear morphism of differential bundles is additive.

Linearity means that (f,T(f)) preserves the lift, and additivity means that (f, g) preserves the addition
and zero morphisms. In order to understand linearity from an intuitive perspective, we consider the example

of trivial vector bundles M x V 2% M in SmMan.

Example 2.3.6 (Linear morphisms in SmMan). Let (f,g) : (M x V,M,m) — (M’ x V', M' m) be a
morphism between two trivial differential bundles as in Example in SmMan. Since this is a morphism
of differential bundles, g o mg = wg o f. This means the map f : M xV — M’ x V' has to be of the form
f={gomo, f1) for some map f1: M — M' x V'. We would like to know when (f,g) is a linear morphism.
The linearity condition from Definition[2.3.5, Diagram[2.3, says that Ao f = T(f)oX: M xV — T(M x V).
In the local coordinates from Example the tangent bundle is a product, T(U) 2 U x R™ for some open
UCM. Forx e UCM andv € T,M = R"™ and a sufficiently small neighbourhood U’ around f(x), the
composition

Ao f:UxV =sTWU xV)2U X Ty U x V' x V'

sends (x,v) to

Ao f($,?)) = A(g(x)vfl(xav)) = (g(x),0,0,fl(x,v)).

If (f,g) is linear, this must be equal to

T(f) o Ma,v) = T({g o 7o, f1))(2,0,0,v)

= (96 l20). 52, 0, PHEEN) )
= (g($)7f1($,0)707 WW:O . 'U>
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which we expanded using the local coordinate expression from Ezample[2.2.7] We conclude that

(g(x), fl(xa O)’Ov WLVUZO ) U) = (g(x), 0,0, f1($,?))) .

Therefore (f,g) is linear precisely when fi(z,v) = W\wzo v for all v € R, including v = 0.

Remark 2.3.7. It is possible for bundle morphisms to be additive but not linear. Consider the category
IP’olyZ/p of polynomials over the field with p elements, as introduced in FExample . Let Z/p be the
differential object with the zero map as ¢, the addition of field elements as o and (0,1z,,) as X as in Example
[2.3(b). Define a morphism f : Z/p — Z/p by x — x¥. This is a morphism of differential bundles because
Z/p is a differential object and thus every morphism between them is a differential bundle morphism. Since
we are working in 7./p, the identities 2P +y? = (x+y)? and 0P = 0 hold, making Diagram (2) from Definition
commute. Thus [ is an additive morphism.

From Ezxample and Example T(f) is given by the Jacobi matriz. However, the Jacobi matriz
(i.e. derivative) of f is f'(z) = paP~' = 0. Therefore, T(f) is zero. Then T(f) o A(1) = T(f)(0,1) =
(f(0), /(0)) = (0,0) while Ao f(1) = A(1?) = (0,1). Consequently Diagram (1) in Definition [2.53.5] fails to

commute.

The composition of additive/linear maps is additive/linear, thus we can define three different categories of
differential bundles: we can include any differential bundle morphisms, additive differential bundle morphisms

or linear differential bundle morphisms.
Definition 2.3.8. Let X be a tangent category.
(a) Let DBun(X) be the category of differential bundles and morphisms of differential bundles in X.

(b) The categories of differential bundles with additive/linear morphisms are denoted by DBun,qq(X) and

DBunyi, (X) respectively.

(c) The full subcategories of DBun(X), DBun,gq(X) and DBuny, (X) consisting of the differential objects
(differential bundles over the terminal object) are denoted by DObj(X), DObj,4q(X) and DObj;, (X),

respectively.

If there is no terminal object we use the convention that each of DObj(X), DObj,44(X) and DObj;, (X) are

the empty category.

In Theorem [4.5.3] we will see an equivalent characterization of these categories of differential bundles.
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Chapter 3

The dimension of the tangent bundle

and the universality of the vertical lift

Figure 3.1: Classically, the tangent space has the same dimension as the base space and thus the dimension
of the tangent bundle is twice the dimension of the base space. Here the dimension of the base manifold is
2, thus the dimension of the tangent bundle is 4 EI

This chapter is the categorification of the dimension of smooth manifolds and in particular the dimension
of the tangent bundle of smooth manifolds. We replace the classical intrinsic notion of dimension with
assignments that send isomorphism classes to elements in a monoid fulfilling certain additivity conditions.
This dimension provides a new perspective on the universality of the vertical lift in tangent categories. Many
examples of dimension functions are provided to demonstrate the utility of the definition. In particular, we
show that this means that there are no non-trivial Cartesian tangent structures on sets, as an example.

This chapter is based on the preprint , with small corrections and without the background section
(since this background was already given in Chapter. Therefore, like in , we use applicative composition

order, i,e, we denote the composition of f: A— Bandg: B—Casgof:A—C.

2Figure created using GeoGebra 3D
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3.1 Introduction

The dimension is an essential part of the classical definition of smooth manifolds. Most definitions, like in
|71, Section I.1.1], specifically define a n-dimensional manifold for a certain n € N as a separable metrizable
space M which is locally homeomorphic to R”™.

While the dimension does not uniquely characterize a manifold, it is a number that is invariant under
diffeomorphisms and hence it effectively differentiates manifolds whose dimensions are not equal. The di-
mension fulfills many desirable properties beyond diffeomorphism invariance: it is additive under products
and it is doubled when forming the tangent bundle. In this work, we generalize the concept of a dimension
and investigate the consequences in tangent categories.

An important but subtle property that tangent categories are required to fulfill, according to their

definition, is the universality of the vertical lift which states that

M — Y T2M

;DMOTFOJ( - J{T(;DM)

M —TM
Onr

is a pullback diagram. In [20] Cockett and Cruttwell say that “while being perhaps the least intuitive aspect
of tangent structure, [the universality of the vertical lift] is also perhaps the most important”.

The lack of intuition for the universality of the vertical lift makes it hard to construct additional examples
of tangent categories or check if a certain endofunctor is part of a tangent structure.

However, in the category of smooth manifolds for a pullback along a submersion, adding the dimensions
along both diagonals gives the same number. It follows from a short argument that the universality of the
vertical lift restricts the dimension of the tangent bundle dim(7(M)) to be either dim(M) or 2dim(M).

Analogously, in Definition [3.2.2] we define categorical dimensions on other categories and interpret the
universality of the vertical lift in terms of them.

The point is not to generalize existing notions of dimension in many different categories (though it
generalizes the dimension of manifolds and the rank of modules), but to interpret the universality of the
vertical lift and put restrictions on possible tangent structures.

The main result is Theorem which states that given a dimension dim on a tangent category (X, T),

for any object X, the equation

dim(7T?%(X)) + 2 - dim(X) = 3 - dim(T(X))
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holds. The second main result, Theorem states that under certain circumstances dim(7'(X)) = dim(X)
or dim(7T(X)) = 2 - dim(X) has to hold. Both of them are consequences of the universality of the vertical
lift in the presence of a dimension.

We will define a generalized notion of dimension in Section [3.2] One key aspect of this generalization
is that the dimension can be an element of any commutative monoid, not just the natural numbers with
addition. In section we will prove Theorems and the main results of this chapter.

These results allow us to narrow down the search for tangent structures on a given category (with
dimension). For different underlying categories X we obtain results of the form “any tangent structure on X
fulfills this equation”.

We give several examples of categorical dimensions that go beyond the motivating example of smooth
manifolds. In Section [3:3] we observe that the cardinality is a categorical dimension on Set°® and use this
to show that the trivial tangent structure is the only Cartesian tangent structure on Set°P. In Section [3.4]
we observe that the cardinality is a categorical dimension on Grp. However, instead of being valued in the
monoid given by addition, it is valued in the monoid given by multiplication, demonstrating the versatility
of our use of monoids in the definition.

In Section we observe that, while the Krull dimension is not a categorical dimension for rings, the
characteristic of rings is a categorical dimension. Interestingly, the monoid this dimension is valued in is
given neither by addition nor multiplication, it is the least common multiple (Iem).

In Section we observe that the rank of a module over a ring is a categorical dimension. Using the
example of the free forgetful adjunction between modules and algebras, we showcase the compatibility of
dimensions under adjunctions. In addition, in the case of vector spaces the rank is the classical dimension.
The dimension can be used to prove that there are only two Cartesian tangent structures on the category
Vect g of vector spaces over a field F'.

In Section we observe that the dimension of CW complexes is not a categorical dimension. However,
the Betti numbers are a dimension on the opposite category of CW complexes CW°P. In Proposition
we show that, under certain circumstances, dimensions can be transported along excisive functors. Since
excisive functors can be thought of as a generalization of homology, this hints at a deep connection between
categorical dimensions and homotopy theory.

We include many non-examples which stem from concepts that may intuitively evoke the idea of dimen-
sion, but which turn out not to be categorical dimensions. This highlights the main purpose of the concept
that we are introducing in this chapter: the dimension is meant to provide context for the universality of
the vertical lift.

Acknowledgements I would like to thank Marcello Lanfranchi for suggesting to write this chapter. For
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their ideas, comments, questions and discussions, I would like to thank Geoff Vooys, David Spivak, Kristaps
Balodis, Jose Cruz and Tracey Balehowsky. I would also like to thank Remy van Dobben de Bruyn for
his comment on mathoverflow, pointing out a mistake in an earlier draft. Special thanks goes to my PhD
supervisor Kristine Bauer for her extensive writing support. While developing this project, I was funded by

the Alberta Innovates Graduate Student Scholarship.

3.2 Categorical dimensions of tangent bundles

In this section, we will present a definition of dimension in categories which generalizes the definition of
dimension for smooth manifolds. The dimension of manifolds has many desirable properties, some of which

we will list here.

Remark 3.2.1. Let X, X' and X" be smooth manifolds. The dimension of manifolds has certain properties

which we would consider desirable for generalizing dimensions.
(a) (valued in N) The dimension assigns manifolds to natural numbers Dim(X) € N = {0,1,2...}.

(b) (additive w.r.t. pullbacks) The dimension is additive under certain pullbacks: Given a cospan

X — X'« X" of transversal maps, Dim(X X x» X") 4+ Dim(X’) = Dim(X) + Dim(X")

(b’) (additive w.r.t. products) The dimension is additive under Cartesian products: Dim(X x X') =
Dim(X) 4+ Dim(X")

(¢) (isomorphism invariant) The dimension is invariant under isomorphism: Given X = X' then

Dim(X) = Dim(X").
The topology and tangent structure of smooth manifolds also has implications for the dimension.

(d) (embeddings to inequalities) The dimension sends embeddings to inequalities: Given an embedding

X < X', Dim(X) < Dim(X")
(d’) (the same as locally) The dimension is local: Given an open subset U — X, Dim(U) = Dim(X).

(e) (tangent bundle doubles dim) Applying the tangent bundle endofunctor doubles the dimension:
Dim(TX) = 2 - Dim(X).

(f) (bundle fiber arbitrary dim) A vector bundle can have a fiber of any dimension: For any n € N,

there is a vector bundle E — X such that dim(F) = dim(X) + n.
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We will take property @ (additive w.r.t. pullbacks) as the definition of categorical dimensions. The
reason we choose this condition is that we want to apply the properties of a dimension to the pullback

diagram
ThX —— T?X

l : lT(PX)

X —TX
Ox

encoding the universality of the vertical lift. We will replace the notion of transversality (which inherently
depends on the tangent structure) with a more general notion, in order to define a dimension on a category
without knowing the tangent structure. While we will not assume desired Property (additive w.r.t.
products), however if the dimension of the terminal object is the neutral element dim(x) = 0, it follows from
Property @ (additive w.r.t. pullbacks).

We generalize Property @ (valued in N) by asking the target of the dimension to be a commutative
monoid. This is partially motivated by existing generalizations of dimension (such as infinite dimension and
fractional dimension). In Sections we will provide examples of this categorical dimension which
satisfies the definition and is not an integer.

Since none of our results rely on it, we also do not require Property @ (embeddings to inequalities).
We also choose to not require property the same as locally) since we want to avoid using any notion of
locality.

Our definition of dimension will not be unique. For example, the constant assignment dim(X) = 0,VX
will be a dimension and so is any other constant assignment dim(X) =42, VX.

As a convention, we denote the classical notion of dimension of manifolds and vector spaces as Dim with

a capital D, whereas we denote the generalized categorical dimension as dim with lowercase d.

3.2.1 Monoid valued dimensions

In this section we will define our categorical notion of dimension. The key will be how the dimension behaves

under the pullbacks

oM —— TM oM —— T*M
L N
TM —5— M M —s— TM

which are the definition of 75 M and the universality of the vertical lift. Thus we specify the behaviour for

pullbacks of this form.

Definition 3.2.2. Let M be a commutative monoid and X be a category. Then an M -valued dimension

on X is a function dim : mo(X) — M from the set of isomorphism classes of objects of X to the monoid M,
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satisfying the following property:

For any pullback

of f along a retraction r,
e if f is a retraction, or
e if f is a section,

the equation

dim(A4 x g C) + dim(B) = dim(A) + dim(C)
holds.

While we chose to loosen desired Property @ (valued in N) of Remark Property (isomorphism
invariant) and a variation of Property (additive w.r.t. pullbacks) hold by definition.

In a category with products, the morphism to the terminal object, *, is a retraction and thus any pullback
over the terminal object is one of the pullbacks in Definition [3.2:2] If the dimension of the terminal object
satisfies dim(x) = 0, we obtain dim(X x Y) = dim(X) + dim(Y). That is, if dim(x) = 0 property
(additive w.r.t. products) of Remark holds.

We actively rejected to generalize property the same as locally) of Remark in order to disregard
notions of locality. Since we, in general, do not have an order on the monoid M, property @ (embeddings
to inequalities) does not hold in general. However it holds for most of the examples we have listed since we
have ordered monoids there.

Proving properties similar to @(tangen‘c bundle doubles dim) and bundle fiber arbitrary dim) of
Remark will be the topic of Section [3.2.2]

In the following proposition we see that dimensions interact well with functors and in particular adjunc-

tions.

Proposition 3.2.3. Let X and Y be categories, let X have an R-valued dimension dimyx : mo(X) — R. Let

F:Y — X be a functor that preserves finite limits. Then the assignment that sends Y € mo(Y) to

Y o dimg (F(Y))

18 an R-valued dimension on Y.
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Proof. Functors preserve composition and identity, thus F preserves sections and retractions. Since the
functor F' preserves limits, it preserves in particular pullbacks. Thus for any pullback in Y of a section or

retraction along a retraction, the dimension formula still holds. O

Two important classes of examples of functors that preserve finite limits are full subcategories and right-

adjoint functors.
Corollary 3.2.4. Let X and Y be categories, let X have an R-valued dimension dimy : mo(X) — R.

(a) Let F:Y — X be a functor which is a right adjoint. Then the assignment that sends Y € mo(Y) to
Y — dimgx(F(Y))

is an R-valued dimension on Y.

(b) Let Y be a full subcategory of X. Let dim : mo(X) — R be a R-valued dimension on X. Then dim |op;y)

is an R-valued dimension on Y.

Since many adjunctions are well known from the literature, this inconspicuous corollary is a useful way
to construct new dimensions from existing ones and will be frequently used throughout the chapter. One
major application of Corollary will be in Section There we will show that the forgetful functor
from algebras over a ring R to modules over R has a left-adjoint and thus a dimension on the category of
modules will induce a dimension on the category of Algebras.

Recall that in a tangent category (X, T'), a pullback is called a T-pullback if it is preserved by all powers
of T. T-pullbacks were first developed by McAdam in [66, Definition 1.1.3] and later analyzed by Marcello
Lanfranchi and Cruttwell in [32]. We will use the definition of a T-pullback to define a slightly weaker version

of dimension and a slightly stronger version of dimension. These definitions will be the setup of Theorem

and Theorem [3.2.8

Definition 3.2.5. Let M be a commutative monoid and (X, T) be a tangent category. Then an M -valued
tangent dimension on (X,T) is a function dim : mo(X) — M satisfying the following property:

For any T -pullback
AxgC —— A

b
C —5 B
along a retraction r,

e if f is a retraction, or
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e if f is a section,

the equation

dim(A x g C) + dim(B) = dim(A) + dim(C)

holds. An M -valued tangent dimension is strong if M is a commutative rig and there is an element a € M

such that for every object X € Ob(X) the equation

dim(7T(X)) = a - dim(X)

holds.

Since every T-pullback is a pullback, it is immediate that every M-valued dimension is an M-valued
tangent dimension (regardless of the tangent structure) but not vice versa.

Again, M-valued tangent dimensions satisfy Properties @ (additive w.r.t. pullbacks) and (isomor-
phism invariant) of Remark We will explore in the next sections what the properties corresponding to
[(¢)] (tangent bundle doubles dim) and [(f)] (bundle fiber arbitrary dim) are.

Example 3.2.6. Given any tangent category (X, T,p,0,+, ¥, c) and any commutative monoid M, let m € M
be any element of M. Then the constant assignment dim(X) = m is a M-valued dimension and a strong
M -valued tangent dimension. All the equations become trivial in this situation. We will call dimensions of

this form trivial dimensions on X.

We explore the properties of M-valued tangent dimensions in Theorems 3.7 and 3.8.

3.2.2 The tangent structure in the presence of a dimension

If we have a tangent dimension on a category, it interacts with the tangent structure since the tangent
structure requires certain diagrams to be pullbacks. We see in Theorem that in certain situations the

dimension of the tangent bundle behaves in a way similar to desirable Property @(tangen‘u bundle doubles

dim) of Remark

Theorem 3.2.7. Let M be a commutative monoid. Let (X,T) be a tangent category. Let dim : Ob(X) — M

be a M-valued tangent dimension. Then for every object X € Ob(X)

dim(7?(X)) + 2 - dim(X) = 3 - dim(7T(X)).
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Proof. We consider the following two pullback diagrams:

X — TX X —— T°X
I A
TX —— X X — TX

where v is a shorthand notation for v = T(+) o (€3 o mg,07pr © m1). The first diagram is a pullback since
this is the definition of T5 M. The second diagram is a pullback, because this is an equivalent formulation
for the universality of the vertical lift.

Since 0 : X — T(X) and p : T(X) — X form a section retraction pair, the pullbacks above fulfill the

requirements in Definition we obtain that

dim(Ty(X)) + dim(X) = 2 - dim(7(X)) and dim(7T%(X)) + dim(7(X)) = dim(7?(X)) + dim(X).

Therefore we obtain

2. dim(T(X)) + dim(T(X)) = dim(T3(X)) + dim(X) + dim(7(X)) = dim(T2(X)) + dim(X) + dim(X).

O

Theorem 3.2.8. Let R be an integral domain (unital commutative ring without zero divisors). Let (X,T')
be a tangent category. Let dim : Ob(X) — R be a strong R-valued tangent dimension on (X,T). Then for
any object X, dim(T(X)) = dim(X) or dim(T(X)) = 2 - dim(X) holds.

If there exists an object with dim(X) # 0 this means a = 1 or a = 2, where a is the constant from

Definition fulfilling dim(7'(X)) = a - dim(X).

Proof. We consider the following two pullback diagrams:

TyX — TX ToX —Y—— T2X
R S AR
TX —— X X ————TX

where v is a shorthand notation for v = T'(4) o (¢pr o mp, Opx © 71).
The first diagram is a pullback since this is the definition of T5M. The second diagram is a pullback,

because this is an equivalent formulation for the universality of the vertical lift. Therefore we obtain that

dim(7(X)) + dim(T(X)) — dim(X) = dim(T5X) = dim(7?X) + dim(X) — dim(T X).
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This can be reformulated into

dim(7?X) — 3dim(TX) + 2dim(X) = 0.

Using that dim(7'X) = a - dim(X), we obtain the equation

0 =a?-dim(X) — 3a - dim(X) + 2 dim(X)

0=(a—1) (a—2) dim(X)

This implies a = 1, a = 2 or dim(X) = 0. If a = 1, then dim(7X) = dim(X). If a = 2, then dim(TX) =
2 - dim(X). If dim(X) = 0, both hold. O

Theorem is the categorical analogue to Property (g)

Example 3.2.9. In the tangent category of smooth manifolds, the classical dimension dim(M) = Dim(M)
is an example for a Z-valued strong tangent dimension. If the retraction r : A — B is a submersion, it is
transversal to any smooth map C — B. Thus, by |13, Theorem 15.2], the pullback fulfills dim(A xp C) =
dim(A) + dim(C) — dim(B). Therefore Theorem|[3.2.8 shows that for any tangent structure on SmMan with
dim(TM) = a - dim(M), we obtain that a = 1 or a = 2. We prove the general statement that the classical

dimension Dim fulfills Definition|3.2.4 in Proposition where we do not assume that r is a submersion.

One important application of Theorem [3.2.7] and Theorem [3.2.8|is that they provide a method to prove
that some functor can not be part of a tangent structure. If a category has a good notion of dimension, but
the proposed tangent functor fails to satisfy the conditions of Theorem and Theorem then the
functor can not be a tangent functor. The following example, discovered by G. Vooys [89], showcases this

application.

Example 3.2.10. Let SmMan be the category of smooth real manifolds and smooth maps. Given the functor
T : SmMan — SmMan that sends an object M to the object M x R and a morphism f to f x 1g. Then
there is mo tangent structure (SmMan,T,p, +,0,¢) for which the tangent functor is T. The reason is that
according to Theorem [3.2.7] the equation

dim(M x I x I) +2-dim(M) = 3 - dim(M x I)

would need to hold. However, this would mean that

3-dim(M)+2=3-dim(M)+3
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and thereby 3 = 2 proving by contradiction that there is no such tangent structure.

In fact, for this endofunctor T, it is possible to define natural transformations p, 0, +, ¢, ¢ that fulfill all
the properties of a tangent structure, except the universality of the vertical lift.
As we promised in Example below we prove that the dimension of manifolds fulfills the pullback

formula of Definition We begin with a lemma turning a general retraction into a submersion.

Lemma 3.2.11. Let r : A — B be a retraction with section s : B — A. Then there is an open subset U C A

such that Tm(s) C U and r|y is submersion.
The fact that Im(s) C U simultaneously shows that U is non-empty and also that s is a section of r|y.

Proof. Let U C A be the set of regular points in A. Due to [61, Proposition 4.1], U is open. By its definition,
all points in U are regular, therefore 7|y is a submersion.

It only remains to show that Im(s) C U. Let a = s(b) be in Im(s) C A. In order to show that a is a
regular point, let v € Ty(B) be an arbitrary tangent vector. Then Tj,s(v) € is a tangent vector at a fulfilling
that

TyroTys(v) =Te(ros)(v) =wv

Since v is arbitrary, a is a regular point. Since a € Im(s) was arbitrary, this shows that Im(s) C U, concluding

the proof. O

Proposition 3.2.12. Let r : A — B be a retraction of smooth manifolds. Suppose the pullback

exists. Then the equation

dim(A xp C) = dim(A4) + dim(C) — dim(B)
holds.

Proof. Due to Lemma [3.2.11} there is an open subset U C A containing Im(s) such that 7|y is a submersion.

Since the embedding U < A is a submersion, the pullback

o H(U) ——

U
Lo
AxpC —— A
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exists and euqals the preimage 7, L(U). As the preimage of an open set, To ! (U) is an open subset of AxpC.

Both inner squares in

|

W—r+—J

o ' (U)

|

AXBC

£

o

S

E

f
are pullbacks. Therefore the outer square is the pullback of f along r o4. Since r o4 = r|y is a submersion,

the dimension formula

dim(my (U)) = dim(U) + dim(C) — dim(B)
holds. Since the dimension of an open nonempty subset equals the dimension of the surrounding manifold,
dim(7y }(U)) = dim(A x g C) and dim(U) = dim(A). Therefore we obtain
dim(A x g C) = dim(ry ' (U)) = dim(U) + dim(C) — dim(B) = dim(A) + dim(C) — dim(B)

which concludes the proof. O

3.2.3 Differential bundles in the presence of a dimension

For tangent structures, the dimension helps to give context to the universality of the vertical lift. Similarly,
the pullback in Diagram is the universality of the vertical lift for differential bundles. In this section, we
prove the analogues of Theorems and for differential bundles.

In the classical case of smooth manifolds, desirable Property bundle fiber arbitrary dim) of Remark
says that there is no constraint on the dimension of a differential bundle. However, in certain non-

classical circumstances there is. This will lead to a somewhat strange genaralization of desirable Property

[(D)(bundle fiber arbitrary dim) of Remark in Theorem |3.2.14

Theorem 3.2.13. Let M be a commutative monoid and let dim : wo(X) — M be a tangent dimension on

a tangent category (X, T,p,0,+,¢,¢). Let (E,M,q,(,0,)\) be a differential bundle. Then the equation
dim(T(E)) + 2 - dim(M) = dim(T(M)) + 2 - dim(E)

holds.
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Proof. The diagrams

E, T E E2/T(0-)0<)\07TD,007T1§1(E)

ml ’ lq qOWol ) lT(Q)

E—\F— M M ———s— T(M)

are pullbacks. Since ¢ is a retraction, 0 is a section and T'(q) is a retraction, a dimension in the sense of

Definition will fulfill the equations

dim(Es) + dim(M) = dim(E) + dim(E)

dim(Es) 4+ dim(T'(M)) = dim(M) + dim(T(E)).
Thus we obtain that
dim(T(E)) + 2 - dim(M) = dim(E3) + dim(M) + dim(T'(M)) = dim(T'(M)) + 2 - dim(E).

O

Theorem 3.2.14. Let R be a ring and let dim : 7o(X) — M be a strong tangent dimension on a tangent
category (X, T,p,0,+, ¢, ¢) with a € R such that dim(T (X)) = a - dim(X). Then for any differential bundle
(E,M,q,(,0,)\) the equation

(a —2)dim(F) = (a — 2) dim(M)

holds

Proof. Due to Theorem [3.2.13] the euqation
dim(T(E)) + 2 - dim(M) = dim(T(M)) + 2 - dim(E)

has to hold. Substituting in dim(7T'(F)) = a - dim(F) and dim(T'(M)) = a - dim(M), we obtain
a-dim(E) +2-dim(M) = a - dim(M) + 2 - dim(E).

Subtracting 2 - dim(M) + 2 - dim(E) on both sides leads to the desired result that

(a —2)dim(F) = (a — 2) dim(M).
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Due to Theorem we know that a is either 1 or 2. If a = 2, then there is no condition on the
dimension of a differential bundle. If @ = 1, then dim(F) = dim(M), which can be interpreted as differential
bundles having 0-dimensional fibre. Thus desired Property bundle fiber arbitrary dim) may only hold in
tangent categories with a strong tangent dimension a = 2. In the tangent category of smooth manifolds this
is the case.

In the following sections [3.3 we list some examples of dimensions on well-known categories and the
consequences stemming from the dimension. In case it is a strong dimension, the consequences for differential
bundles are either no condition (if @ = 2) or that dim(FE) = dim(M) (if @ = 1). Thus we will only mention
differential bundles in case we have an example of a tangent category with a tangent dimension that is not

strong.

3.3 Cardinality as a non-trivial dimension structure on Set°?

In this section we will show that Set°P, the opposite category of sets, has a categorical dimension, given by
the cardinality. We are using Definition [3.2.2] which does not require a tangent structure. There is no known
nontrivial tangent structure on Set°? and in fact we will prove that there is no nontrivial Cartesian tangent
structure.

All mathematical objects are constructed from sets. In Corollary [3.2.4] we saw that precomposition with
right-adjoint functors preserves dimensions. Most algebraic structures have a free functor from sets that is
left-adjoint to the forgetful functor to sets. Thus, by precomposition with the forgetful functor, a dimension
on sets would give rise to many dimensions in many different categories.

Since sets are discrete, there is no obvious structure in sets from which we could build tangents. Thus,
we do not expect the category of sets to have a non-trivial tangent structure.

However, that does not mean that there can not be a dimension on the category of sets. In fact, as we
see in Proposition [3.3.6] a dimension exists on Set°? and this dimension can be used to show that there is
no nontrivial tangent structure.

The dimension of a vector space (and therefore the dimension of a manifold) is defined by the cardinality
of a basis. Like the dimension for vector spaces, the cardinality is the main quantity describing the size of a
set.

The cardinality fulfills desirable Properties|(a)| (valued in N),[(c)| (isomorphism invariant) of Remark [3.2.1]
since it is valued in the natural numbers and preserved by isomorphisms. When choosing multiplication as
the monoid structure, it also fulfills|(b’)| (additive w.r.t. products), since #(A x B) = #A-#B. However the

cardinality is not a categorical dimension in the sense of Definition on the category Set. Additionally,
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we will prove that it is a dimension on Set°P, the opposite category of sets.
As a consequence we will be able to describe potential tangent structures on the category Set°P. In
particular we will use the dimension to prove that there is no nontrivial Cartesian tangent structure on

Set°P.

Definition 3.3.1. Let N = {0,1,2,...} be the set of natural numbers. Let N be the set NU {oo}. Then we

define the following three commutative monoid structures on N .

(a) The addition + : Ny, X Ny — N is defined to be the usual addition a + b on natural numbers and
to give oo if any of the two inputs is co. Together with the neutral element 0 € N C Ny, this is a

commutative monoid.

(b) The multiplication - : Noo X Now — Ny is defined to be the usual multiplication on natural numbers and
to give oo if any of the two inputs is co (in particular 0 - co = o0). Together with the neutral element

1 € N C Ny, this is a commutative monoid.

(¢) The mazimum max : Noo X Noy — Ny, is defined to output the lowest number that is greater or equal to
both inputs and to give oo if any of the two inputs is co. Together with the neutral element 0 € N C N

this is a commutative monoid.

Remark 3.3.2. The cardinality of a set is not an Ny -valued dimension (for either of the monoid structures
in Definition on the category Set of all sets and functions. The reason for this is that coproducts
(disjoint unions) of sets are preserved by pullbacks and introduce some non-trivial combinatorics to the
cardinality of pullbacks. A counterexample can be easily constructed by taking the disjoint union of any

pullback diagram with a singleton.
However, on the opposite category Set°P, the cardinality is a dimension.

Theorem 3.3.3. For the opposite category of sets, Set°® the cardinality dim(X) = #X is an (N, +)-valued

dimension on Set°P.

Proof. Since we are in the opposite category of sets, the retractions in Set°P are exactly the injections of

sets. For every pushout along an injection ¢
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the set C' L4 B can be written as a disjoint union of C' with B — A. Thus

#HCUAB)+H#A=#C+#(B - A)+#A=#C+#B

and thereby the condition of Definition [3.2.2] is fulfilled. O

Remark 3.3.4. All the results about Set in this section also hold for FinSet, the category of finite sets.
Since FinSet is a full subcategory of Set, this follows from Corollary [3.2-]] and the fact that we never used
infinite sets in any proof.

In particular the cardinality is an (N, +)-valued dimension on FinSet®P.

Below, we will apply Theorems and to the cardinality as a dimension. A particular situation
are Cartesian tangent categories. Cartesian tangent categories are defined in [2.2.16] as tangent categories

that admit finite products and where the products are compatible with the tangent structure.
Corollary 3.3.5.

(a) Any tangent structure on Set°P will fulfill that

#T?(X) +2- #X =3 #T(X).

(b) Every Cartesian tangent structure on FinSet®® fulfills #T(X) = #T({*}) - #X and #T({x}) is either
{x} or {x,x*}.

Proof. Part (a) is a direct application of Theorem to the cardinality.

For part (b), observe that every Cartesian tangent structure on FinSet®® will preserve disjoint unions
(coproducts) and therefore T'(X) = T(| |, cx{*}) = Uyex T({*}) which means #7T'(X) = #T({*}) - #X.
Then the hypothesis of Theorem is fulfilled and therefore #7T(X) = #X or #T(X) = 2 - #X, which
shows that #T'({*}) is either {x} or {x,*}. O

We can further specify the result of Corollary [3:3.5]b by showing that only one of these cases is possible.

As a result we can show that FinSet°” has no Cartesian tangent structure beyond the trivial one.

Proposition 3.3.6. Let (FinSet?, T, p,+,0,¢,¢) be a Cartesian tangent structure on FinSet®®. Then it is

in fact the trivial tangent structure i.e. T = lpjpSetor, p=+=0=~=c=1.

Proof. According to Corollary [3.3.5] there are two cases, either the tangent functor sends the one point set
to two points T'({*}) = {0,1} or T({x}) = {x}.
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Case 1:

Case 2:

Suppose that T({x}) = {0,1}. We will show that this is actually impossible and it leads to a contra-

diction. For this we look at the following diagrams

(Oop,11(nry) (L7 (ary,00p)
—

(M) Ty (M) T(M) —————5 ToM
o~ I \ i 8
T(M)

which have to commute in any tangent category In FinSet®” with T({x}) = {0,1}, the pullback of
T along itself needs to have 3 elements (because cardinality is a dimension), we denote it as Th(*) =
{a,b,c}. The projection p : T({x}) — {*} in FinSet°? corresponds to a function {*} — {0, 1} in FinSet.
Without loss of generality we assume it sends * to 0, i.e. the projection morphism is the inclusion of
zero function p = 4. The zero section 0 : {x} — T({}) starts at the initial object of FinSet°” and
thus is the unique such morphism. It corresponds to the unique function {0,1} — {*}. Using these

insights we now write the diagrams [3.1] as

a»—)O b—0,c—1 ao—>0 b—1,c—0

{0,1} ¢&—————— {a,b,¢} {0,1} ¢&—————— {a,b,¢}

T T

{0.1) {0,1)

in FinSet. The maps {a,b,c} — {0,1} are obtained because the unique morphisms into pullbacks
correspond to unique morphisms out of pushouts. The first diagram only commutes if +(1) = ¢ and
the second diagram only commutes if +(1) = b. Thus they can not both commute, a tangent structure

with T({+}) = {0,1} is impossible

Suppose that T'({*}) = {*}. Then py,}, +(.}, Ogs}, {4« and cg,) are morphisms from {*} to {*}. Since
{*} is initial in Set°P, the only such morphism is the identity. Now, since (FinSet®®, T, p,+,0,¢,¢) is
Cartesian and every object is a product power (disjoint union) of {x}, the functor and structure

morphisms also need to be the identity on every other object.

O

As a consequence of the cardinality as a dimension on Set°P, the vertex set cardinality is also a dimension

on Grph°P, the opposite category of looped graphs.

The category Grph of looped graphs has a forgetful functor U : Grph — Set given by taking the vertex

set. This forgetful functor has a right-adjoint R : Set — Grph that sends a set to the complete graph on the

set.
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Proposition 3.3.7.

(a) The assignment v : mo(Grph) — N that sends a graph to its number of vertices is an (Noo, +)-valued

dimension on Grph°P.

(b) Let (Grph®?, T, p,0,+,¢,c) be a tangent structure on Grph®®. Then for any graph G, the equation
v(T*(G)) +2-v(G) =3-v(T(Q))

holds.

(¢) Let (Grph®?,T,p,0,+,¢,¢) be a tangent structure on Grph®® and let a € N be such that for every graph
G,v(T(GQ))=a-v(G). Thena=1 ora=2.

Proof.  (a) Since U : Grph — Set is left-adjoint, U°P : Grph®® — Set°P is right-adjoint. Now Corollary
and Theorem produce the dimension on the opposite category of looped graphs described

above.
(b) This is a direct application of Theorem

(¢) This is a direct application of Theorem m
O

An important extension of the opposite category of sets is the category of polynomial functors. Thus one

could hope that the cardinality can be extended to a dimension on the category of polynomial functors.

Example 3.3.8. The category Poly of polynomial functors and natural transformations has been extensively
analyzed in the literature, for example in [76]. For the precise definitions and constructions in Poly we ask
the reader to read [76]. One of its key properties is that it contains Set°P as a full subcategory, concretely as
the full subcategory of monomials. The degree of a monomial corresponds to the cardinality of a set.

Since Poly is an extension of Set°P it seems promising to define the degree of a polynomial functor as the
dimension. However, we will present an example of a pullback where the degree of polynomials does not add
up like in Definition[3.2.2

Pullbacks in Poly are explained in |76, Example 5.38]. They are given by taking the pullback of monomial-
sets and the pushout of exponents. Due to this characterization of pullbacks, the following square is a pullback

in Poly.
y{1,2,3} _,'_y{a,b,c} N y{S} +y{a,b}

l o

Yty
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where for any set X, the map 0 : ) — X 1is the unique element of Homget (D, X) and y : Set®® — Fun(Set, Set)
is the Yoneda embedding. Since 0 : ) — X is a section in Set, the natural transformations y° and y° + 3°

are retractions in Poly. Then
deg(y® + ¢ 4 deg(yP? 4 ylt)y =24+2=14

while

deg(y't?% 4+ ytobeh) 4+ deg(y® +4°) =3+ 0 =3.

Thus

deg(y{?’} + y{a7b}) + deg(y{1>2} + y{c}) # deg(y{1)273} + y{a7bxc})

showing that the polynomial functor degree is mnot a categorical dimension on Poly in the sense of Definition

522

3.4 Cardinality of groups as a dimension valued in a non-standard
monoid

In this section we will show that Grp, the category of groups, has a categorical dimension given by the
cardinality. A tangent structure on Grp can be found in [54]. The tangent bundle endofunctor is given by
T(G) = G x Ab(G) where Ab(G) is the abelianization of G. Since every categorical dimension on a tangent
category is a tangent dimension, the cardinality will be a tangent dimension.

One of the most important algebraic structures on a set is a group. Like for sets the cardinality is the
most important quantity to describe the size of a group. Therefore we will check below, if it is a dimension
on Grp or Grp°P.

When thinking about tangent structures on groups, one may first think of the underlying manifold
structure of Lie groups, which is a trivial tangent structure on discrete groups. However, in [54], Tkonicoff,
Lemay and Van der Linden showed that there is a different tangent structure on the category of groups
that is based purely on algebraic properties (in particular the abelianization), not topological properties of
a group. We will explore the consequence of dimensions on this tangent structure in Example

An interesting aspect of the dimension on Grp is that it is valued in (N, -) and not in (N, +). Unlike
in all previous examples, the commutative monoid structure it is valued in is given by the multiplication,
not the addition. This showcases the use coming from being valued in any commutative monoid.

When considering the cardinality as a candidate for a dimension on Grp, one needs to choose multipli-
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cation as the monoid operation to obtain an analogue for desired Property [(b’)| (additive w.r.t. products) of
Remark as #(G x G') = #G - #G'.

Lemma 3.4.1. Let A 5 C & B bea cospan in Grp, the category of groups, where f is an epimorphism.

Then the pullback A x¢c B exists and

#(Axc B) - #C = #A- #B.

Proof. The pullback exists since the category of groups is complete. Since the forgetful functor from groups

to sets preserves limits, the underlying set of the pullback can explicitly be described by the formula
AxcB={(a,b) e Ax B | f(a) =g(b)}.

We now rewrite this formula as

AxeB= || ¢7'e)x o),

c€lm(g)
where Im(g) denotes the image and g~!(c) and f~!(c) denote pre-images. If C' and thus Im(g) is finite, it
follows from the first isomorphism theorem [4, Corollary 8.2] and the surjectivity of f that for any ¢ € Im(g),

this means that #¢~1(c) = #ﬁﬁg) and #f 7 1(c) = i—é. Therefore we conclude that

#B  #A _ #B - #A

CH#Im(g) #C ~ #C

#(A x¢ B) = #Im(g)

Multiplying both sides of the equation with #C' concludes the proof for the case that C' is finite.

If C is infinite, the surjectivity of f implies that A is also infinite. Thus

#A-#B =00 = #C - #(A x5 C).

Here we did not encounter any multiplications of the form 0 - co, since a group always has at least one

element. O

We observe that this formula looks very like Definition with multiplication instead of addition.

Therefore we will now consider the commutative monoid (N, -), as defined in Definition [3.3.1]
Theorem 3.4.2. The cardinality is
(a) an (N, -)-valued dimension on Grp and

(b) an (N,-)-valued dimension on FinGrp.
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Proof.
(a) This is follows from Lemma

(b) This follows from Corollary and the fact that FinGrp is a full subcategory of Grp.

Corollary 3.4.3. Let X be a group.

(a) For any tangent structure (T, p,0,+,¢,¢) on Grp or FinGrp, the equation

#T%(X) - (#X)? = #T(X))?

has to hold.

(b) For any tangent structure (T,p,0,+,¢,¢) on FinGrp with #T(X) = (#X)", the constant n can only

ben=1orn=2.
(¢) The only tangent structure (T, p,0,+,£,¢) on FinGrp with #T(X) =n - #X fulfills T(X) = X.
Proof.

(a) This follows from Theorems and When formulated for the commutative monoid (N, -) the

commutative monoid operation that is denoted as “ +” in Theorem becomes the multiplication

“ 2

(b) Due to Part (a), the equation
(#X))" - (#X)? = (#X)*"

has to hold. For brevity, we denote a := #X and simplify the equation to

Since this has to hold for any finite group X, it has to hold for any a € N and this implies that

n? 4 2 = 3n which only holds for n =1 or n = 2.
(¢) Due to Part (a), the equation

n? #X - (#X)? = (n- #X)3

has to hold. This implies n? = n3, which is only true for n = 0 and n = 1. However, n = 0, since

every group has at least one element and thus #7(X) = 0 is impossible. Thus #X = #T(X). As a
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consequence of the first isomorphism theorem [4, Corollary 8.2], the epimorphism p : T(X) — X that

does not change the cardinality can only be an isomorphism.
O

As an example, we will now see how this formula applies to the known nontrivial tangent structure on

Grp.

Example 3.4.4 ([54], Example 3.8). There is a tangent structure on Grp whose tangent bundle endofunctor
is given by

T(G) = G x Ab(G)

where Ab(G) denotes the abelianization. This implies that
T?(G) = G x Ab(G) x Ab(G) x Ab(G)

because Ab(Ab(G)) = Ab(G). Define ng = #G and kg := #Ab(G). Since Ab(G) is a quotient of G,
kg < ng and kg divides ng. Then #T(G) = ng - kg and #T%(G) = ng - (kg)3. Thus the equation

#T2(G) - (#G)? = (#T(G))*

becomes

ng - (kg)3 né = (TLG . kc)?’.
Thus, in this example, the equation from Corollary ( a) holds.

In fact, Lemay and Ikonicoff have also shown a result on differential bundles in [54) Example 4.16]: Every

differential bundle is of the form M x A =% M for some abelian group A. This implies that

#Ab(M x A)

#Ab(M)
#(M x A) |

= #A = 7

We will now showcase the possibilities of a dimension by providing a different proof for this equation using
the cardinality as a dimension.

Proposition 3.4.5. Let (Grp,T,p,0,+,¢) be the tangent structure from [54] described in Example |3.4.4}

Let E — M be a differential bundle in (Grp,T,p,0,+,£). Then

#Ab(E) _ #Ab(M)
#E  #M
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Proof. Due to Theorem [3.2.13] the equation

#T(E) - (#M)? = #T(M) - (#E)?

holds. Since #T(E) = #E - #Ab(E) and #T (M) = #M - #Ab(M), this can be expanded into

#AD(E) - #E - (#M)* = #Ab(E) - #M - (#E).

Dividing both sides by #E? - #M? leads to the equation

#AD(E) _ #Ab(M)
#E  H#M

O

In Example we will further see that there is another nontrivial categorical dimension on the sub-
category abelian groups, given by the rank over the integers. The reason for this is that every abelian group
is a module over the integers. Since the cardinality is an (N, +)-valued dimension on Set®? might suspect
that the cardinality is also an (N, +)-valued dimension on Grp®P, the opposite category of groups, since it
was already a dimension on Set°?. However, Corollary does not apply here, since the forgetful functor
Grp°P — Set°P does only have a right adjoint, not a left-adjoint.

In fact the cardinality is not a dimension on Grp°P. The reason is that the product in Grp°P is the
coproduct in Grp, the free product of groups. The free product of groups does not fulfill desired Property
(additive w.r.t. products) of Remark For finite groups A and B, the cardinality of #(A ® B) can

even be infinite.

3.5 Characteristic, Krull dimension and the lowest common mul-
tiple

In this section we will show that Ring,,, the category of (in general nonunital) rings, has a categorical
dimension given by the characteristic. A tangent structure on CRing,, (the subcategory of commutative
unital rings with unital ring-homomorphisms) can be found in [81, Example 2] and Example i). Since
every categorical dimension on a tangent category is a tangent dimension, the characteristic will be a tangent
dimension.

In this section we investigate different approaches to dimensions of rings. First we define several different
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categories of rings. The different choices we consider depend on whether or not the ring is commutative,
whether or not the ring is unital, and whether or not the homomorphisms must preserve the unit.

Then we will show that the characteristic of a ring is a categorical dimension. This will imply that any
tangent structure on the category of rings must satisfy certain constraints. This is part way of showing that
any tangent structure on rings has to preserve the characteristic.

Then we will show that the Krull dimension is neither a categorical dimension on the category of rings,
nor on its opposite. This is surprising since the opposite category of commutative unital rings is equivalent
to the category of affine schemes and the dimension of the scheme corresponds to the Krull dimension of the
ring. However, the dimension of an affine scheme is only compatible with the tangent structure for smooth
schemes. We suspect the Krull dimension will be a categorical dimension on the opposite of the subcategory
of commutative unital rings which corresponds to smooth schemes.

Let Ring, be the category of all rings (possibly without unit, the n stands for non-unital) and all
ring homomorphisms (functions that preserve zero, addition and multiplication). Let Ring; denote the
full subcategory of Ring, consisting of all unital rings, i.e. rings with a unit element. The morphisms
may not preserve the unit. Let Ring, denote the subcategory of Ring; that only allows unit-preserving
homomorphisms. We define CRing,,, CRing; and CRing, as the full subcategories of Ring,,, Ring; and

Ring,, where the objects are commutative rings. For overview, we summarize this in Table

Name Objects Morphisms

Ring,, any rings any ring homomorphisms
Ring; unital rings any ring homomorphisms
Ring,, unital rings unit preserving ring homomorphisms
CRing,, | any commutative rings any ring homomorphisms
CRing; | unital commutative rings any ring homomorphisms
CRing,, | unital commutative rings | unit preserving ring homomorphisms

Table 3.1: The conventions we use for the different categories of rings

In other literature, Ring sometimes denotes Ring,, and sometimes Ring, while CRing most often denotes
CRing,. For clarity we do not use undecorated Ring and CRing.

Before we define dimensions on the categories of rings, we will first describe pullbacks of rings.

Lemma 3.5.1. Any pullback
A XB C — A

| J

CTB

in Ring,,, Ring,, Ring,,, CRing,,, CRing; or CRing,, is of the form

AxpC={(a,b) e Ax B | f(a) = g(b)},
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if it exists. The ring operations are defined componentwise.

Proof. The formula for Ring, is an easy application of the definition of a limit. The formula for Ring,,
CRing,, and CRing,, follows from the fact that the embedding of full subcategories preserves limits. The
formula for Ring,, is a direct application of the definition of a limit and the formula for CRing,, follows from

the fact that CRing, is a a full subcategory of Ring,. O

Pullbacks may not always exist in Ring; and CRing;. An example for this is the pullback

2 ——— Z

\[ ’ J{:cn—>(a:,0)

Z —>m'_>(m7[m]) 7 XxXZ/2

in Ring,, which does not exist in Ring; since 2Z, the set of even integers, has no multiplicative unit.

3.5.1 Characteristic as a dimension valued in the least common multiple monoid

In this section we will use a monoid structure on the natural numbers which is neither of the operations
on the rig (semiring) N. At first one might think that the characteristic of a ring is a strange choice for a
dimension, since in general char(R x R’) # char(R)+char(R’) and therefore desirable Property (additive

w.r.t. products) does not hold. However, the least common multiple is also a monoid structure on N7_.

Definition 3.5.2. Let N% denote the set of nonzero natural numbers and infinity
NZ =N\ {0} U {0} ={1,2,3,...,00}.

Given a,b € N¥_, we define their least common multiple as

lem(a,b) = min({z e N5 | 3s,t e Ni_,z =s-a=1-b}).

We define lem(a, 00) = lem(oo,b) = 0o for all a,b € Ny \ {0}.

The least common multiple is a commutative monoid with unit 1. In particular lem is associative, since
the least common multiple of three numbers a, b, ¢ is both equal to lem(a,lem(b, ¢)) and to lem(lem(a, b), c).

The characteristic defined in Definition is additive with respect to this monoid structure, i.e.
char(R x R") = lem(char(R), char(R’)),

and thus Property |(b’)| (additive w.r.t. products) holds with respect to this monoid structure.
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In this section we will show that the characteristic of a unital ring is a dimension. The characteristic is

defined as follows.

Definition 3.5.3. Let R be a ring. The characteristic char(R) is defined as
char(R) = min{n € N\ {0} | n-2 =0 ,Vz € R}.

If there is no number n € N such that for all x € R, n-x = 0, we say the characteristic is co.
If the characteristic is finite, this is the classical definition in |43]. Classically, the characteristic is defined

to be zero if there is no number n € N such that n-x =0 for all z.

In the literature it is more common to call the characteristic zero when we call it infinity. We use this
unusual convention since it will make it easier to define a monoid structure such that the characteristic is a

categorical dimension.

Lemma 3.5.4. Let (R,+,-,0) be a ring of characteristic n. Then there exists an element g € R such that

k-xr #0 for all k <n. We call this element a mazximal order element.

Proof. The key insight for this proof is that the mulitplicative structure of R does not matter this is just a
statement about the abelian group (R, +,0). Due to the characterization of finite exponent abelian groups

in [56 Theorem 8.6], the abelian group (R, +,0) is isomorphic (as a group) to a product of cyclic groups.

RET[2/n2
el

where n is the least common multiple of the n;. The element 2z = ¢~ !(1,1,...) fulfills the required property

since k- (1,1,...) # 0 for k < n. O

Section retraction pairs have a key role in the definition of categorical dimensions and in the definition of
tangent categories. Thus we will frequently reason about characteristics using section retraction pairs. For

this, it is good to keep in mind that sections can not decrease characteristic.

Lemma 3.5.5. Given a section A > B with retraction B = A in Ring,,, the inequality
char(A) < char(B)

holds. Additionally, char(B) is a multiple of char(A).
Proof. We distinguish the cases when A has finite characteristic and when A has infinite characteristic.
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Case 1: A has infinite characteristic. Since A has infinite characteristic, for every n € N\ {0}, there is

an x, € A such that n -z, # 0. Then s(x,) € B fulfills that
n-xy, =mn-1r(s(x,)) =r(n-s(z,)) #0.

Thus n - s(x,) # 0. Since n was arbitrary, this proves that B has infinite characteristic.
Case 2: A has finite characteristic. Let 24 be the element constructed in Lemma[3.5.4] Since ros =14,

we know that for every n < char(A),
0#n-r(s(xa)) =r(n-s(za)).

Since r is a ring-homomorphism, this implies for s(z4) € B that n - s(xa) # 0 implying that char(B) >
char(A).
On the other hand,
s(char(B) - x4) = char(B) - s(z4) =

and therefore

char(B) - z4 = r(s(char(B) - x4)) = 7(0) =0
which implies that char(B) is a multiple of char(A). O

Proposition 3.5.6. The characteristic char is an (N¥_,lcm)-valued dimension on Ring,, Ring,; and on

Ring,,.

Proof. We will first check the criteria of Definition for Ring,, and then for Ring,,. The result for Ring,
follows from Corollary since Ring; is a full subcategory of Ring,,.

In Ring,,, given any morphism f : R — R’, the characteristic can not increase char(R’) < char(R) since
0 = f(0) = f(char(R)-1). Thus, given a section retraction pair between R and R’, char(R) = char(R’).

Now let
AXBC%A

o

be any of the pullbacks from Definition [3.2.2] in Ring,,. Then f and r are both parts of section-retraction

pairs and the characteristic of all 4 vertices is the same. Therefore
lem(char(A), char(C)) = lem(char(A x g C), char(B))
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holds trivially.

Now let
AXBC%A

Jr
g — B

be any of the pullbacks from Definition [3.2.5|in Ring,. Assuming that A and C have finite characteristic,
let 4 € A and z¢ € C be the maximal order elements constructed in Lemma We will distinguish the
cases when f is a section and when f is a retraction.

Case 1: Suppose f is a retraction, in particular it is surjective. Then there is a yo € C such that
f(ye) = r(xa) and thus we have (24, yo) € AxpC such that for k < char(A), k-(za,yc) = (k-x4,k-yc) # 0.
Thus char(A x g C) is a multiple of char(A).

Analogously there is an y4 € A such that (ya,z¢) € A xp C and thus char(A xg C) is a multiple of
char(C). This shows that char(A x g C) is a multiple of lem(char(A), char(C')). Since A xp C is a subset of
A x C, the equation

char(A x g C') = lem(char(A), char(C))

holds. Due to Lemma char(B) divides char(A), implying that
lem(char(A x g C), char(B)) = lem(lem(char(A), char(C)), char(B)) = lem(char(A), char(C)).

This is exactly the equation we needed to show for Definition [3.2.2]
Case 2: Suppose f is a section. Then, due to Lemma [3.5.5] char(B) and char(C) both divide char(A).
Let s : B — A be a section for the retraction r. We can express the maximal order element x4 € A as
x4 =8(r(zy)) + 24 with r(z4) = 0, by choosing z4 = x4 — s(r(za)).

For k = lem(char(A x g C), char(B)), we observe that
k-za=k-s(r(za))+k-za.

Since k is a multiple of char(B), k- s(r(za)) = s(k-r(z4)) = 0. Since r(z4) = 0, we have the element
(24,0) € A xp C and since k is a mutiple of char(A xp C), k- (24,0) = 0, implying that k- z4 = 0.

Thus k- 24 = 0 and since x4 had maximal order this shows that char(A) divides lem(char(A xp
('), char(B)). Since char(C') divides char(A), the equation lem(char(A), char(C)) = char(A) holds, implying
that lem(char(A), char(C)) = char(A) divides lem(char(A x g C),char(B)). Since A xp C is a subset of
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A x C, this shows that

lem(char(A x g C), char(B)) = lem(char(A), char(C)).

This is exactly the equation we needed to show for Definition [3.2.2]

Now it only remains to show that the equation

lem(char(A x g C), char(B)) = lem(char(A), char(C)).

also holds when char(A) or char(C) are infinite. If char(B) = oo, it holds trivially. Suppose char(B) is finite.
Since in the case that f is a section char(C') < char(B), and in the case that f is a retraction, C' and A can
be swapped, we can assume without loss of generality that char(A4) = oo.

Let n € N\ {0} be arbitrary. Let z,, € A be such that n - char(B) -z, # 0. Then r(char(B)-x,) = 0 and
thus (char(B) - z,,0) € A xp C fulfills that

n - (char(B) - x,,0) # 0.

Since n was arbitrary, this shows that char(A x5 C) = co and thus

lem(char(A x g C), char(B)) = lem(char(A), char(C)).

holds. This concludes the proof that char is a (N¥,lcm)-valued dimension on Ring,. Since Ring; is a full

subcategory of Ring,,, Corollary implies that it also is a (N, lcm)-valued dimension on Ring;. O

Corollary 3.5.7. The characteristic char is an (N, lcm)-valued dimension on CRing,,, CRing, and on

CRing,, .
Proof. This follows directly from Proposition and Corollary [3.2:4 O

As a consequence, the characteristic of the tangent bundle is now determined in Ring; and Ring,.

However, the characteristic of a tangent bundle in Ring, is determined anyways.

Proposition 3.5.8. Let (T,p,0,+,¢,c) be a tangent structure on Ring,,. Then for any unital ring R,

char(T'(R)) = char(R).

Proof. This simply follows from the fact that any unit-preserving ring homomorphism can only decrease
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characteristic. Since both R % T(R) and T(R) 2 R are unit-preserving ring homomorphisms, the charac-

teristics have to equal. O
For Ring;, however the dimension brings an additional insight.

Corollary 3.5.9. Let (T,p,0,+,¢,¢) be a tangent structure on Ring,, or Ring,. Then for every object R,
lem(char(T?(R)), char(R)) = char(T(R))

Proof. This is Theorem [3.2.7] applied to the dimension defined in Proposition [3.5.6 O
However, since we have a section retraction pair R T(R), T(R) & R, we can even conclude more.

Corollary 3.5.10. Let (T,p,0,+,¢,c) be a tangent structure on Ring,, or Ring,. Then for every object R
there is a number ng such that

char(T'(R)) = ng - char(R)

and

char(T?(R)) = char(T(R)).

Proof. Corollary implies that the characteristic of T'(R) is a multiple of the characteristic of R.
Corollary also implies that it is a multiple of the characteristic of 7?(R). Due to the same argument

applied to T(R) instead of R, char(T?(R)) is a multiple of char(T(R)). This implies that char(T(R)) =

char(T?(R)). O

In Example i) we constructed a tangent structure on CRing,,, originally presented in |81, Example
2]. The tangent bundle endofunctor 7 sends a ring R to R[z]/(z?). Indeed, this tangent bundle endofunctor
preserves the characteristic: char(T(R)) = char(R).

All pullbacks of CRing,, are squares of ring homomorphisms that are pullbacks of underlying sets. Thus
all pullbacks of CRing,, are also pullbacks in CRing,, implying that any tangent structure on CRing, is also
tangent structure on CRing;. Thus ?? is also an example of a tangent structure on CRing; that preserves
the characteristic.

It is unclear if an example of a tangent structure on Ring,,, CRing,,, Ring, or CRing,; exists where the

tangent bundle endofunctor does not preserve the characteristic. If it exists, it needs to fulfill the requirement

of Corollary [3.5.10
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3.5.2 Krull dimension satisfying products but not pullbacks

The term “dimension of a ring” is commonly used for the Krull dimension of a commutative ring, which is

defined through ascending chains of prime ideals and has extensive applications in algebraic geometry. Since
dim(R x R') = max(dim(R), dim(R")),

desirable property |(b’)| (additive w.r.t. products) of Remark holds when choosing max as the monoid
structure.
However, we will show that the pullback condition of Definition [3:2:2] does not hold and it thus is not a

categorical dimension on CRing,,.

Definition 3.5.11. |41} Page 217] Given a commutative ring R with unit, its Krull dimension is the length

n of the longest chain of prime ideals

The Krull dimension fulfills some useful properties.
(a) Let F be a field. Then dim(F[z1,...,z,]) = n.
(b) Let R, R’ be commutative rings then dim(R x R’) = max(dim(R),dim(R")).

We show here that this is not an N, valued dimension on CRing, in the sense of Definition [3.2.2

The following example will now show that it can not be an (N, max)-valued dimension.

Example 3.5.12. The diagram
Qly] — Qlz, 9]/ (zy)

l (3.2)
Q

—— Q[z]

is a pullback in CRing,,, where the map Q — Q[z] includes a number as the constant term and the map
Qlz,y]/(zy) — Qlx] evaluates at y = 0. It is a pullback because giving a pair (r,p) of r € Q and p €
Q[z,y]/(zy) such that p(z,0) = r is the same as giving a polynomial p € Clz,y]/(xy) with no x-terms, i.e.

a polynomial p € C[y].

The very same example shows that it is not a categorical dimension on CRing;.

For a field F, the coproduct Flxy,...,2,] @ Fl21,...,xk] = F[z1, ..., Zpn1k). Since dim(F|xy, ..., 2,]) = n,
this suggests that for the opposite category CRingo desirable property (additive w.r.t. products) from
Remark holds for (N, +).
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The context of algebraic geometry would also suggest that the Krull dimension is a categorical dimension
on CRingoP. The category CRing\P is equivalent to the category of affine schemes and for smooth affine
schemes the scheme-theoretical dimension equals the Krull dimension. However, using the counterexample
in Example that corresponds to a pullback of non-smooth schemes, we will show that it still is not a

dimension in the sense of Definition [3.2.2

Example 3.5.13. Let Q denote the field of rational numbers. Let i denote the embedding Q[x] — Qgg[f;ﬁ]

The diagram

Qla) ———— %
eVlJ/ J{ev(l’o)
Q———0

is a pushout square in CRing, and thus corresponds to a pullback square in CRing¥. However, the Krull

dimensions of the rings involved are

dim(Qz]) =1 , dim(Q) =0, dim (Q[f’y]) =2

and thus

dim (Q) + dim(Q[z]) = 0+ 1 # 0 + 2 = dim (0) + dim (%ﬂy@/)]) .

Remark 3.5.14. The category of affine schemes is equivalent to the opposite category of CRing, and the
Krull dimension corresponds to the dimension of a scheme. However, the dimension of a scheme is only well-
behaved with respect to the tangent structure for smooth schemes over a field, as one can read in |88, Chapter
13]. Thus the geometric intuition suggests that the Krull dimension is an (N, 4)-valued dimension in the sense
of Definition on the smooth objects of CRingY. A formal proof would require a careful examination
that the Krull dimension is additive under pushouts in the subcategory of CRing,, corresponding to smooth

affine schemes. The examination of this is beyond the scope of this thesis.

3.6 Transporting a dimension between modules and algebras with
an adjunction

In this section we will show that Modg, the category of modules over a PID R, and Algp, the category
of algebras over a PID R, have a categorical dimension given by the rank. In Example we define a
novel, somewhat degenerate tangent structure on Modgr where the tangent bundle endofunctor doubles the

dimension. Since every categorical dimension on a tangent category is a tangent dimension, the rank will be
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a tangent dimension.

First, we will show that the rank of an R-modules is a categorical dimension on the category Modg of
R-modules and R-modules homomorphisms for any PID, R. In particular, this shows that the dimension of
a vector space is a categorical dimension on the category Vecty for a field, F. As a consequence, a tangent
structure on Modg must fulfill the equation in Corollary

Next, we show that using the free-forgetful adjunction between R-algebras and R-modules, we obtain a
categorical dimension on R-algebras. Finally, as an additional observation, we use the classical dimension on
Vect as a categorical dimension and show that there can only be two Cartesian tangent structures on Vect,
and we identify them.

In [68][Section IV.2] Mac Lane shows that there is a free forgetful adjunction between Modg and AbGrp.
Thus, by Corollary the cardinality of the underlying abelian group is already an (N, -)-valued dimen-
sion on Modg. In Section [3:6.1] we will show that the rank is a second categorical dimension on Modg.

There is a somewhat degenerate tangent structure on the category Modpr of modules over a ring R. In
[81, Example 1] this is given as a tangent structure on abelian groups, but it works equally well for modules

over a ring.

Example 3.6.1. Let R be a commutative unital ring. The category Modgr has a somewhat degenerate

tangent structure given for an R-module V' by

e the tangent bundle endofunctor T(V) =V x V with T(f) = f x f,

the projection py =mg: V XV =V,

the zero section Oy = (ly,consty) : V=V x V|,

the addition +v = (mp,add (w1, m2)), where add(v, w) = v + w,

the vertical lift ¢y = (mg, constg, constg, m1) : VXV =2V xV xV xV

the canonical flip cy = (mg, ma, 1, m3) : VXV XV XV VXV xVXV.

These maps fulfill all required equations and are natural transformations since all morphisms are R-linear.

The universality of the vertical lift holds since the diagram

V x V ox PO mi Vv
WOJ/ l{ﬁoﬂrz)
Vv VxV

(1y ,constg)

is a pullback square.
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3.6.1 Rank of a module over a ring

The rank of is the most common generalization of the dimension of vector spaces to modules. A module’s
rank is a natural number or infinity (like in desired Property @ (valued in N) of Remark , invariant
under isomorphism (like in desired Property (isomorphism invariant) of Remark and it is additive
under cartesian products (like in desired Property (additive w.r.t. products) of Remark . Desired
Property @ (embeddings to inequalities) holds since the rank of a submodule is less than or equal to the
rank of the module itself. Desired Property the same as locally) does not make sense to ask, because
an open subset of a module is in general not a module itself.

We will show below that it is indeed an (N, +)-valued dimension in the sense of Definition so the
generalized version of desired property @ (additive w.r.t. pullbacks) holds.

Recall that a principal ideal domain (PID) is a unital commutative ring without zero divisors where

every ideal is generated by a single element. Throughout this section we fix a principal ideal domain R.

Definition 3.6.2. Given a R-module A. Then the rank rk(A) € Ny, is the cardinality of any mazimal

linear independent subset of A. If there is no finite mazximal linearly independent subset of A, the rank is

rk(A) = oo.

It is a standard result, for example in [4], that any maximal linear independent subset of A has the same

cardinality. A key property of the rank is its behaviour under short exact sequences.

Lemma 3.6.3. Let R be a PID and let

0-A—B—-C—0

be a short exact sequence of R-modules with finite rank. Then rk(A) 4+ rk(C) = rk(B)

This is a standard result, for example Exercise 3.14 in chapter VI of [4], thus we omit the proof here.

Actually, as we show below, the requirement that A, B and C had finite rank was unnecessary.

Proposition 3.6.4. Let R be a PID and let

05ALB% 00

be a short exact sequence of R-modules. Then rk(A) + rk(C) = rk(B) in Ne.

Proof. The case when A, B and C have finite rank is already covered in Lemma [3.6.3] Below we prove the

formula for the cases when A, B or C' have infinite rank.
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(a)

Let A have infinite rank. Then, for every n € N, there is an linearly independent subset U C A with
cardinality n. Since f is injective, {f(u)|u € U} is still linearly independent. Since n was arbitrary,

this proves that B has also infinite rank. Thus the equation

tk(A) +1k(C) = 00 +1k(C) = 00 =1k(B)

holds.

Let C have infinite rank. Then, for every n € N, there is an linearly independent subset U C C' with
cardinality n. Since g is surjective, there are preimages (b, )ucy with g(b,) = u. They form a linearly

independent subset of B that has cardinality n. Since n was arbitrary, rk(B) = oo, proving that

rk(A) +1k(C) = rk(A4) 4+ 00 = 00 = rk(B).

Let B have infinite rank and A have finite rank. Then Im(f) C B has finite rank. Thus, by extending
a maximal linearly independent subset of Im(f) to an arbitrary sized linearly independent subset of
B, we obtain an arbitrarily sized linearly independent subset of B/Im(f). Due to the uniqueness of

cokernels, B/Im(f) = C and thus rk(C) = co. Now the equation

rk(A) + rk(C) = rk(A4) + 0o = 0o = rk(B)

holds.

O

For any R-module A, the addition +: A x A — A, (a,a’) — a+ @’ and the negation —: A — A,a — —a

are module-homomorphisms. Out of this we built the difference f — g of module-homomorphisms. For

f:A— Bandg:C — B is defined as

f—g9g:AxC — B, (a,¢) — f(a) — g(c).

We will use this difference in Lemma [3.6.5]and the proof of Proposition Observe that f — g is surjective

if f or g is surjective.

Lemma 3.6.5. Let A, B,C be R-modules. Let A xg C' denote the pullback arising as the limit of the span
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ALpe C'. Then the following sequence is exact

o 3771>

0= AxpC ™ A 0 T2 tn(f —g) =0

Proof. The sequence is exact at Im(f — g) since any map is surjective onto its image. The sequence is exact
at A xp C since (mg, 71) is injective. The kernel of f — g is exactly the elements (a, ¢) fulfilling f(a) = g(c),

thus it is equal to the image of A xg C of A x C. O

Proposition 3.6.6. Let R be a PID. Then assigning the rank to rk(A) to an R-module A is an (Noo,+)-

valued dimension rk on Modg.

Proof. Let
AxgC —— A

[
CfB

be a pullback of R-modules of the form as the pullbacks in Definition 3.:2.2] Then Lemma [3.6.5 shows that

<7r07771>

0= AxpC ™0 A 0 L5 Tm(f —r) = 0

is a short exact sequence. Since r is surjective, f — r is surjective i.e. Im(f —r) = B, thus we obtain the

short exact sequence

(mo,m1

0 AxpgC ™™ 4w o= B0

Therefore the rank formula in Proposition shows that rk(A x C') = rk(A x g C) + rk(B). Due to the

additivity of ranks under products this can be expanded into

rk(A) 4+ rk(C) = rk(A x g C) + rk(B)

Now we can apply Theorem [3.2.7] and obtain a clear dimension formula for any tangent structure.

Corollary 3.6.7. Let R be a PID. Let (T,p,0,+,¢,¢) be a tangent structure on Modgr. Then for any
R-module A, the equation
tk(T?(A)) +2-rk(A) = 3 - rk(A)

holds.
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There are several special cases that follow from this

Examples 3.6.8. 1. Let F be a field and let Vectp denote the category of vector spaces over F with F -
linear maps as morphisms. Then the dimension is an (N, +) valued dimension and, for any tangent

structure on Vectp,

dim(7T?(V)) + 2 - dim(V) = 3 - dim(V)

holds for any vector space V.

2. Let AbGrp be the category of abelian groups (i.e. modules over the integers). Then the rank of the

abelian group is an (No, +) valued dimension and, for any tangent structure on AbGrp,

tk(T?(Q)) + 2 - tk(G) = 3 - 1k(G)

holds for any abelian group G. Together with the cardinality from Theorem [3.7.3, this means that the

category of abelian groups has two distinct nontrivial Ny -valued dimensions.

In the following two sections we will explain the consequences for finite dimensional vector spaces and

Algebras over a PID.

3.6.2 Module rank of an Algebra

In this section we utilize the free forgetful adjunction between modules and algebras to obtain a dimension
of Algebras over a commutative ring R with unit. According to [68, Section IV.2], the forgetful functor
U : Algrp — Modp that sends a R-Algebra to its underlying R-module has a left-adjoint given by the tensor

algebra. Thus we obtain a dimension on the category of R-Algebras.
Proposition 3.6.9. Let R be a PID and Algp be the category of R-algebras and Algebra-homomorphisms.

(a) The assignment rk that sends an algebra A to the rank rk(U(A)) of its underlying R-module is an

(Noo, +)-valued dimension on Algp,.

(b) For any tangent structure (Algp,T,p,0,+,£,c) on the category Algy and for any object A,

rk(U(T2(A))) + 2 - tk(U(A)) = 3 - tk(U(T(A))).

Proof. Part (a) follows from Corollary Part (b) follows from Theorem O

In particular algebras over Z are the same as rings. Thus we obtain an additional dimension on the

category of rings.
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Corollary 3.6.10. Let rky denote the rank of an abelian group over the integers.
(a) The rank rky is an Ny, valued dimension on Ring,, Ring;, Ring,, CRing,,, CRing; and CRing,,.

(b) For any ring R and any tangent structure (T, p,0,4+,¢,¢) on Ring,,, Ring,, Ring,,, CRing,,, CRing, or
CRing,,,
tky(T?(A)) + 2 - 1kz(A) = 3 - 1kz(T(A)).

Proof. (a) Since Ring,, is the full subcategory of associative algebras in Algy, it follows from Proposition
and Corollary that rkz is a dimension on Ring,,. The categories Ring,, CRing, and CRing;,

are full subcategories of Ring,, and therefore Corollary shows that rky is a dimension on them.

Pullbacks in Ring,, are also pullbacks in Ring,, because in either case commutative squares are pullbacks
if and only if they are pullbacks of underlying sets. Thus any dimension on Ring; is also a dimension
on Ring,,, in particular rkz. Since CRing, is a full subcategory of Ring,, Corollary [3.2.4] shows that

rkz is also a dimension on CRing,

(b) This now follows from
O

Thereby we now have two distinct non-trivial dimensions on Ring; and Ring,, the characteristic (as
shown in Section [3.5) and the rank.

If we consider the tangent structure of Example 77, we see that for any commmutative ring R with unit,

rkz(T(R)) = tkz(R[z]/(z?)) = 2 - tkz(R).

Thus the tangent bundle functor doubles this dimension in this case like in the case for classical manifolds.

3.6.3 Classification of Cartesian tangent structures on FinVect

The category of vector spaces over a field F' is exactly the category Modp of modules over F. The classical
dimension Dim(V') of a vector space V is exactly the rank rk(V). Due to Proposition it is a (Noo, +)-
valued dimension.

All finite-dimensional vector spaces over a field F' are isomorphic to powers F™ of the field F. There-
fore the interaction between the tangent structure and the Cartesian structure dictates the entire tangent

structure.
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Theorem 3.6.11. Let F' be a field and let FinVectyr be the full subcategory of Vectr consisting of finite-

dimensional vector spaces. Then every Cartesian tangent structure (T, p,0,+,£,¢) on FinVectp fulfills either
T(V)=V VYV e Obj(FinVect)

or

T(V)V xV VYV € Obj(FinVect).

Proof. Every finite-dimensional vector space is of the form V' = F™ where n is the dimension of V. Thus every
Cartesian tangent structure will fulfill T(V) = T'(F™) = T'(F)™. Thus Dim(T(V)) = Dim(T(F')) - Dim(V)
which means the vector space dimension is a strong tangent dimension valued in Z. Now Theorem [3.2.8

proves that either Dim(7'(V')) = 2 - Dim(V) VV or Dim(T(V)) = Dim(V') VV. O

In fact, both situations are known. The trivial tangent structure with T'(V') 2 V is explained in Example
[2.2.6] The tangent structure that doubles the dimension is the tangent structure of Example 3.6.1] for the

case when R is a field.

3.7 Homotopy, excision and the opposite category of CW com-
plexes

In this section we will show that CW°P, the opposite category of CW complexes and cellular maps, has a
categorical dimension given by the Betti numbers. We are using Definition [3.2.2] which does not require a
tangent structure. No tangent structure on CW°P is known so far.

CW complexes are extensively used in topology to describe well-behaved topological spaces. Traditionally
the dimension of a CW complex is the highest dimensional cell in the complex. However, this notion is not
well-behaved under homotopy. We will show in this section that it is not a categorical dimension in the sense
of Definition

Rational homology is a tool that describes a topological space X in a homotopy-invariant way with a
sequence of rational vector spaces H,(X,Q),ecn. The dimension of these vector spaces are known as the
Betti numbers of the space.

The n-th Betti number B, is often interpreted as “counting n-dimensional holes” in a space. Since the
Betti numbers are about the dimension of the complement of our space, it may seem intuitive to have them
be a categorical dimension on the opposite category of CW complexes.

A CW complex is a topological space X, constructed by an inductive construction out of standard cells
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Dy, = {# € R"|2?} for every k € N. The inductive construction can be found in Chapter 0 of [48]. The space
obtained at the k-th stage of the inductive construciton is called X* the k-skeleton of X.

A continuous map f : X — Y between CW complexes X = UpenX* and Y = UpenY” is called cellular
if f(X*) CY* for all k € N.
Definition 3.7.1. We define the category CW as the subcategory of Top consisting of

o C'W complezes of objects and

o cellular maps as morphisms.

3.7.1 Not the classical dimension of CW complexes

The classical dimension of a CW complex is considered to be the the largest n of all n-cells used to construct
it.
Definition 3.7.2. Let X = U,enX" be a CW complex.

(a) The smallest number n € N such that X = X™ is the classical dimension of X.

(b) If there is no such n, the classical dimension is oo.

In particular for CW complexes X and X', the largest dimension of cells of X x X’ is the sum of the
largest dimensions of cells in X and X', so desirable property (additive w.r.t. products) of Remark
holds with respect to the addition.

While the classical dimension is the most common notion of dimension for CW complexes, we show it
is not a dimension in the sense of Definition [3.2.2] We will construct a pullback of retractions in CW that
serves as a counterexample for the dimension formula in Definition [3:2.2]

The idea behind this counterexample is to glue together a space Bl that has 1-dimensional and 3-
dimensional components. In the pullback, the 3-dimensional components are prevented from combining

with each other by having them sent to the opposite end of the interval D*.

Example 3.7.3. We define the “balloon shaped” CW complex Bl obtained by gluing the unit interval D' =
[0,1] with a 3-cell D? = {(z,y,2) € R®|(x + 1)? + y? + 22 < 1} along the origin, obtaining a space that can

explicitly be described as
{(,0,0) eR*0 < 2 <1} U{(a,y,2) € R¥(z +1)* + 4% + 2% < 1}

We define two maps I,r : Bl — D', both contracting the 3-cell away. However, | sends the end of the interval

where the 3-cell was to the left and r sends the end of the interval where the 3-cell was to the right. In explicit
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I —

o —

Figure 3.2: The pullback of the interval with a 3-cell at the left and the interval with a 3-cell at the right is
an interval with a 3-cell on either side.

coordinates that means that

z if x>0
W(z,y,2) =
0 if <0
l—z 4 x>0
T(Iay,z) =

1 if x<O0.

It is easy to see that both | and r are retractions. As one can see directly from the Figure[3.9 the pullback

Bl xp: Bl — Bl

| lr

B141>D1

will be an interval with a 3-cell glued to both ends.
Since

dim(Bl x p1 Bl) 4+ dim(D') = 3+ 1 # 3 + 3 = dim(B) + dim(Bl),

the condition in Deﬁnition does not hold. Thus the classical dimension of CW complexes is not (N, +)-
valued dimension on CW in the sense of Definition [3.2.3

In general, combinatrics from the gluing (i.e. colimits) produces counterexamples proving that the

dimension of CW complexes is not a dimension in the sense of Definition [3.2.2
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3.7.2 Betti numbers and excisive functors

In this section, we will show that the Betti numbers are a categorical dimension on the opposite category of
CW complexes.

Intuitively, the nth Betti number counts the number of n-dimensional holes in a space X. Following this
intuition, we check Property (additive w.r.t. products) of Remark The product in CW®P is the
disjoint union. Since the disjoint union of two complexes with n and & holes has n + k holes in total, desired
Property (additive w.r.t. products) holds on CW®P for the monoid (Nuo, +).

We will show that the Betti numbers are indeed dimensions in the sense of Definition 3221 Thus the
sequence of all Betti numbers will be a categorical dimension valued in infinite sequences.

Eilenberg and Steenrod [40| define a generalized homology theory as an assignment sending a CW complex
X to a sequence, H,(X), of abelian groups that fulfills a list of 7 axioms (including functoriality). Singular
homology is the motivating example of a generalized homology theory. It is a standard result, for example
in [48] Section 2.3], that the Mayer-Vietoris sequence still exists for any generalized homology theory. The
Mayer-Vietoris sequence will be the main tool that we need in order to verify that the Betti number is a
categorical dimension. Thus our argument will hold for any generalized homology theory.

Let H, be denote a homology theory fulfilling the Eilenberg-Steenrod axioms. Let CW be the category
of CW complexes and cellular maps. Then the n-th Betti number B, (X) = rk(H, (X)) is the rank of the
n-th homology of a space X. It is easy to see that this equals the dimension dim(H,(X;Q)) of the n-th

rational homology of X.
Proposition 3.7.4. The n-th Betti number is an Ny, -valued dimension on CW°P.

Proof. A pullback along a retraction in CW®P corresponds to a pushout along a section s in CW.

CuUysB+—B
| J
C — A
Sections are exactly embeddings of retracts which are cellular embeddings of closed subspaces and therefore
subcomplexes. Thus by Proposition 0.16 of [48] it has the homotopy extension property and is therefore a
cofibration.
Section 10.7 of [69] shows that the pushout along any cofibration is homotopy-equivalent to the double
mapping cylinder.

CUsB~cMpg=(CU(AxI)UB)/ ~,

72



where (a,0) ~ f(a) and (a,1) ~ s(a). This double mapping cylinder is the union of the two open sets
X=CU(Ax]0,1))/ ~and Y = (A x (0,1]) U B/ ~. Their intersection X NY = A x (0,1) is homotopy-

equivalent to A. Thus we obtain the Mayer Vietoris sequence

(Hn(s),Hn(£))

= Hyr(cMp) =25 H,(A) H,(B) & H,(C) — Hy(cMp) - Hp_1(A) — ...

where the maps H,1+1(cMp) — H,(A) are zero since H,(s) is a section and therefore the kernel of

((Hyn(s), Hn(f))) is zero. Therefore
B(C'Ua B) + Bu(A) = Bo(C) + Bu(B).

and thus B,, is an N4,-valued dimension on CW°P, O]

Instead of considering the Betti numbers as an infinite sequence of separate dimensions, we can also
consider them as a dimension valued in infinite sequences of numbers: Let N be the set of infinite sequences

(or infinite vectors) in No,. It has a commutative monoid structure +, given by component-wise addition.

Corollary 3.7.5. The sequence of Betti numbers

(Bn)neN X = (Bn<X))neN

is an (N, +)-valued dimension on CW°P.

Corollary 3.7.6. For every tangent structure T on CW°P, the Betti numbers (B )nen satisfy
Bu(T(X)) 42 Ba(X) = 3+ By(T(X)).

We will now explore a counterexample of a pushout of Hausdorff spaces along a section which is not
homotopy-equivalent to the double mapping cylinder. This serves to show that our proof of Proposition

does not work in the more general setting of Hausdorff spaces and continuous maps.

73



Figure 3.3: On the left is the pushout of A and B from Example [3.7.7] on the right the double mapping
cylinder 4 Mp. They are not homotopy-equivalent. The intuitive reason is that every open neighbourhood
around the blue point on the left contains infinitely many dots and circles, whereas on the right there is no
such point.

Example 3.7.7. Consider the Hausdorff spaces

1
A’:{xER|x: - forsomen€N>0},
’ 3 11 . 1
B' =4 (z,y,2) e R°|(z,y,2) = e ;sm(go), ﬁcos(cp) for somen € Nsg , ¢ €[0,27] ¢,
A={0}UA, and
B ={(0,0,0)} U B’

and the pushout diagram
10

—
.
—

%(0,0,0)

—— %

:

Sy

where the strict pushout is

P ={(-,0,0)lx € A} UB C R

As shown in Appendiz A and visualized in Figure[3.3, the double mapping cylinder is not homotopy-equivalent

to this strict pushout.

The most important property we used in the proof of Proposition [3.7.4] was that a generalized homology

theory sends the pushout square
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to a pullback square of modules and that the rank of a module is a dimension. In homotopy theory,
homotopy functors that send homotopy pushout squares to homotopy pullback squares are generally known
as 1-excisive functors. Below we generalize Proposition for 1-excisive functors.

In Proposition we assume that homotopy limits/colimits are the same as strict limits/colimits. This
allows us to compare the hypotheses in Definition (which uses strict limits/colimits) to the properties

of excisive functors (which are defined by their effect on homotopy limits/colimits).

Proposition 3.7.8. Let X be a model category in which (strict) pushouts of sections along sections and
(strict) pushouts of sections along retractions are homotopy pushouts. Let Y be a complete and cocomplete
category. We will consider it as a model category with trivial model structure. Let F': X — Y be an 1-excisive
functor. If dim is a categorical dimension on Y, then the assignment dimoF' that sends and object X of X

to dim(F(X)) is a categorical dimension on X°P.

Proof. The pullbacks of Definition in X°P are pushouts in X and by assumption they are also homotopy
pushouts. Since F' is excisive, it sends them to pullbacks in Y. The dimension formula for dim now implies

the dimension formula for dimoF'. O

Remark 3.7.9. It may be possible to define a homotopy categorical dimension using homotopy lim-
its/colimits in place of the strict limits/colimits of Definition . This homotopy dimension would be
preserved (analogously to Propositz'on by any excisive functors between any model categories, without
the requirement that homotopy limits/colimits and strict limits/colimits coincide.

Given some higher tangent structure, like in [6], where the pullbacks of the tangent structure are replaced

by homotopy pullbacks, this homotopy dimension should give rise to results analogous to Theorems |3.2.

[3.2.8, [3.2.71 and [3.2.5,

Remark 3.7.10. Desired Property (embeddings to inequalities) of Remark does not hold for the
Betti numbers as dimensions on CW°P. There are monomorphisms A — A’ in CWP (i.e. epimorphisms

A" — A in CW) such that B, (A) > B,(A’). One example of this is the map
0,1]=1— S'={e"} cC, z ™.

Since it winds more than once around the circle it is surjective and thus an epimorphism and B1(I) =0 and
By(SY) = 1.

However, if we only consider sections A — A’ in CW°P (i.e. retractions in CW ), Property (embed-
dings to inequalities) follows from functoriality of homology. In the future, we hope this insight can help us

refine the definition of dimension into a functorial and universal construction.
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3.8 Concluding remarks

The goal of this notion of dimension is not to generalize many classical notions of dimensions (though it
generalizes at least some). The goal is to give an extra tool when searching for tangent structures on a given
category. In particular, if one has a categorical dimension in mind and wishes for it to be compatible with a
tangent structure (so that the categorical dimension becomes a strong dimension with respect to the tangent
structure), then one only needs to consider tangent bundle endofunctors which leave the dimension invariant
or for which the tangent bundle endofunctor doubles the dimensions. This can exclude many cases, thereby

offering another tool in constructing tangent structures.

Ideas for further examples

Across the literature there are many more notions of “sizes” of objects. For example the magnitude for
finite metric spaces and graphs, first introduced by Andrew Solow and Stephen Polasky in [84] and further
elaborated by Tom Leinster in [62] has some promising properties that suggests it may be a dimension. In
particular it is additive under coproducts which are a special case of pushouts, suggesting magnitude as a
dimension on the opposite category of finite metric spaces and graphs. Here would we use Definition [3.2:2]
which would help to put constraints on possible tangent structures on finite metric spaces and graphs.
Additionally, in Section [3.7] we saw that from any generalized homology theory one obtains an infinite
family of dimensions. We suspect that similar results might holds for homologies of graphs and links. Finding
dimensions in such traditionally non-geometric areas will make it easier to find tangent structures in them

and obtain a geometric perspective to areas that are not traditionally considered as geometry.

Universal dimension

The notion of dimension in Definitions and is the notion of dimension tailored for the purpose of
understanding the universality of the vertical lift.

In Remark [3:2.3] we listed some desirable properties of dimension, some of which our notion of dimension
fulfills and some of which it does not fulfill. We hope that eventually we will discover a closely related notion
of dimension that is universal with respect to some list of desired properties similar to Remark but
this list has not been determined here. Definition does not fully characterize a dimension, as showcased
by the fact that there are multiple nontrivial dimensions on given categories. For example the cardinality
and the rank are both nontrivial dimensions on the category of abelian groups.

Desired Property @ (embeddings to inequalities) of Remark states that embeddings of sub-

manifolds are sent to inequalities of dimensions: If M’ < M is a submanifold of M, then dim(M’) < dim(M).
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While Remark [3.7.10| shows that for the Betti numbers not all monomorphisms give rise to inequalities, all
sections are sent to inequalities by all examples we gave.
We hope that this observation can motivate a future generalization of dimension which is not just an

assignment of objects, but actually a functor.

Relations to the tangent category literature

In [64], Leung classifies tangent structures on a category X in terms of functors from the category Weil of
Weil-Algebras into the endofunctors of X. The rank of the underlying N-module is not a categorical dimension
on Weil, even though it is very close to being a dimension. Since it is a module over a rig (semiring) without
negatives, Proposition does not apply and not give a dimension. In the future we will see if the rank
can still be used to construct a nontrivial dimension on a category similar to Weil, where we also include
negatives. We will continue to investigate if there is a way to construct a nontrivial categorical dimension
for every Rosicky tangent category (tangent category with negatives).

If we prove such a result for every Rosicky tangent category, this will provide a tool to prove that
a certain category has only the trivial Rosicky tangent structure by proving that there is no nontrivial
categorical dimension on it.

While we defined dimensions using retractions, in differential geometry any pullback along a submersion
fulfills desired Property [(b)] (additive w.r.t. pullbacks). In [32], Cruttwell and Lanfranchi prove that display
maps are a generalization of submersions in the setting of tangent categories. Thus, in order to gain a better
understanding of dimensions, it seems worthwhile to investigate the behaviour of categorical dimensions with
respect to pullbacks along display maps. In particular we would hope for a dimension formula for a pullback

along display maps, generalizing the result from classical differential geometry.
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Chapter 4

Differential bundles as functors from

free modules

N!
F(NY)

!
N? ©

F(RY)

Figure 4.1: Any differential bundle can be encoded as the image of the differential bundle N! — N° in the
prototypically linear category N® of N-modules. In this image, the cylinder S! x R is an example of a vector
bundle, the classical embodiment of differential bundles. E|

In this chapter we study differential bundles, the categorification of vector bundles. We will show that
differential bundles are closely related to modules over semirings by showing that all differential bundles are
induced by a functor from the category N® of modules over N preserving certain pullbacks. We will achieve
an equivalence between a category of differential bundles and a category of functors, thereby unifying the
axiomatic and the functor approach to tangent categories and enabling easier generalizations in tangent
infinity categories and homotopy theory.

This chapter is based on the preprint , with small corrections and without the background section of
tangent categories (since this background was already given in Chapter . Therefore, like in [82], we use

applicative composition order, i,e, we denote the composition of f: A - Bandg: B—> Casgof:A— C.

2Figure created using GeoGebra 3D
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4.1 Introduction

In this chapter, we consider one particular geometric construction in tangent categories: differential bundles.
Differential bundles in tangent categories were first discovered by Cockett and Cruttwell in 2018 [29]. They
are a categorical generalization of vector bundles. Since many constructions in differential geometry are
given by vector bundles (e.g. tangent and cotangent vectors form a vector bundle, de Rham cohomology is
built from a vector bundle, and a Riemannian metric is a section of a certain vector bundle), these bundles
are a key component of many constructions that we want to generalize in tangent categories. As defined in
[29], a differential bundle is a pair of objects E, M in a tangent category together with a projection map
q : E — M satisfying certain axioms. In particular the fiber, expressed as a certain pullback, has an additive
structure that satisfies the conditions listed in Definition [2:3.1] A motivating example is the tangent bundle
T(M) — M given as the endofunctor part of any tangent structure.

However, the definition makes it difficult to characterize or classify differential bundles. Unlike other
algebraic theories such as internal monoids, the definition of a differential bundle is not given by functors
from a certain structure category. The goal of this chapter is to provide exactly this kind of characterization.

To search for a structure category which characterizes differential bundles, we considered the aforemen-
tioned characterization of tangent categories through the category of Weil algebras discovered by Leung
[64] and Garner [44]. This characterization utilizes actegories, a generalization of group-actions defined by
Benabou in 1967 in [8]. Instead of a group acting on a set, an actegory completely describes the action of a
monoidal category on another category. Leung and Garner showed that there is an equivalence between the
2-category of tangent categories and the 2-category of certain Weil algebra actegories. Later, Bauer, Burke
and Ching used this characterization of tangent categories via Weil algebra actegories to generalize tangent
categories into tangent infinity categories |6]. Importantly, they presented the structure of the subcategory
of differential objects in a tangent category (the objects with trivial tangent structure) using the category N®
of (free, finite-dimensional) N modules. This category, with a slight change, can also be used to characterize
differential bundles in tangent categories.

The category N® of N modules is a tangent category in which the tangent bundle of a N-module N* is
just the product N* x N¥ and the tangent bundle projection is just the projection on the first component
7o : NF x N* — N¥. The key property of the tangent category N® is that N' — NO is a differential bundle.
Since every object is a product of copies of N, this implies that for every object N¥, the map N¥ — NO is
part of a differential bundle. We will continue to see that N°® encodes the structure of differential bundles
exactly.

In order to characterize differential bundles through functors, we define a special kind of functors preserv-
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ing differential structures, called differential functors. They are defined to be tangent functors that preserve
certain pullbacks with certain naturality conditions. We will have two flavors of them, lax and strong dif-
ferential functors, where the difference is that strong differential functors are also required to preserve the
terminal object.

Propositionwill then show that differential functors send differential objects (i.e. differential bundles
over a terminal object) to differential bundles. This will immediately give us that every differential functor
with domain N*® induces a differential bundle in the target category.

Conversely, Proposition[4.4.9constructs a differential functor from a differential bundle showing that every
differential bundle comes from a differential functor. Proposition 4.4.9|is the technical crux of this chap-
ter. This leads to Theorem |4.5.3, an equivalence of categories between differential bundles and differential
functors.

This new characterization of differential bundles provides 1-categorical context for Michael Ching’s and
Kaya Arro’s forthcoming work on differential bundles in tangent infinity categories and in particular on the
differential bundles arising in Goodwillie functor calculus. They use F,, an infinity category analogue of
N*, to define a differential bundle in a tangent infinity category.

We also hope that this characterization of differential bundles will be useful in further developing the
connections between classical differential geometry and the theory of tangent categories. Since differential
bundles are the basic setup for connections |22], we hope we can use the alternate formulation of differential
bundles in this chapter to reformulate connections and gain insights into their structure. In particular, we
would like to examine the equivalence between horizontal and vertical connection in tangent categories in
[22], with an eye towards extending this result. Similarly, we hope to consider dynamical systems in tangent
categories using our characterization of differential bundles. Categorical dynamical systems were defined in
[74] and dynamical systems in tangent categories were defined in [23]. A key part of the structure in 23]
uses differential objects. We hope that our characterization of differential objects can be used to make the
relationship between [74] and [23] concrete. See Section [4.6| for further details.

Finally, we hope that this perspective on differential bundles can help to find a correspondence between
differential objects in a tangent category and its opposite.

Acknowledgements: I would like to thank Michael Ching for suggesting the main idea of this chapter.
I would also like to thank Robin Cockett for going through the proofs in detail, finding the gaps and helping
to fill them. Special thanks go to my supervisor Kristine Bauer for her support, discussing all the key proofs

on the board in her office as well as for her support in structuring and communicating the result.
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4.2 Characterizing Tangent categories as Weil-actegories

As presented in Definition [2.2.4] tangent categories are an axiomatization of manifolds, tangent bundles, and
smooth maps. However, there is an alternative approach to tangent categories using actegories which was
first developed by Garner and Leung in [44] and [64]. Garner and Leung noticed that the morphisms used
in the axioms from Definition correspond to morphisms in a certain category Weil which are essential
to the defining characteristics of Weil. Tangent categories can be equivalently defined using the action of
Weil on the desired tangent category.

In Section we will begin by recalling what it means for a monoidal category M to act on another
category, making it an M-actegory. Then in Section [£:2.2] we will define the category Weil and will present
Leung-Garner’s alternative definition of a tangent category, in which tangent categories are characterized
as Weil-actegories. In this new characterization, one can also interpret the tangent functors and tangent
transformations of Definitions 2.2.14] and in terms of Weil-linear functors and Weil-linear natural
transformations, which are the functors and natural transformations which preserve the action of Weil.
Garner shows that there is a 2-equivalence of the 2-category of tangent categories, strong tangent functors
and linear tangent transformations and the 2-category of Weil-acteogires, (strong) Weil-linear fuctors and
Weil-linear natural transformations. In the final result of this section, we adapt Garner’s argument to obtain
similar equivalences for the 2-categories with lax tangent functors and tangent transformations which are

not necessarily linear.

4.2.1 Actegories

We use actegories as a tool to encode tangent categories, tangent functors and tangent transformations.
Here in Section we define actegories and establish some basic properties. In Section f:2:2] we will use
actegories to characterize tangent categories.

Here we use the definition of monoidal categories as in |79, Appendix E2]. A monoidal category (A, ®,T)
has a monoidal product ® and unit I. A monoidal category also comes equipped with an associator, a, and
left and right unitors, [ and r, respectively. These are natural transformations, and their components at
objects x,y,z in A will be denoted ag . : (Y222 QR (Y®=2), l,: IQr Zzxand r, : QI X .
When we want to emphasize these natural transformations, we denote the monoidal category structure by
(A,®,I,a,l,7). The notation A?® is shorthand for (A, ®,I,a,l,7).

The following is an example of a monoidal category which is important for characterizing tangent cate-

gories.

Example 4.2.1. Given a category X, the category End(X) of endofunctors of X has a monoidal structure
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given by the composition of endofunctors as monoidal product and the identity functor as unit, denoted as

End (X)°.

Monoidal functors from any monoidal category M® into End(X)° describe M® acting on X. These actions
are made precise below in the notion of an actegory. Actegories were first defined more than 50 years ago
in [8]. We present an equivalent definition from [16], a more modern reference that provides more details.
While it is more common to denote the action by - or ®, we use T for it to resemble the tangent bundle

endofunctor T.

Definition 4.2.2. (16| Definition 3.1.1] Let M® = (M, ®,1,a,l,7) be a monoidal category with symmetric
monoidal product @ and unit I. A (left) M®-actegory X (or left M-action) is a category X equipped with
a functor

Te . MxX—X
and two natural isomorphisms with components at X € Obj(X) and m,n € Obj(M)
x X 2T,(1,X), px : Te(X, Te(m,n)) 2 Te(X @ m,n),
respectively called unitor and multiplicator, satisfying coherence laws expressed as the following commu-

tative diagrams:

Hm,n,Te(p,X)

T.(m,T.(n,T.(p,X))) T‘(m®n7T0(p7X))

T.(lm'”u‘n‘p’X)J/ J{N‘m@n,p,x
Tu(m, To(n @ p, X)) o((m@n)®p, X)
Hmm (/(amn ps
Te(m® (n®
To(I, To(m, X)) — 2% s Ty(I@m, X))  To(m,To(I, X)) — 2 Ty(me 1, X)

NTe (k /m 1 1 ,77)()\ /.('T’m

Where G np, lm and ry, are the natural isomorphisms encoding associativity, left-unitality, and right-unitality

of M.

Any monoidal category M® is an actegory over itself with the functor T, : M x M — M given by the

monoidal product, (M, N) = M ® N. In particular this makes Weil into a Weil®-actegory.

Remark 4.2.3. For a given object m € My, we sometimes denote Te(m,—) : X = X as T, : X — X and
thus Te(m, X) as T (X).
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Functors between M-actegories should preserve the actegory structure. There are two main ways of
defining these functors, depending on whether the action must be preserved up to natural isomorphism
or up to natural transformation. In the latter case, there is also a choice of which direction the natural

transformation should go. These choices are all encoded in the following definition.

Definition 4.2.4. |16, Definition 3.3.2] Let (X, Te,n, ) and (X', T, 0, 1) be left M-actegories. A lax

M-linear functor (F,«) between them is a functor F: X — X' equipped with a natural transformation
a:T,o(lyx F)= FoT,,

i.e. a natural collection of maps Qo @ To(m, F(z)) — F(Te(m,z)) for x € Obj(X),m € Obj(M), called

lineator satisfying the following coherence laws for all m,n € Obj(M) and x € Obj(X):

T‘(nlvan,w)

Te(m, To(n, F(x))) Te(m, F(To(n, x)))

N:nm,,F(m)J( J{a'm,T.(n,x)

Ti(m@n, F(z (To(m, To(n, )))

(z)) F
O‘m( %nw)
F

Te(m @ n,x))

T! (I, F( X (Ts (I, X))
)

X)) F

ﬁm A{
F(X)

We call (F,«) a strong M-linear functor, if a is a natural isomorphism. An oplax M-linear functor

(F, ) is a lax M-linear functor (F,a) : X°P — X'P j.e. a functor F : X — X' with a lineator a: F o Ty =

T./O(]_MxF).

Having defined actegories and functors between actegories, we will continue defining natural transforma-
tions between actegories, that will have a special linearity condition. Unlike [16] we will not always require

this linearity condition and call the natural transformation linear if it fulfills the condition.

Definition 4.2.5. 16| Definition 3.3.9] Let (F, ) and (F, o) be M-linear functors between the M-actegories

(X, Te,m, p) and (X', Tq,n', 1').

(a) A M-natural transformation between (F,«) and (F', ') is simply a natural transformation ¢ : F =

F' of underlying functors.
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(b) It is called a linear M-natural transformation if in addition the diagram

Tu(m, (X)) 28 1, (m, F/(X))

am,){ J“:" . (4.1)

F(Tu(m, X)) g, F/ (T, X))

commutes.

Example 4.2.6. Let FinSet be the category of finite sets and Top be the category of topological spaces. With
the Cartesian product as monoidal product and the one point space x = {0} as the monoidal unit, FinSet is

made into a monoidal category FinSet™. We will now define two actions making Top into a FinSet-actegory:

1. The functor
Tp : FinSet x Top — Top, (A, X) — Disc(A) x X

where Disc sends the set A to the topological space that is A with the discrete topology. The pair
(Top, Tp) is a Set-actegory because the Cartesian product of sets with the discrete topology is the product
of discrete topological spaces, the Cartesian product is associative and the one point set with the discrete

topology is the one point space x fulfilling x x X = X,

2. The projection functor
T; : FinSet x Top — Top, (4, X) — X

also is trivially an actegory. All the coherence-morphisms become identities.

Now the pair (1top, 1), comprised of the identity functor lro, : Top — Top of topological spaces together
with the natural transformation m : To(A,X) = Disc(4) x X = X = T1(A, X) as lineator, is an oplax

Set-linear functor.

4.2.2 Tangent structures and Weil algebras

In [64], Leung presented an alternative characterization of tangent categories which was inspired by synthetic
differential geometry (SDG). The characterization uses a monoidal category Weil whose objects are certain
commutative algebras over the monoid N (see Definition . Importantly, the category Weil contains the
dual numbers, i.e. the algebra N[z]/(x?). In SDG, the dual numbers play the role of an infinitesimal which
represents tangent lines. Leung uses this idea to recast tangent categories: from a strong monoidal functor
from Weil to End®(X), one obtains a functor 7' : X — X as the image of the dual numbers. The natural

transformations p, 0, +, ¢, ¢ of Definition [2.2.4] the images of certain maps p, 0, +, ¢, ¢, which are intentionally
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given the same names. The functor T' together with these natural transformations fulfill Definition
Leung’s result is summarized as Theorem

In [44], Garner extended this result to show that there is a 2-equivalence between a 2-category of Weil
algebras and a 2-category of tangent categories. That is, the equivalence extends to include strong tangent
functors between tangent categories and linear tangent transformations between tangent functors. This
result is summarized in Theorem In Garner’s equivalence, strong tangent functors correspond to
strong Weil-linear functors, and linear tangent transformations correspond to linear transformations. The
goal of this section is to generalize this result to 2-categories of tangent categories with lax tangent functors
and general tangent transformations. Our strategy for proving this will be to modify Garner’s proof of
Theorem For this reason, in this section we review Weil algebras, Leung’s correspondence, Garner’s
2-equivalence and the proof with modifications as needed.

We start by revisiting Example 2.2.12]

Definition 4.2.7. [64, Remark 3.18] Weil algebras are commutative algebras that are of the form

N[z1, . zpn]/ < zizjli ~ j >

for some equivalence relation ~. A morphism of Weil algebras is an N-linear semi-ring homomorphism that

preserves the unit. The category Weil consists of Weil algebras and morphisms of Weil algebras.

In [64], Leung only asks for the relation ~ to be reflexive and symmetric. He denotes the subcategory

where ~ is transitive as Weil;. Thus our category Weil is what Leung calls Weil; .

Remark 4.2.8. Every object of Weil is generated by the dual numbers, W = N[x]/(z?). The category Weil

has all finite coproducts and certain products. The coproduct is the tensor product W @ W, given by

W@ W =Nlz,y]/ <2 y* > .

The product, W x W is explicitly:

W x W =N[z,y]/ < 22, y* 2y > .

Note that the coproduct W @ W contains an element xy. However, the product W2 = W x W does not
contain xy. It is possible to use the explicit formulae for W @ W and W x W to express coproducts and

products in Weil.
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Every Weil Algebra A can be written uniquely as

A=W"®..Q Wn

In fact, in |64, Definition 4.2], Leung uses this characterization to define the category Weil which he calls
Weily. Later, after Proposition 6.6 he remarks that the objects of Weil are described by a relation ~ that

corresponds to a disjoint union of full graphs, to an equivalence relation in our perspective.

Remark 4.2.9. There are certain maps in Weil that behave like the natural transformations used in Def-
ination [2.2.4.  For this reason, we use the same notation to denote these maps in Weil as the natural
transformations in a tangent category. Theorem makes it clear that this ambiguity is justified. The

maps in question are:

p: W —=N ar+b—b

+ WxWe—W axy +bras+c— (a+bz+c
0:N—W a—0-z+a

c:WQW -WeW arixo + bx1 + cros +d— axixo + cx1 + bro +d
LW —->WeW axr + b+ arixo +b

An immediate result of the observation that these maps behave like the tangent transformations is that

Weil itself is a tangent category using this structure. This is the content of the next Theorem.

Theorem 4.2.10. [64, Proposition 4.1] The (endo)functor

W ® : Weil — Weil

is the tangent functor of a tangent structure on Weil.

The category End(X) of endofunctors of a category X has a monoidal structure, given by the composition
of endofunctors. The category Weil has a monoidal structure, given by the coproduct ®.

A strong monoidal functor is a functor ' : X® — X'® between monoidal categories together with natural
isomorphisms

p:F(-®—-)2F(-)®F(-) and n: F(Ix) = Ik

fulfilling some compatibility properties that are explained in [51, Definition 1.27]. Using these monoidal

structures, we can now present the anticipated characterization of tangent structures by Leung.
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Theorem 4.2.11. |64, Theorem 14.1] Giving a tangent structure (T,p,0,+,¢,¢) on X is equivalent to giving

a strong monoidal functor T : Weil® — End®(X) satisfying the following two conditions:

1. The diagrams of the form
A® (BxC) 228 Ag B

J
1A®7TCJ/ llA@EB .

AQec

are pullbacks in Weil and T preserves them.

2. The diagrams of the form

where v is a shorthand for (1y ® +) o (£ x (Ow @ 1w)), are pullbacks in Weil and T preserves them.

The tangent bundle endofunctor T is obtained from T by setting T' = T(W), the natural transformations
p,0,+,¢,c in X are the images T(p),T(O),T(+),T(€),T(c) of the morphisms in Weil with the same name.

We will call the pullbacks of Theorem 4.2.11| the tangent pullbacksﬂ That the functor is monoidal

means in particular that it sends the coproduct of algebras in Weil to the composition of functors.

Remark 4.2.12. As a convention, we denote a tangent bundle endofunctor like in Definition [2.2.4) as
T :X — X (without decoration) and the corresponding Weil-action as Ty : Weil — End(X) (with an e in the

index). We use the same notation for the corresponding functor Ty : Weil x X — X.

Remark 4.2.13. As a special case of the correspondence in Theorem the monoidal category Weil

acts on itself by the tensor product. This monoidal functor Weil — End(Weil) encodes the tangent structure

of Theorem [{.2.10

In order to make the correspondence between Weil-actegories and tangent categories more precise we use
the language of 2-categories. For convenience, we review the main structures of 2-categories here - these
will be required when we review Garner’s proof of Theorem [4.2.17] For a full definition which includes the
precise formulation of the associativity and unitality properties, see |79} Definition 1.7.8], |68, Chapter VII],
or [55, Proposition 2.3.4]. A 2-category consists of objects and for each pair of objects A, B a hom-category
Hom(A, B) with a unit 14 € Hom(A, A) and a composition bifunctor (i.e. functor originating in a product

of categories) o : Hom(B, C') x Hom(A, B) — Hom(A, C). The objects of Hom(A, B) are called morphismﬂ

3In [64], the diagrams in Theorem [4.2.11}1 are called foundational pullbacks. Here we have used the terminology tangent
pullbacks in order to include the pullbacks in the second part of the theorem.
4In the literature they are often called 1-morphisms
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the morphisms of Hom(A, B) are called 2-morphisms. The 2-morhpisms can be composed in two ways. Given
morphisms f,g,h : A — B and 2-morphisms « : f = g and 3 : ¢ = h, their vertical composition Sxa: f = h
is the composition in the category Hom(A, B). Given morphisms fi, fo : A — B and ¢1,92 : B — C and
2-morphisms v : fi = f2,d : g1 = g2, their horizontal composition d o7y : g1 o f1 = g2 o fo is the application
of the bifunctor o.

Both compositions are strictly associative and unital. We denote the names of 2-categories with all
capitals in simplified font. For example the 2-category of categories, functors and natural transformations
we denote as CAT.

A 2-functor I : X — X’ between 2-categories X and X’ is an assignment that sends objects to objects
together with functors that send the hom-categories of X to the hom-categories of X’ in a way that preserves
compositions and units strictly. Thus it assigns morphisms to morphisms and 2-morphisms to 2-morphisms.
For composable morphisms f and g, a 2-functor F fulfills F(f o g) = F(f) o F(g) and F(1) = 1 (strict
preservation of composition and unit). Since F' is a functor of hom-categories it also preserves vertical
composition of 2-morphisms, i.e. fora: f = gand f: g = h F(8xa) = F(8)* F(«). The precise definition
can be found in [55, Definition 4.1.2].

A 2-natural transformation between 2-functors F,G : X — X’ is a collection of morphisms ¢x :

F(X)— G(X) in X’ for all objects X of X such that for every morphism f: X — X’ of X the diagram

F(x) 29 p(x)

ex| |

G(X) 7 G(X)

strictly commutes. The notions of 2-functors and 2-natural transformations are completely analogous to the

classical notions of functors and natural transformations in 1-categories.
Definition 4.2.14. [55, Definition 6.2.10] A 2-equivalence is a 2-functor F : X — X', together with a
2-functor G : X' — X and 2-natural isomorphisms
].x/gFOG ].X%JGOF.
The Whitehead Theorem for 2-categories [55, Theorem 7.5.8] states that a 2-functor F : X — X' is a
2-equivalence if and only if it is
e essentially surjective, i.e. surjective on isomorphism-classes of objects,

e fully faithful on morphisms, i.e. bijective on morphisms, and
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e fully faithful on 2-morphisms, i.e. bijective on 2-morphisms.

We will use the language of 2-equivalences to describe the correspondence between various 2-categories

of tangent categories and Weil-actegories. These 2-categories are our most important examples.
Example 4.2.15 (The 2-category of tangent categories).

1. Let TANGH®

strong denote the 2-category with
e tangent categories as in Definition[2.2.7) as objects,
e strong tangent functors as in Definition as morphisms, and

e linear tangent transformations as in Definition [2.2.17 as 2-morphisms.
The 2-category TANGSJ;OHg is the 2-category used in Theorem .

2. Let TANG.x denote the 2-category of tangent categories, lax tangent functors as in Definition

and tangent transformations. The other 2-categories in this example are sub 2-categories of this one.

3. Let TANGgirong denote 2-category of tangent categories, strong tangent functors and tangent transfor-

mations as in Definition |2.2.17.

4. Let TANGLZ; denote 2-category of tangent categories, lax tangent functors and linear tangent transfor-

mations.

These are the four choices that arise when considering all combinations of morphisms and transformations

from Definitions [2.2.14] and 2.2.171 We need all four combinations because in the next sections, strong

functors will lead to differential objects and lax functors will lead to differential bundles. Differential objects
and bundles have respective notions of additive and linear morphisms which will correspond to tangent
transformations and linear tangent transformations.

In order to state the correspondence between tangent categories and Weil-actegories we also need to have

a 2-categorical description of Weil-actegories, which is explained in the following example.
Example 4.2.16. |44} Section 3]

1. Let Weil—ACT!»

strong

denote the 2-category with

o Weil-actegories as in Definition preserving the tangent pullbacks of Definition (the
foundational pullbacks and the universality of the vertical lift) as objects,

o strong Weil-linear functors as in Definition as morphisms, and

e linear Weil-natural transformations as in Definition[{.2-5 as 2-morphisms.
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2. Let Weil—=ACT plax denote the 2-category of Weil-actegories preserving foundational pullbacks and the
universality of the vertical lift, oplax Weil-linear functors as in Definition[{.2.] and Weil-natural trans-

formations. The other 2-categories in this example are sub 2-categories of this one.

3. Let Weil=ACTgtong denote the 2-category of Weil-actegories preserving foundational pullbacks and

the universality of the vertical lift, strong Weil-linear functors and Weil-natural transformations as in
Definition [{.2.5

4. Let Weil—ACT!™ _ denote the 2-category of Weil-actegories preserving foundational pullbacks and the

oplax

universality of the vertical lift, oplax Weil-linear functors and linear Weil-natural transformations.

For the 2-category TANG!®

strong> the following theorem, due to Garner [44], is useful, because it gives an

equivalence of categories. This extends the correspondence between objects given in Theorem |4.2.11

Theorem 4.2.17. [44, Theorem 9] The 2-category TANG™ s equivalent to Weil—ACT!n

strong strong,t -

In the following we want to consider lax functors and natural transformations because these will encode
differential bundles and additive morphisms between them. Therefore we will now do a slight generalization
of Theorem with different choices for the morphisms and 2-morphisms.

Concretely, we will now extend Theorem to TANG24d  TANG2d and TANG!®

strong» lax lax*

Theorem 4.2.18. There are equivalences of 2-categories:

TAN Glax ~ Weﬂ_ACToplax

TANGI ~ Weil—ACTH?

lax oplax

TANGqtrong ~ Weil —ACT girong

Garner’s proof of Theorem [4.2.17| proceeds by showing that there is a 2-functor between TANGH!

strong

and Weil—ACT!n

strong Which provides an essentially surjective correspondence between the objects and an

isomorphism between the hom categories. In the remaining cases (lax or non-linear), Garner’s proof will
still provide a good framework. The construction of the equivalence in this case works analogously with only
minor differences. However, the proof that there is a correspondence between 2-morphisms is significantly
simplified in the non-linear case: the correspondence becomes trivial because Diagram [£.1]in Definition [£.2.5
does not need to commute in the non-linear case.

We will show now that lax tangent functors and tangent transformations correspond exactly to lax Weil-
linear functors and natural transformations under [f.2.17] To prove this we use Garner’s correspondence from

[44] Theorem 9]. The following summary of Garner’s proof is included in order to provide enough detail so
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that we can change the functors and natural transformations in Theorem and this change does not

impact the proof. We start with a useful lemma.

Lemma 4.2.19. Let (X,T,) and (X',T}) be objects of Weil —ACT opiax and let F' : X — X' be a functor of
underlying categories. Let &,B : FoTy — T, o (lweil X F) be natural transformation fulfilling the lineator

conditions of Definition [{.2.]] that coincide on the dual numbers
aw = fw : Fo T (W, =) = T,(W,—) o F.

Then & and B coincide: & = 3.

Proof. Every object V' of Weil is a coproduct of powers of the dual numbers, V = W™ ® ... ® W™ . Since
T, and T, preserve foundational pullbacks and morphisms into pullbacks are uniquely determined by their
components, ay = BW implies Gyn = Bwn. For n = 0, ay = Py since the conditions offully determine
the lineator on the monoidal unit. Thus it only remains to show that the equality is also preserved for tensor
products of Weil algebras. For that let V' and V'’ be objects of Weil such that ay = BV and ayr = BV“

Then the pentagon condition from Definition 4.2.4] means that

FoT (VRV', =) —= FoT(V,—)oTe(V', )

l&VoT:(V',—)
dvevs To(V, =)o FoT,(V',—)
J{T.(V,—)Oav/

TV @V, ~)oF «—— TiUV,=)oTiV',~) o F

commutes (and the same for BV@,V). Thus aygy and BV@,V are completely determined by their V and
V'’ components and therefore coincide. Since every object of Weil is a tensor product of powers of W this

implies that & and B coincide. O

Proof (of Theorem . To prove Theorem Garner explicitly constructs a 2-functor

E : TANG'™® s Weil—-ACT!»

strong strong,t

and verifies that it is an equivalence. The components of E are defined as follows.
On objects, F must send a tangent category to a Weil-actegory. By Theorem a tangent structure

on X is given by a functor

T : Weil — End(X)
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The transpose of this functor is the functor associated to a Weil-actegory structure

Te : Weil x X =+ X

where To(A, ) = T(A)(x). Since T was monoidal, this is an actegory, and this defines F(X).

On morphisms, F must send a (strong) tangent functor (F,a) : (X,T) — (X', T”) to a (strong) functor
of Weil-actegories (F, &) : (X,Ty) — (X/,T.). Define F = F : X — X/. The natural transformation
&:FoTy=1T'o (1 x F) is defined more subtly using an intermediary category whose construction we now
review.

Let Kr be the 1-category whose objects are triples (A4, B,7) with A € End(X), B € End(X’) and 7 :
F o A = BoF anatural isomorphism. The morphisms (¢, ) : (4, B,7) — (4, B’,7") of Kp are pairs of
natural transformations ¢ : A = A’ and ¢ : B = B’ satisfying 7/ * F(¢) = ¢ * 7. There is a tangent

structure on Kr given by a tangent functor Tk, : Kr — Kp defined as follows:

T, (A, B,7):= (T o AT o B, T'() % &a)

and defined on morphisms using 7' and 7’ in a similar way. By Theorem this induces a functor
H : Weil — End(Kp). The first two components of Tk, are the precomposition with 7' or T” respectively, so
the first two components of H (V') for any Weil algebra, V', are given by the precomposition with T, and 1.
In particular for the object (1x,1x/,1r) € Kp and a Weil algebra V', there exists a natural transformation

dy : FoTe(V,—)=T'(V,—) o (F X lyej) such that

H(V)(lx, Ixs, 1F) = (To(‘/a _)’T/(Vv _)7&V)'

For a morphism 6 : V. — V'’ in Weil, we have H(0) = (To(0,—),T.(8,—)) such that ay: x Te(0,—) =
T.(0,—) o &y Therefore, the natural transformation &y is natural in Weil. Thus, we have produced a
natural transformation & : F o Ty — T, o (1 x F'). The functor F sends a tangent functor (F,ar) to the
Weil-linear functor (F, &) so defined. This is an object of K, thus & is an isomorphism, which means that
strong tangent functors are sent to strong Weil-linear functors. One can prove that & fulfills the lineator
conditions using that H is monoidal in order to expand H(V ® V')(1x, 1x/, 1r). The formula for the tangent
structure Tk, then forces the third component to be T,(V,y) * &y proving that the lineator property in
Definition f2.4] holds.

To complete the definition of £, we must define E on 2-morphisms. For a 2-morphism ¢ : (F,a) = (F/,a/)
in TAN!

strong» We must construct a natural transformation F' = F” fulfilling the linearity condition in Diagram
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We choose E(¢) := ¢ as the natural transformation. Garner indicates that a construction similar to
the morphism argument using the auxiliary category Kg can be used to show that the linearity of ¢ in the
sense of Definition implies linearity of E(p) = ¢ in the sense of Definition In order to point out
the modifications needed for the proof of Theorem 4.2.18] we will make this analogy explicit. The analogue
to Kp is an intermediary category L., defined next.

Suppose ¢ : (F,a) — (F',a’) is a 2-morphism of TANG, i.e. a linear tangent transformation. Then
we define the 1-category L, whose objects are triples (V,a,b), where V' € Obj(Weil) is a Weil algebra,

a:FoTy,(V,=)=T/(V,~)oF and b: F' o T,(V,—) = T.(V,—) o F are natural transformations such that

FoT (V,—) —= T'(V,=)o F

s{ JT’(V,—)W

FloTy(V,=) —— T'(V,=) o F'

commmutes. A morphism (V,a,b) — (V',a’,V’) of L, is a Weil-morphism v : V' — V’ such that the diagrams

FoTy(V,—) —%—= T'(V,=)o F F'oTy(V,—) —2— T'(V,=) o F’
FoT-(%*)l lT”(v,f)oF Tf(w,f)oFl lT"(w,f)oF’
FoTy(V',—) —— T'(V',—)o F FloT,(V!, =) —— (V' =)o F'

commute.

Given objects (V,a,b) and (V’,a’, V') of L, such that the product V' x V' exists in Weil, the diagram

(VxV'5axy,ad,bxy,b) —— (V. d,V)

lm - lg (4.2)

(V,a,b) ———— (N, 1p,1p)

is a pullback in L,. The tuple (V x V' a x1, a’,b %y, V') is a well-defined object of L, because T, and T,
preserve foundational pullbacks and therefore

FoT (VxV , =)=FoTy(V,-)x FoTy(V',=)and T,(V x V', =)o F =T,(V,—) x FoT,(V',—) o F.

Diagramis a diagram in L, because a X1, a’ and bx,, b’ are compatible with the projection maps 7y and
m1. The diagram fulfills the universal property because any induced map into (V' x V') is component-wise
compatible with a,a’,b and b and thus compatible with a x a’ and b x b’.

There is a tangent structure on LL, whose tangent functor, T': L, — L, is defined by tensoring with the

93



dual numbers W:

T(V,a,b) = (W @V, T'(a) o o, T'(b) o a').

Here T'(a) o a is shorthand for the composite
FoTuWaV,—) % FoToTu(V,~) ST o FoTu(V,—) = T o T/(V, ) o F S TN (W & V,—) o F,

which includes the identification Ty (W, —) with T as in Remark [4.2.12] We define T7(b) o’ in the same way.

The square

FoToTu(V,—) —% 5 ToFoTu(V,—) — s ToTu(V,~)o F

% T(@l lT(T-(lv#P))

F’oToT,(V,—) — ToF’oT.(V?—) W TOT.(V,—)OF/

commutes because ¢ : (F, ) — (F’, /) is a linear natural transformation (left square commutes) and (V, a, b)
is an object of L, (right square commutes).

In the proof of [44, Theorem 9|, Garner states that the projection from Kp to End(X) preserves the
tangent structure. Analogously, here the projection L, — Weil preserves the tangent structure which is
given by the tensor product with Weil algebras. This means that all foundational pullbacks in L, are
pullbacks in the Weil-component. The reason for this is that, when combining the pullback diagram of [£.2]
with the monoidal structure of Weil, foundational pullbacks in Weil remain pullbacks in L, when taking the
tensor product with a constant object.

Since L, is a tangent category Theorem gives us a functor G, : Weil — End(L,) which we
sometimes also denote as G, : Weil x L, — L,. Since G, preserves foundational pullbacks, the first
component of Go,(W", (V. a,b)) will be W"®@V. Since G, : Weil — End(L,) is monoidal and every object of
Weil is a tensor product of powers of the dual numbers W, for any Weil-algebras V, V', the first component

of G, (V,(V',a,b)) will be V@ V', Let
G@(‘/ﬂ (N7 ]-Fv ]-F’)) = (‘/7 dVv O~/V)

Then ay : FoT,(V,—) = T,(V,—)o F and &, : F' oT,(V,—) = T,(V,—) o F’ are natural in V because G,
is a functor. In order to show that & and &’ fulfill the lineator condition of Definition we can expand
G, (Ve V' (N,1p,1p/)) using monoidality into G, (V, G,(V', (N,1p,1r))) = G, (V, (V', &y, &4,,)) and the

tangent structure T' on L, together with the fact that every object of Weil is built from W then shows that

VeV avev,aygy) =Go(VRV (N 1p, 1)) = (VO V', Ty(V,av) x av, To(V, &) * &y )

94



proving the lineator property of Definition
Since

G,(W,(N,1p,1p)) = (W N, T'(1p) o, T' (1) 0 &) = (W, 0, &),

the components G = o = aw and &, = ¢’ = &};,. Thus Lemma [4.2.19 shows that for any Weil-algebra
V, (34\/ = 6&\/ and (34/ = dlv
Therefore

ch(v7 (Na 1F7 1F')) = (Vva dVa OA/V)a

is an object of L, which implies that the diagram

FoT,(V,-) —% T(V,~)o F

@l lf'(v,f)w

F'oTy(V,—) —— T'(V,=) o F’

commutes. Thus ¢ is a linear natural transformation of actegories, so we may define E(p) = .

Garner’s proof concludes by showing that F is essentially surjective on objects and fully faithful on
morphisms and 2-morphisms.

It is essentially surjective on objects because of Theorem

Tt is full on morphisms because for any strong Weil-linear functor (F, &), the W-component (F, &y ) is a
strong tangent functor such that E(F,aw) = (F, &).

It is faithful on morphisms because E(F, ) = (F, &) where dy = a. Thus, two different strong tangent
functors (F, ) and (F',a’) will be sent to two Weil-linear functors (F, &) and (F’,&’) which are different
because the W component of & is « and analogous for &'.

It is full on 2-morphisms because the W component of the linearity condition of a Weil-natural transfor-
mation implies the linearity condition of a tangent transformation.

It is faithful on 2-morphisms because the data of a 2-morphism in TANGStﬁong and in Weil—ACTgﬁong,t

coincide.

O

Proof (of Theorem . There are three cases to prove, and in each case we adapt Garner’s proof as
necessary to account for the differences between the 2-categories which are involved. We take each of them

in turn.
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Tangent Categories with lax functors and linear transformations In order to prove that TANG{;I; =

Weil—/—\Cnglax, we need to relax the condition of strong morphisms to oplax morphisms. We need to define

a functor

E': TANGI? 5 Weil—ACT!®

lax oplax

and show that E’ is essentially surjective on objects, fully faithful on morphisms and fully faithful on 2-
morphisms. Let (X,7T) be an object of TANGI™. The functor E’ is defined on objects by letting E’(X)
be the Weil-actegory whose Weil action is given by the adjoint T, : Weil x X — X of the tangent functor
T : Weil — End(X), exactly as was the case for the functor E in the proof of Theorem Like
in that proof, given a lax tangent functor (F,«) : (X,T) — (X',T") let K/, be the category of triples
(A € End(X), B € End(X'),7 : F o A= Bo F) with morphisms (¢, %) : (4, B,7) = (A, B’,7") of K} given
by pairs of natural transformations ¢ : A = A’ and ¢ : B = B’ satisfying 7’ * F(¢) = ¢ * 7. The only
difference between Kr and K7 is that 7 is not necessarily an isomorphism. The functor T, : Kp — Ky
given by
Ty, (A, B,7):= (T o A, T o B,T'(1) 0 aa).

is a tangent bundle functor. This is because the only difference from the proof of Theorem is that in
that proof, 7 and « needed to be isomorphisms. Since this did not contribute to the tangent structure, the
same proof works in this case. This tangent structure gives rise to a monoidal functor H : Weil — End(Kg),

and evaluation of this functor at the object (1x,1x/,1r) € Kg gives us, for each Weil algebra V,

H(V)<1X’ Ix, 1F) = (T.(V, _)7 T/(V> _)7 dv)

where &y : FoTy(V,—) = T'(V,—) o (F X lyei) is a natural transformation. The functor E’ sends (F, a) to
(F, &) so defined. Since @ is the third component of an object of K, it is not required to be an isomorphism.
This means that lax tangent functors are sent to lax Weil-linear functors. The functor E’ is defined on
2-morphisms exactly like in the original proof (of Theorem .

The difference to the proof of Theorem [4.2.17] is that we don’t just allow strong Weil-linear functors

lin

but also lax Weil-linear functors as morphisms in the target. Therefore every object in Weil—ACT .. is

lin
lax*

still isomorphic to the image of an object of TANG (It even is isomorphic by a strong functor which in
particular is a lax functor). Thereby E’ is automatically essentially surjective on objects. It also is fully
faithful on 2-morphisms for the very same reasons as in the proof of [£:2.17

Next we need to show that E’ is fully faithful on morphisms. So let X and X’ be tangent categories

and (F, &) : E(X) — E(X’) a map of the corresponding Weil-actegories. The maps a(W, —) constitute a
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natural transformation F(T,(W, —)) = T"F(—) which, since To(W, —) = T in both domain and codomain,

determines and is determined by one a: FoT = T" o F.

Tangent categories with strong functors In order to prove that TANGgirong = Weil=ACTgrong ¢, We
need to relax the condition of linear natural transformations to any natural transformations. We need to
define a functor

El/ . TANGstrong — Weﬂ*ACTstrong,t

and prove that it is essentially surjective on objects, fully faithful on morphisms and fully faithful on 2-
morphisms. On objects it is defined through the adjunction and on morphisms through the category Kpg,
like E from the proof of Theorem

The only substantial difference to the proof of Theorem is on 2-morphisms. Since the transfor-
mations are not linear, we choose E”(p) = ¢, but now we do not need to verify linearity. We defined E”
to be the identity on 2-morphisms, thus E” is automatically fully faithful on 2-morphisms. It is essentially
surjective on objects and fully faithful on morphisms because on objects and morphisms it is the same as F

from the original proof (of Theorem [4.2.17).

Tangent categories with lax functors In order to prove that TANG.x = Weil —ACT op1ax We need to
relax both conditions, the strong functors to lax functors and the linear natural transformations to general

natural transformations. We need to define a functor

E"" : TANG 5 — Weil—ACT gplax

and prove that it is essentially surjective on objects, fully faithful on morphisms and fully faithful on 2-
morphisms. We define E” to be the same as E’ on objects and morphisms and the same as E” on 2-
morphisms. From the analogous results about E’ and E’ it now follows that E is essentially surjective,
fully faithful on morphisms and fully faithful on 2-morphisms.

O

Remark 4.2.20. Inspired by Theorem [{.2.18 we will from now on describe tangent categories through their
Weil-actegory structure (X, T : Weil x X — X)), laz/strong tangent functors through their corresponding
colax/strong Weil-linear functors and (linear) tangent transformations through their (linear) Weil-natural
transformations. When describing a tangent category through its Weil-actegory structure, we call it a tan-

gent actegory.
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Recall from Remark that given a Weil algebra A we will denote the functor Te(4,—) : X — X
by Ta. In addition, given a tangent actegory (X, Te) we say (E,M,q,(,0,)) is a differential object in the

Weil-actegory (X, T,) if it is a differential object in the corresponding tangent category (X, Tw).

4.2.3 The tangent actegory N*

In this section we will study the category N® from Deﬁnitionwith the tangent structure (N°®, D) defined
in Example 2.2.11] The tangent category N*® is the universal tangent category with a differential object, in
the sense that it will classify differential bundles and differential objects in Theorem
Due to Theorem [£.2.17] this tangent structure has a corresponding Weil-actegory structure via the functor
D, satisfying
Do(A,NF) = A@ N,

where A is the underlying additive monoid of A. Under the correspondence of Theorem [£.2.17] this encodes
the tangent structure of Example [2.2.11] because

Do(W,NF) = W @ NF = N*F x N*,

One can check that the images of the maps in Weil also provide the p,0,+,¢ and ¢ from Example [2.2.11
as well. Equivalently this can be seen as an example of Leung’s Theorem [4.2.11] The functor Weil —

Fun(N® N*®) is the adjoint of the tensor product sending the Weil algebra A to the endofunctor A ® —.

However, the equivalences in Theorems|4.2.17]and |4.2.18/do not only provide a correspondence on objects.

They also give a correspondence on morphisms and 2-morphisms. We will showcase this correspondence for

the functor F' : N®* — SmMan from Example [2.2.15

Example 4.2.21. The functor F : N®* — Smooth from Ezample that sends N¥ to R* can be seen as
a strong Weil-linear functor of actegories in the following way: The underlying functor is the functor from

Ezxample|2.2.15. For the lineator we choose the identity:
dwrmig. . gwme Nm =1: F(De(W™M @ ... @ W™ N™)) = T,(W™ @ ... @ W™ F(N™)).
We can do this because the domain can be simplified into

F(Dy(W™ @ ...@ W™, N™)) = F(N™ (mtl () — gr(mth) (et ),
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The target can be simplified into
TJ(W™ @..@ W, F(N™) = T(W™ @ ... W™, R™) = R™mtD (et

Since the domain and the target coincide, we can choose the lineator & to be the identity.

This example is important since the main result of this chapter, the classification in Theorem will
state that such functors exactly correspond to differential bundles.

Recall from Definition that morphisms in N® from N to N™ are given by matrices with components
f = (fij)i<i<n,i<j<m where f;; € N for all 7, j. Lemma will now re-write the application of a matrix
as an iterated sum.

For this we use the additive bundle structure ¢ : N® — N! and ¢ : N> — N! on N! from Example
Let o : N¥ — N! be defined recursively by og = ¢ : N® — N! and o, = 0 0 (Iy x 0p_1) : N¥ — NL. Recall

that Ay : N — NF is the diagonal.

Lemma 4.2.22. Let

f = (fij)i<i<ni<j<m : N — N"

be an arbitrary morphism in N®. Then f can be decomposed into components
f = <f17"'7fn>
with components f; : N™ — N that are given by composition
fi=omol(os, oAy, oM, .0, 0 Ag, 0Tp)
Proof. This is just a way to formulate the application of a matrix f = (fi;)1<i<n,1<j<m tO & vector v
m
F@)i=" fij v
j=1

using the addition from Example We first replace the multiplication with scalars by a sum of constant

terms
m n  fij
> fiivi=3D v
J=1 j=1r=1
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and then replace the sums with ¢ to obtain

n  fij
Z Zvj = 0pm 0 (05, (V1,..,01), o0y f, (Vmy ooy Um))
j=1r=1

=0m© <Ufi1 0 Afil (Ul)v 90 fim © Afim (Un)>

=0m© <in1 © Afil OT1yeery Oy © Afi'm. o 7Tn>('l)).

4.3 Differential functors

This section introduces differential functors from a tangent actegory, (X,7T,), to another, (X', T,). Like
a tangent functor, a differential functor will consist of a functor F' : X — X’ together with a natural
transformation & : FoT = T" o (1 x F'), but F and & will be required to preserve additional structure (as
in Definition . The key difference between differential functors and the tangent functors of Definition
or the Weil-linear functors of Definition is that differential functors preserve differential bundles
(Definition and bundle morphisms (Definition [2.3.5).

We construct a category of differential functors and differential natural transformations. In light of the
results of Section[4.2.1] we construct differential functors from Weil-linear functors and we use Weil-actegories

in place of the tangent categories of Definition In light of the Theorems [£.2.17] and [.2.18], we use

Weil-actegories as our model of tangent categories. Differential functors will be Weil-linear functors with
additional structure. We begin this section by providing a definition of what it means to be a differential
bundle in a Weil-actegory by defining it to be what corresponds to Definition [2.3.1funder the correspondence
of Theorem In Section 3, we considered strong and lax Weil-linear morphisms as well as tangent
transformations and linear tangent transformations. This begs the question of what choices we should make
in defining both objects and morphisms of “the” category of differential functors. Instead of making a
single choice, we will define all four possible categories as sub-categories of the category of morphisms in the
2-category TANG,, and denote them DiffFun, DiffFun®**°"¢ DiffFuny;, and ]Diﬁ'FunfitIfong.

Finally, we will establish the fact that both lax and strong differential functors send differential objects
to differential bundles in Proposition [£.3.5] Given a lax differential functor (F,«) : (X,T) — (X', T"), we
define an evaluation functor Eval : DObj(X) x DiffFun(X, X’) — DBun(X’) which sends a functor F' and
a differential object A to the bundle obtained by evaluating F' at the object A over F(x), where x is the
terminal object of X. Analogous statements hold for DiffFun®"°"¢ DiffFuny;, and Diff Fun°"8.

lin
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The fact that this assignment is functorial is established in Propopositions [.3.5] [.5.6] 3.7/ and Theorem

Each of the four propositions is for one of the four different choices of categories of differential functors.
Its correspondence to the classical evaluation functor eval : X x Fun(X,X’) — X', which sends A, F to F(A),

makes the diagram

DObj(X) x DiffFun(X, X’) =254 DBun(X')

[ [

X x Fun(X,X/) ——2 X/

commute. Here the functor g sends a differential bundle (F, M, q,(, 0, ) to the total space of the bundle,
E.

There are variations of the functor Eval whose target is either DBun(X’) or DObj(X’), depending on
whether (F), «) is lax or strong. All the variations of Eval are lined up in Corollary

Theorem and Corollary give us a way to produce new differential bundles in X’ out of
differential objects in X. We conclude this section with the Example [£.3:12] using the tangent category
(N*,T) of Example In subsequent sections, we will show that in fact every differential bundle in X is
obtained from N°.

We begin by identifying objects of a Weil-actegory which are differential objects in the corresponding
tangent category. The following definition makes this precise. Recall Definitions [2.3.1] and [2.3.5] for the
definition of a differential bunle in a tangent category.

Recall from Remark that we denote the functor Te(A4, —) : X — X by Ta.
Definition 4.3.1. Let (X, T, : Weil x X — X) be a tangent actegory, and let A be a Weil algebra.

1. A tuple (E,M,q: E— M,(: M — E,0: FEy — E,\: E— Tw(FE)) is a Weil-differential bundle
in (X,T,) tf it is a differential bundle in the sense of Definition in the corresponding tangent
category (X, Tw). We will abbreviate (E, M, q,(,0,A) to (E, M) when the name of the structure maps

are not needed.

2. Given Weil-differential bundles (E, M) and (E', M"), a pair of morphisms f : E — E',g: M — M' isa
Weil-differential bundle morphism if (f,g) is a differential bundle morphism in the corresponding

tangent category (X, Tyw).

3. A Weil-differential bundle morphism is linear/additive if it is linear/additive in the corresponding

tangent category (X, Ty ).

Let Weil—-DBun(X), Weil—-DBun,qq(X) and Weil—DBuni, (X) be the categories of Weil-differential bundles
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with any, linear or additive morphisms. Denote Weil—DODbj(X), Weil-DODbj,4q(X) and Weil—DObj,;,, (X)

the full subcategories of Weil-differential objects with any, linear or additive morphisms.

Lemma 4.3.2. Let (X,T,) be a tangent actegory with corresponding tangent category (X, Tw). There are

isomorphisms of categories

DBun(X, Ty) & Weil-DBun(X,7,) , DObj(X, Tiy) = Weil—DObj(X,T,) ,

DBunaaq (X, Tw) & Weil—DBunaga(X, T) , DObj,q(X, Tiv) = Weil—DObj, 14(X, Ts) |

DBuny, (X, Tyy) = Weil—DBunyiy, (X, 72) , DObjy,, (X, Tw) = Weil—DObj,,,, (X, 7o) |

Proof. By Definition [£.3.1] there are functors in both directions that do not change the data of an object or

a morphism. The fact that these functors are inverse to one another is immediate. O

Lemma allows us to slightly abuse terminology by using the word “differential bundle” for objects

on both sides of the equivalence (using the conventions from Remarks [4.2.12) and [4.2.20)). In particular we

will also use DBun(X, 7,) to denote Weil—DBun,gq (X, T').

Definition 4.3.3 (Strong and lax differential functors). Suppose (X,T,) and (X', T)) are Weil-actegories

and suppose that that X has a terminal object *.

(a) A laz differential functor from (X,T,) to (X', T.) is an oplax Weil-linear functor, (F : X — X' & :
FoT, = T,o(lxF)), such that for all objects A of Weil,

(a) T)y o F preserves pullbacks over the terminal object *, and

(b) &a,— is Cartesian, i.e. for each f € Homx(X,Y), the naturality diagram

FoTu(X) — 4% o 7/ o F(X)
FoTA(f)l ’ JTgoF(f)
FoTa(Y) —2Y T\, o F(Y)

for the natural transformation & — : FoTs = T) o F is a pullback.

(b) A strong differential functor is a lax differential functor such that F(x) is a terminal object in X'.

If the tangent bundle of the terminal object is terminal, T'(x) = % in both X and X', a consequence of this

definition is that a strong differential functor is a strong Weil-linear functor, i.e. the natural transformation
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« is actually a natural isomorphism. Let 1x (resp. lx/) denote the terminal object in X (resp. X’). The
reason a strong differential functor is a strong Weil-linear functor is that the naturality diagram of o with

respect to ! : X — Ix

&(a,x)

F(Ta(X)) T, (F(X))

| I

1X’ = F(TA(lx)) 14*> TA(F(lx)) = 1X’
is a pullback and thus &4, x) is an isomorphism.

Example 4.3.4. Let (SmMan,T) be the tangent category of smooth manifolds with smooth maps. It was
defined in Example using the aziomatic formulation of tangent categories in Definition [2.2.4 It can
be turned into a Weil-actegory using Theorem .

(a) Let (—)? : SmMan — SmMan denote the squaring functor. For smooth manifolds M and N and a
smooth map f : M — N, this functor is defined as (—)>(M) = M? = M x M and (-)*(f) = f x f.
This functor, together with the canonical isomorphism o : T(M x M) — T(M) x T(M), is a tangent
functor functor as in Definition[2.2.1]} Under Theorem[[.2.18 it corresponds to a Weil-linear functor

(F, &) which is a strong differential functor.

(b) Let S' x — be the product with the circle functor. For smooth manifolds M and N and a smooth map
F : M — N, this functor is defined as (S*x —)(M) = St x M and (S* x —)(f) = 151 x f. This functor,
together with the map B := 0g1 X lppy : ST x T(M) — T(S') x T(M) = T(S' x M), is a tangent
functor and thus corresponds to a Weil-linear functor (F, /3’) It is a lazx differential functor but not a
strong differential functor because it sends the terminal object (the one point space *) to ST x x = S1

which is not terminal.

An important difference between these examples is that S x x % x whereas * X x = %. This showcases the

difference between a laz differential functor such as S' x — and a strong differential functor such as (—)2.

The main goal of this section is to construct an evaluation functor
Eval : DObj,4q(X) x DiffFun(X, X') — DBun,gq(X')

in Theorem that sends a differential object and a differential functor to a differential bundle. The
explicit definition of the category DiffFun is in Definition
The next three propositions show (in order) that this assignment is well-defined on objects, that it is

well-defined on morphisms of DObj and that it is well-defined on morphisms of DBun.
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First we describe the assignment on objects. Recall notation convention for differential objects from
Remark 2321
Proposition 4.3.5. Let (X,T,) and (X',T]) be tangent actegories and let (F,&) : (X, Te) — (X', T1) be an
oplax Weil-linear functor. Let (X,o0,(,\) be a differential object in X.
(a) If (F, &) is a lax differential functor, then then (F(X), F(1), F(1), F(0),F(¢),axoF (X)) is a differential
bundle.
(b) If (F,&) is a strong differential functor, then then (F(X),F(1),F(!),F(0),F((),ax o F(X)) is a dif-
ferential object.
Proof.  (a) Let (X,T,p,0,+,¢) and (X', T",p’,0/,+',¢') be the tangent structures corresponding to the
tangent actegories (X,7,) and (X', T7). Denote &w by a: FoT =T'o F.

To prove the statement, we simply need to check that (F(X), F(1), F(!), F (o), F(0), &x oF(\)) satisfies
Definition in the case where the tangent functor is given by TY;,. Finite pullback powers of
F(!) : F(X) — F() exist and the k-th pullback power equals F(X*) and F = T} o F preserves
pullbacks over * by Definition [£:3.3]. In order to show that these pullbacks are preserved by the n-th

power of the tangent functor 7" = T7};, we need to show that

T (F(X%) —— T (F(X)
| - |
F

T™(F(X)) —— T"(F(+))

is a pullback. This is the case as T"" o F' = Ty}, o F' preserves pullbacks over the terminal object.

The remainder of Properties 1-4 in Definition [2:3.1] follows from functoriality. In order to show Property

5, we need to show that (éx o F(A),0') is an additive bundle morphism of type
(F(X), F(x), F(1), F(0), F(¢)) = (T'(F (X)), T'(F(x)), T"(F (1), T'(F(0)), T'(F(C)))
and that (éx o F(A), F(¢)) is an additive bundle morphism of type
(F(X),F (%), F(1), F(0), F(Q)) = (T"(F(X)), F(X), Pp(x): +r(x)> O (x))-

This means we need to show that the three diagrams of Definition [2:2.3] commute for each of these

morphisms. Each of them will follow from functoriality of F', naturality of «, the commuting diagrams

in Definition 2.2.14] and Definition .3.1]
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To show that (a0 F'(X),0') preserves the projection, we must show that TV F(!)o (ax o F(A) = Ox o F'(!).

We proceed as follows:

T'(F()oao F(A) =ao F(T(!)o F(\)
=ao F(0)o F(!)

=0 0oF()

To show that (a o F()),0") preserves the addition, we must show that T'(F (o)) o (¢ 0 F(\))2 =
ao F(X)oT'(F(o)). Remembering that for the differential object X, the projection ¢ : X — 1 is the

unique morphism ! : X — 1 to the terminal object 1 , we proceed as follows:

T (F(0)) o (o0 F(A) 0 mp, a0 F(A) o) = o F(T(0)) o (F(\) o 10, F(\) 0 71)
=ao F(T(o)o{Xom, Aom))

=aoF(\) o F(o)

To show that (a0 F'(X),0") preserves the zero section, we must show that 77(F(¢)) o0’ = ao F(A\) o F(().

We proceed as follows:

T'(F(x)) o 0" =T'(F(Cx)) o a0 F(0)
= ao F(T'(Cx)) o F(0)

:aOF(AX)OF(Cx)

To show that the additive bundle morphism (« o F()), F({)) preserves the projection, we must show
that poao F(A) = F({) o F(!). We proceed as follows:

P oaoF(\) = F(p)o F(\)

=F({)o F()

To show that the additive bundle morphism (« o F(\), F(¢)) preserves the addition, we must show
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that +’ o (a0 F(A))2 = ao F(X\) o F(0). We proceed as follows:

+o{aoF(A)omy,ao0 F(A)om) =aoF(+)o(F(A)om, F(A)om)
=aoF(+o{Aomy, o))

=aoF(\) o F(o)

To show that the additive bundle morphism (oo F(\), F(¢)) preserves the zero section, we must show
that 0’0 F(¢) = ao F(A)o F(c). We proceed as follows: The following equation shows that the additive

bundle morphism (A, 0) preserves the zero section.

aoF(\)oF(¢) =aoF(0)oF(C)

= 0p(x) © F(C)

In order to show that the vertical lift «wo F'(A) is compatible with ¢/, we must show that T'(«a o F((A)) o

ao F(A\) =0 oaoF(\). We proceed as follows:

T'(a) o T/(F(N)) 0 @ F(Y) = T'(a) o a0 F(T(N)) o F()
=T (a)oaoF(f)o F(\)

=/l oaoF(\)

Since a0 F(0x) = Op(x) (which is part of Definition [2.2.14] of a lax tangent functor) the map u’ :

F(X?) = T'(F(X)) used in the universality of the vertical lift is
W =T'(F(9)) o (a0 F(0x) om0, a0 F(X) o m) = a0 F(T(0) 0 (0x, \)) = a0 F(s).
Thus, Diagram [2.2] of Definition the universality diagram is

F(x?) M p(1(X)) —2 T(F(X))

F(’)l ’ F(T(’”l ’ lT(F“”
F(*) WTOM F(T(x)) —5— T'(F(x)).

The left square is a pullback since F' preserves pullbacks over the terminal object. The right square is

a pullback because it is the naturality square of a.
(b) By part (a) of this proof, F(X) — F(x) is a differential bundle. Since F' is a strong morphism,
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F(x) = % and F(X) is a differential bundle over the terminal object which by Definition is a
differential object.
O

Now we show that the evaluation of a differential functor sends additive morphisms of differential objects
to additive morphisms of differential bundles. This defines the evaluation functor of Theorem [£.3.10] on

morphisms in the first component.
Proposition 4.3.6. Let (F,a) : (X,T) — (X, T") be a differential functor, (A,(,0,\) and (B,{’,0’',\') be
differential objects in X and f : A — B be an additive morphism of differential objects. Then

(F(f), 1p) : (F(A), F(x), F(1), F(C), F(0),a0 F(N) = (F(B), F(x), F (1), F(¢'), F(0'),a 0 F(X))

is an additive morphism of differential bundles.

Proof. Due to Definition [2.3.5, showing that (F'(f),1p()) is an additive morphism of differential bundles

amounts to showing that

F(a) 25 p(B) F(4s) 29 F(B,) Fl) 259 ps)
F(!)J JF(!) F(G)J JF(U') F(C)J JF(C)
F() 4> F(*) F(A) — 7 F(B) F(4) 47 F(B)

commute. They all commute by functoriality because they are images of the diagrams expressing that f was

a morphism of differential objects. O

The Weil-natural transformations from Definition[d.2.5| provide a notion of morphisms between differential
functors.

The following proposition shows that Weil-natural transformations between differential functors induce
additive morphisms of differential bundles and linear Weil-natural transformations between differential func-
tors induce linear morphisms of differential bundles. Thereby it shows that the evalutation functor of

Theorem is well-defined on morphisms in the second component.

Proposition 4.3.7. Let (X,T), (X", T') be tangent categories and let (F,«), (F' o) : (X, T) — (X', T") be

differential functors.

(a) If A is a differential object in X and ¢ : F = F’ is a natural transformation of differential functors,
then the pair (pa, @«) consisting of pa : F(A) — F'(A) and ¢, : F(x) — F'(x) is an additive morphism
of differential bundles.
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(b)) If ¢ :+ F = F’ is a linear natural transformation of differential functors, then the pair (pa,s)

consisting of pa and . is a linear morphism of differential bundles.

Proof.  (a) A morphism between differential functors is exactly a natural transformation ¢ : F = F’. The

pair of maps (¢4, p.) forms an additive morphism of differential bundles as in Definition since

they commute with the images of 04,04 and g4 by naturality.

(b) In order to show that the morphism (a4, ¢.) of differential bundles is linear, we need to show that

TF(A) 294 7R 4)
aWoF()\)T Ta{,voF/()\)

F(A) —— F'(A)

commutes. This diagram factors as

T(F(A)) “24 (7 (4))

Wl

F(T(4)) “% F/(T(A))

F(AA)T TF/(AA)
F(A) ——— F/(4)

where the lower part commutes by naturality of ¢ and the upper part commutes if ¢ as linear.
O

The different flavors of functors and natural transformations in Propositions and define four

full subcategories of the hom-categories Hom(X, X') in the four variants of Weil-ACTY ,.

Definition 4.3.8. Let (X,T,) and (X', T]) be tangent actegories.

(a) The category DiffFun(X,X') has as objects lax differential functors from X to X' and the morphisms

between them are Weil-natural transformations as in Definition [{.2.5.

(b) The category Diff Fun®"°"8 (X, X') has as objects strong differential functors from X to X' and the mor-

phisms between them are Weil-natural transformations.

(c) The category DiffFuny, (X, X') has as objects lax differential functors from X to X' and the morphisms

between them are linear Weil-natural transformations as in Definition [{.2.5

(d) The category DiﬁFunlsitrfong(X, X') has as objects strong differential functors from X to X' and the mor-

phisms between them are linear Weil-natural transformations.
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Next we will define a functor Eval that evaluates differential functors on differential objects. The key
insight here is that one does not just get any object, but an object together with the structure that makes
it a differential bundle. For strong differential functors one even obtains differential objects.

This means strong differential functors preserve differential objects, lax differential functors almost pre-
serve them by sending them to differential bundles. In addition they preserve additive and linear maps
between differential objects (or send them to additive and linear maps of differential bundles). Thus strong
differential functors preserve the category of differential objects, lax differential functors send it into the
category of differential bundles.

In order to capture this more precisely we formulate this result as an evaluation functor.

Let eval : X x Fun(X,X’) — X’ be the usual evaluation functor. Let u : DObj(X) — X be the functor
that sends a differential object to its underlying object. Let U : DiffFun(X, X’) — Fun(X, X’) be the functor
that sends a differential functor to its underlying functor. Let ¢ : DBun(X’) — X’ be the functor that sends
a differential bundle (F, M, q,(,0) to its total bundle space E. We will construct a functor Eval so that

eval factors through DBun(X’) in the sense that the following diagrams commute.

DObj,q(X) x DiffFun(X, X') 225 DBunaqa(X')  DObj,4q(X) x DiffFun®™"8(X, X/) 2L DObj, 14 (X))

ot I o] Jo

X x Fun(X, X’) X’ X x Fun(X, X") X’

eval eval

(4.3)

Definition 4.3.9. Let (X,T,p,0,+,¢,¢) and (X', T',p',0',4+', ¢, ') be tangent categories. Define the as-
signment of objects and morphisms Eval : DObj, 44(X) x DiffFun,gq (X, X’) = DBunaqq(X’') by the following

rule:

e On objects, Eval sends a differential object A and a differential functor F: X — X/, to the differential

bundle in X' that is given by (F(A), F(x),F(q), F(0), F(0),a o F(X)).

e On morphisms Eval sends an additive differential object morphism (f,1.) : A — A’ and a natural

transformation ¢ : F = F' to the differential bundle morphism (@ ar o F(f), ¢x).

Proposition shows that Eval is well-defined because (F'(A), F(x),F(q),F(0),F(0),a o F(\)) is
indeed a differential bundle. The pair (@4 o F((f),vs) is a differential bundle morphism because it is the
composition of (war, p.) with (F(f), 1p(«)), both of which are differential bundle morphisms by Propositions
4.6 and 4.7.

Theorem 4.3.10. Let (X,T,p,0,+,¢,¢) and (X', T, p',0',+', ', ) be tangent categories. Then the assign-
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ment

Eval : DObj,4q(X) x DiffFun(X, X') — DBun,gq(X')

as defined in Deﬁnition is a functor and the diagrams commute.

Proof. The assignments of objects and morphisms are given by Propositions [£.3.5] [£.3.6] and [£.3.7] Thus it

only remains to show that Eval preserves identity and compositions. By its definition on morphisms from

1. i1
the usual evaluation, Eval sends the identity to the identity. For composition let A M B M C

be additive morphisms of differential objects and let F £ G £ H be natural transformations between
differential functors.

Then

Eval(guw) © Eval(fa SD) = W’C»%) © (G(g)v ]-G(*)) o (@Bv 80*) o (F(f)7 ]'F(*))

Due to naturality of ¢ this is equal to

(Yo, Pi) o (9B, ps) © (F(9), Lr) © (F(f); 1r) = (Yo 0 9B, Ps 0 px) o (F(g) o F(f), 1p(x))

which equals Eval((g, ) o (f,¢).

The diagrams (4.3)) commute because the first component of Eval sends A, F' to the evaluation F'(A). O

The following Corollary summarizes the linear and strong versions of Theorem [4.3.10] succinctly. By a

slight abuse of notation, we use Eval 4 to denote all four cases.

Corollary 4.3.11. Suppose X and X' are tangent categories and A is a differential object in X. Then there

are four evaluation functors, namely

(a) Evaly : DiffFun(X, X') — DBun,gq(X'),

(b) Evaly, : DiffFuny, (X, X') — DBuny, (X'),

(c) Evaly : DiffFun®""8(X, X’) — DObj,q(X), and

(d) Evaly : DiffFun] ®"8(X, X') — DObj;, (X).
Proof.
Case (a) is just the functor Eval of theorem evaluated on A in the first component. Cases (b), (c)
and (d) follow from (a) in terms of functoriality as they are just a restriction to a subcategory. Proposition
[4:326]b and Proposition [£:3.7}b ensure that the range is correct. O

A typical example for a category with a differential object is N® from Definition [2.2.9]
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Example 4.3.12. Let N® be the category from Definition [2.2.9. Then any differential functor F from N*®
into a tangent category X induces a differential bundle in X. Concretely the functor will produce a differential
bundle with

M = F(NY), E =F(NY), E, = F(N").

4.4 Inducing a differential functor from N°*

In this section we focus in particular on the differential object N in N®. The main construction is the functor
Ind that is an inverse for Evalye sending a differential bundle (E, M, q,{, 0, \) in a tangent category X to a
functor N®* — X whose evaluation on N returns the differential bundle (E, M, ¢, (, 0, A) as in Example
This means N — x is an initial differential bundle in the sense that there is a differential functor from N — x
to every other differential bundle. In Section [£.5] we will see in which sense this functor is unique.

Recall from Example[2:2.11] that the category N*® from Definition [2.2.9]forms a Cartesian tangent category
(as defined in Example[2.3.3)) and thus a tangent actegory (N®, D, ). We will not explicitly use that the tangent
structure is Cartesian. Objects of (N®, D) are of the form N¥ for & > 0, morphisms of N*® are matrices, and
the tangent functor is defined by Dy (N¥) = N¥ x N¥. As we saw in Example the natural numbers
N! are a differential object in N®.

In Lemma below, we show that the set of bundle morphisms from the pullback powers of the
bundle E over M to E is a commutative monoid. This result is important because it allows us to use linear
combinations, resembling the matrix addition, as a tool to build morphisms between pullback powers.

The set of natural numbers N = {0,1,2,...} forms a rig (semiring), and every commutative monoid M
can be seen as a module over the rig N by defining n - x for n € N and x € X as the n-fold addition of = to
itself, ie. n-z =3y .

The following Lemma holds for any additive bundle, though we are particularly interested in the case
of differential bundles. Thus, unlike in Definition we use the notation (F,M,q,(,0) instead of
(X, A, +,0,p), which resembles the notation of differential bundles. We define a commutative monoid struc-

ture on certain morphism sets of the slice category.
Lemma 4.4.1. Let (E,M,q,(,0) be an additive bundle in a category X.

1. For everyn € N, the set

Hom p(En, E) == {f : En, = Elqo f =qom}
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together with the addition
S:Hom/M(En,E) XHom/M(EnvE) %Hom/M(EnvE) ) (f,g) '_>00<fag>

and the zero element

z=(oqomy € Hom y (Ey,, F)

is a commutative monoid and thereby an N-module

2. Forg:E, — E, and f: E,, — FE, fulfilling qomg=qo f and gomy =qgomyog,

(n-flog=n-(fog)

and for morphisms (fi)1<i<k : Em — E fulfilling qomg =qo f,

k k
<Z fi) og= Z(fi °g),

where Y and - are from the N-module structure defined in part 1.

Proof. 1. The definition of s is well-defined because f and ¢ fulfill go f = qo g = q o my and therefore
(f,9) : B, = F5 is defined.
The addition s is commutative and associative, because o is. The element z is the unit for s because

(¢ is the unit for o.

2. Given a commutative monoid, the N-module structure is defined as repeated addition, i.e. n - f :=

Z?:l f- Therefore the second equation implies the first one. The second equation holds because

k k
(Zﬁ) og=o0o(fi,..fr)og=00(fiog, ... frog) = (fiog).
=1

=1

The condition that gomy = go f and g o mg = q o my o g is required because the commutative monoid

structure from Part 1 is only defined for morphisms in the slice category Hom )y (Ey, E) := {f : E, —

Elgo f = qomo}.

Using this module structure we now can define a functor Fg.

Definition 4.4.2. Given a differential bundle (E, M, q,(,0,\) in a tangent category (formulated as a Weil-

actegory) (X, T,), then there is an assignment of objects and morphisms, Fr : N®* — X defined
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e on objects as Fg(NF) = Ey,, in particular Fg(N°) = M, and

e on morphisms (i.e. matrices) A = (a;; ; ; :N™ — N" gs
2 15 )1<i<n,1<j<m

FE(A) = <Za1j -Wj,...,Zanj '7Tj>
j=1 Jj=1

where Y and - are from the module structure in Lemma|4.4.1)
Proposition 4.4.3. The assignment Fg of Definition[[.4.9 is a functor Fg : N®* — X.

The proof is essentially the same as the proof from classical linear algebra that composition of linear

maps corresponds to matrix multiplication, just in a more general setting.

Proof. In order to show that this assignment is a functor, we need to check that it preserves composition
and identity.

It preserves the identity because, for the identity matrix I,, : N® — N, the functor evaluates as

Fg(l,) = <Z(Hn)1j Tgyen D (In)nj -wj> = (1, Tn) = 15, .

j=1 =1

In order to show that Fg preserves composition, let A = (a;j)i<i<mi<j<n : N* — N and B =
(bij)1<i<ni<j<k : N*¥ — N™ be composable morphisms of N®. Then the composition of their images gives in

the h-th component

S

n k k
(FE(A) OFE(B))h = (Zah' '7Ti> o <Zb1j -ﬂj,...,anj -7Tj>

i=1
n k k
= E Qpg = TG © E b1j~7Tj,..., E bnj-ﬁj
i=1 j=1 j=1
n k
= E api * E bij T
i=1 j=1

k n k
= Z (Z ahibij> T = Z(AB)hjﬂ—j S (FE(AB))h

j=1
O

In the following propositions we will construct a natural transformation & : Fg o De — Ty o (1ywen X Fg)
in order to make (Fg, &) a differential functor. We will define it first for the generators of N* and Weil and

then construct the other components by pullback powers. For a differential bundle F 4 M, the tangent
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bundle T(E) has a projection T(q) : T(F) — T(M) and a projection p : T(E) — E, over both of which we
take pullback powers. In order to keep track which base the pullback power is taken over, we will introduce
a notation which resembles fractions. This notation (%)k evokes the idea of products in the slice category
X/B, and is more compact and more informative than the somewhat standard notation Axpg---x g A (which

makes it hard to keep track of the number & of factors).

Notation 4.4.4. Let X be a category with pullbacks and let

sy

A%
B

«—
Q

~)

¢ g9

be a commutative square in X. The object (%)k = AXp...xpgA is the k-th pullback power of A i> B. The

pullbacks (%)k, (%)k and (%)k are defined analogously. Then, the morphisms f: A — C and a: B — D

()G -(5)

between the pullback powers. Analogously the morphisms f: A — B and g : C — D induce a morphism

f EosANK B\*

=) (=) == .

(5) () ~(5)
Proposition 4.4.5. In the circumstances of Notation |4.4.4}, let (

(8)"

(4)" 2225 (£)*. Then

induce a morphism

—
S

;k> be the m-th pullback power of

—
ola

In particular when C' = D,

ANk A\l

((B) ) N <(c)

C (B

(¢)

Proof. This is the fact that we can commute limits, stated in our notation. O

Now we will combine this fraction calculus of pullbacks with the notation more common for differential

bundles and tangent categories, where

Bi= (£)" wa - (79"

denote the k-fold pullback power of ¢ : E — M and p: T(A) — A respectively. Recall that these pullbacks
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are preserved by the tangent structure due to Definitions and

Corollary 4.4.6.

(a) Let (E, M, q,(,0,)) be a differential bundle in a tangent actegory (X, T,). Then

To(W* Ey) = (T’“E>l o~ (T(El))k.

T M E;
(b) In particular for the differential bundle N' — N° in (N°®, D)
1

(%)
D.(Wk7Nl) o~ % ~ (N2l)k .

k
Proof. Since TLE = (@) , part (a) is just Proposition [4.4.5

applied to the square

<

FE
M) — M

(B) ="
) pPm

T
T(q)
T(

that commutes by naturality of p. Part (b) is part (a) for the differential bundle N' — N® in (N°®, D,). O

Lemma 4.4.7. Let (E,M,q,(,0,\) be a differential bundle in a tangent actegory (X, T)
Fg from Proposition [{.].3 evaluates as

+((5))

. Then the functor

1%

k 2N\ K k
E, N Ey
— d Fp|l— ) =2(—) .
<E> " r ( Nt ) ( Ey )
k
Proof. Since (NNZ) = NU=1)k+1 5nq (%) = N*+DL the proof amounts to the following equations:

N\ * ENF
Fg ((N) ) = Fp(NU=D+H) = Eq_1ype1 = (l)

E

N2 ’ k+1)1 Ea *
tr (Nl) = Fp(N®) = By = (El) '

O

Given a differential bundle (E, M, ¢, (, A) in a tangent actegory (X, T, ), we are now finally able to construct
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the differential functor

Ind(E) = (Fip, &) : (N*, Do) — (X, T%)
that sends N to E. The underlying functor Fg is the functor Fg from Proposition [£.4.3]

Definition 4.4.8. Given a differential bundle (E,M,q,(,0,)\) in a tangent actegory (X, T, ), we define a
set of morphisms

& : FgoDA(NF) = Ty o Fg(N¥)

for every object A of Weil and N* of N*. We define it inductively out of the differential bundle structure of

(E7 M7 q7 <7 U’ A) b

Gwno :=0: M = T(M), (4.4)
dN,Nl = ]-E :E—> F (45)
awnt =T (0)o(0omg,Aom): By = T(E), (4.6)
N k k
E TE
Qe 1 = <anNl> . Fig o Dy (NY) = 5;2) - f = Tyye o Fp(NY), (4.7)
. AN
(") @)k <£
Gy = | >——F | : FgoDy«(N') = JJEW E = Twr o Fp(NY),  (4.8)
(aW,NC)) T(
E M
and
OAZA®B7NL = TA(&B,Nl)O&A,DB(Nl) : FEODAODB(NZ)—)TAOTBOFE(NZ), (49)

where (%)n denotes the n-th pullback power of A over B. The expression E, = (%)n continues to denote

the n-th pullback power of E over M.

In Proposition we show that & is a natural transformation Fg o De — (Te © lyeis X Fg) and that
(Fg,@&) is a differential functor. This is the key technical observation needed for Theorem [4.4.10] Before
that, we now showcase how Equations determine & for a nontrivial Weil algebra. For this example

we use the component of & at W @ W. The component of & is

awew,n = Tw(aw,n) © Gw,py, v)-
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The parts unpack as

2
&W,DW(N) = <T(O’) o <OO7T0,)\O7T1>,T(O') o <OO’/T2,>\O7T3>> : E4 — T(Eg) = ()

Tw(awn) =T (T(c) 0o (0o mg, Aom)) : T(Ey) = ToT(E) =T*E)
and the composition is
aweown =T*(0 o (0 xa ) o {(T(0)000my,T(0)oXom, T(N\)o0om, T(\)o\oms).

Proposition 4.4.9. Given a differential bundle FE 4 M in X, Proposition @ and FEquations @-@
define a differential functor

Ind(E) = (Fp, &) : (N*, Da) — (X, T.).

Proof. We have already shown in Proposition that Fg is a functor. By Definition, F preserves
pullbacks over the terminal object. Thus, in order to show that (Fg, &) is a differential functor, it remains
to show that & is natural and Cartesian.

To show that the transformation & is natural, we show that the construction is natural with respect to the
generating maps of N® as in Lemma [£.2.22] This proof essentially follows from the fact that & is constructed
out of these maps, and naturality with respect to them follows as a consequence. However, checking this
carefully is technical and tedious. For this reason, we postpone full details of this proof until Appendix

Next we need to show that & is Cartesian, i.e. that for any Weil algebra A, the naturality diagrams

of &4,_ with respect to all morphisms in N*® are pullback diagrams. We start by checking the naturality

diagrams
Fp 0 Dy (N) 2% Ty 0 Fig(N) Fg 0 Dya (NF) 2% 7y o By (NF)
FEoDWn(Ak.)l lTwn oFg(Ag)  FgoDyn (a'k)l lTWnOFE(Jk)
FEODWn(Nk) A*ZTWn OFE(Nk) FEODwn(N) —_— TWnOFE(N)
Qyyn N awn N

of &(W™, —) with respect to the generating morphisms Ay : N — N*¥ and 0}, : N¥ — N of N°. Since g
preserves the pullbacks involved and thus preserves the diagonal, the naturality diagram of aw» _ with

respect to Ay : N — NF is

)n awn N

(%
((ifiz)"l lTn(Ak) .

(%) —— Tu(Bo)




It is a pullback because it is the n-th pullback power of

B &w,N T(E) B ayn1=1p

E
(Ak)2l lT(Ak) over Akl lAk
Esp, —— T(Ey) Ey T E.
Ay yk O,k =L By

The second diagram is trivially a pullback. The first diagram is a pullback because in

By — 2 T(B)

(Ak)2i T(Ak)
o

By, — T(Ey)

qo”ol lT(qOTrO)

M —— T(M)

Ay, NO

the bottom and the outer squares are pullbacks, because of the universality of the vertical lift in Definition
Thus the top square is a pullback due to the pasting law for pullbacks [68, Exercise 111.4.8].

The functor F preserves the addition o by its definition and the functor Dy~ sends the addition o to
two copies of the addition o x 0. Thus the fact that the naturality diagram of ayy» _ for oy : NF - N is
a pullback diagram is completely analogous. Lemma [£.2.22] shows that all morphisms in N® are generated
from oy, and Ay. Thus the naturality diagrams of &y~ _ with respect to any morphisms in N*® are pullbacks.

If the naturality diagrams of &4 and & p are pullbacks, then the naturality diagrams of & 4o p are pullbacks

because both subsquares are pullbacks:

GA,Tp(X) Ta(&p,x)

FEODAODB(X) — TAOFEODB(X) — TAOTBOFE(X)

| | |

FEODAODB(Y)a (Y)TAOFEODB(Y)4>TAOTBOF(Y)

A,Tg Ta(aB,x)

The left square is a pullback by the assumption that the naturality diagrams of & 4 are pullbacks. The right
square is a pullback since the naturality diagrams of &g are pullbacks built out of the universality diagram
for the vertical lift. The universality diagram is a pullback preserved by the tangent functor, thus the right
square is still a pullback.

Since every object of Weil is a tensor product of powers of the dual numbers W, this shows that for any
Weil algebra A, the naturality diagrams of &4, are pullbacks, i.e. &4,— is Cartesian. This was all that

remained to show that (Fg, &) is a differential functor. O

Theorem 4.4.10. Let X be a tangent category and (E, M, q,(,0,\) and (E',M',q',{’',’, N') be differential
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bundles in X. Denote Ind(E) = (Fg, &) and Ind(E’) = (Fp, d').

(a) An additive morphism of differential bundles induces a natural transformation ¢ : Fg = Fg/ between

the induced functors.
(b) A linear morphism of differential bundles induces a linear natural transformation.

(¢) This defines two functors
Ind : DBunygq(X) — Diff Fun(N*®, X)

and

Ind : DBuny, (X) — DiffFuny, (N°®, X).

Proof. (a) Suppose (f,g) : (E,M,p,(,0,\) = (E',M',p',{’,¢’,\) is an additive morphism of differential
bundles, i.e. a pair of maps f : E — E’, g : M — M’ compatible with the projection, the addition
and zero as in Definition We define a natural transformation, ¢ : Fp = Fp, by defining its N*

components for all £ € N as follows:

g:M—-M k=0
PNE =
fo: B> B, ifk>0.

The transformation ¢ is natural with respect to +4 : N¥ — N (in particular for £ = 0, 0 : N — N)

and Ay : N — N* (in particular for k = 0, p : N — N%). That is, the diagrams

Fp(NF) 2% Fp(NF) Fp(N°) —— fp/(N°)
Feton)| |Ferton Foo] |Ferie)
Fp(N) 5 Fer(N) Fp(N) —— F(N)
Fp(NY) — P () Fp(NY) — Fp(NY)
Fe(a)| |Fertan FE(!)l (1)
Fp(N¥) —— Fr (V) Fp(N%) —— Fpr(N%)

commute. Evaluating the functor Fg, we see that they are in fact

By L B! M —2 M E—1p E—15E
S N G M
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The first diagram commutes because (f, g) is additive and thus o and ¢’ are compatible with (f,g).
The second diagram commutes because (f,g) is additive and thus ¢ and ¢’ are compatible with (f, g).
The third diagram commutes by the definition of f;. The fourth diagram commutes because ¢ and ¢’

are compatible with (f,g), see Definition m

The two classes of morphisms Ay and oy (including Ag = ¢ and oy = ¢) generate all morphisms in N*

as their induced map into pullbacks and composition, according to Lemma [4.2.22

All morphisms in N°® can be decomposed into morphisms whose components are composites of o’s and
Ay’s using pullbacks and projections. The pullbacks and projections are preserved by Fg since Fg is

a differential functor. Therefore, ¢ is natural with respect to all morphisms in N°®.

(b) If (f,g) is a linear morphism, the diagram

T(E) ——— T(E')
Fs()\) :,\T T/\/ Fgi(\)
E —_— E’

commutes by Definition [2.3.5] Thus ¢ oA = X 0. Because 0 is natural with respect to f, the diagram

T(E) T

0p TOE/

_
E P B

commutes. Recall from Definition that the natural transformation & : F o Ty = Te 0 (1ywei X F)
is constructed using 0,0 and A in Definition The natural transformation ¢ commutes with all

parts of & and therefore with &, e.g. for W2 € Weil

a2 y=(T(c)o(00mp, om1))2

Es . T5(FE)
szl J{Tz(ﬂpN)

E} T (E'

’ "“;/v2,N:(T(U/)(’(OOWO»)\/OTFl))z 2( )

commutes. This is what is required for it to be linear.

(c) The assignment on objects and morphisms follows from (a), (b) and Proposition [£.4.9] Functoriality
holds, since taking the pullback of morphisms preserves compositions and the identity.
O

We will now see that ¢ is uniquely defined as soon as we specify ¢yt and ¢no as we did in the proof of
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Theorem This is important because we will use it to prove that Eval from Theorem is faithful.

Proposition 4.4.11. Natural transformations between differential functors (F,a), (F',a') : N®* — X are

determined by their N° and N' components.

Proof. Let ¢,¢" : (F,a) — (F’,a’) be natural transformations between differential functors such that oy =
@i and ono = @fe. We will show by induction that for all & > 0, oyt = ¢.. The base cases hold by

assumption. In the inductive step, due to naturality of ¢

F(N) —* 5 F/(N)

F(ﬂ'o)T TFI(‘ITo)
F(NF) —— F'(N)

F'(”O)l lF'(Wl)

F/(Nk—l) k-1 F/(Nk—l)

commutes. Replacing ¢ with ¢’ produces an analogous commuting diagram. Therefore, since o1 = @i
and k-1 = ;. by the inductive hypothesis, we see that F'(mg) o onr = F'(m0) 0 pfy and F'(71) 0 ogr =
F'(m1) o o

Since F' preserves pullbacks over the terminal object, F’(N¥) is a pullback and thus in

F(Nk) Pyl

the morphisms ¢r and ¢f, are determined by their compositions with F”(mg) and F’(71). As these com-

positions coincide, the morphisms gy and . are equal. O

4.5 Establishing the equivalence

In the previous section we mentioned that Ind is the inverse of Evaly : DiffFun(N®, X) — DBun,qq(X). In
this section we will prove how exactly they are inverse to each other. This will lead to an equivalence between

categories of differential bundles and categories of lax tangent functors.

Lemma 4.5.1. Let X be a tangent category.
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(a) The composition of Eval and Ind is the identity functor:

Eval o Ind = 1]D)Bunadd(x)

(b) Eval is essentially surjective.
(c) Eval is full.

Proof. (a) We will check the equality of functors on objects and morphisms. Let (E, M,q,(,0,\) be an
object, i.e. a differential bundle. Then Ind(FE) is a functor that sends N° to M, N! to E, gy to ¢, (y to
¢, oy to o and Ay to A. Thus applying the functor Eval which is evaluation on (N, N, gy, (y, on, An)

returns (E, M, q,(,0,)).

For an additive morphism (f,g) of differential bundles, Ind(f,g) is a natural transformation ¢ such
that oy = f and @yo = g. Now Eval is the functor that evaluates on the N and N° components, thus

the result is again (f,g).

(b) and (c) follow from (a).

Lemma 4.5.2. Eval is faithful.

Proof. Let ¢ and ¢’ be natural transformations between differential functors such that Eval(p) = Eval(y').
This means that ¢y = ¢} and ¢no = @no. Now it follows from Proposition [4.4.11f that ¢ = ¢’ which means

that Eval is faithful. O

Theorem 4.5.3. The functors Eval and Ind form equivalences
DBun,gq(X) = DiffFun(N®, X) DBuny;, (X) 2 DiffFuny;, ((N°, X)

Proof. Lemma and Lemma together show that Eval is essentially surjective, full and faithful.
This shows there is an equivalence. Let Eval™! be a pseudo-inverse of Eval (since Eval is an equivalence, it

exists). Then
Ind o Eval 2 Eval ! o Eval o Ind o Eval = Eval ™! o Eval & IpiffFun(Ne,X)

It follows that Eval and Ind are pseudo-inverses to each other. Restricting this equivalence to the subcategory

of linear morphisms is possible due to the linear versions in Corollary [£:3.11] and Theorem [{.4.10] O
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This finally is the characterization of Differential bundles as functors from N°.

Corollary 4.5.4. Eval and Ind also form equivalences

DObj,q(X) 2 DiffFun®™"¢(N* X)  DObjy, (X) 2 Diff Fun’™"8(N*, X)
Proof. As DiffFun®""#(N® X) is the full subcategory of functors that preserve the terminal object, it is

equivalent to the full subcategory of differential bundles over the terminal object, i.e. differential objects. [

This Corollary generalizes Proposition 5.9 from [6], which states that the category of differential objects
with linear morphisms is equivalent to the category of differential functors and linear natural transformations.
Corollary generalizes the correspondence to the case of additive morphisms as well, and Theorem

generalizes the correspondence to differential bundles.

4.6 Concluding remarks

Differential bundles appear in the tangent category literature in a number of places. In some cases, the
approach taken by other authors is different than the approach taken here. We review these contributions,

highlighting the intuition about how these different approaches reference the same structure.

Relation to Cockett-Cruttwell differential bundles

In [29], Cockett and Cruttwell characterize differential bundles as fibrations. Concretely, [29, Proposition
5.12] states that a differential bundle E — M can be seen as a differential object in the fiber bunp (X)[M]
over M of the fibration bunp(X) — X where bunp(X) is a full subcategory of the arrow category. For the
definition of this subcategory a transerse system and a display system are chosen, which is necessary to
control the existence of certain pullbacks which are preserved by the tangent structure. These include the
tangent pullbacks, but are more general. This approach was further developed in [32].

From this perspective, a differential bundle is a differential object in (i.e. a strong differential functor
from N*® into) a certain full subcategory of the arrow category. The intricacies about the pullbacks are
specified in the display system in the target of this functor.

The difference between the approach of [29,32] and our current approach is that the equivalence of
Theorem uses general, not strong, differential functors that do not preserve the terminal object.

The existence of any necessary pullbacks comes from their existence in Weil, as well as the fact that

Cartesian lineators have certain pullbacks associated to them. Preservation of pullbacks is part of the data
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of differential functors, not part of the target category. This is a marked difference in perspective from that
of [29[32].

For future work we propose to investigate the relation of our characterization with differential functors
to display systems. In particular, one could ask, which differential functors into a tangent category with a
display system correspond to display differential bundles. The key intricacy is that not every morphism in

the image of Fgp : N®* — X needs to lie in the display system, but certain morphisms need to.

Relation to Ching’s classification

There is another approach to differential bundles in tangent categories in [18]. In |18, Corollary 9], Ching
defines differential bundles as triples of morphisms which correspond to (¢ : £ — M, : M — E, X\ :
E — T(E)) from Definition [2.3.1] These must fulfill certain properties. The additive structure of Ching’s
differential bundles comes from the natural transformation o in the tangent structure. Ching proves that this
definition of differential bundles is equivalent to the one in [29], therefore ours is also equivalent to Ching’s.

The approach in [18] is very axiomatic in nature, and does not use the structure of N® specifically.
However, the differential structure in N® is already given by the tangent structure together with product
projections, as in Lemma In [18], Ching’s approach to differential bundles is to generalize this property
from N°® to any arbitrary differential bundle axiomatically in any tangent category, rather than transporting

this structure from N® using differential functors.

Relation to tangent infinity categories

In current work in progress Arro and Ching further generalize differential bundles to tangent infinity cat-
egories. Tangent infinity categories were defined in [6] generalizing the classification of tangent categories
by Leung and Garner. The definition of differential bundles in tangent infinity categories is a generalization
of Theorem [4.5.3] This result characterizes differential bundles as functors from a structure category. In
[6] when studying differential objects in tangent infinity categories, the structure category N® is generalized
with a certain structure category F, of spans of finite sets in order to define differential objects in a tangent
infinity category. Analogously one now can define differential bundles in a tangent infinity category as dif-
ferential functors from E, into a tangent infinity category. One advantage our Weil-actegory approach over
the axiomatic tangent category approaches of [18}[29,32] is that our use of Weil-actegories compares nicely to
the way tangent infinity categories are constructed. We could have characterized differential bundles using
differential functors in the axiomatic tangent category setting rather than the Weil-actegory setting, but

chose to use the Garner-Leung setting for tangent actegories exactly for this reason.

124



Future work in connections

In [22] differential bundles were further used to describe connections, a key feature of geometry and math-
ematical physics. This led to one of the approaches to describe dynamical systems in [23] which rely on
differential bundles in other ways.

Classically, there are two different notions of connections which, under certain circumstances, are equiv-
alent. A Koszul connection (also known as covariant derivative) is a differential operator sending a section
of a vector bundle and a tangent vector to the directional derivative of the section along the tangent vector.
An Ehresmann connection is a horizontal sub-bundle of a fiber bundle. In general, in the definition of an
Ehresmann connection, the fibre bundle is not required to be a vector bundle. In the special case that it is
a vector bundle, there is a classical equivalence between Koszul connections and Ehresmann connections.

Both Koszul and Ehresmann connections on vector bundles were generalized in [22] as vertical and
horizontal connections on differential bundles which are the categorical generalization of vector bundles.
Under certain circumstances they are equivalent, in general they are not though. We would like to investigate
connections via the characterization of differential bundles in this chapter, and hope that this might advance
this line of inquiry by a functorial characterization of bundles with connections. This will allow us to
understand the behaviour of connections under many categorical constructions. For example, if we have
a characterization that states that connections on differential bundles are equivalent to certain natural
isomorphisms between certain differential functors, then we could be able to obtain an equivalence between
connections on a differential bundle and connections of a corresponding differential bundle in the opposite
category. Since the Kleisli construction is functorial, the Kleisli category could be another example where

connections could be preserved.

Future work in dynamical systems

Another construction this characterization of differential bundles can be helpful with, are dynamical systems.

Classically, dynamical systems are defined in |74] to consists of a notion of how things can be, called the
states, and a notion of how things will change given how they are, called the dynamics. Often the dynamics
is described by a set of differential equations.

In [23], Cockett, Cruttwell and Lemay define a dynamical system in a tangent category, generalizing
systems of differential equations.

While, in general the solution of a dynamical system in [23] only requires a curve object, they obtain
more results (like the existence of an exponential function) when assuming a differential curve object.

We would like to investigate differential curve objects and dynamical systems in general via the charac-

125



terization of differential bundles in this chapter. The functorial perspective in this chapter could make it

easier to find out which curve objects are differential curve objects.
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Chapter 5

Lie groups in tangent join restriction

categories

=

M M

Figure 5.1: Principal bundles are locally a product of the base space and a group, but globally they might
not be. Both the left and the right side the total space (red) is locally a product of the base space S with
two element group Cs, but globally the right hand side is not a product space E|

In this chapter we construct a categorification of the concepts of Lie Groups and Principal bundles in
differential geometry. We generalize Lie Groups as group objects in a tangent category and show that they
generally fulfill several properties which are well-known for Lie Groups. We generalize principal bundles in
differential geometry using restriction categories which allow to describe atlases with partial isomorphisms.

This chapter is based on , a preprint written by myself and my cosupervisor Robin Cockett, with
small corrections and without the background section of tangent categories (since this background was
already given in Chapter . Therefore, like in , we use diagrammatic composition order, i,e, we denote

the composition of f: A — Bandg: B—Cas fg: A— C.

2Figure created using GeoGebra 3D
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5.1 Introduction

Tangent categories [20,81] are categories equipped with an endofunctor and certain natural transformations
which capture the behaviour of the tangent bundle in the category of smooth manifolds. They are a minimal
setting for studying abstract differential geometry and, indeed, many aspects of differential geometry have
been successfully reformulated in tangent categories. For example, vector fields, vector bundles [29,/67],
connections 22|, de Rham cohomology [35], and differential equations [23], all have been reformulated in
tangent categories.

An important result in differential geometry which is studied in this chapter is the correspondence between
Lie groups and Lie algebras, described for example in [39]. One direction of this correspondence is the
observation that a Lie group — a group object in the category of manifolds and smooth maps — induces a Lie
algebra by considering the tangent space over the identity. This is called the Lie algebra of the Lie group
and it is classically used as a description of a Lie groups local structure.

The chapter starts by introducing join restriction categories. Then we continue with a general description
of the Lie algebra of a group object in a tangent category. The construction of the Lie algebra requires that
the pullback of the projection of the tangent bundle of the group over the group unit exists. This relatively
mild assumption suffices to allow one to prove the classical result that differential bundle of a group object
is “trivial” in the sense of being the product of the Lie algebra and the group object, see Theorem [5.3.3]

Classically there is an alternate description of the Lie algebra of a Lie group as the space of left-invariant
vector fields of the Lie group (see Section 11.4.11 of [71] or in Chapter 6 of [90]). In Proposition we
show that this correspondence holds generally for group objects in any tangent category.

Interestingly, we do not need to assume the existence of negatives in the tangent bundles: negatives are
a consequence of the group structure and the existence of the required pullback. Thus, these classical results
from differential geometry hold in great generality in any tangent category with the appropriate pullbacks.

Similar results for the tangent bundle of a group object in a tangent category have been developed in
[2], however this chapter takes a different direction by exploring the tangent bundle of group objects and
principal bundles in restriction categories.

The second main objective of the chapter is to develop the abstract theory of principal bundles. These,
as we explain, can be described in any join restriction category which permits the construction of manifolds.
In classical differential geometry, given a Lie group G, a principal G-bundle is a map of manifolds £ — M
that is locally given by the projection U x G — U for some open subset U C M, and where the gluing
between the different local pieces is mediated by the action of the group itself.

A principal G-bundle over a base space M is a total space E with a projection F 4 M. Examples of
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D D
Figure 5.2: Two examples of principal Co-bundles over S!

principal G-bundles include the trivial bundle, M x G =% M and also spaces which are twisted over the
base as in the second example in Figure

Locally, structure, such as that of G-bundles, may be expressed as a requirement on partial maps and,
as such, one can use the theory of restriction categories to explore this sort of structure. Restriction
categories provides an algebraic formulation of partial map categories. A partial map is a map that is defined
only on a subset of its domain. These occur frequently and fundamentally in both analysis and geometry.
For example, the function f(z) = % is not defined on all real numbers: it is a partial map f: R — R.

Restriction categories were systematically developed in , albeit the ideas themselves had a long prove-
nance with origins in semigroup theory. Menger and his students developed the basic idea of describing
partial maps by what is here called a restriction. Subsequently, although independently, Di Paolo and Heller
[38] used partiality to in developing a categorical approach to recursion theory. They based their formulation
of partiality on the behavior of the product. Robinson and Rosolini abstracted this notion of partiality
based on the partial product by introducing p-categories. It were Hans-Jiirgen Hoehnke and Marco Grandis,
however who, in introducing what they called a “fractal category” in and an “e-cohesive category” in
, gave the first fully general formulation of a restriction category. Significantly for the development below,
Grandis also developed the manifold construction for join restriction categories.

Join restriction categories were further studied in [27] and then in Xiuzhan Guo’s thesis . Join
restriction categories are restriction categories in which morphisms that coincide on the intersection of their
domains can be extended to a morphism defined on the union of their domains. This property allows the
abstract construction of manifolds using atlases and gluings. Join restriction categories and their manifolds
will be the basic setting in which we formulate the notion of a principal bundle.

The main objective of this work is to establish the theory of principal bundles in tangent categories. To
achieve this we shall end up working in tangent join restriction categories (see Section [5.2.4)).

The first results in this chapter are about the tangent space of a group object in a Cartesian tangent

category, significantly Theorem establishes the triviality of the tangent bundle T(G). Table then
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describes all the structure maps of T'(G) in terms of the local triviality structure. Theorem [5.3.16|establishes
the interaction of tangent vector addition and group multiplication, and Theorem [5.3.21| shows the external
Lie Algebra structure on the tangent space.

The next main results pertain to principal bundles in restriction categories and restriction tangent cate-

gories, as defined in Definition [5.4.14] Theorems [5.4.15] [5.4.42] and [5.4.43] show that they fulfill the desired

properties. Proposition and Proposition [5.4.35| show that they recover the classical notions from
differential geometry and point-set topology.

Acknowledgements. For their ideas, comments, questions and discussions we would like to thank Geoff
Vooys, Geoffrey Cruttwell and Rory Lucyshyn-Wright. Thanks go also to Kalin Krishna for pointing out
the related work in [2]. Special thanks goes to Kristine Bauer for her extensive writing support. Florian
Schwarz was funded by the Alberta Innovates Graduate Student Scholarship. Robin Cockett was partially
funded by NSERC.

5.2 Join restriction categories

This section recalls the definition of join restriction categories. These will be the basis for our description of
both fibre and principal bundles, see section

Restriction categories, as defined in [24],[25] and [26], are a generalization of categories of partial maps.
An important structure one can have in a restriction category is joins, which can be used to construct

piecewise defined functions.

5.2.1 Restriction categories

Restriction categories as introduced in [24], capture the structure of partial maps. Here we review the

definition and some results on restriction categories which will be needed in the sequel.
Definition 5.2.1 (|24], section 2.1.1, [47], Definition 3.12 and [47], Lemma 1.6.3).

(i) A restriction category is a category with a structure that assigns to each morphism f : A — B a

morphism f : A — A such that:

R.1] ff=f [R.3] gf=gf
[R.2] §f=fg [R.4] fh=fhf

(ii) Two parallel morphisms f,g : X — Y in a restriction category are compatible, written f — g if
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(iii) Two parallel morphisms in a restriction category are partially ordered by f < g if and only if fg = f.

(iv) A functor F : X — Y between restriction categories X and Y is a restriction functor if it preserves

the restriction structure, i.e. F(f)

F(f) for all morphisms f in X

Lemma 5.2.2. Let f and g be morphisms in a restriction category, then
(i) Jf=7 (i) f=f
(ii)) fg=Ffg (i) f—3
W) f<g=f—g
The first point means that the restriction of a morphism is idempotent, thus, morphisms of the form f
are called restriction idempotent. The second point, g = g, means that a repeated restriction is the same
as a single restriction.
Equations (i)-(iii) are proven as part of Lemma 2.1 in [24] and (iv) and (v) are proven as part of Lemma

3.1.3 in |47]. We will still prove them here, since the proofs demonstrate how to work with restriction

categories.

Proof.
\ --[R.3] = [R1] -
0 ffr="rr=~1r

(ii) This follows from [R.3] if f = 1.

Ffg!

[R.4] —— [R.3]

(iv) 75 "= For ¥ rer B2 prg

R.1

]E~

(iv) fg (R.4] ﬁff[R,"'ﬂ [R.2] \:J% R3] ffg R.1] fg and thus fg = fg. This implies that ?’ ) fg R af

fg and thus f — g.

—~
.
=

R.1] [

- R . [R2] s f<g_
v) fg g9 = gfg’=" gf and thus f — g.

O

Remark 5.2.3. The motivating example of a restriction category is the category ParSet of sets and partial
maps. The objects are sets and the morphisms A — B are set maps of the form U — B where U C A
is a subset of A. Given a partial map f : A — B, its restriction idempotent f is defined as the inclusion
U — A of the domain of definition U into the domain A of f. We often interpret a restriction idempotent

to describe the subset U C A. In this example
(i) fg is the restriction of g to f’s domain of definition,
(ii) and fg describes the preimage f~(V) of g’s domain of definition V under f.
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With these interpretations in mind, the properties [R.1]-[R.4] are just common properties of partial maps.

As shown in section 2.1.3 of [24], restriction categories generalize partial map categories. The correspond-

ing notions of being a total morphism and a partial isomorphism need to be described:
Definition 5.2.4.
(i) A total morphism is a morphism f: A — B such that f =14

(i) A partial isomorphism is a morphism f : A — B such that there is a morphism f*: B — A such

that ff* = f and f*f = f*. The morphism f* is called the partial inverse of f.

Partial inverses are unique and will be denoted by f*.
Given a restriction category X one can take its full subcategory of total morphisms and obtain a category
Tot(X). On the other hand, given a category Y one can see it as a restriction category Triv(X) by defining

f =1 for all morphisms f.

Proposition 5.2.5. The assignments Tot : ResCat — Cat and Triv : Cat — ResCat are functors and Tot

s right-adjoint to the inclusion Triv. Thus the 1-category Cat of categories is a coreflective subcategory of

ResCat.

Proof. In order to obtain functors we first need to define Tot and Triv on morphisms. Let F': X — Y be a
restriction functor. Then as restriction functors preserve totals we can define Tot(F) := Flgoy(x) : Tot(X) —
Tot(Y). Since Tot(F) it is a restriciton of F' to a subcategory, Tot is automatically functorial.

Similarly, given a functor F' : X — Y of ordinary categories, we can see it as a restriction functor
Triv(F) : Triv(X) — Triv(Y). The functor Triv is automatically functorial as it does not change the
underlying assignment of objects and morphisms.

Next we show the adjunction by showing that there is an isomorphism between the hom-sets

ResCat(Triv(X),Y) = Cat(X, Tot(Y))

that is natural in functors X — X’ and restriction functors Y — Y’. Given a restriction functor F :
Triv(X) — Y, this functor preserves total morphisms. As every morphism in Triv(X) is total this means
that every morphism in the image of the functor is total. Thus the assignment of objects and morphisms
that is F' forms a functor o(F') : X — Tot(Y) that sends an object X of X to F(X) and a morphism f of X
to F(f).

Since the function ¢ : ResCat(Triv(X),Y) — Cat(X, Tot(Y)) does not change the assignments of objects

and morphisms, it is automatically natural and injective. It is surjective because every functor X — Tot(Y)
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can be seen as a restriction functor. O

5.2.2 Limits and products
Since restriction categories are enriched in partial orders, it turns out to be natural to consider lax limits:

Definition 5.2.6 (|26], section 4.4). Let X be a restriction category, A a finite category and S : A — X a

diagram.

(i) A lax cone of the diagram S is an object L of X together with (for every object C' of A) a morphism

gc : L — S(C) such that for every morphism ¢ € Homy (C, D), S(c)gc < gp-

(ii) A restriction limit is a lax cone (L, pc) with total morphisms po such that for every other cone (M, q¢)
there is an unique morphism f : M — L such that for all objects C of A, fpc = eqc holds, where

e =[lcen, Tc-
An example for this definition is the following.

Example 5.2.7. Let X be the restriction category with topological spaces as objects and partial continuous
maps defined only on closed subsets as morphisms. Then the pullback of the maps ijo 1),7[-1,0) : R — R given
by the inclusion of [0,1] and the inclusion of [—1,0] is the object {0} with the projections py, p1 embedding it

into R as zero.

i[—1,0]

Now let us consider another cone (R, qo,q1) with go : R = R sending 0 to 0 and not defined anywhere else
and q1 : R = R embedding the interval [0,1]. Then the unique map f : R — 0 fulfilling the conditions is the
map sending 0 to 0 and that is nowhere else defined.

This is an example where fp1 # q1 as q1 is defined on [0, 1] whereas fpy is defined only on {0}. However,

as e 1is the restriction to {0}, fp1 = q1e holds.

In order to have a better grasp on restriction pullbacks, we will expand that definition in the special case

of pullbacks of total morphisms. We will heavily rely on this Lemma in the proof of Theorem [5.4.43]
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Lemma 5.2.8. Let A L+ B & C be a cospan of total morphisms in a restriction category. Let X be an

object and let py : X — A and pc : X — C be total morphisms such that the diagram

pa

|

S
Q
«—
«—
<

Q
Sy

g

commutes, i.e. paf = pcg. Then the following are equivalent:

(i) For any object Z with morphisms ra : Z — A, r¢ : Z — C such that the diagram

Z

\

. X254

Nel b
C’T>B

commutes (i.e. raf =rcg), there is an unique morphism ¢ : Z — X with ¢pa =ra and ¢pc =rc.
(i) The cone (X, (qa,qaf,qc)) is the restriction pullback of the cospan A L&

The key difference between Lemma i) and Definition is that in Lemma [5.2.8[i) equalities hold
whereas in Definition [5.2.6| cones commute only up to inequality and fpc differs from go by a restriction

idempotent. Thereby condition (i) is easier and closer to the classical definition of a limit.

Proof. The implication (i7) = (i) follows from Deﬁnitionsince, due to the totality of f and g, 74 = T¢
and thus ¢pa = rora =ra.

For the implication (i) = (i), suppose (i) and a lax cone (Z,(qa,qB,qc)). Since f is total and
(Z,(qa,9B,9c)) is a cone, we know that gaf < gp which implies §4 < G and analogously go < §g.

Define r4 = §oga and r¢ = Gage- Since (Z, (qa,qB,qc)) was a lax cone, they fulfill that
raf =qcqaf = 4cqaqs = qaqcg = rcg-

Thus, by the assumption (4), there is an unique morphism ¢ : Z — X with ¢ps = ra and ¢pc = r¢. From

this it follows that ¢ is an unique morphism Z — X fulfilling
Ppa=qcqa=qcqsdaqa, ¢paf=3qcqaf=4cieiaqe and ¢pc=qaqc=3qcqeqaqc-

Thus the cone (X, (qa,gaf,qc)) fulfills Definition proving the implication (i) = (7). O
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Using restriction limits we can define additional structures that we will use in section A Cartesian
restriction category is a restriction category that has all restriction products and a restriction terminal
object 1. A restriction tangent category is a restriction category that has a tangent category structure

where all the limits are restriction limits. It will be defined in more detail in Definition [£.2.14]

5.2.3 Joins, atlases and gluings

Defined in [47], a join restriction category X is a restriction category such that for each A, B € X and

each set S C X(A4, B) of compatible morphisms there is a join (least upper bound, or supremum)

\/ s €X(4, B)

seS
which fulfills the following properties
(i) m = Vies s
(i) 9(Vies ) = Vies(gs)
(iii) it is a join (supremum) with respect to the partial ordering <, ie. f; <gVe =\ fi <g

Remark 5.2.9. We will sometimes draw commutative diagrams in restriction categories. When we say that
a diagram commutes, that means that the compositions are equal as morphisms in the restriction category.

In particular, their domains of definition coincide. For example, when the diagram

A—71 B
hl lg
CﬁD

commutes, it means that fg = hk, implying that both fg — hk and fg = hk.

In classical differential geometry, manifolds are described by atlases which consist of local neighbourhoods
and instructions for how to glue them together. Now in order to describe objects that are built piecewise
out of multiple components in a join restriction category, we define atlases to consist of objects (U;)icr
as components and morphisms u;; as instructions how to glue U; and U; together. This is known as the
manifold construction that was introduced by Grandis in [46] and specified for join restriction categories by

Cockett and Cruttwell in [20].

Definition 5.2.10 ([46],|20]). In a join restriction category, an atlas is a collection of objects {U;}icr and

morphisms {u;;}i jer with u;; : U; — Uj, fulfilling
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(1) wiiwi; = ui; = Uy = Uj,
(11) wijujr < wip : Uy = U, and
(tit) wijuj; = ;2 Uy — Uj.
Definition 5.2.11 ([46],[20]). An atlas morphism (U;,ui;) — (Vi, vki) is a family of morphisms Ay, - U; —
Vi such that
(1) wisAix = Ai, Uy = Vi,
(1) Aixvkk = Aig 2 Ui — Vi,
(iii) wijAjx < Aig 2 Ui — Vi,
() Aigvig < Ay Ui = Vi, and
(v) Aot = A A : Uy = V.

Condition [5.2.11} (iv) is actually a direct consequence of condition [5.2.11}(v). A trivial example of an
atlas is obtained by choosing an object U = Uy, taking the index-set to be {0} and ugg = 1y. We will denote
this atlas as At(1y)

An atlas is a specification of how to glue things together. The gluing construction from [46] and [20]

makes this possible.

Definition 5.2.12. Let (U;,u;;) be an atlas in a join restriction category X. Then a gluing of it is an
object G together with an atlas morphism g : (U, u;;) — At(lg) that fulfills an universal property: for any
object X and atlas morphism f : (Ui, uij) — At(1x) there is an unique morphism f: G — X of X such that
fi = gif and if there is another atlas morphism f': (Ui, ui;) — At(1x) fulfilling fi < fI, then f < f'.

Equivalently but more explicitly, the gluing can be characterized by the components of the atlas morphism
g. Since the target has only one object, the components A;; (as in Definition [5.2.11]) can be written as g;

with only one index.

Remark 5.2.13. A gluing for {u;;} is an object Gy with a family of partial isomorphisms g; : Uy = Gy

(with partial inverses g;) such that
(i) wijg; < gi,
(ii) uij = gigj, and
(iir) 1y =V, 9; 9i-
In fact condition (i) is redundant and follows from condition (ii) since u;;g; = gig79; = 9:9; < 9i-
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5.2.4 Tangent join restriction categories

The category of smooth manifolds and smooth maps was the motivating example for tangent categories. This
category has total maps as morphisms. The category of smooth manifolds and smooth partial maps, defined
on open subsets, is a restriction category. It is the motivating example of tangent restriction categories which
encode both the local structure and the tangent structure of manifolds. Tangent join restriction categories
combine the tangent category structure from Chapter [2| with the join restriction category structure from

Section This definition was given in [20].

Definition 5.2.14 (Definition 6.14 of [20] ).
A tangent restriction structure for a join restriction category X consists of a restriction preserving

functor T : X — X and associated total transformations such that

o for each M € X, we have total morphisms pyr : TM — M, restriction pullbacks T, (M) and total
morphisms +pr 2 ToM — TM,0p : M — TM such that for each f : M — N, the pair (T'f, f) is an

additive bundle morphism;

for each n, k € N, T™ preserves the restriction pullbacks of k copies of p.

e there is a total natural transformation T 5 T2 such that for each M, the pair (€5r,0n) is an additive

bundle morphism from (Tp : T*M — TM) to (pr : T*M — TM);

e there is a total natural transformation T? < T? such that for eacch M the pair (cum, 1) is an additive

bundle morphism from (Tp : T?M — TM) to (pr : T?M — TM);

o we have ¢2 = 1,4c = ¢ and the following diagrams commute:

T £, 72 73 I s ety s 72ty 3 X s

Zl lT(Z) CTJ/ lT(c) cl J/CT

T2 — 5 T3 T3 — T3 — T3 [ —
or T(c) er T

e the diagram

T2M<7T0£,7r10T>T(+)T2M

ﬂop:ﬂlpJ/ J{T(p)

M —————— TM
Om
is a restriction pullback.

If X has restriction products and T preserves them, then (X,T) is a Cartesian tangent restriction

category.
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The motivating example for a Cartesian tangent join restriction category is the category of smooth
manifolds and partial smooth maps. We will analyze this example further in section [5.4.3

If (X,T) is any tangent category it can be turned into a tangent restriction category by defining f = 14
for all morphisms f: A — B in X.

If X is any restriction category it can be turned into a tangent restriction category by choosing the

tangent structure T := 1x to be the identity.

Proposition 5.2.15. Let (X,T) be a tangent restriction category. Then (Tot(X),Tot(T)) is an ordinary

tangent category.

Proof. Let (X,T,p,0,+,4,c) be a tangent restriction category. We proceed by checking that its subcategory
of total maps, (Tot(X), Tot(T),p,0,+,¢,c), fulfills the axioms in Definition As T was a restriction
functor, Tot(T') is an endofunctor Tot(X) — Tot(X). Since p, 0, +, ¢, ¢ were total morphisms in X they are
morphisms in Tot(X). For every object X € Obj(X) = Obj(Tot(X)) pullback powers of Tot(T)(X) & X
exist and are given by Tot(T),(X) = T,(X) because restriction limits of total morphisms are limits in
Tot(X) according to section 4.4 of [26]. All the equations hold in Tot(X) as they hold in X. The universality

of the vertical lift holds because restriction limits of total morphisms in X become limits in Tot(X). O

Interestingly we did not need to ask for the tangent bundle endofunctor to be compatible with joins,
only with restrictions. The reason is the following lemma which says that compatibility with the restriction

implies compatibility with the join for a tangent structure. We will use it later in Section [5.4.5
Lemma 5.2.16.

(i) Let (X,T,p,0,¢,¢) be a Cartesian tangent join restriction category. Then for any parallel morphisms

frg in X, f <gif and only if T(f) <T(g) .

(ii) Let (X,T,p,0,¢,¢c) be a Cartesian tangent join restriction category. Then for any parallel morphisms

frg X, f— g if and only if T(f) — T(g).

(iii) Let (X,T,p,0,¢,c) be a Cartesian tangent join restriction category and let (f;):cr be a compatible family

of morphisms in X. Then

VT =T (\/ ﬂ») :

i€l i€l
Proof.

(i) If f < g, that means that fg = f. Thus, applying T to the equation we obtain that



which means that T'(f) < T(g). Conversely, if T(f) < T(g), that means that T(f)T(g) = T(f). Due

to naturality of p, the equation f = 07'(h)p holds for any morphism h. Thus we obtain that

fg=0T(fg)p = 0T(f)T(g)p =0T (f)p = f

which means that f < g.
(if) This is analogous to (i).

(iii) Due to (i), fi < V,c; fi implies that F(f;) < F(\,c; fi). Thus, since the join is a supremum, this

means that

\/ F(fi) <F (\/ ﬂ-) :

iel iel
Next we will use that the projection p : T' — 1x is a natural transformation with total components,

thus post-composition with it does not change the restriction idempotent. Thus,

F<\/fi) =F<\/fi>p=p\/ﬁ=\/pﬁ=\/F(M?=\/F(fi)

icl icl il icl icl icl
holds. This implies the required equation.

O

Note that the inequality \/;c; F(fi;) < F (\V;e; fi) - holds for any restriction preserving functor, while

equality requires the projection natural transformation.

5.3 The tangent bundle of a group object

In classical Lie theory, the tangent bundle of a Lie group G = (G, -, u) is trivial in the sense that T(G) = G x g,
where g = T(G),, is the Lie algebra of G. In this section we will show that the tangent bundle of a group
object in any tangent category is also trivial. This recovers the classical result, but is more general, since it
now holds in many different categories.

While Section [5.4]is about join restriction categories, this section does not assume join restriction struc-
tures. The results pertain to Cartesian tangent categories in general. Let us start by stating the definition

of a group object:

Definition 5.3.1. A group object (G,m,u,t) in a Cartesian category X is an object G together with

morphisms m : G x G — G, u:1— G and v : G — G (where 1 is the terminal object) such that
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(i) imx1lgm=(lgxm)m : GxGxG—G
(i) (lu,1g)m =1¢ = (1g,'uym : G—=G
(iii) (t,1g)m =lu = (1g,0)m : G — G,

where | : A — 1 is the unique morphism to the terminal object and (f,g) is the induced morphism into
a pullback or product. In the special case of morphisms between products, we use the notation f X g =

<7T0f7 7719>'

If X is a Cartesian restriction category, we demand that the morphisms m,u and v are total.

While a group object consists of G, m, u and ¢ we often denote the group object (G, m,u,¢) by G for
brevity. The concept of a group object is used in most areas of mathematics. In the category of sets and
functions, groups are exactly the group objects. In the category of algebraic varieties and algebraic maps,
algebraic groups are exactly the group objects. In the category of topological spaces with continuous maps,
topological groups are exactly the group objects. In the category of smooth manifolds with smooth maps,

Lie groups are exactly the group objects.
Lemma 5.3.2. If G is a group object in a Cartesian tangent category (X,T), T(G) is also group object.

T(m)) : T(G x G) = T(G) x T(G) is an
T(m m
isomorphism. The multiplication is T(G) x T(G) 2 T(G x G) =™ T(G), the unit is given by
0 u L
122 T(1) KGN T(G), and the inverse is given by T(G) T, T(G). These data satisfy the required identities

because T is functorial. O

5.3.1 Trivializing the tangent bundle

The purpose of this section is to define an isomorphism between T'(G) and G x T(G),,. Here T'(G),, is the

pullback
T(G)y —2— T(G)
|- :
l——— G
which we require to exist.

While the first component of the isomorphism is simply the projection p : T(G) — G, the second
component is defined using the universal property of the pullback defining T'(G),. The idea of the second
component is to start with a tangent vector v, € T(G) over the basepoint g and use the group multiplication
with ¢~! to move the tangent vector v, over the unit. Concretely, the multiplication 7'(m) multiplies pt0 of

a tangent vector to the tangent vector, as shown in the diagram below.

140



G x T(G)
(p10.1)T(m) G x T(G)

Together they form the morphism

¢ = (p, (I, (p0, 1YT(m))) : T(G) = G X T(G)y.

Theorem 5.3.3. Suppose G is a group object in a Cartesian tangent category such that the pullback T(G),,

exists. Then T(G) =2 G x T(G),. The isomorphism is given as

¢ = (p, {, (0, hT(m))) : T(G) = G x T(G)u

and its inverse is

¢t =(0xpi)T(m): G x T(G)y — T(G).

Proof. The morphism (pt0,1)T(m) : T(G) — T(G) satisfies

(pe0, )T (m)p = (p0, 1)pm = (piOp, p)m = p{t, 1)m = p!0 =10

and therefore it induces a morphism (!, (p.0, 1)T'(m)) : T(G) — T(G),. The composition p! =!, because it is

the unique morphism from T'(G) to the terminal object 1. The candidate for its inverse is

(0xpi)T'(m): GxT(G), = T(G)
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where pZ is the pullback of p : T(G) — G along u : 1 — G defining T'(G),:

T(G)y 2 T(@)

% v

T>G

Now we need to check that they are inverse to each other by checking that both ways of composing yield

the identity morphism. First, we have

(p, (!, (pe0, 1)T'(m)))(0 x py,)T(m) = (p0, {p0,1)T'(m))T (m)
(by associativity) = ((p0, pe0)T(m), 1)T'(m)
= (p(1,)m0,1)T(m)
— (plu0, 1)T(m)

=1

)

where the last equality holds because 40 = 0T'(u) by naturality of 0 and this is the unit for the multiplication
T(m) from Lemma On the other hand,

(0 x pp)T(m)(p, (!, (0, 1)T'(m)))
= ((0x p;)T(m)p , (1, {(0x p;)T(m)p0, (0 x py,)T'(m))T (m)))
(by naturality of p) = ((0p x pyp)m , (!, ((Op x pyp)me0, (0 x py )T (m))T(m)))
= ((Ixtu)m , ({(1xtu)me0, (0 x py,)T'(m))T (m)))
= (mo , (!, (m0e0, (0 x p;,)T(m))T(m)])
(by associativity) = (mo , (1, ({(m0e0, 70T (m), m1p%)T(m)))
= (mo , (!, (mo!u0, m1p;,)T'(m)))
= (mo , (! {molu0, m1p3)T(m)))

= <7T0,7T1> =1.

Here again the last equality holds as ©0 = 07 (u) by naturality of 0 and this is the unit for the multiplication
T(m) from Lemma [5.3.2]
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As the first component of the isomorphism (p, (!, (p.0,1)T(m))) is p, it follows directly that

<p7 <'7 <pL07 1>T(m)>>7r0 =p
and therefore p corresponds to mg. O

5.3.2 Structure maps of the tangent bundle of a group object

We will now continue to analyze the behaviour of G and T(G),. In particular, G acts on T(G),, in a way
that recovers the adjoint action of a Lie group on its Lie algebra in differential geometry. In the classical
case in which G is a Lie group, it is given by sending a group element g € G and a vector v € T(G),, to
g-v-g~'. This provides intuition for what follows.

Recall that Definition [5.3.1] guarantees that the multiplication m : G x G — G is associative. Thus, we
denote for k € Nt the unique morphism from G* to G multiplying all components together as my, : G*¥ — G.
One expression of my, as a composition is (m X 1g X ... X 1g)...m, but any other composition of m that leads

to a morphism G¥ — G is the same morphism.

Definition 5.3.4.
Ady: G xT(Q)y = T(G),

is defined as the morphism

<!7 <7T00G5 ﬂ-lp;km 7T0[’O>T(m3)>

which is the induced morphism into the pullback

WC’LO)T(M{;)
T(G) TG -

1 u *
: Py
-
| :
1

T)G

G x T(G),

where mg = (m x 1)m : G x G x G — G is the multiplication of three group elements in G.
The adjoint right group action is the adjoint action with the inverse of a group element, i.e. it is
defined by
Ad, = (1, (7100, mopy,, m0)T(m3)) : T(G)y X G = T(G)y.

Here the ¢ and r in the index keep track which of them is a left- and which of them is a right-action. The
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1

actions Ad, and Ad; are the generalizations of gug~' and g~ 'vg in the classical case.

In order to see that Definition [5.3.4]is well-defined we need to check that it actually induces a morphism

into the pullback, that is (w0, m1p}, mt0)T' (m3)p =lu:

<7T00, ﬂlpz, 7r0L0>T(m3)p

naturality of
=" P (mo0p, miplp, moLOp)ms

Op=1 ,flp:!u |
= <7T0, .u,ﬂ0L>m3
L is inlersion|

Definition 5.3.5. In a Cartesian category X, given an object A and a group object G, a left G-action on

A is a morphism a : G X A — A such that the diagrams

AL oA GxGxA™A GyA
\)la 1G><al ai
A GxA——F— A

commute. A right G-action on A is a morphism a : A x G — A such that the diagrams

AMAXG AXGXGMAXG
\la aXlGl ai
A AXG ——F— A

commute.

Lemma 5.3.6 (Left action). The morphism Ady is a left group action. Analogously Ad, is a right group

action.

The proof that Ad; is a left group action and Ad, is a right group action follows from the associativity
of m.

In this section we will use the trivialization from Theorem [5.3.3] to express the natural transformations
in the tangent structure of Definition and the group structure morphisms of Definition on T(G)
through structures on G x T(G),.. The result is summarized in Table

An observation from Table is that the tangent structure acts on the T(G), component and not on
the G component. The group structure involves the G component as well.

Lines 1,2,3 and 7 of the table (pertaining to +, 0, p and ) follow very directly from the definition of the

isomorphism ¢ in Theorem We show these equations in Proposition
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Operation on T(G) Operation on G X T'(G).
+: TG — T(G) 1X 44 :GXT(G)u X T(G@)y = G X T(G)u
O:G—)T(G) (L,10u) : G = G x T(G)u
T(G) — m0: GXT(G)y = G
L T(G) —TT(G) (70,104,100, m1) : GXT(@)u = GXT(G)u XT(G)u XT(G)w
¢: TT(G) — TT(G) (1o, w2, 1, m3) : G x T(G)3 — G x T(G)?
Tm:T(G)xT(G)=T(G) | (I1xsx 1)(mxT(m)u):GXT(G)uXxGXT(G)y = GXT(G)u
Tu:1—T(G) (u,04) : 1 - G X T(G)x
T.:T(G) = T(G) (mot, AdeT (t)u) : G X T(G)u — G X T(G)n

Table 5.1: Structure morphisms on 7'(G) and their translation to the local coordinates G x T'(G),. The
meanings of 0,, +, and s are discussed in Proposition [5.3.7| and Lemma [5.3.8

The next entry of Table[5.I] pertaining to ¢, is shown in Proposition[5.3.13] The following entry, pertaining
to ¢ is shown in in Proposition The following entry, pertaining to 7'(m), is shown in Proposition
5.3.9] The last entry, pertaining to T'(¢), is shown in Proposition

In all the propositions throughout the rest of this section, the vertical arrows are isomorphisms built
from ¢ that translate the operations on T(G) into operations on G X T(G),. The horizontal arrows are the

morphisms in Table

Proposition 5.3.7. The diagrams

(1g,'u0y)

GxT(G)uxT(G)y —E " 5 GXT(G)u G M L G T (G
%«mmwl,<fro,7r2>¢*1> %wl (5.1) J %«vl (5.2)
TG . TG G TG
GXT(G)y — ™ 5 G 1 0 GXT(G)
¢—1lg %ch (5.3) Ollg gl(b—l (5.4)
TG ———— G T(1) — TG

commute where ¢~ : G x T(G), — T(G) is the isomorphism from Theorem 0y := (ubg) : 1 —
T(G)y is the zero morphism into T(G), induced by Og : G — T(G) and

tu = (L P pi)+) : T(G)u X T(G)u = T(G)u

is the addition on T(G), induced by +.

In this proposition the vertical arrows are isomorphisms and express the group action in terms of the

tangent space at the unit.
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Here, and and in the following proofs when we will show that a diagram

A—1 B
| ls
CﬁD

commutes, we will refer to hk as the “left path” and to fg as the “right path”.

Proof. Diagram 5.1 commutes because its right path (1g x +,)¢~" is

(g X +u){0 x pi)T(m) = (0 x (p, x p)+)T(m) = (w0, m1py,), (100, mapy,)) To(m)+,

which is equal to the left path ((mg, w1 )¢, (mo, m2)¢~1)+. Here we used the naturality of + for the first and
second equation and the definition of ¢! as (mo0G, 71p} )T (m) to conclude that it equals to the left path.

Diagram 5.2 commutes because its right path is

(1, u0,)(0 x py)T(m) = (0,1u0)T'(m) =0 =150

since u0 is the unit of the group object T(G).

Diagram 5.3 commutes because its left path is

(00, mp2 YT (m)p = {mo0p, m1plpym = (mo, m1luym = mg.

Diagram 5.4 commutes because the right path is

(1, w0y ) (o0, m1pi )T (M) = (u0,u0)T(m) = u0 = 0T (u).

The vertical arrow 07 is an isomorphism because X is a Cartesian tangent category. The vertical arrow
(00, mpX)T(m) is an isomorphism as we proved in Theorem Therefore its pullback square is also an

isomorphism. O

In order to prove that the remaining lines in the table are correct, the following Lemma is useful. It
identifies G x T,,G with T,,G x G in a way that is compatible with the group multiplication and thereby tells

us how to move group elements past each other.

Lemma 5.3.8 (Switching order).
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(i) The diagram
<7I'1 ,Adr>

pZXOl lOXpZ
T(G) x T(G) T(G) x T(G)
T(G)

commutes.

P,,0)T(m)

(i) The composition T(G), x G ( T(G) = G x T(G)., is (w1, Ad,).

(iii) The morphism s = (m,Ad,) : T(G)y, x G = G x T(QG), is an isomorphism and its inverse is
s71 = (Ady, mo).

Proof.

(i) Putting everything together the right path in the diagram is

(r1,Ad)(0 x )T (m) = (7m0, Ad,p; )T (m)

= <7r10,7T1L0,7r0pZ,7r10>T(m4) = <’/T0pz,7'r10>T(m).

which is exactly the left path in the diagram.

(ii) follows now by composing with the inverse of the right vertical arrows since the isomorphism between
T(G) and G x T(G),, is
0 xpi)T(m): GxT(G)y = T(G).

(iii) is a straightforward calculation:

(m1, Ad;) (Ady, o) = (mo, Ad,-(Ady, m0)) = (mo, (!, (m00, Adepy,, m00) T (m3)))
= <71—07 <'a <7T0L07 <7T00, 71—1p;ku 7T0L0>T(m3), 7r00>T(m3)>>
= (mo, (!, {(mot0, 70, m1p;, m0e0, mo0)T'(ms5)))

*
= (mo, (!, m1py,)) = (m0, T1) = laxr(G).,-
The composition in the inverse composition is similar:

(Ady, mo)(m1, Ad,) = ({!, (w10, (7100, mop},, m10)T (mg3), w10)T (m3), m1)
= ((,, mopy,), m1) = (Mo, T1) = laxr(@).
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O

The diagram in Lemma means that the morphism s := (71, Ad,.) is the isomorphism that identifies

T(G), x G with G x T(G),, in a way that is compatible with the group multiplication.
Proposition 5.3.9 (The multiplication). The diagram

mxXT(m),

GxT(Q)y xGxT(G)y 225 G x G xT(G)y x T(G)y ——5"G x T(G)y,

(cb’l)zl

I
T(G) x T(G) Im T(G)

commutes, where T(m)y, : T(G)y X T(G)y — T(G)y is induced by the multiplication Tm : T(G) x T(G) —
T(G).

Proof. The left path in the square is, using associativity,

(0,p7,, 0, )T (1ma).
The right path in the square is

(Ixsx1)(mxT(m),){0,pi)Tm = (1x s x 1){{m,m1)m0, (ma, w3)T(m),pi)T(m)
= (1 x s x 1){{mg0, ™ 0)T'(m), (mwapy, m3p; )T (m))T(m)

=(1xsx1){0x0xp:xpT(my)
Now it follows from part (ii) of Lemma that this equals

= <0’p2’ Ova>T(m4)

which was the left path. O

We can also formulate the group inverse T'(¢) for T(G) in terms of G x T'(G),.

Proposition 5.3.10 (The inverse). Suppose G is a group object in a tangent category and T(G), exists.

Then the following diagram commutes:

(mot,AdeT (L)) G x T(G)u

[E
G

G xT(G)y

-
(G

) T

T(¢) )
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commutes.

Proof. In the first component the diagram commutes because

(0 x p)T(m)T'(e)p = (Op, pyp)me = mo.
In the second component we obtain:

(05 p )T (m)T (1) (!, (pe0, YT (m)) = (1, {(0 x py )T (m)T (1)pe, (0 x pi )T (m)T ()T (m))
= (L0 x p,)T(m), (Op x pp)me0)T (m)T'(¢))

= (!, (w0, m1p}, mot0)T(m3)T (1)) = Ad;T (1),

Here we used that p}p =!u which is the unit of the multiplication m. O

It is known from Theorem 4.15 of |20] that T'(G), is a differential object. The following Lemma |5.3.11

recalls what that means.

Lemma 5.3.11. For f: X — T(T(G)u), let

{f}: X =>T(G)u

denote the unique morphism such that

f= <{f}£u7 fp0>T(+u)a

where by, : T(G)y = T(T(G)y) and +4 : T(G)y X T(G)y — T(G)y are the morphisms induced by £ : T(G) —
TT(G) and + : ToG — T(G). Then the morphism

(. {1}

T(T(G)u) T(G)u X T(G)u

is an isomorphism with inverse

(0xL)T (+w)

T(G)u x T(G)u T(T(G)u)

The morphism {f} exists because of [29, Lemma 2.10] which applies because fpf : X — T(T(G))

equalizes T'(p) and pp0.
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Proof. We show that they form an isomorphism by showing that their compositions are the identity. The

first composition is

(P, {131)(0 X £u)T (+u) = (1p0, {1}0u)T(+4) = 1

by definition of {e} The other composition is

(0% £)T(+u) (P, {1}) = ((0 X £u)T(0)p, {(0 X £u)T(+u)})
= ((0p x lup)tu, {(m00, m1u)T (+u)})
= (1x10u)+u, ({mo0}, {m1lu})+u)
= (10, 1004, 1) Fus

= <7T0,7T1> =1

where 0, : 1 — T(G),, is induced by u0 : 1 — T(G). There we used that {0} =!0, and {¢,,} = 1 from Lemma
2.12 of [29]. O

Remark 5.3.12. We provided an explicit isomorphism T(T(G),) = T(GQ)y x T(G),. However, one could
alternatively simply apply Theorem 4.15 of [20] which shows that T(G), is a differential object. According
to Definition 4.8 of [20] this implies that T(T(G).) = T(G)y X T(G), and therefore proves that there is an
isomorphism T(T(G)y) 2 T(G)y X T(GQ)y.

Proposition 5.3.13 (The lift). Suppose G is a group object in a tangent category and the pullback T(G),

exists and is preserved by T. Then the following diagram commutes:

G x T(Q)y T2 ™) G PG X TGy x T(G)a
Eﬁxm{m
ot | T(G) x TT(G).,
ETT(@
T(G) : TT(G)

Here ¢ = (p, (!, (pi0, p;;)Tm)) is the isomorphism from Theorem [5.3.3

This shows that the inclusion in the first and last components corresponds to the vertical lift £, similar

to the formulas in Examples and [2.2.11

Proof. As we know that ¢T'(¢)mg = €T (p) = p0, it follows that the first two components are 7wy and 0,,. The
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third component is zero because p is natural, ¢ ~'p = 7y, and therefore

¢ HUT(p)mp = ¢ Uppm = mo(1,0)m; =!0,,.

The fourth component is given by the following calculation using the naturality of p,0 and ¢:

¢~ T (§)m {1} = ¢~ T ({p, (1, (pe0, 1)T (m))))m1 {1}
= ¢~ (L {T(P)T()T(0), ()T*(m)){1}
= ¢!, (pOT ()T (0), £)T*(m)){1}
= ¢, (p0L, ()T (m)){1}
= o7 {1, (pe0, 1) T (m)0){1}
= ¢~ (!, {pe0, 1) T (m)) €, {1}

= 7L, (p0, )T (m)) = ¢~ ¢m1 = my

Here ¢,{1} = {{,} = 1 because (T(G)y, 1,!, +4, 0y, £,,) is a differential bundle (T'(G),, is a differential object)

and thus [20, Lemma 2.12 (vii)] shows it. O

Proposition 5.3.14 (The canonical flip). Suppose G is a group object in a Cartesian tangent category for

which the pullback T(G),, exists and is preserved by T. Then the diagram

G X T(G)y x T(G)u x T(G)e T2 G s TGy % T(G)o % T(G)a

ox(. (11 =Joxtpn)

T(G) x TT(G),, T(G) x TT(G),, (5.5)
TQST% %TT¢
TT(G) - TT(G)

commutes, where ¢ is the isomorphism from Theorem[5.3.3

This shows that in our coordinates the canonical flip just flips the middle two components, analogous to

the formula in Example and the local formula in Example

Proof. For this proof we will actually use Theorem [5.3.15] the fact that +, and T(m), coincide and are

commutative. Since we don’t use the canonical flip when proving Theorem [5.3.15| this is logically sound. We
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will show the following diagram commutes

<7TO 372,71, 73

G X T(G)y X T(G)u x T(G)s ) G X T(G)y x T(G)y x T(G)a

¢’1><(0><€u)T(+u)l’£ ’EJ/qb*lx(Oxlu)T(-i-u)
T(G) x TT(G), T(G) x TT(G), : (5.6)
TT(G) . TT(G).

Because the vertical arrows in Diagram [5.6] are the inverses of the vertical arrows in Diagram [5.5] this is
equivalent to the statement we need to show.

First we will write out the vertical arrows of Diagram [5.6] in components

((&71) x (0% £)T(+u))T(¢7")
=((m00, m1p}) T (m), (120, 730u) T (+) /(o T(0), 11T (p;,)) T (1)

=((m00, m1py) T (m)T(0), (m20, w3€u) T (+) T (p};)) T (m)

Now we use Theorem [5.3.15 to replace +, with T(m), and use T(m),pl = piT(m), £, T(pk) = pil and

naturality of 0 to obtain

((mo0, m1py, )T (m)T(0), (20, m304) T (T (m) )T (p};)) T (1)
=((m007'(0), m1p, T(0))T*(m), (m2p},0, m3p,€)T* (m))T*(m)

=(mp0T'(0), m1p;,T(0), m2py,0, 7r3pZ€>T2 (my),

where my4 : G* = G is the multiplication of four group elements, unique by associativity. Now if we follow

the left path of Diagram [5.6] we have

((071) x (0 x £)T(+u))T (¢~ e = (mo0T(0), m1py T(0), mopy0, mapl )T (ma)c
= (m0T (0)c, mp;T(0)e¢, mapy,Oc, mapybe) T (ma)
= (70T (0), mp;0, map T(0), wapl ) T2 (ma)
= (m0T(0), 0T (p;;), 1o T (0)T(py,), mapys ) T (ma)
= (m0T(0), w2 T (0)T(p};), w1 0T (p};), waps )T (1m4)
= (m0T(0), m2py, T(0), m1py;0, mapy ) T* (ma)

= (o, ma, w1, m3)((671) % (0 % L) T (+4))T(67")

152



which is the right path through Diagram When going from the fourth to fifth line we used that T'(m),,

is commutative and therefore

(apy,, bpy,)T(m) = (a,b)T (m)up,, = (b, a)T(m)up;, = (bpy,, ap,)T(m).

O

This concludes the verification of all the structures summarized in Table with the exception of

showing that +, = T(m),,, which we will verify in Section below.

5.3.3 Comparing addition and multiplication

There are two monoid structures on T(G),, one of them is the group multiplication and it is a group (i.e. has
an inverse). The other one is the addition of tangent vectors and it is commutative. In this section we show
that they are in fact the same monoid structure and therefore both of them are abelian group structures.
This implies that the two monoid structures (addition of tangent vectors and group multiplication) on T'(G)
coincide up to conjugation with ¢. Theorem the central result of this subsection will make this
explicit.

Let X be a Cartesian tangent category and G a group object in X such that the pullback T(G),, exists.

Then there are two monoid structures on T(G),,, one of them is given by T'(m),,, the morphism induced by

T(G) x T(G)
ri I
T(G)y x T(G)y 225 T(G),, — 225 T(G)

Q

T(GQ)u x T(G)u % T(G)w —L T(@) »

—
=

|

G

u

where p* x ¢ pk stands for (mop%,m1pk). In the following theorem, we show that these operations coincide

and are commutative. The unit has a convenient expression as 0, = (!, u0qg) = (1,017 (v)) : 1 = T(G),.
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Theorem 5.3.15. The two binary operations on T(G),, satisfy the following:
(i) They coincide, +, = T(m).
(i) They are commutative, T(m), = (71, m0)T(M)y.
(#ii) Their unit is 0.
(iv) Their inverse is T(1)s,.
Proof. The morphism +, is commutative, since it is induced by the commutative monoid addition +¢g on
T5(G). The morphism 0, is the unit for T'(m),, because the unit for T'(m) is 07 (u) = u0 and T'(m),, is induced

by T'(m). The morphism 0, is the unit for +, because O¢ is the unit for +¢5. Since +¢ : ToG — T(G) is

natural the morphism +, : T(G)? is also natural. That implies the naturality diagram of +, with respect

to the morphism T'(m),, : T(G)y X T(G)y — T(G)y, the diagram

(T(m)U)z

T(G)2 x TuG? T(G)2

+ux+ul J/Jl'u )

T(G)y x T(G)y T(G)uy

T(m)’(l
commutes. Now an Eckmann—Hilton style argument implies that the two operations coincide:

nat e

T(m)u ne:ut. <<71'0, 0“>+“’ <0“’7T1>+H>T(m)u = <<7T0, 0u>T(m)uv <0u77T1>T(m)u>+u n:ut. +u-

Since the two monoid structures coincide and T'(¢), is an inverse for T'(m),, it is an inverse for both of

them. 0

From this we will conclude in the following theorem that the additions on T(G) have a negation. This
result is surprising, as we did not assume that the addition of tangent vectors has negatives. However,
for the tangent vectors of the group object G it is defined. It is only defined on T'(G), it is not a natural

transformation.

Theorem 5.3.16. Let X be a Cartesian tangent category and let G be a group object in X such that the

pullback T(G), exists.

(i) Then the addition +¢ : ToG — T(G) is explicitly given by the composition

(1(;><T(7n

TG 225 G x T(G)u x T(G)s "y G x T(@)y S T(G)

where ¢ : G x T(G), — T(G) is the isomorphism from theorem [5.3.3

154



(ii) The addition +¢ : To(G) — T(G) has a negation that is given by the composition

(1(; ><T(L

(@) 25 G x T(G), 1y G x T(Q)a % T(G).

(iii) The addition +1 ) : T3G — T*G has a negation.

Proof. The addition +¢ : TG — T(G) can be explicitly described as the composition
-1
G x T(Q)y x T(G)u 2 TG 1% T(G) 2 G x T(G).,

where ¢ : G x T(G), — T(G) is the isomorphism from Theorem [5.3.3] The second component of this
composition can be explicitly calculated as the following (the first component is just p, as + preserves the

basepoint):

2+ ¢~ m = (w0, mipy) T (m), (w0, mapiy) T (m)) + (1, {pe0, 1)T(m))
= ({m00, mp};), (o0, mapy,)) +2 T(m)(!, (pl0, 1) T (m))
= ({00, mo0)+, (m1py, mapy,) +) T (m) (!, (p0, 1)T'(m))
= (m00, (m1py, mapy, )T (m))T(m)(L, {pe0, )T (m))
= (!, {{mo, luym20, (00, (m1py,, wapy ) T'(m)) T (m)) T (m))
= (!, (mply, map™u)T (m))

= (m1, m2)T (m).

This calculation now tells us that ¢ +¢ ¢~ = 1g x T(m), Pre- and postcomposing this equality with the

isomorphism ¢ results in

+e =65 (1g x T(m).,)o,

the equality we needed to show for (i). This explicit formula shows directly that
— = (I x T(1))o

defines a negation on T'(G) implying part (ii) of the theorem.
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It follows that T2G has negatives with respect to +1(c) since T(G) is a group object and

T(G)y x T(G)y ™™ TG —— T2°G —= T2G

!J B 7Topi . T (p)l ’ pl
1 _ G —5— T(G) —— T(G)

is a pullback composed of three pullbacks. This negation can be explicitly described by using the fact that the
canonical flip is an additive bundle morphism and thus + = c2T'(+)c : T¢G — T*G. From this formula we
can see that if — : T'(G) — T(G) is a negation with respect to + : T(G) — T(G), then ¢T'(=)c: T¢ — TG

is a negation with respect to + : T?G — TG, proving part (iii). O

The negation — is only defined for the tangents of the group object G, it is not a natural transformation.

However the negation is compatible with multiplication and addition in the following sense.

Lemma 5.3.17. The diagrams

T(G) x T(G) —=—— T(G) x T(G) TG —=5— 5 TG
T(m)l lT(m) +l lJr
7(G) - (G) (G) —— T(G)
commute.
Proof. In the diagram
T(G) x T(G) - T(G) x T(G)

¢’IX¢’IJ Lb’lxab’l

G X T(G)y x G x T(G)y LT Wy o (@) x G x T(G)

(1><s><1)(m><T(m)u)l l(lxsxl)(mXT(m)u
G x T(G) e G x T(G)a
o] &
(@) T(G)

the top and bottom square commute by the definition of —. The commutativity of the central square is that

(g 'vg)"'w = gv~lg~lw. The first diagram commutes by the definition of —. Then the second diagram

commutes because + = ¢a(1 x T'(m), )¢~ . -
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5.3.4 Left-invariant vector fields

A left-invariant vector field is a section £ : G — T(G) of p : T(G) — G such that the diagram

GxG —" @

o

T(G) x T(G) 5t T(G)

commutes. As shown in Proposition [5.3.19] the zero vector field is an example of a left-invariant vector field.

Classically, the vector space of left-invariant vector fields is an alternate description of a Lie group’s
Lie algebra. In this case, one can prove that the vector space of left-invariant vector fields is isomorphic
to T(G),. Unfortunately, we were not able to fully generalize this result to the general tangent category
setting. At least, it is true for the set of left-invariant vector fields and the set of elements, i.e. morphisms
1= T(G)y.

Technically, the word “elements” is used here with two meanings, morphisms 1 — T(G),, and the classical
meaning of elements of the underlying set of the manifold. These two meanings correspond to each other
by identifying a morphism 1 — T(G), with its image (remembering that 1 has the one point-set as its

underlying set).

Proposition 5.3.18 (Left-invariant vector fields). The set of left invariant vector fields € : G — T(G) is

isomorphic to the set of elements V : 1 — T(G)y of T(G),.
Intuitively the isomorphism is given by evaluating a vector field at the unit.

Proof. The morphism Xpin (G, T(G)) — X(1,T(G),,) is given by & — Ve := (11, u€) : 1 = T(G),.
The morphism X(1,T(G)w) = XLinv(G, T(G)) is given by sending V : 1 — T(G),, to the composition of

0xpy,

G=Gx122Y% G 7(@)y 28 T(6) x T(G) T

T(G)7

e Vi &y = (0 x Vp:)T(m).

These two constructions are inverse to each other because
Eve = (0 x (11, u&)py,) T (m) = (0 x u§)T(m) = (1 x u)(0 x )T (m) = (1 x u)ym& = ¢

and

Vey = (11,u(0 x Vi )T (m)) = (11, (u0 x V)T (m)) = (11, Vp,) =V
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where the second to last equality holds true as u0 = 0T () is the unit of the multiplication 7'(m) by Lemma
5.3.2] O

This gives a new perspective on Theorem m Theorem says that the tangent space T(G) is
G x T(G),,. Classically, an element of T'(G) is a vector v € T(G),, which is “shifted” by an action of g € G.
Now Proposition [5.3.18| says that furthermore, we can think of v as a left-invariant vector field &, rather
than a vector, namely the left-invariant vector field that is given by “shifting” the vector v € T(G),, to any
group element g € G. The inverse is given by sending (g, &) to the vector £(g) € T(G).

Given two vector fields &, : G — T(G), we call (£, ()+ the addition of £ and ¢. We call £— the negation
of €. Together with the zero vector field this turns the set of all vector fields into an abelian group. The

following Proposition [5.3.19] shows that the left-invariant vector fields are a subgroup.

Proposition 5.3.19. Let X be a Cartesian tangent category and let G be a group object such that the pullback
T(G), exists. Then

(i) The zero vector field is left-invariant,

(i) The addition of two left-invariant vector fields is left-invariant, and
(i4i) The negation of a left-invariant vector field is left invariant.
Proof.

(i) The zero vector field is left-invariant because

GxG ———— G

ovo] I

T(G) x T(G) - T(G)
commutes by the naturality of 0.

(ii) In order to show that the addition of the two left-invariant vector fields & and ( is left-invariant, we

need to show that
GxG —" @

0x<s,<>+l €0+
T(G) x T(G) —— T(C)
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commutes. It commutes because

(0 x (&, O+)Tm =({0,0) + x(£,()+)Tm
={(0 x §)T'm, (0 x {)Tm)+
=(mg&, m¢)+

=m(&;C) +

(iii) The negation preserves left-invariance because in the diagram

GxG —" @G
i
T(G) x T(G) —— T(G

_X_i i_

T(G) x T(G) —— T(G)

)

the upper part commutes because of left-invariance, the lower part commutes because of Lemmal[5.3.17]

and the whole diagram shows the left-invariance of {— since 0— = 0.

5.3.5 Defining the Lie bracket

As the tangent bundle T'(G) has negatives it is possible to define a Lie-bracket on sections. For two vector

fields wy, w2 : G — T(G), [20} Definition 3.14] defines the Lie bracket as

[wi, we] = {{w1 T (w2), waT(wr)c—)+}

where the brackets turn a morphism f : A — TG equalizing pp0 and T(p) to a morphism {f} : A — T(G)
given by the composition of the induced morphism into the equalizer TG and the projection my : TG —
T(G). This means {f} it is the unique morphism such that f = ({f}¢, fp0)T(+).

We will now use this to define a Lie bracket on the left-invariant vector fields mimicking classical differ-

ential geometry where the left-invariant vector fields form the Lie-Algebra of a Lie group.
Lemma 5.3.20. If the vector fields wy,ws : G — T(G) are left-invariant, then [wy,ws] is left-invariant.

Proof. We need to show that m[wy, ws] = (0 X [wy, ws])T(m) using the fact that w; and ws are left-invariant,

ie. mwy; = (0 x wy)T(m).
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mlwy, we] =

m{{w1 T (wz), wo T (wy)c—)+}

={(mw1 T (w2), mw T (w1)e—)+} Hat ={rg}
={{(0 x w)T(m)T(wg), (0 x wy)T(m)T (wy)c—)+} left-invariance
={{(0 x w1)(0 x T(w))T?(m), (0 x w)(0 x T(w1))T?(m)c—)+} left-invariance
={{(0 x w1)(0 x T(w2)), (0 x w2)(0 x T(wy))e—) + T*(m)} Lemma 5.3.17
={00 x (wT(ws), woT'(wy)e—) + T%(m)} composition
={00 x (w,T(ws), woT (wy)e—)+}T(m) [20, Lemma 2.14]
=(0 x w1, wa])T'(m) [20, Lemma 2.14]

O

This defines a Lie-bracket on the set of left invariant vector fields. Using Proposition [5.3.18| we may also

consider the Lie-bracket to be a pairing on X(1,T(G),):

[0, @)1 7(), : X(1,T(G)u) x X(1,T(G)u) = X(1,T(G)u)

That is a pairing on the elements of T'(G),, i.e. the morphisms from the terminal object 1 into T'(G),. We

call this the external Lie Algebra.

Theorem 5.3.21. Let G be a group object in a Cartesian tangent category X for which the pullback T(G),

exists. Then the set X(1,T(G),,) is a Lie-Algebra over the ring of integers Z.

Proof. Instead of X(1,T(G).), we use the set of left-invariant vector fields in this proof. By Proposition
[5.3.18] this is isomorphic to X(1,T(G),). The addition +, the zero section 0 and the negation from Theorem
5.3.16|(ii) induce an abelian group structure on the set of left-invariant vector fields which induces a Z-module
structure. It follows from Lemma that the bracket is an operation on the set of left-invariant vector
fields. It follows from Theorem 3.17 of [20] that the Lie-bracket is bilinear with respect to this Z-module
structure. The Jacobi identity has been proved by in Theorem 4.2 of [21]. Thereby the set of left-invariant

vector fields is a Lie Algebra. O

Theorem 7.5 of [2] is a related result, though with different assumptions and a different perspective.
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A natural question to ask is whether this external Lie algebra structure comes from an internal Lie-bracket
on T'(G)y: Is there an antisymmetric morphism fulfilling the Jacobi identity [e, o]y, : T(G)u x T(G)uy —
T(G)y such that [x,&lior@), = (X:&)[®, ®]r),? We doubt that there is such an internal Lie-bracket this
Lie-Algebra structure comes from. The reason for this is that the external Lie-bracket is defined on left-
invariant vector fields and this only gives a Lie-bracket that is a set map. This does not relate to the type
of objects in an arbitrary Cartesian tangent category. In the well known cases of smooth manifolds, it does

work.

Corollary 5.3.22. Let G be a Lie group (a group object in the category of smooth manifolds). Then its
tangent space T(G), at the unit has an internal Lie-bracket T(G)y X T(G)y — T(G)y that is bilinear with

respect to the addition of tangent vectors.

We would like to apply it analogously to the category of smooth varieties. However, there is still some
work to be done on describing the tangent structure for the category of smooth varieties.
The key property in the two setups of Corollary [5.3.22] is that an arbitrary linear map of elements is a

morphism in the category and that two such morphisms coincide if they coincide on elements.

Proof. The result follows because the category of smooth manifolds is a tangent category in which tangent
spaces exist. In this category the group objects are Lie groups. The Lie bracket, defined on points, is a
linear map. Since it is linear, it is a smooth map T(G), ® T(G), — T(G),, and therefore the Lie bracket is
a smooth map between manifolds.

O

Corollary [5.3.22]is the recovered classical result from differential geometry. In classical differential geom-
etry the Lie algebra determines the Lie group locally via the exponential map. We doubt that this is the

case in full generality because in general there is no exponential morphism in an arbitrary tangent category.

5.4 Principal bundles

Physical systems that have an inherent symmetry or redundancy are often described as principal G-bundles
where G is the system’s symmetry group. For example, the electromagnetic interaction between charged
particles naturally displays symmetry of the complex unit circle, U(1). The details of this example can be
found in [75, Chapter 10]. The electromagnetic field has an associated U (1)-principal bundle. This bundle
is important in electromagentism - the electromagnetic potential is the expression in local coordinates of a
connection on this bundle. Physically inspired examples such as this one make it clear that principal bundles

are important.
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The central idea of principal bundles is that locally they are the Cartesian product M x G of a base-
manifold M and the symmetry group G, while globally they may have a nontrivial geometry. The purpose
of this section is to generalize this geometric construction to an arbitrary join restriction category. The
structure of join restriction categories allows for a particularly nice realization of fibre bundles in which local

trivializations are expressed as partial isomorphisms.

5.4.1 Fibre Bundles

In differential geometry, given manifolds M and F, a fibre bundle over M with typical fibre F' is a manifold
E with a smooth map ¢ : F — M such that for every p € M there is an open neighbourhood U 3 p
such that ¢~ 1(U) is diffeomorphic to U x F. In this section we generalize this definition into the setting of
join-restriction categories.

In the following definition it will be useful to recall from Definition that a total morphism is a
morphism f : A — B in a restriction category fulfilling f = 14 and that a morphism g : A — B is called
a partial isomorphism if it has a partial inverse, denoted g*. Recall in addition from Remark that a
diagram commutes if the compositions along all paths are equal. Two partial maps are equal if both their

values and their domains coincide, i.e. f = ¢ if both f — ¢g and f = g hold.
Definition 5.4.1. Let M and F' be objects in a join restriction category X.

(i) a fibre bundle over M with typical fibre F in a join restriction category X is an object E with a total
morphism q : E — M and partial isomorphisms c«; : E — M x F, called local trivializations, such

that the diagram
Qg

— M xF
0 (5.7)

— M

&

Ql
«—

&

commutes and \/,.; &; = 1g and there exists a restriction idempotent e; : M — M such that &; =

e; X 1F-

(i) A morphism between bundles (E, M, F,q,(a;)icr) = (E',M',F', ¢, (o} )kek) is a pair of morphisms
:FE—>FE,p: M — M such that
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commutes.

(iii) A fibre bundle (E, M, q, («;)icr) is called totally fibred if, for alli € I,

The morphisms ® and ¢ forming the principal bundle morphisms are not total, in general. Fibre bun-
dles and fibre bundle morphisms, as in Definition form a join restriction category FibBun(X). The
restrictions structure is given by (@, ¢) = (®, $) and the join is \/,(®i, ;) = (\, @4, \/,; b1)-

The condition for a bundle to be totally fibred will be relevant in Section [5.4.3] Remember from Remark
(ii) that the restriction idempotent of a composition can be interpreted as a preimage. For intuition we
consider the category ParMfld of smooth manifolds and smooth partial maps defined on open subsets, a full
definition (including the restriction structure) will be given in Definition [5.4.25] In ParMfld, total fibredness
describes that the local trivialization «; : £ — M X F is not just defined on an arbitrary open subset V C F,

but that, in fact, it is of the form ¢=(U) for some U C M.

Remark 5.4.2. An equivalent characterization of a fibre bundle that is totally fibred is that the diagram

E—23s MxG

|

2

M ——

€4

commutes. This shows how total fibredness forces the morphism «; to be total on fibres and the partiality to

be contained in the base-space component.

The formal reason why the diagram in Remark holds, is that Diagram commutes, that in the
totally fibred case @; = ge; and that with this the left path in the diagram simplifies to ge;. It is an
equivalent condition since taking the restriction idempotent of a;mg = ge; gives exactly the totally fibred
condition &; = qe;.

Recall from Deﬁnitionthat an atlas is an index set I together with objects (U;);e;r and morphisms
ui; : Uy — Uj for each 4,j € I. The object M x F together with a collection of morphisms u;; = o a; :
M x F — M x F, form an atlas, indexed by the index set I of («;);es and given by the composition of the
partial inverses o and the local trivializations ;. The atlases produced by this construction are the same
as the atlases which are characterized in Definition [5.4.3] Theorem [5.4.9] which states that if gluings exist,
bundle atlases are equivalent to fibre bundles, will provide a proof of this statement. First, we need some

preliminary definitions and properties.
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Definition 5.4.3. Let M and F be objects in a join restriction category X. Then a bundle atlas is an

atlas (u;; : M X F'— M x F); jer such that

o foralli,jel, uj= (mo,uym), and

o fori=7j, uy =e; X 1p for a restriction idempotent e; = €;.

Here the expression u;; = (7, u;;m1) does not mean that wu;;my = my or that u,; is total in some first
component sense. In fact, due to the definition of restriction limits in Definition i), (f,9)m0 = gf
which in our case means u;; Ty = ;7.

Recall the notion of a gluing from Definition In the following lemma, we show that E is the gluing

of a bundle atlas.

Lemma 5.4.4. For a fibre bundle (E, M, q, F,(c;)ic1) in a join restriction category, E is a gluing of the

atlas u;j = o oy, This atlas is a bundle atlas as defined in Definition[5.4.3

Proof. The partial isomorphisms a; : M x F' — E fulfill the required properties of Definition [5.2.13] because
the atlas u;; was constructed from the partial isomorphisms ;. The components g; from Remark [5.2.13] are
the inverses o They fulfill [5.2.13(ii) by the definition of u;;. They fulfill (iii) because \/;c; @; = ;o i} =
1g.

For any 4,j € I is of the form u;; = (mo, u;;m1) since

Ui 5T = O QT = O 0Ljq = O Q0 @

For i = j, it is of the form w; = e; X 1 for an e; = €; as

u”:a?ai :54: =e€; X 1.

O

Example 5.4.5. A simple class of examples are the bundles that are given by the projection morphisms

mo: M x F'— M. In this case the structure is given by a single local trivialization:

q:’/To:MXF*)M,OéO:].MXF

This bundle’s atlas is At(1prxr), consisting of the object M X F and the identity morphism 1y« p.

A well known nontrivial example is the Mdobius strip in ParMfld (the precise definition of ParMfld,
including the restriction structure, will be given in Definition [5.4.25|).
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L

Figure 5.3: On the left is an embedding of the Mobius strip into R3. On the left is the atlas, out of which it
can be glued together. The two stripes are the domains of ugy and wuy;1 respectively. The colours show how
the change of chart partial isomorphisms u;; glue together parts of their domainsﬁ

Example 5.4.6. Let E = Mo be the Mébius strip. While defined as an abstract manifold, it was shown for
example in that it can be embedded into R> as

{(2 — Bsin (%) sin(a),2 — fBsin (%) cos(a), B cos (%) } 0<a<2m-1<pB< 1)}CR3.

Let M = S* be the circle and F = (—1,1) the open interval. ~Then there is a map E — S given by the

angle to the vertical axis. If you embed S into R? as
St = {(sin(y), cos(7)) € R?|y € [0,27]} C R?,

this projection map sends a point (z,y,z) € Mo C R3 to

(z/V/22+y2y/\/a2 +y2) € S' C R%

Let € be in (0,7/2), for example 1/2. The maps g and ay are the partial isomorphisms that identify the
left and the right half of the Mobius strip with (—e,m+¢) X F and (w —¢e,2mw +¢€) x F, both seen as a subset
of St x F.

4The figure was created with GeoGebra3D (using a slightly tweaked formula), Gimp and LibreOffice.
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The Mébius strip is defined by an atlas, Uy = Uy = S' x F, where we describe the circle by its angle

St =R/ ~ with 2rn ~ 0¥n € N. The change of chart maps u;; are

(x,y) ZfI‘ € (_676)
ulO(xay) = 5 Upo = 1|(7e,7r+e)><Fa
(r,—y) fxe(m—em+e)

(:an) fo € (_6,6)
Uo1 (fﬁ,y) = ) and uy; = 1|(7r—e727r+e)><F~
(x,—y) fxe(m—em+e)

This atlas can be seen as having a straight connection on the one side and a twisted connection on the other

side. Its gluing is the Mobius strip Mo, as depicted in Figure[5.3

If we are in a category where gluings exist, the implication of Lemma becomes an one to one
correspondence between atlases and bundles. In the following two lemmas we will establish more precisely

what that means. First, we show that one can produce a fibre bundle from an atlas.

Lemma 5.4.7. Let M and F' be objects in a join restriction category X. Let u;; : M x F' — M x F be a
bundle atlas. Then if the gluing of the atlas (M x F,u;;) exists (see definition , it is a fibre bundle

E % M over M with typical fibre F such that
Uij = oy

Proof. Let E be a gluing and let (a);cr : (M X F,u;;) — At(1g) be the resulting bundle morphism as in
Definition We must check that the o fulfill the conditions in Definition Due to the remarks
following Definition the morphisms ] are partial isomorphisms. We denote their partial inverses as
«;. In addition the remarks following Definition guarantee that \/1 ozof = 1 and u;; = afaj. Due to
the second condition in Definition af =y, = (ey x 1).

Since f; = @ymo : M x F — M is an atlas morphism from (M x F,u;;) to the atlas At(1as) there is an
induced morphism ¢ : £ — M such that f; = afq. Precomposing f; = a]q with «; ensures that Diagram
commutes. Taking the join, ¢ = \/,;(a;m), thus § = \/; @; = 1. Thus ¢ is total.

Therefore (E, M, q, (a;);c1) is a fibre bundle. O

Next, we show that fibre bundle morphisms correspond to atlas morphisms of the form a;;, = (7w, Ajxm)-

This is the complement of Lemma [5.4.7] on morphisms.

Lemma 5.4.8. Let X be a join restriction category.
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(i) For each fibre bundle morphism

(‘I’Ni)) : (Eva Faqv (ai)iel) - (E/’M/,Flvq/a (O‘;c)kEK)

the morphisms

A =af®aj,: M x F — M x F'

are atlas morphism whose first components are ¢, i.e. atlas morphisms of the form A;. = (moo, Aikm1)

. ok N
between the atlases given by u;; = of a; and vy, = ol o.

(i1) Let u;; and uj, be fibre atlases which have gluings. For each atlas morphism

Aik : (M X F,U,’j) — (M/ X F/,u;d)

of the form (mop, Aipm1), with u;; and uy, there is an unique morphism between their gluings ® : Gy —

Gy such that (@, @) is a fibre bundle morphism.

Aik:af<I>ak:M><F—>M’><F’

Proof. (i) We have to check the 5 conditions in the definition of an atlas morphism. All of them follow

directly from the definition A;, = o} P,

i Ak = af o ), = afPaj, = Ay

Ajpuyy, = afPajala), = af Paj, = Ay,

uij A = o oo ®ay = af a;®ay < afPay, = A
Ajpuyy = o Pajar o) = af Paga) < af Pay,

Aipuyy = afPaja; = of Pajaf Pa; = Ay Ay
Since (@, ¢) is a fibre bundle morphism,

Ao = afagm < af®q' = ofqp < moo

Thus A, = Air(mod, Aipmi) = (To@, Aixm).

(ii) Let Gy be the gluing of u;; and Gy the gluing of ug;. Because of the previous lemma, they form a
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fibre bundle. Since A;; is an atlas morphism from w;; to u),; and ¢ form an atlas morphism uj, to
At(1¢g,, ), their composition has target At(E’). Therefore, by the universal property of the gluing Gy,

there is an unique morphism ¢ : Gy — Gy fulfilling

af® = Ao,

Thus

., o,
a; Parq = Aivaparq = Agaqapmo = Ao Aipmo = Ajpa mod

Precomposing with «a; gives:

_ _ 7 — =
a;Parq = o Apagomod

As «a;m9 = @;p this becomes

®;Pap®q = a; Ao

Because o ® = A;,aj, we obtain

2 A ¢ = a;Ajagmod
and taking the join over all 7 and k gives that ®p’ = pg.
O

Lemma and Lemma [5.4.8] imply together that there is an equivalence of categories between fibre
bundles and atlases that fulfill special conditions. Recall from the beginning of section that we call the
category of fibre bundles with fibre bundle morphisms FibBun(X). We also define the category BunAtlas(X)
which has

e as objects atlases fulfilling the conditions of Lemma [5.4.7
e as morphisms fibre bundle morphisms fulfilling the conditions of Lemma

Theorem 5.4.9 (Classification of fibre bundles). Let X be a join restriction category with gluings. There is

an equivalence of categories between FibBun(X) and BunAtlas(X)

Proof. We consider the functor sending an atlas in BunAtlas to its gluing. According to Lemmas and

this is essentially surjective and according to Lemma it is fully faithful. O
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5.4.2 G-bundles and principal G-bundles

Now we will take a group object G which, by Definition [5.3.1] is an object with total multiplication m :
G x G — @G, total unit u : 1 — G and total inverse ¢ : G — G. We use this group object to determine the

structure of a fibre bundle by acting on the fibre. Having such an action, the fibre is a G-object:
Definition 5.4.10. Let G be a group object in a Cartesian category X.

(i) A G-object is an object F' together with a left G-action, i.e. a total morphism a : G x F — F fulfilling

GxGxF 1% G F F2n oxr
leFl J{a Nlm
GxF —— S F F

(i) A morphism of G-objects from (F,ar) to (E,ag) is a morphism f : F — E in the underlying

restriction category, such that
GxF 1 axp

CLF\L J{ag
F —F E

commutes.

(iii) With the composition, unit and restriction of the underlying category, G — Obj(X) is the category of

G-objects and morphisms of G-objects in a given restriction category X.

This definition is analogous to the beginning of Section 5.10 in [71]. In topology and differential geometry,

G-spaces are commonly used and they denote G-objects in Top and SmMan respectively.

Example 5.4.11. Given a topological group G, a G-space is a topological space Y equipped with a continuous
action map a : GXY — Y, often denoted like a(g,y) =: gi>y such that 1>y =y, and (g-¢') >y = g>(¢'>y)
forall g,¢' € G and y € Y. In the category Top of topological spaces and continuous maps, G-spaces are

ezactly G-objects.
An important example is the group object itself.

Example 5.4.12. A group object G is an example of a G-object. The action is given by
a=m:GxG—G.

Now we are going to use these in a Cartesian join restriction category. There we will always demand for

the morphisms w, m, ¢, a to be total.
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Definition 5.4.13. Let G be a group object and M any other object in a join restriction category X. Then

a G-atlas on M consists of partial morphisms 7;; : M — G such that

(Tjk Tig)m < Tik i <lu T =T

Definition 5.4.14. Let G be a group object in a Cartesian join restriction category and M another object.

Then

(i) A G-bundle over M with typical fibre F' consist of a G-object F, a fibre bundle E — M with fibre F,

and a G-atlas 7;5 on M such that

Ui = ooy = (mo, (moTij, m)a) : M X F— M x F

(ii) A principal G-bundle over M is a G-bundle with fibre G and the multiplication from the left a =

m:G x G — G as the action.

In Definition [5.4.17 we will define morphisms in a way so that we will obtain a join-restriction category
of G-bundles and a join-restriction category of principal G-bundles.

First we construct a G-action on a principal bundle:

Theorem 5.4.15 (Total right action on principal bundles). Let P — M be a principal G-bundle in a join

restriction category X. Then there exists a total morphism (a right action)

r:PxG—P

such that

(rxDr=0xm)r:PxGxG—P, (Ixer=1p and rq=meq: P x G — M.

Proof. In order to define the morphism r we define the partial morphisms

ri = (a; X 1g)(1p x m)a] : P x G — G.

This means, 7; is the following composition:

Px G a2\ G x G G S p
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If the join r = \/,c; r; is defined, it will automatically fulfill all the required properties, as its components

fulfill it. It will be a total morphism as

7i = (o x 1)(1 x m)oyf

= (O(i X 1g)<1M X m)d:‘

= (o x 1g)(Ip x m)(e; x 1)

= (Ozi X 10)(61' X 1gxg)(1 X m)

= (Oll' X 1g)(6i X ]-GXG)

= (ai X 1G)(54:< X 1)

= (a; x 1g)(of x 1)

~@x1a)

=a; X 1lg
and \/i(d;< X 1g) = Vz o x1g =1p X 1, and thus

W: \/fi = \/(@i x 1) =1lpxa-

Let’s now prove that the join exists, i.e. that r; — r;. For this we need to show that 7;r; = 7;r;. Observe

that

riry = (i x 1g)(1m x m)aj (o x 1) (1 x m)a;

= (5{2‘ X 10)(()4i X 1(;)(1]\/[ X 7’77,)0[;k (CK]' X 1g)(04j X lg)(lju X m)a;

= (aj x 1g)(a; x 1g)(1a x m)af(qia; x 1g)(1ar X m)aj

= ((Xju]‘i X 1G>(1M X m)a;‘(o’ziaj X 1G)(1]V[ X m)a;‘

= (CVj X 1G)(7T0, (7707']-1-,7r1)m,7r2)(1M X m)af(diaj X ]-G)(]-M X m)a;"

By associativity this equals

= (aj x 1g)(mo, m0Tji, (m1, m2)m) (Lar X m)aj (@i x 1g)(1ar x m)a;

= (aj x 1g)(1 x m)((mo, moT5:) X 1a)(1ar x m)ag (auia; x 1a)(1ar X m)a;.
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As the multiplication with 7;; gives u;; = aja; this equals

= (aj x 1g)(1 x m)aja;o; (qiay x 1g)(1m x m)aj

*

= (ay x 1g)(1 x m)ajjai(aiui; X 1) (1a X m)a;j

= (aj x 1g)(1 x m)afai(a; x 16)((1,7i5) X 1g X 1g)(Im x m x 1g)(1m X m)as.

By associativity this is

= (a; x 1g)(1 x m)afai(ei x 1g)((Lar, 7ij) x m)(1ar X m)asj

= (aj x 1g)(1 x m)aja;(a; x 1g)(1m x m)ajojaj

= (aj x 1g)(1 x m)aja;(a; x 1g)(1m x m)a; @,

< (aj x1g)(1 x m)aj(a; x 1a)(1y x m)ag
=TyT;.
Thus 7;7; < 7373 As 4 and j were arbitrary, we also obtain 7;7; > 7;r;. Thus they are equal. O

It is not possible to define such a right G action for arbitrary G-bundles because F' does not have a right
action, in general. Since it is defined using the multiplication m and the partial isomorphisms «;, it behaves

like the multiplication when composed with the partial isomorphisms «;, as the following Corollary shows.

Corollary 5.4.16. Let P — M be a principal bundle in a join restriction category X. Letr: P x G — P

be the action constructed in Theorem|5.4.15. Then the equations

ra; = (o; X lg) (I xm) : PxG— M x G

(af x1g)r=Ap xm)a; : M xGExG— P

hold.
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Proof. We will only prove the first equation, the second equation works analogously.

ro; = \/(aj x 1g)(1ar % m)a;ai
= (o x 1a)(Iar x m)uy;
= \/(aj x 1¢) (1 x m)(mo, {(moTji, m1)M)
= \/ (a; x 1g){mo, (moTjs, (71, T2)m)m
= \/(ozj x 1g){mo, ({moTji, 71)m, T2)m by associativity

JeI

= \/(aj X 1g)(uj; X 1g)(1ar x m)
jer

=\ (@j0i x 1g)(1ar x m)
jerl

= (i x 1¢)(1pr x m) since \/ a; = 1p
jel

Now let us define morphisms for G-bundles and principal G-bundles.

Definition 5.4.17. For a fized group-object G, a morphism of principal G-bundles is a morphism of
fibre bundles
(®,9): (P,M)— (P',M")

such that

rp® = (P x lg)rp:
i.e. the right action commutes with the morphism.

In a join-restriction category X, the principal G-bundles and morphisms of principal G-bundles form the
restriction category PBung (X).

We will now relate this to the way the principal bundle is built out of an atlas.

Proposition 5.4.18. Let G be a group object in a join-restriction category X. Let (P, M) and (P’,M') be
totally fibred principal G-bundles. Giving a morphism of principal G-bundles (®,¢) : (P,M) — (P', M) is

equivalent to giving
e the morphism ¢ : M — M’ fulfilling q¢ = q \/ ;,c i €k
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e and morphisms Ty, : M — G such that

(i) Tik > (Tjk, Tiz)m,

(it) Tix = (o7, Tu)m,
(iii) TixTin = (dTrn, Tix)m (this actually implies the second point), and
(iv) Ty, = eigex.

The composition is given by

(6 Tox) (6, Tr) = (60, \/ (Tht, Tir)m)

k

and the restriction is given by

(¢7 Tik) = (an 457'2']')
The idea of this is that ® is locally given by the left-multiplication with Tj.

Proof. Let @, ¢ be a principal bundle morphism from P to P’. Then ® is a morphism between gluings and
therefore induces an atlas morphism A;, : M x G — M’ x G between the atlas u;; of P and the atlas uy; of

P’. Explicitly A;;, = af®ay. Since the diagram

o o}

M x G P ® P i M x G
W()J 1PJ, 1p¢ W()J
M x G - P ¢ P - M x G

commutes in the sense that the lower path > the upper path we know that A;pmg < mg¢. Thus A;x can be
written in the form A;, = (7?0¢,f~1¢k), with A;x : M x G — G. Since the right action commutes with the
morphism, we have that

(Azk X lg)m = (]-M X m)Azk
But because of the unit property of the group object G, we have that

Aik = (1M X U X 1g)(1M X m)Aik = (1M X u X 1G)<Aik X 1(;)(11\/[ X m) = (Tik X 1g)(1M X m)

where Ti, = (1p X w)A;, : M — G tulfills Properties (i),(ii) and (iii), because A;r = (¢, (Tix X 1g)m) is an

atlas morphism. In order to show Property (iv) we will first see that according to the construction above

Tik = (lM X U)Alk = (lM X U)Aikﬂl = (1M X u)af@akﬂl
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holds. Using this we can calculate

Tik = (1M X u)a;‘@akm

= (1p X w)aiPaym

= 1y x w)a;Parq

= 1y x u)a;®qey, since (E’, M) is totally fibred

= (1p X u)alqpey

= 1y X w)alaqpex

= (1ar X u)aja;modey,

= (1]\/[ X u)(ei X 1G)7T0¢6k

= e;pex
which proves property (iv). Since the bundle (P’, M') was assumed to be totally fibred, the equation

96 \/ ex =®¢ \/ ex =@ \/ arg=2q=q¢

keK keK keK

holds.
Conversely, let now ¢ and T, be given. Then because of properties (i),(ii),(iii) of T}, the morphisms

Air := (¢, (Tix X 1g)m) form an atlas morphism, thus they induce a morphism
P = \/041'(7T0¢, (Ti. x 1g)m)ay,
ik

between the gluings. Next we will show that the diagrams

p—2.,p PxG 2 pry @
R O |-
M —— M’ P——r— P
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commute. Here r and v’ denote the total right-actions from Theorem [5.4.15] We calculate

oq = \/ ai(moe, (Tix x 1a)m)ajq
ik

=\ @i(md, (Tix x 1g)m)ajard
i,k

= \/ai<770¢7 (T, x 1g)m)agmo
ik

=\ @i(mod, (Ti x 1a)m)(ex x 1a)mo
i,k

= \/ ai(moder, (T x 1g)m)mo
ik

= \/ aimoTimodex
i,k
= \/ aimoTinder
ik
=\ qeiTindex totally fibred
i,k
=\/ dTixeider
ik
=\ qeidereider
i,k

=\/ qeigex
ik

= \/ a;qoex totally fibred
ik

=q¢\/ ex = q¢.
k
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In order to show that ® is compatible with the right action r, we calculate

(@ x 1g)r" = \/ (ai(mod, (Tik x Lo)m)ag x 1g)r'
ik

= \/ (ozi<7T0¢, <7T0Tik,7'&'1>m> X lg)(az X 1g)’r/

-~
x>

=\/ (a;(mod, (moTyr,, m1)m) x 1) (1as x m)ag; Corollary [5.4.16]

=
=

= \/(moa;mo, ({mo;mo Tk, mou;m1)m, w1 )myas,

-~
x>

*

= \/{moa;mo@, (mo;moTi, (mou;m1, T )m)myag associativity

=
o

= \/(a; x 1g)(1p x m){moo, (Tix, X 1lg)m)ay,

i,k

= \/ rai(moo, (Tix x 1g)m)ay, Corollary
ik

=rd

The composition is given as the composition of atlas morphisms like in [20]. The restriction is determined

by the formula for T}, when substituting in ®, i.e. we calculate

(1a X ) Pajm = (1y X u)afqpom since ® = q¢

= 1y X w)afqp(ly X u)aja;m

= e;0(1ar X w)usm since o q = a;my = moe;
= dei(ly x u)(mi; x 1g)m since w;; = (mo, (1ij X 1lg)m)
= (27567;(7'1‘]‘ X u)m

= (72561'7'1']' = QbTij since 67;Tij = Tij

O

We now generalize this characterization from Proposition as the definition for morphisms between
arbitrary (not just principal) G-bundles. The morphism ¢ : FF — F’ allows us to define morphisms between

fibre bundles with different fibres, as long as 1) preserves the group actions.

Definition 5.4.19. Let (E, M, F,q,q;,7;;) and (E',M', F', ¢, o}, 1;,) be G-bundles. Then a morphism of

G-bundles between them consists of
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o A morphism ¢ : M — M’ fulfilling q¢ = q¢ \/ ,c i €k
e A morphism ¢ : F — F' such that (¢ X 1g)a’ = ayp
e A collection of morphisms Ty, : M — G such that
(1) Tir = (Tjk, 7ij)m,

(i) Tir. > (o7, Tu)m,

(iii) Ty Tin, = (é7n, Tir,)m, and

(i) Tiy, = eidey,.
e A morphism ® : E — E' such that

<7T0¢, (Ek X 1/})a/>

M x F M’ x F'
FE £’
(0]

commutes.

The composition of morphisms (¢, ¥, (Tij)ier jes, ®) and (¢', 9", (T})jeskek, ) of G-bundles is given by

the composition and matrix multiplication (¢¢’, Yo', (V.. ; TjrTij)icrker, P’). The identity of morphisms

jeJ

of G-bundles is (1, 17, (7i5)ijer, 1g). The restriction of a morphism (¢, v, (T3;)ier,je. s, ®) of G-bundles is

(¢v 1/% (Tij)iel,jelv CI)) = (év /(Zv (Q_STij)i,jEIv (i))

We denote the restriction category of G-bundles and morphisms of G-bundles as Bung (X).

Summarizing, we have the following categories which are all join restriction categories:
(i) FibBun(X): Objects are fibre bundles, morphisms are fibre bundle morphisms.
(ii) G — Obj(X) : Objects are G-objects, morphisms are morphisms commuting with the group action.
(iii) Bung(X) : Objects are G-bundles, morphisms are the G-bundle morphisms from Definition

(iv) PBung(X) : Objects are principal G-bundles, morphisms are the G-bundle morphisms from Definition

b.417.

In order to obtain the equivalence of Theorem [5.4.24] we use a slightly variation of of the condition for a
G-bundle to be totally fibred. We first prove a lemma that will make it easier to characterize bundles which

are totally fibred, since it only relies on the atlas (af¢;); jer and then generalize it.
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Lemma 5.4.20. In a join restriction category, a fibre bundle (E, M, F,q, (o)1) is totally fibred if and only

if for all i € I, the equation o oi; = Toeze; holds.

Proof. Suppose (E, M, F,q, (a;)icr) is totally fibred. Then

o¥

;0 = ajqoej = 6&;?063' = (]. X 67;)’/T0€j = Tp€;€y.

Conversely, let of oi; = Toe;e; hold for all 4,5 € I. Then

Q; :\/ Qo since \/ a;j = 1g by Definition [.4.1
jer jerI

p— B * .
—\/ QO Qi

JjeI

_ ——
= \/ Qo Qi

jel

:\/ OT0E; 65 by the assumption
Jjel

:\/ ajm)eiei

jel

— ~*
—\/ OéjOéjT('Oei

jeI

:\/ Q;TTOE;

jeI

:\/ a;qe;

jel

=i

which means that (E, M, F,q, («;)icr) is totally fibred. O

Definition 5.4.21. Let (E, M, F,q,(a;)icr, (Tij)ijer) be a G-bundle in a join restriction category. Then it
is called totally G-fibred if 7;; = e;e; for alli,j € 1.

The next lemma shows that, intuitively this is equivalent to being totally fibred, as long as there is a

point in the fibre F.
Lemma 5.4.22. Let (E, M, F,q, ()ier, (Tij)ijer) be a G-bundle in a join restriction category.
(1) If (B, M, F,q,(c)ier, (Tij)ijer) is totally G-fibred, then it is totally fibred.

(it) If mo : M x F — F is an epimorphism and (E, M, F,q, (a;)ier, (Tij)ijer) is totally fibred, then it is
totally G-fibred.
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(tii) If ¢ : E — M is an epimorphism and (E, M, F,q,(a;)icr, (Tij)ijer) is totally fibred, it is totally G-
fibred.

(iv) If there exists at least one point x : 1 — F and (E, M, F,q,(c)icr, (Tij)ijer) is totally fibred, then it

is totally G-fibred.
(v) A principal G-bundle (P, M, q, (a;)icr, (Tij)ijer) is totally G-fibred if and only if it is totally fibred.

Proof. (i) Suppose 7;; = e;e;. Then

ajo; = (7o, <7F07'z'j77T1>a> = T0Tij = T0€;€j,

which implies that (E, M, F, q, (c)ier, (Tij)ijer) is totally fibred due to Lemma [5.4.20

(ii) Suppose mp : M x F' — F is an epimorphism and oo, = Tge;€;. Then

MoTij = ToTijTo = Ot:fOéjTl'o = T0€i€; Ty = TE;€E;

and since 7 is an epimorphism this implies 7;; = e;e;.

(iii) Suppose ¢ : E — M is an epimorphism. We will show that mg : M x F — M is an epimorphism and

therefore (ii) will apply. Suppose 7o f = mog. Then
a;qf = a;mo f = a;mog = @iqg.

Thus it follows that
af = \/ aiqf = \/ aiqg = qy.

i€l i€l
Since ¢ was an epimorphism, it follows that f = g, proving that 7 is an epimorphism.

(iv) If there is a point « : 1 — F, then (1p7,!2) : M — M x F is a section of my. Then g is a retraction

and therefore an epimorphism, so (iii) applies.
(v) A principal G-bundle has the group object G as its fibre and the unit u : 1 — G is a point in G. Thus

(iv) applies.
O

We will now use this notion of totally G-fibred to define certain functors between categories of G-bundles.
For this, let ]B%ung’tc; denote the full subcategory of Bung consisting of totally G-fibred G-bundles. Let

PBun{S" denote the full subcategory of PBung consisting of totally fibred principal G-bundles.
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Definition 5.4.23. Given a join-restriction category X with gluings, we define the following functors. Note

that they satify the definition of restriction functors (Definition (iv)).

(i) Fibre : Bung — G —Obj that sends a G-bundle to its fibre F' and a morphism of G-bundles to its fibre

component .

(#i) Principaltotc : ]Buntc?tc — PBung" that sends a totally G-fibred G-bundle E to the principal bundle

Py that is the gluing of the atlas
Ui Z:(Tin1g)(1MXm)ZMXG—)MXG

which will be totally fibred due to Lemma|5.4.20] and since w;; = ToTi; = T0€i€;. Principal®®'c sends a
morphism (¢, ¥, Tk, ®) to (¢, Tir) which is, according to Proposition a way of giving a principal

bundle morphism.

(#7i) Build®etc . ]P’Buntc?t x G — Obj — ]Buntc?tc that sends a totally fibred principal G-bundle P and a

G-object F' to the G-bundle given as the gluing of the atlas
U5 = ((1Ma7—ij) X 1F)(1M X Cl) M x F — M x F.

where (1a7,7i5) : M — M x G gives a group element that acts through a : G x F — F, the G-action
on F. It is a totally G-fibred G-bundle since its G-atlas is 7;;, the same G-atlas as P had and P was
totally G-fibred due to Lemmal[5.4.29(v). For a morphism ((¢,T;x), (¢)) of PBung x G-Space, consider
the atlas morphism given by

Ai, = (6, Tix) x ) (1arr x @)

where (¢, Tix) X ¥) : M X F — M’ x G x F' produces a group element that acts through (1 x a') :
M' x Gx F'— M’ x F'. This atlas morphism induces a morphism ® between the gluings. The result

of the functor is then the morphism of G-bundles given by (p, v, Tix, P).

All this works because the collection (Tjx)ier kes in Definition [5.4.19| of a morphisms of G-bundles was
required to fulfill the conditions of an atlas-morphism and of the equivalent characterization of principal

bundle morphisms in Proposition [5.4.18
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Theorem 5.4.24. The functors

totg (Principal®®G Fibre)

Bung; PBun' x G — Obj

Build®*¢ .
Bung'® «———PBung' x G — Obj

form an equivalence of categories between Bunté’tc and PBun®s* x G — Obj.

This means that all totally G-fibred G-bundles can already be described by their fibre and a principal

bundle containing the bundle information.

Proof. In order to prove that these functors form an equivalence, we need to show that their composition is
naturally isomorphic to the identity. Let (P, F) € PBun{* x G — Obj be given. Then Build*'¢ (P, F') has

fibre F' and the same 7;; as P. Thus
(Principal®®'¢ Fibre)(Build'*'¢ (P, F)) = (P, F)

where P is the gluing of the atlas ((1;; X 1¢)(1as X m))ijer. But P is also a gluing of the same atlas. Thus
there is an isomorphism ¢ : P — P with o = QY.
Due to Proposition [5.4.18| this morphism is completely described by (1ar, 7). Let (¢, (Tik)icr,kes)

describe any principal bundle morphism. Then, due to the composition of atlases, the compositions equal

(Iar, (Tij)iger); (0, (Tir)jerkes) = (&, (Tir)ierkes) = (&, (Tiv)ierkes) Anrrs (Thi)k.1e)-

Since Build™'¢;Principal®'¢ does not change what a morphism does on atlases, this proves that ¢ is
natural. Thus (¢ X 1g_gpace) is the required natural isomorphism.
In the other direction let E be a totally G-fibred G-bundle. Then Build'®'¢ (Fibre(E), Principalt®'c (F))

is by definition the gluing of the atlas
Ujj IZ(TZ‘jX:lF)(lMXa):MXF—)MXF

But so is E, so there is an isomorphism ¢g : Build'®'¢ (Fibre(E), Principal'®'¢(E)) — E. Naturality again

follows by considering the atlas description of pg, where it is just the identity and therefore natural. O
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5.4.3 Examples

We will now explore how the principal bundles we defined relate to the classical notions of principal bundles
in different aspects of geometry. Differential geometry, point-set topology and algebraic geometry each have
their version of principal bundles. All these notions have in common that a principal bundle is locally
isomorphic to the Cartesian product of a base space with a group.

We directly recover principal bundles from differential geometry and point-set topology. For algebraic
geometry, future work is needed, but we strongly suspect that principal bundles in algebraic geometry can
also be described using the language of restriction categories. A way to include Grothendieck topologies and,

in particular, étale topology in restriction categories still needs to be further developed though.

Principal and fibre bundles in differential geometry

Here we will connect the notions defined above with the classical notions of fibre bundles and principal

bundles from differential geometry.
Definition 5.4.25. Let ParMfld be the following join restriction category:
(i) Objects are smooth manifolds

(i) Morphisms from a manifold M to a manifold M' are are smooth maps from an open subset U C M to
M'. Here the smooth structure on the open subset U is defined as a restriction of the smooth structure

of M.

(i) Composition, identity and restrictions are analogous to the category of partial maps on sets. In par-
ticular the restriction of a map f : A — B that is defined on U C A is the inclusion U — A. The
composition gives a smooth map defined on an open subset since the composition of smooth maps is
smooth, composing partial maps intersects domains of definition and finite intersections of open sets

are open.

This restriction category of manifolds with smooth partial maps is the category where the categori-
cal constructions defined in Sections and correspond to constructions from classical differential

geometry.

Definition 5.4.26. |71, Definition 20.1] A classical fibre bundle (E, q, M, F) consists of smooth manifolds

E, M, F and a smooth surjective mapping q : E — M ; furthermore each x € M has an open neighbourhood
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U such that E|y = q~*(U) is diffeomorphic to U x F wvia a fibre respecting diffeomorphism, o:

Ely —2 S UxF

N

In |71, Definition 20.1], it is required that ¢ is a surjective submersion. However, from the fact that
mo : U X F'— U is a submersion, it follows automatically that ¢ is a submersion. This is the notion of fibre
bundles from classical differential geometry that Definition [5.4.1|is meant to generalize.

However, a fibre bundle as in Definition (1) is not the same as a classical fibre bundle. We need
two extra conditions. Interestingly, the results of section [5.4.1] and [5.4.2 hold without assuming these extra
conditions. Recall from Definition iii) that a fibre bundle (E, M, q, F, ()1, (€i)icr) is totally fibred

if ge; = a; for all 1 € 1.

Theorem 5.4.27. Let M and F be smooth manifolds. A classical fibre bundle E over M with fibre F is

exactly the same as a categorical fibre bundle (E, M, q, F, (a;)icr, (€:)icr) in ParMfld which
e s totally fibred, and
e for which that the projection q : E — M is an epimorphism.

Proof. Suppose (E,M,q, F,(«;)icr,(€;)icr) is a totally fibred categorical principal bundle in ParMfld for
which ¢ is an epimorphism (i.e. surjective). Then for every * € M there is a y € ¢ !({z}). Because
Vier @i = 1g, there exists an 7 € I such that o;(y) is defined.

Recall from Remark that restriction idempotents describe the subset that is their domain of defini-
tion.

Since &7 is of the form e; x 1, it follows that the domain of definition of ] is of the form U x F' where
U is the domain of definition of e;. Thus the partial isomorphism «; is an isomorphism of open subsets
V =5 U x F where V is the domain of definition for «;.

Since @; describes V', €; describes U and the restriction idempotent of a composition describes a preimage,
&; = qe; implies V = ¢~ *(U). Thus «; is an isomorphism between E|y and U x F. Since y € V = ¢~ *(U),
it follows that x € U.

We have thus constructed for every x € M an open neighbourhood U C M and an isomorphism «; :

¢ 1(U) = U x F such that
By —% S UxF

N
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commutes. Therefore (E,q, M, F) is a classical fibre bundle, showing that every totally fibred categorical
fibre bundle with an epimorphism ¢ is a classical fibre bundle.

Conversely, let p : E — M be a classical fibre bundle. Then we take the set M of points in the underlying
manifold as our index-set. By definition of the classical fibre bundle, for every point i € M there is a partial
isomorphism «; : E — M x F with domain p~!(U). As the domain of o is U x F), its restriction idempotent
is of the form &} = ex 1. Asevery point ¢ € M has an «; defined in its preimage, the join satisfies \/, o; = 1g.

Thus every classical fibre bundle is a categorical fibre bundle. O

Similarly we will prove that a classical principal bundle is exactly a totally fibred categorical principal
bundle with surjective g-map in the category of manifolds.
We will consider the classical definitions from [71] or [90] (these are the same) and prove that they are

equivalent to Definition [5.4.14]

Definition 5.4.28 (Definition 21.1 in [71]). Let G be a Lie group and let (E,q, M, F) be a classical fibre

bundle. A classical G-bundle structure on the fibre bundle (E,q, M, F) consists of the following data.

(i) A left action a: G x F — F of the Lie group on the standard fibre.

(i1) A fibre bundle atlas (U;, a;) whose transition functions (u;j) act on F via the G-action. That is, there
is a family of smooth mappings (1;; : U; NU; — G) which satisfies the cocycle condition Tj,(x)7;(x) =

Tit(z) for x € Uy NU; N Uy and 7;;(x) = u, the unit in the group, such that u;;(z, f) = a(m;(x), f).
A fibre bundle with a G-bundle structure is called a G-bundle.

Comparing this with Definition we see that a classical G-bundle structure is exactly the same as

a G-bundle structure in ParMfld.

Proposition 5.4.29. A classical G-bundle is exactly the same as a G-bundle in the join-restriction category

ParMfld,

e that is totally fibred, and
e where the projection map q : E — M 1is surjective.

This proposition follows from Theorem [5.4.27] since categorical G-bundles are defined from categorical
fibre bundles the same way as classical G-bundles from classical fibre bundles.

Now we consider the definition of principal bundles in classical differential geometry.

Definition 5.4.30. (Classical principal bundle) Let M be a manifold and let G be a Lie group. Then a
classical principal bundle with structure group G over M is a classical G-bundle over M where the typical

fibre is G endowed with the left multiplications as left action.
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Again we see that this is the same as part 2 of Definition

Proposition 5.4.31. A classical principal G-bundle is exactly the same as a principal G-bundle in the

join-restriction category ParMfld,
e that is totally fibred, and

e where the projection map q : E — M 1is surjective.

Principal bundles in point-set topology

In this section we will look at the definition of a principal bundle in point-set topology and prove that it
coincides with the notion developed here.
A right-G-object is a topological space P with a right-group action a : P x G — P. Given two

right-G-objects P, P’, a G-equivariant map is a smooth map f : P — P’ such that

Pxq e pryg

Ik

Pﬁp’

commutes. In [73] a principal bundle is defined as follows.

Definition 5.4.32. Suppose that P is a right G-object equipped with a G-map q : P — M where G acts
trivially on M. It is a topological principal G-bundle over M if q satisfies the following local triviality
condition. B has a covering by open sets (U;)icr such that there exist G-equivariant homeomorphisms

(i 1 q Y (U;) = U; x G)ier such that the diagram

¢ WU) L5 U x G

q /
)

U;

commutes. Here U x G has the right G-action (u,g)h = (u, gh).
A morphism o : P — @ of principal bundles over M is an equivariant morphism o : P — @Q over the

identity of M, i.e. a morphism o : P — Q such that

PxG 2% ogxa P—25Q
G—actionJ{ J{G-action A J{‘IQ
P————Q M

commaute.
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We will now show this definition actually is the same as a surjective, totally fibred principal bundle in

the join-restriction category of topological spaces. For this, we first define this join restriction category.
Definition 5.4.33. Let ParTop be the following join restriction category:

(i) Objects are topological spaces

(i) Morphisms A — B are continuous maps from an open subset U € A to B.

(#ii) Composition, identity and restrictions are like for partial maps of sets. In particular the restriction of

a map f: A— B that is defined on U C A is the inclusion U — A.

Lemma 5.4.34. Given a topological principal bundle (P, M, q, (U;)icr, (¢i)icr) like in Definition the
change of charts is given by the left-multiplication by a group element: There exists a map 7;; : U;NU; — G
such that

goi_lng = (<1UiﬂUj7Tij> X IG)(lUiﬁUj X m) : (Ul n UJ) x G — (Ul n UJ) x G.

Proof. We will define 7;; as the composition of

-1,
UinU; 2 (U0 Up) x G2 (U0 U;) x G G

In other words, 7;; is the G-component of ¢, 1<pj evaluated on the unit of the group. In order to show that

<pi_1g0j = ((lv,nu;, 7i5) * 1a)(lu,nu; x m), we will evaluate it on an element (, g) of (U; NUj) x G-

o7 "0i(@,9)=lu,nu, x m)e; i (x,u, g)=m(p;  ;(z,u), 9)=m(z,7;(x), 9) = (x, m(r;5, 9)),

where the second equality holds as both 90;1 and ¢; are G-equivariant. O

Theorem 5.4.35. Let G be a total group object in the join restriction category ParTop, i.e. a topological
group. The category of classical principal G-bundles over M (defined in Definition is isomorphic to
the subcategory of categorical principal bundles (defined in Definition |5.4.14)) where

e the base space of every object is M,
e the underlying fibre bundle is totally fibred,
e the projection map q : P — M is surjective, and

o cvery morphism (f,g) : (P, M,q) — (P, M,q") has the identity as its second component: g = 1.

187



Proof. Given a categorical principal bundle P, M, q, («;);er we obtain a classical principal bundle by taking
U; to be the subset of M where o : M x G — P is defined and ¢; := a; : P = M x G, defined on g Y(U;)
because the underlying fibre bundle is totally fibred. The space P is a right-G-object by Theorem [5.4.15
and ¢ is a G-map to the trivial G-object M as rq = mpq: P x G — M.

Given a morphism (f,157) : (P 4, M) — (P’ q—,> M), the first component f : P — P’ forms a morphism

of classical principal bundles as, by Definition [5.4.17] it commutes with the G-action. It is total because

=71 =qlm=1p.
Conversely, given a classical principal bundle F RN , then it is also a categorical principal bundle with
the «; constructed from the ¢; as the partial map given by the span P <+ ¢~ 1(U;) 2 M x G. As the

-1

(U;)ier form a covering, \/,., a; = 1. The partial inverse o is given by the span M x G <= U; x G RAEINY )

i€l

The change of charts is given by the left-multiplication with a group element according to Lemma[5.4.3] O

Principal bundles in algebraic geometry

In [1], Definition 6.1.6, a notion of principal bundle over an algebraic variety is defined through algebraic
properties instead of the local triviality condition used in Definition [5.4.1] and the differential geometry
literature. These principal bundles are not necessarily locally trivial in the Zariski-topology. However they
are locally trivial in the étale topology. Whether or not there is a join-restriction category where the
categorical principal bundles are the principal bundles defined in [1] remains an open problem.

The difficulty here is that for a general Grothendieck topology and, in particular, for the étale topology,
open subsets are described by morphisms that are not necessarily embeddings. Thus, if one follows the span
construction of [26], the restriction idempotents are not idempotent, i.e. ff # f. The resulting partial map
category is not a restriction category.

We still think it is possible to describe principal bundles in algebraic geometry in a similar way to
Definition because it should be possible to describe Grothendieck topologies in the language of

restriction categories using density relations. This is a new concept which is work in progress.

5.4.4 The torsor property

Let P be a principal bundle in a restriction category X. In classical differential geometry, the group action
r: Px G — P coming from Theorem [5.4.15]is known to be free and proper and act transitively on fibres, as
mentioned for example in the proof of Theorem 21.18(3) in [71]. In algebraic geometry, free and transitive
group actions play such an important role that they were given a special name, torsors, in |72, Proposition

I11.4.1]. In [77] principal bundles are even introduced as torsors in the slice category. Often torsors are
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also thought of as groups without a specified unit, which is encoded as a ternary operation. In [10] these
definitions are shown to be equivalent.

While there are multiple different definitions of torsors, we will use a generalization of the definition in
[10, Section 2]. A torsor is an object with a free and transitive group action, which is described by the

morphism in the definition below being an isomorphism.
Definition 5.4.36. Given a group object G in a category, a right G-torsor is an object T with a right

G-action a : T x G — G such that the morphism

(m0,a)

TxG—>=TxT

is an isomorphism.

The Definition of [10] in addition requires the map from T to the terminal object to be a regular epi-
morphism in order to exclude the empty set from being a torsor. However, this would require us to make
additional conditions on colimits which would be artificial in our setup. Thus we do not require this condition.

We will adapt Definition [5.4.30]slightly in the restriction category setting and distinguish partial and total

torsors. Depending on the situation, we will either obtain partial or total torsors from principal bundles.

Definition 5.4.37. Let G be a group object in a restriction category and let T an object with a right G-action
a:TxG—G.

(i) Then (T,a) is a partial right G-torsor if the morphism

(m0,a)

TxG—=>TxT

is a partial isomorphism, i.e. it has a partial inverse.

(i) Then (T,a) is a total right G-torsor if the morphism

Tx G pyr

s a total isomorphism, i.e. it is total and has a total inverse.

Since (mg, a) is total, a partial right G-torsor is total if and only if the inverse T'x T — T x G is total. We
now want to investigate if a principal bundle in a join restriction category is a torsor in some kind of slice
category. For this we define a restriction slice category. This definition stems from current work in progress

by Robin Cockett, Geoff Cruttwell, Jonathan Gallagher and Dorette Pronk.
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Definition 5.4.38. Given an object M in a restriction category X, we define the restriction slice category

X $M as follows:
(i) objects are pairs (A, f) consisting of an object A and a morphism f: A — M,
(i) morphisms from (A, f) to (B, g) are morphisms ¢ : A — B of X such that f > @g, and

(iii) the restriction idempotent @ in the restriction slice category X $ M is the same as the restriction

idempotent ¢ in the underlying category X.
Composition and identity are given by the composition and identity operations of the underlying category.

A restriction slice category is, in particular, a restriction category. In order to describe G-torsors in the
slice category the next lemma constructs a group object in the slice category X § M out of a group object in

the underlying category X.

Lemma 5.4.39. Given a group object (G, m,u,t) in a Cartesian restriction category X, the pair (M x G, mo)

is a group object in the restriction slice category X { M. The group multiplication, unit and inverse are

Iy xm: MxGxG=(MxG)xy (MxG)—MxG,
Iy xu: Mx1=2M—>MxG, and

Iy xe: MxG—MxG.

Proof. The morphisms 15, X m, 15 X u and 1,7 X ¢ are morphisms in the slice category since they preserve

the projection to the group object,
(Iyg xm)mg =m0, (Iy X u)mo =7 ,and (1lps X t)mg = 7o.

The fact that 137 x m, 1y X u and 1,4 x ¢ fulfill the identities required in Definition follows from the

fact that m,u and ¢ satisfy the same identities. O

In light of Lemma we will call a (G x M, m)-torsor in the slice category X $ M a G-torsor in X { M
for brevity.

With these definitions, we can now formulate the main results of this section, that principal bundles are
in fact torsors in the slice category X { M. However, we need to distinguish between the general case and the
totally fibred case. In the general case, we obtain only a partial right torsor, but in the totally fibred case,

we will obtain a total right torsor.
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In the category of sets, every group action is transitive on a certain subset, namely the orbit of a point.
Therefore, in our opinion, total torsors are more useful than partial torsors, since they can be interpreted as

group actions that are transitive, not just transitive on a subset.

Proposition 5.4.40. Let X be a Cartesian join restriction category, let G be a group object in X, let
(P, M, q,(ci)ier, (Tij)ijer) be a principal bundle in X such that P Xy P exists and let r : P x G — P be the
group action from Theorem [5.4.15 Then (P,q) is a partial right G-torsor in the restriction slice category

X § M. The partial inverse d* of
(mo,7) : PXGX2Pxpy (MxG)—PxyP

consists of components

*
a; ><1G

PXMPMMXGXGMMXGXG—)PXGgPXM(MXG).

In order to prove this we will use the following technical observations about join restriction categories:
Lemma 5.4.41.

(i) In a join restriction category, let (f;)icr and (g;)icr be families of compatible functions indexed by the

same set I, then

\/fi\/gj > \/figi'

iel  jeI i€l
(i) In a restriction category, let fg > f. Then fg = f.
(iii) In a restriction category, let fg < f. Then fg = gf and therefore f — g.
Proof of Lemma[5.4.41]

(i) This follows since the join is associative and V;c; fi Ver 95 = Vier Vjer figj is a join over I x I and

Vicr figi is the join over the diagonal subset {(7,4)i € I} C I x I.

(ii) This is true since fg > f means by definition of < that f = f: fg and therefore
fg="Ffg=Frg=".
(iii) This is true since fg < f means by definition of < that

fo=fof = faf = 3f.
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O

Proof of Proposition[5.4.40 In order to show that (P, q) is a partial right G-torsor in X § M we need to show
that

(mg,7) : Px G — P xp P

is a partial isomorphism in X. We do this by explicitly constructing its inverse as
d* = \/ (e X a;)(mo, w1, (mye, ma)m)(af x 1c)
iel

Before we show that this join is well-defined, we first show that, if it exists, it is a partial inverse for (mg, ).

We expand the definition of r from Theorem [5.4.15| and rewrite it in a form more useful for this proof.

(mo,7) = <7r0 \/ oo, \/(ai X 1g)(1am % m)a;*>

i€l i€l

= V(i x 1g)((mo, m1)as, (w0, (w1, m2)m)ay)
i€l

We show that (mg,7)d* = 1pxg = (m, 7). We expand

(o, m)d* =

V(@i x 1) ((mo, m1)e, (mo, (my, maymas) \/ (g xar aj)(mo, w1, (me, ma)m) (0 % 1g).
iel jeI

Applying Lemma [5.4.41{i) to the previous expansion we obtain the inequality

<71'0, T>d* 2

\/(ai x 1) ((mo, m1)a, (mo, (w1, ma)ym)a ) (a; X ar o ){mo, w1, (T1e, m2ym) (o) X 1)
iel

= \/(ai X 1g)<<7r0,7r1>a;‘ozi, <<770,7r1>a2‘ai7rle, (7o, <7r1,7r2>m)ozfozi7r1>m>(oz;»k x 1g).
iel

Since o a; = df =¢; X lg, this equals

\/(ai X 1g)<7T06i77T1, <<7T06i,7T1>7T1L7 (moes, <7r177r2)m>7r1>m>(04;-k x 1g)

il

= \/(ai X 1g)7roei<7r0,7r1, <7T1L, (7r1,7r2>m>m>(af x 1g).

i€l
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By associativity of m this equals

\/(ai x 1g)moe;(mo, m1, m2)(af X 1)
iel

and using & = e; X 1p = Tpe; we obtain

V(@i x 1g)(af x 1g)(af x 1)

el

= \/((jlz X 1g)
i€l

= \/ Toa; = lpxa-
i€l

This equations shows that (mg,7)d* > 1pyxg = (mo,r) which implies by Lemma [5.4.41(i) that (mg,r)d*

lpxg = (mo, 7). Next we will show that d*(mg,r) = d*. First we simplify the left hand side into

d*(mg,r) =

\/(ozj X m o) (o, 71, (mie, ma)ym) (o X 1g) \/(ai x 1g){({mo, m1 ), {mo, (w1, m2)m)a)
jeI el

> \/(ozi X A ozi)<<7ro, T, <ﬂ'0, <7r1, (e, 7r2>m>m>a2‘>

iel
= \/(Oéi XM Oéi)<<71'0, mT)og, <7To77T2>04:'<>
iel

* *
= \/(Woaiai,maiai>
iel

= \/ ToO; TT1 ;.
el

The right hand side is simplified to

d* = \/(Oéi X a1 ;) (mo, 71, (T1, m)m) (af X 1g)
il

= \/ <7T0aiaf, (a; X s a¢)<7r1L77r2>m>
iel

= \/ o (movi, M)
icl

= \/ ToQ; TT1 5.
iel
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Therefore we showed that, assuming d* is defined, it is a partial inverse to (mg,r). It remains to show that
the join

V(@i x s ai)(mo, 1, (mye, ma)ym)(af x 1)
el

is defined, i.e. that for

di = (a; X o) (mo, m1, (T1L, T2)ym)(af X 1)

the compatibility dj — dj holds for all 7, j € I. By Lemma [5.4.41 iii) this amounts to showing the inequality
did; <d;.
For this we use that d¥ = (&; X pr @;). We see that

er; :<O7i X M Eyi)(aj X M Oéj)<7T0,7T1,<7T1L, 772>m>(04;f X 1(;)

:<7T054i0_lja (viaf oy X oo o) (e, 7T2>m>

Since (P, M, q, (o;)icr) is a principal bundle, we know that afa;m = (mo7;;, m1)m. Therefore the previous

expression equals
:<7T004¢O[j, (Oél‘ X M Oél‘)<<7T07'7;j7 7'1'1>?’nb7 <7TOTij, 7r2>m>m>

where the indices of the projections stem from the identification of (M x G) X (M x G)) with M x G x G.
The inverse of a product (f, g)mc is the same as the reversed product of the inverses (g¢, ft)m and therefore

this equals

<7r0aiozj, (s X1 Oéi)<<7'&'1b, TOTizb) M, (ToTij) 772>m>m>

:<7r0alaj, o X af 04)ToT5; (e, 7r2>m>
§<7r004Z (o X pr @) (mye, 7r2>m>
=(o; X a1 ;) (mo, w1, (ML, T2)m) () X 1g) = d;.

The preceding calculation shows that d*d* < d;. Now it follows from Lemma |5.4.41(iii) that d — d} which
concludes the proof of Theorem O

While Proposition |5.4.40| gives a partial isomorphism, this isomorphism is, in general, not total. In order
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to obtain a total right G-torsor, as in Definition [5.4.37[(iii), we need to require (P, M, g, (o;)icr) to be totally
fibred, as in Definition iii).

Theorem 5.4.42. Let (P, M,q, (c;)icr) be a totally fibred principal G-bundle in a join-restriction category
X. Then P is a total right G-torsor in the slice category X § M wvia the isomorphism in Proposition .

Proof. Since the map (mg,r) is total, we only need to show that

d* = \/(ai X ;) (mo, 1, (m1t, ma)ymY(af X 1g)
iel

is total too. As we calculated in the proof of Proposition [5.4.40]

d*=\/d; = \/ (e xu a).

i€l i€l

Since we assumed that (P, M, q, (a;);cr) is totally fibred, @&; = ge; implies

d* = \/ (e xm 7).

i€l
Since moq = m1q: P Xy P — M,
cz*:\/ﬂoqei: 7T007i=\/Wodizﬂo\/dizﬁozlPxMP-
i€l i€l i€l i€l
This shows that d* is a partial inverse to (mg,r) that is total and therefore a total inverse. O

5.4.5 The vertical bundle of a principal bundle

Given a group object G and a principal G-bundle P 4y M in a Cartesian tangent join restriction category

X, the vertical bundle TP is defined to be the pullback

To(P) 229 1(p)

Pq - lT(q)

M ———— T(M).

It is known, for example from Section 21.18 of [71], that in classical differential geometry the vertical bundle

is isomorphic to P x T(G),,, where T(G),, is the tangent space of G at the unit given by the (restriction)
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pullback

Ju _Pu, T(G)

l’ |

l—7F—G

S|

as defined in Section [5.3.1] We now prove the same in the more general setting of a tangent restriction

category.

Theorem 5.4.43. Given a group object G and a principal G-bundle P %> M in a Cartesian tangent join

restriction category, if T(G). exists, the vertical bundle exists and is isomorphic to P X T(QG)y,.

In local charts (i.e. when considering partial isomorphisms) P 2 M x G and thus T(P) = T(M)xT(G) =
T(M) x G x T(G),, due to Theorem [5.3.3] Thus in local charts the diagram is

OXlgxlT(G)u
—

M x G xT(G), T(M) x GxT(G)y

WOJ |

M T(M)

which is a pullback. This shows that the statement of Theorem makes sense in local coordinates.
The result of Theorem is stronger though. It states that there is a total isomorphism going globally
between Ty(P) and P x T(G),.

Proof. We will show that the following is a pullback square:

P x T(GQ)y L2, 7 py

quJ( lT(q)
)

M ———— T(M

The diagram commutes because the right action r preserves the basepoint (i.e. r¢ = mpq) and therefore
(Op x p"(w))T(r)T(q) = (0p x p*(u))mT(q) = m00pT(q) = m0qOns-

Since all morphisms in the square are total we can use Lemma, to verify that the diagram is a pullback.
We assume there is an object Z with (not necessarily total) morphisms f : Z — T(P) and g : Z — M such

that g0 = fT(q). We need to show that there is an unique morphism ¢ : Z — P x T(G), such that the
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diagram

z
~ f
.
M *
P x T(G)y “ZPTT% pp) (5.8)
qu{ lT(Q)
M ————— T(M)

commutes. We construct the morphism ¢ using maps
& = (p, (1, T(w)m1 (pe0, 1) T (m))) : T(P) = P x T(G)u-

Define the morphism ¢ to be
o=\ ré-

il
It may be surprising that we do not need to use g. However, since fT'(¢)p = g, f contains all the information

we need. The remainder of this proof consists of the following three steps.

(1) In order for ¢ to be well-defined we need to check that the morphisms f¢; are compatible with each
other, i.e. that f&; & = f& f&.

(2) The morphism ¢ must make the outer triangles of Diagram commute, i.e. ¢(0 x p*)T(r) = f and

that ¢moq = g.
(3) The morphism ¢ must be the unique such morphism.

For step (1) we will show that f& f&; < f& which implies compatiblity by Lemma [5.4.41] We simplify and
expand f& f¢;. By R.4 of Definition

F&TE =185

=fT(ci){p, (!}, T(cj)m1(pe0,1)T(m))).

Here we used & = T'(«;) and the definition of &; in order to simplify and expand the expression. In order to

use the interaction between «; and a; we now compose

(o, (& FT (i) T (ej)mi (pe0, 1) T (m)))

=(fp, {1, fT (i) T ()T (a;)m1 {pe0, 1) T (m))).-
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Since P is a principal bundle we can rewrite T'(c;)T'(;) into an expression of T'(cy;) using Definition |5.4.14

Since P is a principal bundle, this equals

(fp, (!, fT (i) (mo T (7i5), m1) T (m)m1 (pe0, 1)T'(m)))
=(fp, (", (f T (cvi)m1pe0, fT(cvi)moT (7i5)pe0, fT (i) moT (7iz), fT (i) m1)T (ma))).

Now we have an expression containing only T'(«;) and we will continue by simplifying this expression. Since

a;mo < q the previous expression produces the inequality

FEife; <(fp, (!, (fT (i) mipe0, fT(q)pOT (7i5)T(¢), fT(Q)T (7ij), fT(evi)m1) T (ma))).

Since fT(q)p0 = g0 = fT(q) the previous expression produces the inequality

F&if&; <{fp, (1, (FT(cw)mpe0, fT(0i)m1)T(m)))

=f{p, {1, T()m1(p0, )T (m))) = f&.

Using Lemma [5.4.41(iii) this implies that the morphisms (f¢;);er are compatible with each other.

For step (2) we directly show the first equation ¢(0 x p%)T'(r) = f by calulating

¢(0 x p,)T(r)

=\/ f&(0 x p)T(r)

el

=\ £, (1 T(s)m1 (0, 1)) T(m)) (0 x pp)T(r).

el

For every morphism h into T'(G), satisfying hp =!u, the universal property of the pullback guarantees that

the equation (!, h)p; = h holds. Using h = T'(a;)m1(p0, 1p(q))T (m), the previous line equals

\/ (00, T ()1 (pe0, 1)) T(m)) T(r).
el

198



Now, expanding the definition of r from Theorem [5.4.15| the previous line equals

\ V F@0, T(i) i (pe0, 1)) T(m))(T () X L) (Irary x T(m)T(af)
icljel

>\/ £(p0, T(ai)m1 (pe0, 1)) T(m))(T () X 1)) (L) x T(m))T(aj)
iel
=\/ F(T(i)p0, T(ci)my (pe0, () T(m)) (Iary x T(m))T (o)

i€l

= \/ F{T () mop0, T(ct; )10, (T (s )m1pe0, T (s )1 )T (m)) (1 x T'(m))T' ().
el

Now due to the associativity, the inverse and the neutral property of the multiplication T'(c;)m1p0 and

T'(a;)mpe0 cancel each other out. In addition «;m) = @;q and thus the previous expression simplifies to

\/ T (q)p0, T(e)m )T ()

el

\/ (90p0, FT(c;)m1)T(a})
el

=\/ (90, fT(a;)m)T(c})

i€l

=\ (T(oi)mo. T()m)T(05) = £ \/ T(@)T(af) = f

icl el

where the last equality is due to Lemmal5.2.16 Since ¢ = \/,c; f& < f, we also have that ¢(0 x p%)T(r) < f.

Together
@0 x py)T(r) > f and ¢(0 x p3)T(r) < f

imply that ¢(0 x p¥)T'(r) = f as required. Now we use g0 = fT'(q) and moq0 = (0 x p})T(r)T(q) to show

the second equation

¢moq = ¢moq0p = #(0 x p,, ) T(r)T(q)p = fT(q)p = g0p = g

Lastly, step (3), the uniqueness of ¢, needs to be shown. Suppose there is another morphism ¢’ : 7 —
P x T(G), making these diagrams commute, then ¢'(0 x p})T'(r)& — ¢'(0 x p)T(r)&; for all i,j € I
because ¢'(0 x p3)T'(r)& = f& and f& — f&;. Then we have

¢ =\ ¢ 0xp)T(r)& =\ f& =0 (5.9)

el el

199



The first equality in [5.9] holds because

\/ 60 x p)T(r)e:

i€l

=\ ¢'(0 x pi)(T(ci) x L) (Lrany x T(m))T (e ) (p, {1, T(@i)my, (pe0, 17y T(m)
icl

=\/ ¢/ (Tmo0T ()T (o), (moOT (cvi)my, mapy) T(m)) T (e} ) (p, (!, Tcxi)m1 (pe0, 1)) T (m))).

iel

We will now calculate the two components of this morphism separately and show that \/,.; ¢'(0xp})T(r)& =

¢’ by showing that the first component is ¢'my and the second component is ¢'m;. The first component is

\/ ¢'<WOOT(%)T(WO), (00T (cs)T(m1), wlp;>T(m)>T(a;)p.
iel

Due to naturality of p, Op = 1 and p}p =lu, the previous line simplifies to

\/ ¢'<7roozi7ro, (Mo, !u>m>af.

iel

Since u is the unit for m this equals

\/ ¢/ (moaimo, moaim)a; = \/ ¢'moia; = ¢'mo.

i€l i€l

The second component of \/,.; ¢'(0 x pi )T (r)&; is

\/ <7r00T(ozi)T(7r0), (mo0T ()T (1), mp;;>T(m)>T(a;f)<!, T(c) 1 (pe0, 1>T(m)>
i€l

which equals

\/ < ¢! (70T () T(mo), (moOT ()T (1), mpi ) T (m) YT (0 )T i)y e, 1>T(m)>.

el

Since ofa; = @ = ¢; X 1¢ and for all morphisms a and b (a,b)m; = ab, this equals

\/ <!, &' mo0T ()T (m0) T (e;) (moOT (v )T (1), mapl ) T (m) {pe0, 1>T(m)>.
i€l
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Using naturality and totality of 0, mpe; = &m and a;&] = o; this equals
\/ <!7 ¢>/7T001i<<7T00T(0li)T(7T1), T1py) T (m)pe0, (0T ()T (1), WlpZ>T(m)>T(m)>~
iel

Using naturality of 0, that 0 is a section of p, and the fomula (a, byme = (bt, at)m for the inverse of a product,

this becomes
\/ <!, (b’m«mp;ipOT(L),wOOT(aimL)}T(m), (WOOT(ai)T(m),w1p2>T(m)>T(m)>.
iel

Due to the associativity and inverse property of m and the defining property of p%, pip0 =lu0 =!T'(u), this

equals
\/ (1 o (T ()T (), mpi)T(m) ).
i€l

Since \/;c; @& = 1p and ue = u is the unit for m this equals

(,¢'mpy) = ¢'m(,ps) = ¢'m

where the last equality holds since ! and p}, are the projections out of the pullback T(G), and thus (!, pf) =
l7(@),- The two components together imply that ¢ = \/,.; ¢'(0 x p;)T(r)§; which was missing to prove
equation [5.9] which concludes the proof by proving uniqueness of ¢.

O

This proof heavily uses the map (!, (pc0,1)T(m)) : T(G) — T(G) in order to construct the &;, thereby

using similar methods to the ones used in Section [5.3.1

5.5 Concluding remarks

The goal of this chapter was to understand group objects and principal bundles in the general categorical
settings of tangent categories and join restriction categories. These structures have been introduced and
we have shown that many results from classical differential geometry can be recovered. In particular our
construction is a generalization of principal bundles in differential geometry and topology.

Aintablian and Blohmann have independently developed a categorical approach to Lie groupoids and
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Lie algebroids in [2] which is similar to some of our results in Section In particular, Theorem 7.5 of
[2] is (up to small differences) equivalent to Theorem in this chapter. The main focus of [2] is Lie
groupoids and their behaviour, while the main focus of our work is group objects and principal bundles in
restriction categories. In particular, in Section 4, we were primarily interested in examining the tangent
bundle of a group object. These results are not contained in 2| since it works in the more general setup of
groupoid objects, where these results may not hold. We relate the result about vector fields to the tangent
space in Theorem A technical difference between the constructions of [2] and our construction is that
we do not assume that the tangent bundles have negatives (the fibres are monoids, not groups) nor scalar
multiplication, though Theorem [5.3.15| shows that the relevant negatives always exist.

In future work, we hope, in particular, to explore how the notion of group objects and principal bundles
behaves in algebraic geometry. Since there is a pre-existing notion of principal bundles in Algebraic Geometry,
for example in |1]. As we explained in more detail in the end of Section the goal of this will be to find
a restriction structure for which the principal bundles of Definition [5.4.14] correspond to this pre-existing
notion.

In addition we are interested in seeing in which cases we can recover a group object from its Lie algebra.
Classically, one can recover a Lie Group from a Lie Algebra using the exponential function, a way to solve
a differential equation on a manifold. This leads to the classical result that a Lie Group is determined by
its Lie Algebra up to local isomorphism. In order to generalize this result, we need a notion of exponential
functions and differential equations, like the ones provided in [63] and [23]. We hope to adapt those methods
to our situation.

Another important continuation is the connection with differential bundles. In particular we want to
generalize the classical result that principal GL,-bundles correspond to vector bundles by showing that G-
bundles, whose fibre is a differential object, are differential bundles. While this continuation is not part of

the paper this chapter is based on, this is the main focus of Chapter [] of this thesis.
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Chapter 6

Relating principal and differential
bundles

Figure 6.1: Given a principal bundle, one can form the associated bundle. The associated bundle is the
differential bundle which is locally a product but globally twisted according to the principal bundle as
pictured abovel]

In Chapters [3] and [4] we focused on differential bundles in tangent categories. In Chapter [f| our focus
was on G-bundles and principal G-bundles in Cartesian join restriction categories (often with gluings). In
this chapter, we consider the confluence of these settings and connect principal and differential bundles
in Cartesian tangent join restriction categories with gluings. In classical differential geometry, there is a
close correspondence between differential bundles (i.e. vector bundles) and principal GL,-bundles. In this
chapter we show that every principal G-bundle together with a differential object with linear G-action has
an associated differential bundle, but the reverse correspondence does not hold.

Since this chapter heavily relies on the constructions in Chapter [5] we will keep using diagrammatic

composition order, i,e, we denote the composition of f: A — Band g: B— C as fg: A— C.

2Figure created using GeoGebra 3D
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In classical differential geometry, vector bundles with fibre R™ correspond to principal GL,-bundles. This

correspondence sends a principal GL,-bundle to a vector bundle utilizing the functor

Build''¢ : PBung' x G — Obj — Bung'@

which forms part of the equivalence in Theorem [5.4.:24] in the case when G = GL,. Given a principal
GL,,-bundle and the standard GL,, action on the vector space R™, the Build functor produces a GL,,-bundle
with fibre R", called the “associated bundle”. By the classical definition, a vector bundle with fiber R™ is
the same as a GL,-bundle with fiber R™ and the standard action of GL,. The converse direction of the
correspondence is formed by a construction called the “frame bundle”. In the context of tangent categories,
the notion of vector bundles is replaced by differential bundles. The generalization of vector bundles are the
differential bundles which are the main focus of Chapter [} Principal bundles and G-bundles are a major
focus of Chapter [5 in particular in Section The goal of this chapter is to show that (sometimes) a
G-bundle is a differential bundle.

The main setup this chapter studies is given by Cartesian tangent join restriction categories with gluings,
as defined in Definition [£.2.14] and Definition £.2.12

Since differential bundles E % M do not necessarily have a partial isomorphism to a Cartesian prod-
uct M x F, we do not expect the “frame bundle” direction to hold in this context. We give an explicit
counterexample in Example [6.3.13]

This chapter generalizes the “associated bundle” direction of the correspondence. Theorem [5.4.24] already
shows that the category of G-bundles is equivalent to the Cartesian product of the category of principal G-
bundles and the category of G-spaces. All that remains is to determine under which circumstances G-bundles
are differential bundles. That is the main subject of this chapter.

Section [6.1] establishes some language that we need to state and prove that certain G-bundles are differ-
ential bundles. Section [6.2] establishes some useful properties of the gluing which are required in the proofs
of Section Section focuses on how a pullback in every chart leads to a pullback of the gluings. In
Section [6.2.2] Proposition proves that join restriction functors preserve gluings. The main results of
this chapter will be in Section Proposition [6.3.7] proves that, given a differential object F' and a linear
G-action on F', a G-bundle built out of the F' and the action a is also a differential bundle. This resembles
the classical case that considers the group GL,, and its (linear) action on R™. In Proposition we will
show that fibre bundle morphisms are also morphisms of differential bundles and that certain G-bundle
homomorphisms are linear morphisms of differential bundles.

Theorem [6.3.10] will show that the assignments of objects and morphisms defined in Propositions [6.3.7]
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and [6.3.8] form a functor.

6.1 Epic fibre bundles

As we have seen in Theorem[5.4.27] classical fibre bundles over smooth manifolds correspond to totally fibred
categorical fibre bundles in ParMfld for which the projection ¢ is an epimorphism. For any fibre bundle in
any join restriction category, if the projection ¢ is an isomorphism, the restriction idempotents e; : M — M

fulfill \/,_; e; = 1ps. Since the restriction idempotents e; can be seen as the charts in which E = M x F|

icl
this can be understood as saying that these charts cover all of M. If there is a point « : 1 — F' in the fibre,

F, then \/,_, e; = 1 is equivalent to the condition that ¢ is an epimorphism.

i€l
Definition 6.1.1. Let (E, M, F,q, (a;)icr) be a fibre bundle (Definition in a join restriction category

X. It is epic if g : E — M 1is an epimorphism.

Intuitively this should mean that the image of the projection q : E — M covers all of M and not just a
subset. Due to our partial isomorphisms «;, we can express this intuitive description as a formal consequence

using the restriction idempotents e; fulfilling &} =e; x 1p : M X F — M x F.

Proposition 6.1.2. Let (E, M, F,q,(c;)icr) be an epic fibre bundle in a join restriction category X. Let
(ei)icr denote the restriction idempotents from Definition that fulfill af = e; x 1p. Then

\/ei =1y

iel

Proof. In order to prove this we will show that ¢\/,.; e; = ¢. Since ¢ is an epimorphism, this will imply

Vier i = 1y. We calculate

V=V aew

il i€l

Since \/

icr @ = 1g this is equal to

\/ aqqe; = \/ Qe -

ijel ijel
because a;q = a;my due to Definition Since the join is the supremum with respect to the partial
ordering, taking the join over fewer terms will produce something that is less than or equal to the original

join. Therefore,

. _
\/ Q;Toe;j 2> \/OlﬂToei = \/ai(ei X 1p)mo = \/aiai Ty = \/ QT = \/ g =q.

ijel iel iel iel iel iel
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O

Under very common circumstances, the implication in Proposition becomes an equivalence: certain
bundles (E, M, F,q, (a;)ier) are epic if and only if \/,_; e; = 1p7. We will expand on this in the remainder
of this section.

In order for the equation \/;.;e; = 1 to imply that the bundle is epic, we need one more condition.
The fibre F' needs to contain some point. In classical differential geometry this excludes the case when the

fibre is the empty set.

Proposition 6.1.3. Let (E, M, F,q,(a;)ic1) be a fibre bundle in a join restriction category X. Let (€;)icr
denote the restriction idempotents from Definition that fulfill & = e; x 1p. Let X have a restriction
terminal object 1 and let x be a point in F, i.e. a total morphism x : 1 — F. Then \/

ier € = Ly implies

that q is an epimorphism.

Proof. Suppose \/;c;e; = 1y and suppose X is an object and f,g : M — X are morphisms such that

qf = qg. Then (17, 2)m = 15 and therefore
e f = <1M7$>(€i X 1)7T0 = <1M,9:>Oé;-kozi7rof = <1M,$>Oé;<0_éiqf-

Analogously

eig = (lu, z)ajouqf

and since qf = qg this implies that e; f = e;g. By assumption \/,.; e; = 157 and therefore

f:\/eif:\/eig:g-

il iel
Since f and g were arbitrary morphisms such that ¢f = gg this proves that ¢ is an epimorphism. O

The two Propositions[6.1.2]and provide an equivalence in cases where F' has a point. We summarize

this in the following corollary.

Corollary 6.1.4. Let (E,M,F,q,(a;)icr) be a fibre bundle in a join restriction category X. Let (€;)ier
denote the restriction idempotents from Definition that fulfill &f = e; x 1p. Let X have a restriction

terminal object 1 and let x : 1 — F be a point in F. Then q is an epimorphism if and only if \/;c;e; = 1ar.

In particular, if the fibre is a group object (like for principal G-bundles), Corollary applies, since

every group object has the point u:1 — G
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6.2 Gluing pullbacks and functors

This section provides some technical results that are needed in the proof of Proposition Section [6.2.1
shows that, under certain conditions, the gluing of pullbacks is the pullback of gluings. Section shows

that join restriction functors preserve gluings.

6.2.1 Gluing pullbacks

We will first set up some context. Let I be a set and let
((Us)ier, (uij)iger), ((Uiier (wij)ijger), (U )ier, (wii)iger), (U ier, (ui})ijer)
be atlases (Definition in a join restriction category X. Let
(A, (bi)ier : Ui = A), (A (0)ier : U; — A), (A", (0)icr : U = A), (A", (0 )ier - U] — A™)

be their gluings (Definition [5.2.12). Let
hi /
U, — Uj

L

Ui// T> Uim
be a restriction pullback with total maps f;, g;, h;, k; for all i € I such that for i,j € I all faces of

h;

Uj

fi

commute.

Lemma 6.2.1. There are unique morphisms f : A" — A" ,g: A" - A" h:A— A andk:A— A" such

that
u; L vy Uy L Uy U, s Ut U, s vy
a lorw| -] [ I
! " " " ! "
Ao A A A A-os A Ao A
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commute. The morphisms f: A" — A" ,g: A" = A" h:A— A andk:A— A are total.

Proof. We will show the results for f, the other ones are analogous.
The morphisms A;; := fiuj; = u;; f; for all i,j € I form an atlas morphism from (U])ier, (U;j)l"jej) to

(U )iers (uif)ijer)-

Thus existence and uniqueness follow from the universal property of the gluingA’. Totality follows from

JF — \/ b;*b;f — \/ b;*fib;// — \/ b;*fzb;” > \/ b;*fib;”b;”* _ \/ b;*fzug'j*

i€l il il il il
_ V%, 1% £ __ 5 Wx £, TRk Tk
= \/ v fi = \J OO £ =\ bbr = \/ bF = 1
iel i€l i€l i€l
which concludes the proof. O

Proposition 6.2.2. Under the circumstances described above,

/Ly

L]

A// A///
g
is a restriction pullback.

Proof. The square commutes because the induced map out of the gluing A is unique. In order to show that
it is a restriction pullback, we will use the characterization of restriction pullbacks in Lemma Let X

be an object. Let o : X — A’ and ¢ : X — A” be total morphisms such that ¢ f = g, i.e.

X

©
A Y
kl lf
A// A///
g
commutes. Then @b* : X — U/ and ¢b/* : X — U/’ fulfill that

ob;" fi = @ fb]" = hgb"™ = ¥b}" g;.

Thus there is an induced map

(b by : X = U;

208



into the pullback

h;
U, v

)

1" "
U;" —— U

In order to glue the morphisms X — U; together for all i € I and obtain a morphism X — A, we now
show that they form an atlas morphism from At(1x) to ((U;)ier, (wij)i,jer), The map (b}, ¥b/*)u;; into

the pullback U; is determined by its components and

(pbi" b Yuighy = (pbi", by Y hiw; = bi* bl ui; = Pb* bbb’

= @[;bg/*wl;g*b;* = Pb* b b = (pbf*, Y™ )b’

?

and analogously (@b}*, b} )u;jk; = (pb*, Ybi* )b} . Therefore

(07", Vb Yuiy = (b, BB} by, v

proving condition 5 of Definition [5.2.11] of an atlas morphism. Conditions 2 and 4 follow from condition 5.
Conditions 1 and 3 are trivial since the domain is the atlas At(1x). Thus (pb/*,¥b/*) is an atlas morphism

from At(1x) to ((Us)ier, (wij)i,jer). By composition of atlas morphisms,

O = \/ (b}, 00" )bi : X — A
el

is defined. We will now show that it fulfills the required equations to be the induced map into a pullback.

Since ¢ = 1, we calculate

Oph =\ (b7, 067 )bih = \/ (b, b)) hib}, = \[ DO 0bfb;

iel iel el
=\ vy \/ b =o \/ 0o \/ U =de =
el el el el

and analogously also 0, ,k = 1.
Therefore it only remains to show that 6, is the only morphism such that 0, 4h = ¢ and 0, 4k = 1.

Let 0y, : X — A be any morphism fulilling 1, 4h = ¢ and 7, 4k = 1. Then

No,wbihi = Ugo,whbé* = ob;"

and analogously 71, 4k; = ¥b/*. Since morphisms into the pullback U; are given by their components, this

209



implies

Nepb; = (b, ™) = 0,07 -

Thus

Tow = \ Mobibi = \/ 0,050 = O,
el i€l

which concludes the proof. O

6.2.2 Gluing functors

In this section we will investigate how functors, in particular join restriction functors, preserve gluings. First
we define join restriction functors. While all join restriction functors are restriction functors, Example
will showcase a restriction functor that is not a join restriction functor, proving that not all restriction
functors are join restriction functors. Then we will continue proving that join restriction functors preserve
gluings. While these results seem to be well known to experts in the theory of restriction categories, we were

unable able to find any proof of them in the literature, so a proof is included here.

Definition 6.2.3. [47, Section 3.1.2] For join restriction categories X and Y, a restriction functor F : X — Y

is called a join restriction functor, if for any —-compatible subset S, F'(\/,c.g5) =V g F(5).

Many restriction functors between join restriction categories happen to be join restriction functors. In the

following we will give a combinatorial example of a restriction functor that is not a join restriction functor.
Example 6.2.4. Given a set X, let the join restriction category Xx be defined as follows.

o [ts single object is the set X.

The set of morphisms is the power set Hom(X, X) = {f C X}.

Composition is given by intersection of subsets.

Identity is given by the entire set X C X.

Any morphism is a restriction idempotent f = f.

The join is given by union of subsets.

In fact, the category Xx is a subcategory of the category ParSet of sets and partial functions. For the sets

(1] := {0,1} and 2] := {0, 1,2}, define the functor F : X — X9 as follows

e [t sends the unique object [1] := {0,1} to the unique object [2] := {0, 1,2}.
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e [t sends a morphism f C [1] to its embedding in [2], unless it is the identity. It sends the identity to
the identity, i.e.
foiff#
2] if f=10]

It preserves identity by definition. It preserves composition (intersection) of non-identities, since it is just
the embedding with them. It preserves composition with the identity since it sends the identity to the identity.
It preserves restrictions, since in both the source and target the restriction operation is the identity.

However, it does not preserve the join since

F{0} v{1}) = F({0,1}) = {0,1,2} # {0,1} = {0} v {1} = F({0}) v F({1}).

This example shows that the notions of restriction functors and join restriction functors are indeed
distinct. There are other examples of restriction functors in the literature which are not join restriction

functors, but this example is simpler than others which we are aware of.

Proposition 6.2.5. Let X and Y be join restriction categories. Let ((U;)icr, (wij)ijer) be an atlas in X
whose gluing is (E,g;). Let F : X = Y be a join restriction functor. Then ((F(U;))ier, (F(uij))ijer) ts an
atlas whose gluing is (F(E), F(g;)).

Proof. It follows immediately from the definition of an atlas and functoriality that ((F'(U;))icr, (F(wij))ijer)
is an atlas.

In ordert to show that (F(E), F(g;)) is its gluing, we use the characterization of gluings in Remark|5.2.13

as an object E with a family of partial isomorphisms g¢; : U; — E (with partial inverses g;) such that
(a) uijg; < gis
(b) wij = gig;, and

(c) 1Ig = \/z 95 9i-
Applying the restriction functor T preserves inequalities: For any parallel morphisms f, g of X, f < g implies
F(f) < F(g). Therefore

F(ui)F(g5) < F(g:)-

Since F(g;)F(97) = F(g:9}) = F(g:) = F(g;) and analogously F(g})F(g;) = F(g}), the the partial inverse
of F(g;) is F(g) = F(g:)*. Thus the second equation

F(uij) = F(g:)F(g;)
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follows from functoriality. Since F' preserves joins
lp = F(lg) = F <\/ gi‘gz) =\/ Flg))F(g:),

which was the remaining property (c) to show that F(Gy) is the gluing. O

The most important application for the next section is that the tangent bundle endofunctor preserves

gluings.

Corollary 6.2.6. Let (X,T,p,0,+,¢,¢c) be a tangent join restriction category. Let ((U)ier, (wij)ijer) be
an atlas in X whose gluing is (E,g;). Then ((T(U;))ier, (T(wij))ijer) is an atlas in X whose gluing is

(T(E), T(g:))-

Proof. In |20l Proposition 6.15] Cockett and Cruttwell show that the tangent bundle endofunctor T' preserves

joins. Thus we can apply Proposition to obtain the result. O

6.3 Constructing differential bundles from (principal) G-bundles

In classical differential geometry, there is an equivalence between principal GL,-bundles and vector bundles
with n-dimensional fibre. In this section we will generalize the construction that turns (principal) G-bundles
(Definition and the main topic of Section into differential bundles (Definition and the main
topic of Chapter []) in the more abstract setting of tangent join restriction categories.

Differential bundles and differential objects in split restriction categories were defined by Lanfranchi in
[58, Definition 4.26]. We will use the same definition for all restriction categories here. It closely resembles
Definition [2.3.1] of differential bundles in tangent categories, except that the structure morphisms are required

to be total and that strict limits are replaced by restriction limits.

Definition 6.3.1. [58, Definition 4.26] Let (X,T,p,0,4,¢,¢) be a tangent restriction category. Then a

restriction differential bundle consists of two objects M and E and four total morphisms
g:E—-M ,(:M—FE,oc:E—E, ) N:E—>T(E)

where B, is the restriction n-fold pullback of q along itself. The total morphisms q,(,0 and X\ satisfy the
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equational axioms (4) and (5) in Definition|2.3.1, In addition, the diagram

E2 (mo\,m10)T (o) T(E)

Mi JT(q) (6.1)

M ————— T(M)

is required to be a restriction pullback diagram whose universal property is preserved by the tangent bundle
functor.

If M s a restriction terminal object, the differential bundle is called a restriction differential object.

Note that Diagram replaces the universality of the vertical lift diagram in Definition Instead of
requiring Diagram to be a strict pullback as in Definition |2.3.1] we require it to be a restriction pullback

here. For the following definition recall the definition of Cartesian tangent restriction categories in Definition

b2T4

Definition 6.3.2. Let (E,M,q,(,0,\) and (E',M’',¢',{',0’,N) be restriction differential bundles in a
Cartesian tangent restriction category (X, T,p,0,+,4,¢). A pair (D,¢) of total morphisms ® : E — E’,

¢: M — M’ is a morphism of restriction differential bundles, if

g’ = q¢.

It is called linear if

DN = (D)

These definitions of differential bundles and their morphisms are completely analogous to Definitions|2.3.1
and A choice that we made when defining them is that we only consider total morphisms, both for
the structure morphisms ¢, {, o, A of a differential bundle and the components of a morphism of differential
bundles.

Like in the tangent category case, a linear morphism of restriction differential bundles also preserves the

addition and the zero section.

Proposition 6.3.3. Let (E,M,q,(,0,)\) and (E',M',q',{',0',N') be restriction differential bundles in a

Cartesian tangent restriction category (X,T,p,0,+,¢,c). For a linear morphism of differential bundles

(¢7 ¢) : (E’ M7 q’ C’ 0’ A) % (El7 M/) ql7 CI7 0/7 Al)?
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the diagrams

M2 M B -2, B
A O
E— E E-——E

commute, where @9 : By = E Xy E — Bl = E' X3 E' is the map into the pullback induced by ® : E — E
and ¢ : E — E.

Proof. The proof follows the exactly same strategy as in |29, Proposition 2.16], where the analogous statement
for differential bundles in tangent categories is shown. The proof is summarized below.

Using the restriction pullback diagram and the uniqueness of morphisms into the pullback from
Lemma [5.2.8] we can show that A and X' are monomorphisms. Since ¢ and ¢’ are retractions, they are
epimorphisms.

Now some elementary chains of equations which can be found in the proof of [29, Proposition 2.16] show

that c®)\ = ®90’' )\ and q(P = g¢p¢’. Since N’ was monic and g was epic, the required equations follow. [

Before turning G-bundles into differential bundles, we first consider the case of products. This case is
relevant, since restricted to a chart, a G-bundle is isomorphic to a product.

Let (F,(,0,A) be a differential object and X be an object in a Cartesian tangent join restriction category
(X,T,p,0,+,¢,¢). Then X x F is a differential bundle over X = X x 1 (where 1 is the restriction terminal

object of X) with structure maps

m: X X F—X
Ix x(: Xx1—=-XxF
Ix X0 : XXFXxF2(XXxF)xx(XxF)—>XxF

Ox X\ XX F>TX)xT(F)2T(X x F)

All the properties follow from the fact that (F,{, 0, \) was a differential object.

Definition 6.3.4. Let (G, m,u,1) be a group object (Definition|5.5.1|) and (F, o, {, A) be a differential object in
a Cartesian tangent join restriction category (X, T,p,0,4+,¢,¢). A linear action of (G, m,u,i) on (F,0,(,\)
is a total morphism a : G x F' — F that is an action (in the sense of Definition|5.4.10) such that (a,!) :

(G x F,GQ) — (F,1) is a linear morphism of differential bundles.

Before we will use that definition, we will first give an overview over the consequences of this definition, in

particular the following commutative diagrams. Diagram [6.2] commutes since this is the linearity demanded
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in Definition expressed using Definition Diagrams [6.3] and [6.4] commute because of Proposition

0.5.9)

GxF a F

oml lA (6.2)

T(G) x T(F) —— T(F)

{{mo,m1)a,(m0,m2)a)

Gx FxF FxF

la XO’J J{o’ (6.3)

Gx F F

a

G —t 1

(1620 | l¢ (6.4)

GXF —— F
These diagrams appear in equivalent ways of characterizing the action a as a linear action, as we point

out in the following Lemma.

Lemma 6.3.5. Let (F,(, 0, ) be a differential object and (G, m,u, 1) be a group object in a Cartesian tangent
join restriction category (X,T,p,0,+,0,¢). Let a: GX F — F be an action in the sense of Definition|5.4.10.

Then the the following are equivalent.

(a) The action a is linear.

(b) Diagram[6.9 commutes.

(¢) Diagrams and[6.4] commute.

Proof. All of the equivalences follow from Definition of additive and linear morphisms between differ-
ential bundles. The equivalence (a) < (b) holds, because Diagram is just the linearity condition for the
morphism (a,!). The implication (¢) = (b) is true as a tautology. The implication (b) = (c) holds because

Proposition shows that every linear morphism of differential bundles is additive. O

Next we point out some technical lemma that shows how we can form the pullback power E5 of a fibre

bundle E.

Lemma 6.3.6. Let (E, M, F,q,(a;)icr) be a fibre bundle with fibre F in a Cartesian join restriction category

with gluings. Then the restriction pullback

E, s F

7T1l q
ET>M
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is the gluing of (M x F X F,(u;j X a1 wij)ijer) where the morphisms w;; X ar w;; are the composition

Uij thj Uij

MxFxF = (MxF)xy (M x F) (M x F)xpy (M xF) = MxF xF.

Proof. This is a direct consequence of Proposition [6.2.2] applied to Definition [5.4.1]

O

Proposition 6.3.7. Let (F,(,0,)\) be a differential object and (G, m,u,i) be a group object in a Cartesian
tangent join restriction category (X, T,p,0,4+,¢,c) with gluings. Let a : G x F — F be a linear action of
(G, m,u,i) on (F,(,0,)). Let (E,M,q,(a;)icr) be a totally fibred epic G-bundle with fibre F with the action
a. Then E% M is a differential bundle.

The proof is lengthy because we need to construct the differential bundle structure for E % M from the

differential object structure on F'. This proceeds by constructing the total morphisms
q:FE—M,(g:M— FE,op:E,— FEand \g: E—T(E)

out of ¢, 0, A using gluings. In the end, we will show that Diagram [6.1]is a restriction pullback.

Proof. We first define all the structure we need. The projection ¢ : E — M is already defined. For the
remaining structure we will use the property from Theorem that E is a gluing of (M x F, (u,;)) with
u;; = oo and the inclusion morphisms of : M x F' — E.

The zero section (g : M — FE is induced by the morphisms 1;; x ( : M x 1 = M x F. Concretely it
is given by

e =\ (Lar, 1)}

iel
Intuitively, this is well-defined (i.e. (1ar,!¢)af — (1ar,!¢)a} ) because the partial isomorphisms u;; = o a;
(corresponding to the changes of charts in classical differential geometry) are given by group actions and
Diagram [6.4] commutes. Concretely (1az,!¢)af — (1as,!¢)a can be verified as follows.
Using standard properties of restriction categories in Definition the definitions of the partial iso-
morphisms ¢; in Definition and the definition of the restriction idempotents e; through af =e; x 1p

in Definition we derive

7 % k= k——— * _ T x = _ == o
Uj; = ajai = Oéj()éi = ajqei = ajqei = ajajqei = ajwoei = Tp€;€;4.
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Using the equation above, we observe that

(Iar, Q) (s, !C)a; = (1p, 10 (e x 1p) (1, !§>a; by Definition [5.4.1{i)
= <ei7 'C>a;
= (1u, () Toeic by Definition [5.2.6]
= (1n, Q) uji05 since Uj; = o€, €;.

Since the (af)ier are a gluing, uj;of = uj0f e

;ai = u;j05 and therefore the previous line is equal to

(1ar, Q) ujia;

= (1, 1¢) (7o, moTji, m1) (Lar X @)y by Definition [5.4.14]
= (1m, 155(1c, 1Q)a) o

— Tyallan, 10a by Dingram [

< (Im, 105

and thus (1a,!Q)a; — (Lar,!¢)aj. This shows that (g : M — E is well-defined. Next we will prove that it

is total by calculating

fE:v<1M,!C> = (1m, ¢ \/a (In, !¢ \/(eiXIF):<1Ma!C>\/(eiX1F)

i€l i€l i€l i€l

using Property (iii) of Lemma [5.2.2] “ Since ¢ was assumed to be an epimorphism, Proposition 2| shows

that \/,.; e; = 1. This shows that the previous line is equal to
(Ia,1Q) = 1m

proving that (g is total.

The addition og : Fs — F is induced by the addition ¢ : F x F' — F as
op = \/(ozi X o) (o)1)l
iel

where o /1y 1 (M X F) xp (M X F) — M x F is given by the composition

(momo, Mo L, M1 TL) 1y Xo
%

(M x F)xp (M X F) Mx FxF——MxF.
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*

Intuitively, this is well-defined (i.e. (c;xara;)(1arxo)a; — (ajxaray)(1axo)a]

) since partial isomorphisms
u;; = o (corresponding to the changes of charts in classical differential geometry) are given by the group

action a (Definition [5.4.14)) and Diagram commutes. Concretely we calculate

(aj xar o) (o /1ar)a (i xar i) (o /1ar)e;
< (e Xar o) (i Xar i) (o)1)

= (C_MjOli XM djai)(a/lM)af

= (ajajoi X ajajag)(o/1a)oy

= (a; Xpr ) (ujs Xarugi)(o/1ar)og since uj; = ajo;

= (a; X ;) ({0, (moTji, m1)yay X ar (mo, (moTji, m1)a))(0/1a) o by Definition
= (a; X ag)(moo, ((ToT0Tji, Tom1) @, (ToT0Tji, T1T1) Q)T by Definition of o /1,

= (aj XM Oéj)<770770a <7TO7TOTji77T0771,7T17T1><<7T07 771>a, (770,7r2>a>0>af

:(Oéj XM aj)<7r0770, <7T07TOTji,7T07T1,7T17T1>(1G X CT)(I>OZZ< by Diagram
= (o xar ) (0/1ar)(mo, (moTji, m1)a)e; by Definition of o/1
= (aj ¥ aj)(0/1am)ujics by Definition [5.4.14

= (o xn aj)(o/1ar)afaaf
= (CVj XM ij)((f/].M)Ck;C_ti
< (ij XM Oéj)(O'/lM)Oé;.
Thus, due to Lemma v) and the Definition of compatibility in Definition [5.2.1J(ii),

(i xar i) (In X o)ag — (o X o) (1 X 0)aj,

proving that og is well-defined.
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In order to show that og is total, we calculate

op = \/(ai Xnrag)(o/1a )

= \/ (i xar i) (0/1ar)ci}

= (Oéi X M Oéi)<7T07T0,7T07T1,7T17T1>(1M X 0’)(61- X 1F)

= (Oél' XM Oéi)<7T07T0,7T071'1,7T171'1>(61' X(T).

Since o is total this equals

\/ (ai XM ai)ﬂ'Oﬂ'Oei
iel

= \/ T10; TG T e
i€l

= \/ T1O; T TTOE; -
i€l

Since & = e; x 1 = Tpe; this can be simplified into

\/ ﬂlamoaid;‘
el

= \/ T10; o0 .

icl

Since (E, M, F,q, (a;)ier) is totally fibred, &; = ge; and therefore this equals

\/ T04€; T0g€s-
el

Since the domain is the pullback Fy = FE Xy E, mpq = w1q and therefore we obtain

\/ﬂoqei = Ty \/ Q; = T = 1E2~
iel iel

This shows that o : Fs — FE is total.
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The vertical lift A\g : E — T(F) is induced by the lift X\ : F — T(F) as

\/ @i(0n x T ().
el

It is well-defined (i.e. a;(0a x A)T'(f) — a;(0n x A\)T'(a)) since Diagramcommutes. Concretely,
a;0;(0 x N)T (o) = ajujs (0 x N)T' (o) since a; = aja;j
= aj(mo, (moTji, m1)a) (0 X A)T(e7)
= a;(m0, (moTjs, m1)aX) T ()
= a;j(m00, (070, 11 A) T (a))T' () by Diagram [6.2]
= (0 x A)(mo, (mo T (754), m) T (a)) T (a7)
=0, (0 x \)T ()T () by Definition [5.4.14
= (0 x )T (a;)T(ay)
< (0 x N)T(ey)

and therefore a;(0r X A)T'(a}) — a;(0n x A)T'(a]) showing that Ap : B — T'(E) is well-defined. In order

to show that Ag is total we use naturality of 0 and totality of 0 and A. Concretely we calculate

g = \/ a;(0ar x N)T'(af)

il

=\/ @i(0n x NT(a})
i€l

=\/ @i(0n x NT(e; x 1r) by Definition [5.4.1
iel

= \/ ai(e; X 1p)(0rpr X A) since 0 is natural
il

= \/ozio?;‘(OTM X )
il

= \/ a; =1g since 0 and A are total.
i€l

This proves that Ag : E — T(E) is total. All equations for ¢,(g,ocr and Ag in Definition follow from
the fact that (M x F, M, mo, (1as,!¢),0/1a1,05 X A) is a differential bundle.
It remains to show the universality of the vertical lift. In order to show the universality of the vertical

lift, we will use Proposition As usually we denote o c; by u;;. Due to Lemma (Eq, af x af)
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is the gluing of (M x F) xar (M XFg),u;j X uij). Due to Corollary (T(E),T(ar)) is the gluing
of (T'(M x F),T(ui;)). Since \/,c;e; = 1y, (M, (ei)icr) is the gluing of (M, (ese;)s jer) and analogously
(T(M), (T'(es))icr) is the gluing of (T'(M), (T'(es€;))i,jer)-

In each chart, the diagram

(M x F) xps (M x F) OO mOTC 00 s gy

mol lT(Tro)

M T(M)

is a pullback because (M x F, M, mo, (1as,!¢),0/1a,05r x A) is a differential bundle. In order to apply

Proposition [6.2.2] we additionally need to show that

(g (0XX),m10)T (o /1pg)

(M x F) xpr (M X F) T(M x F)

Wi XM Yij T(ujjz)

(F0(0xA), 71 0)T (o /1 p1)
(M x F) Xpr (M X F) 070 T(M X F) T (mwg)
l (6.5)
T(m0)
TOTO M 0 T (M)
M ) T (M)

commutes. The front and back squares commute and is even a pullback. The bottom square commutes

because of naturality of 0. The left square commutes because

—_ P *
(uij XM Uij)Tr()T('O = T Ui ToU;;TT0 = ﬂloé?ajﬂooéi Q7.

We observe that a;mg = @;q. Since (E, M, F,q, (o;);cr) is totally fibred, &; = ge; and thus the previous line
is equal to

o x K—— — T % *
T ge;Tol; qe;q = T, qejToQY; €.

Since o q = & my = mpe;, this equals

T1TOE;€5TTOTTOELE -

Since the domain is the pullback (M x F) x5 (M x F), the equation momg = 7179 has to hold and therefore
the previous line equals

TOTOE;€;TTOTOE€ = TIOTOE; €5

which proves that the left square in Diagram [6.5] commutes.
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The right square in Diagram commutes since

T(ui)T(mo) = T(aja;m) = T(a;ajq) = T(a;gejq) = T(aiqe;)

= T(@fﬂ'oej) = T((el X 1)7‘(’06]') = T(ﬂ'o)T(eiej)
For showing that the top square commutes, we first expand

(mo(0 x A), m0)T(c/1ar) = (7o (0 x X), m10)T ({(momo, mom1, m17m1)(1ar X 0))
= <7T07T00,7T07T1/\,7T17T10>T(1M X 0')

= (momo0, (mem1 A, m1m10)T(0)).
Using this expansion we now calculate
(wij Xar wij){mo(0 x X), m0)T(c/1pr) = (mousimo0, (Towi;miA, mui;m10)T(0)).
Since u;; = (mo, (moTij, m1)a) and mymy = w1, this is equal to
<7T07TOO7 <<7r07r07'2-j, ToT1)aN, (ToToTij, 7T17T1>a0>T(0)>.

Using Diagram of Definition [6.3.4] and the naturality of 0, we can rewrite this as

<7T07T00, <<7T07T00T(Tij), momA) T (a), (momo0T (7i5), 7r17r10>T(a)>T(0)>.
Next we use Diagram of Definition to rewrite the previous expression into

<7r07r00, (momo0T (745), (mom1A, 7T17T10>T(0)>T(a)>.

Since u;; = (mo, (mMoT;j, m1)a), this is equal to

<7r07T00, <7r07r1/\,7rl7710>T(0)>T(uij) = (mo(0 x A), m0)T(c/1p)T (usj),

which shows that the top square of Diagram commutes.
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This proves that Diagram commutes. Now Proposition shows that

<7T0/\E,7T10>T(0'E)

By TE
e} ql J/T(Q)
M T™

is a restriction pullback and thereby the universality of the vertical lift holds. Since this was the last part of

Definition [6.3.1] this concludes the proof of Proposition [6.3.7] O
Next we show that that morpisms of G-bundles are morphisms of differential bundles.

Proposition 6.3.8. Let (G, m,u,1) be a group object and (F,(,0,\),(F',{’ o', \) be differential objects in
a Cartesian tangent join restriction category (X, T,p,0,+,¢,¢). Leta: GXF — F,a' : GX F' — F’ be linear
actions. Let (E,M,q, (o)icr), (E',M', ¢, (c})icr) be totally fibred epic G-bundles with fibres F' and F' and
actions a and o' respectively. Let (E,M,q,(r,0r, \g) and (E',M',q¢',(g/,0m,A\g') be the corresponding
differential bundles from Pmposition Let ® : E — E' and ¢ : M — M’ be total morphisms in X.

(a) Then the pair (®, ) is a morphism of fibre bundles if and only if is a morphism of differential bundles.

(b) Given a total linear morphism ¢ : F — F' of differential objects, if the triple (D, ¢,1) is part of a

morphism of G-bundles, then (D, ®) is a linear morphism of differential bundles.

Proof. Due to Deﬁnition (®, ¢) is a morphism of fibre bundles if and only if ¢’ = ¢¢. Due to Definition
6.3.2 it is a morphism of differential bundles if and only if ¢’ = g¢. Since these definitions coincide, (a)
holds.

Due to Definition if (®,¢) is a morphism of G-bundles, then there is a morphism ¢ : F — F’
such that (¢ x 1g)a’ = ay and a collection of morphisms Tj, : M — G such that T, > (Tjg, 7i5)m,
Tir > (7], Tu)m, and T T, = (¢7kn, Tir)m and such that

T; /
MxF (mog, (Tix  ¥)a') M’ x F'

commutes. This means in particular that

o=\ \/ cilms, (T x p)a’)a".

i€l kel’

223



The equation q¢ = ®¢’ holds since g¢ > ®q’ and both are total. Due to the construction of A and X/,

Ap =\ @i(0p x VT (ef) and Ag = \/ o4(0nr x X)T(e},").
i€l kel

Due to Definition the pair (®,¢) is a linear morphism of differential bundles if and only if ®PA\p =
AT (D).
In order to check this equation, we substitute the formulas we have for ®, Ay and Ag/. Due to naturality

of 0 and the fact that o?k* = e} X 1p/, the inequality

PAg = \/ \/ \/ i (mod, (Tie x ¥)aYagoq (0 x N)T(e},")

iel kel’lel’

>\ \/ @ilmos, (Tix x ¥)a')(0 x )T (a},")
iel kel’

=\/ V @i(me0, (T x )’ X)T(a},")
iel kel’

holds. In fact, since both sides of the inequality are total, equality

DPAg = \/ \/ o (o0, (Tir, x ¥)a’' N)T (")

i€l kel’

holds. Due to Diagram [6.2] and naturality of zero this is equal to

Ap =\ \/ @i(mo0T(¢), (Tir x ¥)(0 x N)T(a'))T(a,").

icl kel’

Since 9 is linear and 0 is natural this is equal to

oxp = \/ \/ ailm0T (@), (0 x N)(T(Tix) x T(4))T(a))T(c")

i€l kel’

\/ \/ @i(0 x NT((mod, (Tig x w)a'))T(a}").

i€l kel’

Since for & = e; x 1F and due to naturality of 0, this is equal to

rp =\ \/ @0 x NT(a))T(:)T((mo¢, (Tx x )a))T (")
i€l kel
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which implies the inequality

®Ap >\ \V V @0 x VT (a})T(a)T({mod, (Tix x ¥)a')T(0},") = AeT(®).

iel jel kel’
Since both sides of the inequality are total, equality ® g = AgT'(®) holds, proving (b). O

While Proposition [6.3.7| assigns differential bundles to G-bundles, Proposition [6.3.8] sends morphisms of
G-bundles to morphisms of differential bundles. In order to express these results of Propositions [6.3.7] and
[6-3:8 as functors, we first define certain subcategories of fibre bundles and G-bundles.

Recall from Definition that a G-bundle (E, M, F, (o;)ier, Tij) contains a designated action a :
G x F — F of G on the fibre F. Further recall from Definition [5.4.19] that a morphism of G-bundles comes
equipped with a morphism v : F' — F’ of between the fibres. Together G-bundles and G-bundle morphisms

form the category Bung.
Definition 6.3.9. Let G be a group object in a Cartesian join restriction category.

(a) Let IE“ibBun‘é;iff denote the full subcategory of FibBun consisting of G-bundles where the fibre F is a

differential object and where the action a : G X F' — F' is linear morphism of differential objects.
(b) Let G — Obj"™ denote the subcategory of G — Qbj consisting of
o (objects) G-objects where the underlying object F is a differential object and where the action
a:G x F — F is linear morphism of differential objects, and

e (morphisms) G-object morphisms where the underlying morphism : F — F' is a linear morphism

of differential objects.

lin

(c) Analogously let Bunl' denote the subcategory of Bung consisting of

e (objects) G-bundles where the fibre F is a differential object and where the actiona: G x F — F
is linear morphism of differential objects, and
e (morphisms) G-bundle morphisms where the morphism ¢ : F — F’' is a linear morphism of

differential objects.

(d) Let PBung”tOt,Bungn’ep’tOt and IFibBun(éiH’ep’tot denote the full subcategories of PBung, Buni! and

]FibBundGilcf respectively, consisting of all totally fibred epic bundles.

Since differential objects always contain a point (zero), every object of Bungnﬁp’wt is totally G-fibred due

to Lemma [5.4.22(iv).
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The category IF’Bung”tot is the full subcategory of classical principal bundles. As shown in Proposition

5.4.31] they are exactly the principal bundles defined in differential geometry.
Propositions [6.3.7 and define assignments of objects and morphisms

IsDifferential : Tot(FibBuni """ s DBun

IsDifferentiall™ : Tot(IBiunlén’ep’tOt) — DBun",

which send a G-bundle E L M to the differential bundle £ % M. The functor IsDifferential sends
a total morphism (®,¢) of fibre bundles to the morphism (®,¢) of differential bundles. The functor
IsDifferentiall™ sends as total morphism (¢, (Tik)ier ket ¥, ®) of G-bundles to the linear morphism

(P, ¢) of differential bundles.

Theorem 6.3.10. Let (X,T,p,0,+,¢,c) be a Cartesian tangent join restriction category. The assignments

IsDifferential : Tot(]FibBungiH’ep’tOt) — DBun

IsDifferential™ : Tot(Bung ") — DBun"™,

described above, are functors. The functor IsDifferential : Tot(IFibBun?;iH) — DBun s fully faithful.

Proof. The assignments are well-defined due to Propositions [6.3.7 and [6.3.8] Since they send morphisms of
fibre bundles to the morphism of differential bundles given by the same data, functoriality is immediate. For
the same reason IsDifferential is faithful.

The functor IsDifferential is full because in Proposition a pair (D, ¢) is a differential bundle

morphism if and only if it is a fibre bundle morphism. O

This shows that Tot(IFibBungH) is a full subcategory of DBun. In Theorem [5.4.24] we proved the

equivalence

o~

Build™'¢ : PBunyy’ x G — Obj — Bungy'®
We will now restrict this equivalence to the subcategory of linear G-objects and the subcategory of epic and

totally fibred principal bundles. As shown in Theorem the totally fibred epic bundles in ParMfld are

exactly the bundles that are considered principal bundles in classical differential geometry. Classically, the

linearity condition for G — @bjli’rl means that its objects are vector spaces and its morphisms are linear maps.

L . lin,ep, tot N lin,ep, tot -
The linearity condition for Bung"**"" ensures that each object in Bung """ is a vector bundle.

Lemma 6.3.11. Let X be a Cartesian tangent join restriction category with gluings and G be a group object

226



in X. Let (P,M,q, (c)icr, (Tij)i,jer) be a totally fibred principal G-bundle in X. Let (F,a) be a G-object in
X.

a e G-bundle Build"*'¢ ((P, M, q, (o)icr, (Tii)iier), (F,a)) is epic if and only if the principal G-bundle
The G-bundl tote (P M )i F. f and only if th [ G-bundl

(P, M, q, (ovi)ier, (Tij)i,er) is epic.
(b) There is an equivalence of categories

~

Builg'm-ep:tot . [P’Bungo’tot x G — (D)bjhn - Bunlén’ep’mt.

(¢) There is an equivalence of categories

Tot(Build"™P-*") : Tot(PBung*") x Tot(G — Obj'™) = Tot(Bungn’ep’tOt).

Proof.  (a) Recall from Definition [5.4.23{(iii), that the total space E of the G-bundle
Build™"e ((P, M, q, (cvi)ier, (Tij)ijer), (Fya))
is constructed as the gluing of
wij = ((1ar, 7i5) x 1p) (A X a) : M x F — M x F.

The local trivializations o : E — M x F are the partial inverses of the partial isomorphisms into the
gluing, as characterized in Remark [5.2.13] Since it follows from Definition that 7;; = e;, the

equation

— /% Ik ! — —_— —
Q= @ O = Uiy = TTis = TOCq,

holds. Since a;* is of the form 1 x e} (Definition [5.4.1)), the restriction idempotent e} : M — M of the
G-bundle Build((P, M, q, (a;)ier, (Tij)ijer), (F,a)) equals the restriction idempotent e; of the input

principal bundle(P7 Ma q, (ai)iEIa (Tij)i,jel)-

Now we can apply Corollary to show that ¢’ is epic if and only if \/,.; e; = 1 which happens if

and only if \/,.; e; = 1. In turn, this happens if and only if ¢ is epic.
(b) We will prove that the object / morphism the functor
Build"*'¢ : PBun{e" x G — Obj =N Bung,*®
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produces lies in I[i%umlci;n’epmt if and only if Build'®'c is evaluated on an object / morphism of PBuny"*** x

G — Obj'™. We will first focus on objects and then on morphisms.

Let (P, M,q, (a:)ier, (Tij)ije1), (F,a)) be an object of PBung* x G'— Obj. Denote the G-bundle from
Definition [5.4.23|

BuildtOtG((P> M7 q, (ai)ieh (T’ij)i,jEI)a (Fa a)) = (E> M7 F7 q/a (a;)iel)-

Inspecting Definition [5.4.23] we see that the fibre of Build™*c ((P, M, q, (o )ier, (Tij)ijer), (F,a)) is

exactly the G-object (F,a) which the functor Build'*'¢ was applied to.

Thus the fibre F' of the G-bundle Build''c ((P, M, q, (a)ier, (Tij)i,jer). (Fya)) is a differential object
with a linear G-action « if and only if (F,a) was a differential object with linear G-action to begin

with, i.e. an object of G — Obj"".

Together with part (a) this shows that the object Build*™'¢ ((P, M, q, (o;)icr, (Tij)ijer), (Fya) is in

]B%unl(i;n’ep’tOt if and only if (P, M, q, (a;)icr, (Tij)ijer) is an object of PBun{** and (F,a) is an object
of G — Obj"™.
Let

(¢, @, Tir.), ) = ((P, M, q, (ai)ier, (Tij)i jer), (Fya) = (P, M', ¢, () )kess (Thi)k1e), (F',a"))

be a morphism of PBunS" x G — Obj where (F,a) and (F’,a’) are objects of G — Obj"™™. Recall that,
as explained in Definition [5.4.23]

BuildtOtG ((¢7 Cer)» 1/1) = (¢7 wa Tik7 é)’

where ® is constructed from T;;. The 1 component is exactly the same as the 1 which the functor
Build'°'¢ was applied to. Thus Build''e ((¢, Tk ), ) is linear if and only if ) was linear to start with,

i.e. ((¢,Tix),v) was a morphism of PBung*** x G — Qbj"™.

The subcategory of total morphisms contains all isomorphisms. Thus it suffices to show that the func-
tors Build''¢ and (Principal®'¢ Fibre) produce total morphisms when evaluated on total mor-
phisms. Let ((¢,Tix),?) be a total morphism in PBun{*" x G — Ob;"™. Due to Proposition
this means that ¢ = 1,y and ) = 1p. So in order to show that Build®'c ((¢, Ti),v) = (¢, v, Tir, ®)

is total, it only remains to show that @ is total. We use the commutative diagram in Definition [5.4.19
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to calculate

@ > \/ a;(mos, (Ti, x P)a e

=
ol

ai(mod, (Tix x ¥)a’) (e X 1F)

=
x>

= \/ a;{(moder, (Ti x ¥)a’)

=
=

= \/ aymoper moTix

=
=

= \/ a;moder moe;pey since Ty, = e;pey,

=
E

= \/ aymoe;pey

=
Ead

= \/ ajqe;pey,

=
E

=\/ qeige;dey, totally fibred

=
E

=q\/eid\/ ex
k

i

=qop=1g since the bundles are epic.

Conversely, let (¢,1, Ty, ®) be a total morphism in Bungn’ep’mt. Then ¢, 1» and ® are total and
therefore (Principal®t¢ Fibre)(op,, Ty, ®) = ((¢, Tix),v) is total.
O

Composing the component Tot(Build™eP-tt) : Tot(PBunf"**") x Tot(G — Obj"™) — Tot(Bung ")
of this equivalence with the functor IsDifferentialli : IEBunlCi;n’eP’tOt — DBun'™ from Theorem [6.3.10, we

obtain a functor of bundle categories.

Theorem 6.3.12. There is a functor
Tot(Build"™eP*"). IsDifferentiall™ : ]P’Bung”mt x G — Obj™ — DBun"™.

This shows how we can construct a differential bundle out of a principal bundle.
In the join restriction category of smooth manifolds and partial maps, we can choose the group object G
to be the Lie group GL,, and the differential object with a linear G-action to be R™ with the usual action of

GL,, on R™. Classically, every principal bundle can be constructed this way. However, in a general restriction
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category, not every differential bundle is in the image of Tot(Build!™*P:tot); IsDifferentiall™, as we show

in the example below.

Example 6.3.13. Let TotMfld be the restriction category of smooth manifolds and smooth total maps where
the restriction idempotents are all identity, i.e. for f : A — B, f = 14. The restriction category TotMfld
is a join restriction category, since f — g is equivalent to f = g and thus for \/;.; fi to be defined, all f;
are the same and thus equal to their join. The join restriction category TotMfld has all gluings, since any
partial isomorphism u;; : U; — Uj is a total isomorphism and therefore any atlas is isomorphic to a trivial
one.

The standard Cartesian tangent structure on smooth manifolds makes TotMfld into a Cartesian tangent
join restriction category with gluings.

Let now E L M be any vector bundle of smooth manifolds that is not globally trivial E 2 M x F (for
exzample the tangent bundle of the sphere S?, see the “hairy ball theorem” in 71} Section I11.11.10] ). Since all
partial isomorphisms in TotMfld are total isomorphisms, there can be no partial isomoprhism o; : E — M x
F, thus it can not be a G-bundle and in particular not be in the image of Build"™°P-tt: IsDifferentiall®.

Thus TotMfld is an example of a Cartesian tangent join restriction category with gluings where not all

differential bundles come from a principal bundle.

The functor of Theorem [6.3.12is only defined on the category of total morphisms. The main reason is
that morphisms of differential bundles were defined to be total in Definition A possible generalization
in the future could be to define partial morphisms of restriction differential bundles and construct a functor

similar to the one in Theorem [6.3.12)
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Chapter 7

Conclusions and future work
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This thesis focused on further developing our understanding of tangent bundles, differential bundles and

principal bundles in category-theoretical contexts.

7.1 Summary

We developed a categorical notion of dimension that generalizes the dimension of vector spaces and smooth
manifolds and which givens an interpretation for the universality of the vertical lift which tangent bundles and
differential bundles need to fulfill. We characterized differential bundles as functors, thereby connecting the
axiomatic definition of differential bundles in [29] with the functorial characterization of tangent categories
in [64] and [44]. Furthermore, we showcased that group objects have many desirable properties in tangent
categories, in particular their tangent bundle is a product of the group object with a tangent space. We
defined fibre bundles, G-bundles and principal G-bundles and used the properties of group objects to show
that these bundles are well-behaved.

For the categorical dimension, tangent structures and differential bundles need to fulfill the dimension
equations of Theorems [3.2.7] and [3:2.8] Therefore we can use dimensions to show that an endofunctor is not
a tangent structure, which can lead to results classifying all tangent structures on an underlying category.

In addition, one can use Theorems [3.2.13] and [3.2:14] to show that something is not a differential bundle.

Since we characterized differential bundles as functors, this provides a new way to show that something is
differential bundle. We envision this can be particularly useful in order to combine differential bundles with
other categorical constructions like Kleisli categories and opposites. In addition the functorial perspective is
easier to generalize to higher categories, for example the tangent infinity categories of [6] and some bicategory
related to [7].

The properties of group objects can be used for many purposes, since group objects frequently appear.
One example of such a usage is the definition and properties of principal bundles. Principal bundles now
allow us to unify approaches from different perspectives on geometry. Additionally, the principal bundles in
restriction categories can be used to encode symmetries in categories that are not traditionally considered
parts of geometry.

In Chapter [6] we showed a relation between these concepts, generalizing a well-established equivalence
from differential geometry. We now know how to construct a differential bundle from a principal bundle and

that this construction is a functor, though in general not an equivalence.
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7.2 Future work

Due to the structure of this thesis, many approaches to continue this work have been already proposed in
Sections and Each of them discusses the future developments following each of the papers.

In addition, we would like to highlight that the collection of these projects will enables us to generalize
methods from classical physical systems based on smooth manifolds to other systems that are not based on
smooth manifolds.

Two major characteristics of physical systems are their dynamics and the symmetries the system admits.
Classically, the dynamics is governed by vector fields, i.e. sections of vector bundles. Classical dynamics often
is described by vector fields on the phase space, the space consisting of positions and momenta. These vector
fields determine the differential equations governing classical dynamics. Symmetries are often described
by group actions on the phase space. Gauge symmetries (redundancies in the descriptions of the physical
system) are encoded by principal bundles. Group actions and principal bundles have been central themes in
this thesis.

We can apply our bundle constructions in order to describe symmetries and dynamics of systems that do
not necessarily admit a description in classical geometry, like networks. Networks are particularly relevant,
since many systems that are important for real-life applications are given by networks, for example power
grids and neural networks. Category theory has already been used to describe the dynamics of many
important real-life systems [5],[86] and combining these approaches with categorical geometry promises to

be a useful extension.
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Appendix A

When the pushout is not the double

mapping cylinder

The purpose of this appendix is to prove the statements made in Example Concretely, this appendix
is a proof of Proposition The goal of this is to show that, while they form a dimension on the category
of CW complexes and cellular maps, our proof does not work for the Betti numbers as a dimension on the
category of Hausdorff spaces and continuous maps.

First we will recall some definitions used in the statements.

Definition A.0.1. Let X, Y be topological spaces and f, f' : X =Y be continuous maps. Let I =[0,1] C R

denote the closed unit interval.

(a) The maps f and f' are homotopic, if there is a continous map h : I x X —'Y such that h(0,z) = f(z)

and h(1,z) = f'(x) for all x € X. Such a map h is called a homotopy.

(b) A homotopy equivalence between X andY consists of continuous maps g: X =Y and g : Y - X

and homotopies h between g o g’ and the identity 1y and h' between g’ o g and the identity 1x.

(¢) Two points x,y € X are path-connected if there is a path between them, i.e. a continuous map
v : 1 — X such that v(0) = z and v(1) = y. A path-component of X is a maximal path-connected

subset.

(d) Given a span X Ly sz of topological spaces, the double mapping cylinder x Mz is defined as
xMz = (XU(Y xI)uZ)/~, where (y,0) ~ f(y) and (y,1) ~ g(y), Vy €Y.
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The following proposition is the central result of this appendix.

Proposition A.0.2. For the Hausdorff spaces

1
A’—{IGR|x—forsomen€N>o},
n

11 1
B = {(x,y,z) € R¥|(z,y,2) = (n’ gsin(go), - cos(go)) for somen € Nsg , p € [0,277]} ,

A={0}UA, and

B ={(0,0,0)} UB’

and the pushout diagram
i

—

* ° 5 A
i(o,o,o)J{ J{
-

B—— P

there is no homotopy equivalence between P and the double mapping cylinder s Mp

Before we prove this result, we will state the intuition that homotopy-equivalences preserve path compo-

nents.

Lemma A.0.3. Let A, B be topological spaces and let there be a homotopy equivalence between A and B
consisting of f: A—B,g:B— A, h: AxI —Aandk:BxI— B.

(i) If a,a’ € A can be connected by a path I — A, f(a) and f(a') can be connected by a path I — B.
(i) If a,a’ can not be connected by a path I — A, f(a) and f(a’) can not be connected by a path I — B.

(ii) Let X C A be a path component of A and Y C B a path component of B and let for some x € X
the image f(x) be in Y. Then the restrictions (f|x,gly,hlxxr,k|lyxr) form a homotopy equivalence

between X and Y.

Proof. Part (i) is immediate using the the post-composition of the path with f.

For part (ii), suppose that f(a) and f(a’) are connected by a path v: I — B. Then go~y: I — A'is
a path in A connecting g(f(a)) with g(f(a’)). The homotopy h between g o f and 14 now provides paths
h(a,—) : I — A and h(a’, —) connecting a with g(f(a)) and o’ with g(f(a’)). Composing these paths gives
a path from a to o' proving part (ii).

For part (iii), we need to show that the image of the restrictions f|x and g¢|y is within ¥ and X

respectively.
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Given a z’ within the same path component X as x, part (i) shows that f(2’) will be within the same
path component as f(z) which is Y. For any ¢ € I, h(2’,¢) has a path connecting it to h(z’,1) = 2/, so it is
within the same path component X as z’.

Since h(z,—) : I — A is a path between g(f(x)) and z, the element f(z) € Y is sent to the connected
component of . Thus we can use the same argument as in the previous paragraph to obtain that the images
of g|ly and k|y«s land in X and Y respectively.

Now since we showed that the restrictions have the types flx : X =Y, gly : Y = X, hlxxs: X xI - X
and k|lyxr : Y x I — Y, they form a homotopy equivalence between X and Y, since (f, g, h, k) formed a

homotopy equivalence between A and B. O
Equipped with this Lemma we now can prove Proposition [A20.2]

Proof of Proposition[A.0.9 We use the explicit descriptions
1 11, .1 ,
P= (_E’ 0,0)|n € N5 p U{(0,0,0)} U (ﬁ’ - sin(yp), - cos(p))In € Nyg, ¢ € [0,27] p C R and

WMy {(—;,07O)|n e N>0} U [0, 1% {(0,0)} U {(1 + % %Siﬁ((p) % cos(9))|n € Nsg, 0 € [o,%]} C R,

These explicit descriptions are visualized in Figure[3.3] This proof proceeds by contradiction. Suppose there
is a homotopy equivalence (f,g,h,k) between P and 4Mp. Then for 0 = (0,0,0) we consider the point
po = f(0) € 4Mp and a small open neighbourhood Uy around it. Since f is continuous f~1(Up) is an open
neighbourhood around 0. Thus for any open neighbourhood Uy of pg, f~* (Up) contains infinitely many points
of the form (—1/n,0,0) and infinitely many circles of the form {(1/n,1/nsin(p),1/ncos(p))|¢ € [0,27]}.

We will now distinguish different cases where py could be, showing that each of them leads to a contradiction

e If pg = (—1/n,0,0) € 4Mp for some n € N5, Uy can be chosen to be just the set Uy = {po} which
is open in subset topology as an open ball of radius 1/n — 1/(n + 1). Since f~1(Uy) contains infinity
many path components, f sends infinity many path components to one path component. By Lemma

1A.0.3(ii) this contradicts the assumption that (f,g, h, k) was a homotopy-equivalence.

o If po = (14 1/n,1/nsin(p),1/ncos(¢)) € aMp for some n € Nyg and some ¢ € [0,27], Uy can be
chosen to be the open set {(1+ 1/n,1/nsin(p),1/ncos(y))|p € [0,27]} (open in subspace topology).
Since f~1(Up) contains infinity many path components, f sends infinity many path components to one
path component. By Lemma[A.0.3(ii) this contradicts the assumption that (f, g, h, k) was a homotopy-

equivalence.
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o If py = (£,0,0) € 4Mp for some x € (0,1), Uy can be chosen to be (0,1) x {(0,0)} (open in subspace
topology). Since f~!(Up) contains infinity many path components, f sends infinity many path com-
ponents to one path component. By Lemma i) this contradicts the assumption that (f, g, h, k)

was a homotopy-equivalence.

e If po = (0,0,0) € 4Mp, Uy can be chosen to have a first coordinate below 1/2. Since f~!(Up) contains
a circle of the form {(1/n,1/nsin(p),1/ncos(y))|e € [0,27]} and these circles are in a different path
component than 0, Lemma ii) implies that this circle is sent to a point of the form (—1/m,0,0).
Due to Lemma i) and the fact that all these point are path-disconnected, the entire circle is sent
to one point. By Lemma [A.0.3(iii) this implies that (f, g, h, k) restricts to a homotopy equivalence
between a circle and a point. It is a classical result that such a homotopy equivalence does not
exist (proven for example by observing that their fundamental groups differ) leading to the required

contradiction.

e If po = (1,0,0) € 4Mp, Uy can be chosen to have a first coordinate above 1/2. Since f~1(Uy) contains
a isolated point of the form (—1/n,0,0), Lemma[A.0.3|ii) implies that this point is sent to one of the
circles of the form {(1 + 1/m,1/msin(p),1/mcos(p))|¢ € [0,27]}. By Lemma [A.0.3[iii) this implies
that (f, g, h, k) restricts to a homotopy equivalence between a circle and a point. Again, this leads to

the required contradiction.

This shows that our proof strategy of Proposition does not work in the more general setup of all
Hausdorff spaces. It still remains open, if the generalized version for all Hausdorff spaces holds true, though

we doubt it. O
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Appendix B

Naturality diagrams for Ind(E)

In this appendix we will check that the functor Ind(F) : N*® to X defined in Proposition with components
(Fg,&), the & : Fgo Dy — Ty o (1 x Fg) is natural. The functors Fg o D and Ty o (1 X Fg) both go from
Weil x N*® to X.

The following Lemma is a summary of some of Leung’s observations about generators of Weil in [64].

Lemma B.0.1. |64, Proposition 9.5] In the category Weil every map is inductively generated by p, 0, +, ¢, ¢

and the projections m; using compositions, coproducts and foundational pullbacks, i.e. pullbacks of the form

A®(Bx(C) —— A®B
ARC — A.
Recall from Definition that the transformation & : Fp o Dy — To o F is defined inductively from

the W,N! component:

k k
awnt :=T(0)o(0omg,Aom): Es = TE Gw e = (Gwn)k : (f;) — (%) = T(Eg).

This is the map in the diagram for the universality of the vertical lift in Definition In particular, for

k =0, we define dyyno = O0pr : M — T'(M). For a product W, we define
Gwn = (Gt )t (B2)n — Tn(E) Gyn e = (Gwn n )k 2 (Bop)k = (Tn(E))k

In particular for the case n = 0, we define éy v := 1g,. Now, for coproducts A ® B € Obj(Weil), we

define &agp,— using the commuting diagrams in Definition [2.2.14] Concretely, for A, B € Obj(Weil) and
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X € Obj(N*®), define

64A®B,X = TAOAz37X OdA,TBX : FOTAOTB(X) —)TA OTB OF(X)

and

anx = lpyx) : FE(DnX) = Fp(X) = Fp(X) = Tn(Fp(X)).

Proposition B.0.2. This transformation & : Fg o De — Te o (1 x Fg) is a natural transformation between

functors Weil x N®* — X

Recall from Theorem that for any tangent actegory (X, T,), the morphisms of Weil produce the
tangent structures in X via the functor T, and the equality (X,T,p,0,+,%,¢) = (X, Tw,T,, To, T+, T, T¢).
Thus the symbols (p, 0, +, £, ¢) are used both for the morphisms in Weil from Remark and the morphisms
in X that come from the tangent structure.

Analogously, F sends the morphisms (¢ : N — N, o : N2 — N!) of N® to the additive bundle structure
((: M — E,o: E; — E) underlying the differential bundle (E, M, ¢, (,0, ). Thus the symbols o and ¢ are

used both for the maps in N*® and their image in X.

Proof. We need to show that & is natural in N®* and Weil. We will accomplish this by proving that it is
natural in the morphisms generating N® and Weil.

First we show it is natural in N°®.

Since a4,— is built as a composition of pullbacks of aw,— it suffices to check naturality of ayw,— in N°.
Let f : N¥ — N” be a morphism in N°*. As shown in Lemma its components (f; : NF — N)iz1,..n
are given by

fn =0fly 4fkO (Af}1 XM o XM Afyllc)

The diagonal is the map induced by the identity. Therefore this can be rewritten into

Fro = 0N, O {1y ey Ty ey Ty veey Tk

where N,, = f! + ...+ f¥ and the projection m; appears f! times. For the case fi = 0, the zero-fold sum
is the zero map o9 = ¢ : N — N! and the zero-fold diagonal is the unique map to the terminal object
Ag=!: N - NO |

The k-fold summation o can be written as a composition of pullbacks over the terminal object of the
binary summation ¢ : N> — N and T, o Fg preserve these pullbacks. As we saw above, f can be expressed

in terms of o and projections. Thus we only need to show that « is natural with respect to the addition
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o : N2 = N, the zero ¢ : N® — N! (zero-fold addition), the pullback-projections 7; : N¥ — N! and the
unique map ! : N' — N into the terminal object (zero-fold diagonal). In what follows, we check naturality

for each of them in turn. Here we extensively use that the morphisms
c:Fb—FE,(:M—>FE,m : E,.—>FEF,q:E—M
are given by the functor Fg : N* — X evaluated on the corresponding morphisms
o: N2 5N N NP NP NN 5 NO

of N*:

o="Fg(o), (=Fr((), m="Fr(m), ¢=Fp(!).

Additionally we use the correspondence between the tangent bundle endofunctors 7': X — X and D : N* —
N*® with the Weil-actions Ty and De by T'= Ty and D = Dyy.

Naturality for the addition ¢ : N2 — N is given by the following square:

FgoDw (o)

E4 = Fg o Dy(W,N?) Fg o Dy(W,N) = E,

O‘W,N?l ldW,N

T(E>) = To(W, Fp(N?)) sy To(W, Fp(N)) = T(E)

aw,N
Ay NO

Since ayynz = ( ), the composition along the left path through the diagram is

T(o)o(T(0)o(0omy,Aomy) Xpa T(0) 0 (00mg, Aomy)).

Since F o Dy (o) is given by the pullback o Xg o = (o o (mg, m2), 0 o (w1, m2)), the right path through the
square amounts to

T(o)o{0omy, Aom)o{co (my,ma),o 0 (m,n3)).

Using the naturality of 0 and that (A,0) is an additive bundle morphism the right path is equal to
=T(0)o{(T(c)o{0om,00m), T(c)o (Aom,\oms)).

By commutativity and associativity of ¢ this is equal to the left path.
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Naturality for the zero map ¢ : N° = N! is given by the following square:

M = FEOD.(VV,NO) M FEoD.(VV,Nl) =F

aW,NOJ/ J{aW,Nl

T(M) = To(W, Fp(N°)) Tolw Fal) To(W,Fg(N')) = T(E)

Since apyyo = 0 : M — T(M) and Fg({) = ¢, the composition along the left path through the diagram

amounts to T'(¢) o 0. The composition along the right path is
T(0)o{0omy, Aom)o(Comy, om).

Since, 0 o ( = A o (, this equals

T(o)o(00¢ Xpg) 00)

and since 0 : 1x — T is a natural transformation, this equals
T(o) o (T(C) 00 xp(m) T(¢) 00)

which equals T'(¢) o 0 because ( is the zero for the addition o.

Naturality for the projections 7; : N¥ — N is given by the following square:

By = F o Do(W,NF) 2222V b Dy (W, N) = B,

O‘W,Nki l&W,N

T(Ey) = To(W, Fg(N¥)) T EED) T.(W,Fr(N)) =T(E)

The composition along the left path is m; o (T(c) o (0 0 w9, A 0 m1)), the composition along the right path is
T(0)o(0x \)o(mg;, m+1) and they are equal as projecting to the sum of the i-th pair is the same as taking
the sum of the pair in indices 2¢ and 2i + 1.

Naturality for the unique morphism to the terminal object, ! : N' — NC is given by the following

square:

By = Fo Dy(W,NY) L2°P20wD o py(W,NO) = M

O‘W,Nll laW,NO

T(E) = To(W, Fg(N")) Tow Fa) To(W, Fg(N°)) = T(M)
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The composition along the left path in the diagram gives
T(q)oT(c) o {(00my,\om)

which equals gomy = gom; by the commutativity of the diagram for the universality of the vertical lift. The

composition along the right path in the diagram is

00 (q,q)

where (q,q) = qomy = qom is the morphism E xpy E — M x5 M = M.

Since every morphism in N® is generated by o, (,m; and !, this concludes the proof that & is natural in
N°.

Now we show & is natural in Weil. Since &_ yr is a pullback power of &_ 1 we only need to check the
naturality of &_ n1.

By Lemma m (Proposition 9.5 in [64]) every morphism in Weil can be constructed from 0, p, ¢, +, ¢
using composition, tensors and foundational pullbacks.

We first prove that & is natural with respect to the generating morphisms 0, p, £, +, ¢ and then prove that
the naturality diagrams are preserved under tensors and foundational pullbacks.

Naturality with respect to 0 : N — W amounts to the following square:

E = FpoDy(N,N") 222200 oo p (W, NY) = B,

QN*Nll l‘lw,Nl

E =T.,(N, Fg(N')) Te@ iy o) To(W, Fp(N")) = T(E)

Since dn y is the identity map (the empty pullback), the left path is just the zero-map 0 : E — T'(E). Due
to the explicit formula in Example we have that De(0, 1) = (1,0) : N! — N? where the zero in
(1,0) is the zero matrix and thus can be described by (o!. Therefore, the composition along the right path
of the diagram is

T(0) o (0 xpan A) o (1,(0q).

Since (A,0) is an additive bundle morphism from (E, M) to (T'(E),T(M)), this is equal to
T(a) 0 (0,T(¢) 0 00.6) =0

which is the zero-map because ( is the neutral element with respect to the addition o.
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Naturality with respect to p: W — N amounts to the following square:

By = Fjy o Dy(W,NY) 22220} oo p o (N,NY) = E

dw,Nll J{‘S‘N,lelF(N)

T(E) = T,(W, Fg(N')) m T.(N,Fg(N') = E

It commutes since the composition of the left path is p o T'(c) o o(0 x A) which by naturality of p euqals to
ogo(po0xpo). Since (A, () is an additive bundle morphism this is equal to o o (1 x ¢ 0 ¢). This equals g
because ( is zero with respect to the addition o.

Naturality with respect to + : W2 — W amounts to the following square:

By = (2)" = Fpo DyW2NY) 220 o p (W NY) = B

(dW7N1 )2l ldW,Nl

T5(E) = To(W?, Fp(N)) ERTE P T,(W, Fp(NY)) = T(E)
Because aw,n = T'(0) o (0 Xpar A), the map (Gwn)2 : Es — ToFE is given by
(dwn)2 = (T(0) o (0omp,Aom),T(c) o (0omy, Aoma)).
The composition along the left path gives
+0{T(5) 0 (00mg, Aom), T(c) o (00my, Aoms)).

By naturality of + this equals

T(o)o+p, o {({0om,Aom),(00m, Aom))

=T(0) o (+0(0om,00my),+ 0 (Aom, Aoma)).
Since 0 is the zero with respect to the addition + and (), ¢) is an additive bundle morphism, this equals
T(o)o(0om,Aooo(m,m)) =T(c)o (0 xrarA)o (1g X 0)

which is the composition along the right path in the square.
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Naturality with respect to /: W — W ® W amounts to the following square:

By = Fg o Dy(W,N) 22210 o Dy (W @ W,N) = E;

&W,NJ/ J{T'(lw*dW«N)OdW,NQ

T(E) =ToW, Fg(N)) g — To(W @ W, F(N)) = T*(E)
The composition along the right path gives
T?(0) o (T(0) o 1o, T(A) o71) o (T(0) 0 (009, Ao 1) xpar T(0) 0 (0079, Aomy)) o {m, (0 gomy,ogomy,m)
which equals
T%(0) o (T(0) 0 T(c) 0 (0 0 mg, Ao Cogomy), T(A) o T(c) o {00 oqom, om)).
In the last part of the composition we used the fact that
(ogqomy =(Coqomy: Ey = E.
Due to the additive bundle morphism properties Ao ¢ =00 ¢ = T(¢) o 0 and therefore the right path gives
T?(0) o (T(0) o T(c) 0 (00 m, T(C) 000 gomy), T(A) o T(c) o (T'(¢) 0 00, Aom)).
Since ( is the zero of the addition o this equals

T%(0) o (T(0) 0007y, T(\) o Aom) =LoT(c)o{0omy, Aomy)

which is the composition along the left path.

Naturality with respect to ¢c: W @ W — W ® W amounts to the following square:

Ey = FpoDy(W @ W,N) —222C oo Dy(W @ W,N) = E,

T.(lw,&w,N)O&W,Nzl J{T.(lwﬁw,N)O&W,Nz

T*(E) = Tu(W @ W, F5(N)) s To(W @ W, Fp(N)) = T*(E)
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The composition along the left path gives

coT?(0) o (T(0) o mo, T(A) om1) o (T(0) 0 (0 0 mg, Ao ) xar T(a) o (00w, Aomy))

=coT?*() o (T(0)oT(c) 0 (0omy,Aom), T(\) oT(c)o(0o0ms, \oms)).

Due to naturality of the canonical flip of the tangent structure ¢ : T? = T2, since coT(0g) = Org and since

(A, Q) is an additive bundle morphism this is equal to

T?(0) 0o (0rg o T(c) 0 (0omg, Aom),coT?(o) o (T(N) o0omy, T(A\)oXoms)).

By naturality of ¢ and since coT(A)oA=coloX=LoA=T(\) o\ this is equal to

T?(0) o (T?*(0) 0 (Orp 0007y, 0rg o Ao ), T?(c) o (coT(\) 000y, T(A) 0 Aoms)).

By naturality of zero and since ¢ o Orgp = T(0g) this is equal to

T?(0) o (T?*(0) o (T(0) 0 0 0 5, T(N) 0 0 0 1), T?(0) o (T'(0) 0 A o g, T(A) 0 Ao 73)).

Now using associativity and commutativity of o we can rearrange the terms to obtain

T?%(0) o (T?(c) o (T(0) 0 0 0 7y, T(0) 0 Ao ma), T?(c) o (T(X) 0 0 071, T(X\) 0 X om3)).

By naturality of 0 and since (A, 0) is an additive bundle morphism, this is equal to

T?(0) o (T(0) o T(c) 0 (00 mg, Ao m2), T(N) o T(0) 0 (0 071, Ao m3))

=T?(0) o (T(0) o 7, T(N) om)o(T(o)o{0omy, Aom) Xpar T(0) o (00w, Aom)) o (mg, w2, 1, T3)

which is the composition along the right path in the square.

This shows that & is natural with respect to the building blocks p, +, 0, £, ¢ and projections out of products.
In order to show that & is natural with respect to all morphisms in Weil, we show next that & is compatible
with coproducts (tensor products) and pullbacks of the form A® (B x C) from Lemma [B.0.1] (which include
products).

For tensor products f1 ® fo : A® B — A’® B’ in Weil, & is natural since &g p is defined as Ty (Gp)od.

For pullbacks of the form A ® (B x C), suppose &_ yx is natural with respect to the Weil-morphisms
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fi:K—wA®Band fo : K > A C.

From the tangent category axioms, the following diagram is a pullback in the tangent category (X, T,):

TpoTy, oFg
—1> TA o TC o FE

TaoThr, oFEl B lTAngoFE

ToaoTpxcoFg

[e) [e) _— (e)
TaoTpoFp TA6TioF TaoFp

Therefore, due to the universal property of the pullback, the naturality diagram

FgoD (4, f,y=Fro(Ds,Dy,)

FgpoDg Fg o DagBxc)
dKJ, J{dA®(B><C)
Tk oFg TagBxc)© FE

Ty, 52)0FE=(Ts, , Tg,)0FE

commutes if and only if the naturality diagrams

FroD Feobn F D FroDgy ——— F D
(@] 0] (] O
roDg £°Dagn 5o Dx — - £ o Dagc
dxl ldm@s &Kl J/&A®C
Ty,0Fp
Tk oFp ————— Tagp o Fg Tx oFg ————— Tagc o FE
Ty, oFp

for the components f; and fo commute (which we assumed).
This concludes the proof that & is natural in Weil. Thus & is natural in N® and in Weil and therefore

natural in N® x Weil. O
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