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Abstract

This thesis further develops the theory of tangent bundles, differential bundles and principal bundles in

tangent categories and restriction categories. We develop a notion of dimension in order to interpret the

universality of the vertical lift, a key defining property of tangent bundles and differential bundles in category

theory. This dimension provides an easy path to showing that a candidate endofunctor is not a tangent

structure or that a candidate projection is not a differential bundle.

Additionally, we provide a functorial characterization of differential bundles. We show that differential

bundles in a tangent category are equivalent to certain functors from the structure-category N• of free

finite-dimensional N-modules into that tangent category. This characterization through functors serves as

a translation of differential bundles from the axiomatic language of categories to the functorial language of

tangent categories as Weil-actegories and is suitable to be applied to functor calculus.

We show that group-objects in a tangent category are well-behaved and define principal G-bundles in join

restriction categories. In the combined setup of tangent join restriction categories with a group object, we

show that the principal bundles previously defined fulfill some desirable properties. In particular, they can

be used to construct differential bundles, generalizing the associated bundle construction from differential

geometry that connects principal and differential bundles.
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Preface

The main body of this manuscript-style thesis consists of three papers that have already been finished and

made accessible online before this thesis was written.

Chapter 3 is based on [83]. This is a single-author paper I wrote under supervision of Kristine Bauer. I

developed the theory and proofs on which Kristine Bauer gave feedback and guidance and she supervised

the writing.

Chapter 4 is based on [82]. It is also a single-author paper I wrote under supervision of Kristine Bauer.

Michael Ching proposed the idea of the project. Afterwards I developed the constructions and proofs, on

which Kristine Bauer gave feedback and guidance and she supervised the writing.

Chapter 5 is based on [31]. This paper is a collaboration between me and my co-supervisor Robin Cockett.

He gave me permission to use it as part of my thesis. The mathematical content was jointly developed, based

on a suggestion by Robin Cockett. The first draft of the paper, including all the results, was written by

me, based on our joint mathematical work. Robin Cockett gave feedback, supervised the writing and added

historical context. Parts of the writing were also supervised by Kristine Bauer.

Chapter 6 was developed by myself under supervision of Kristine Bauer. It is not currently written as a

stand-alone paper. It relates the topic of Chapter 4 and Chapter 5 in the context of this thesis.

Generative artificial intelligence (AI) was used as a writing tool in this thesis, however it did not develop

the mathematics. In particular, generative AI was not used for creating theorems, lemmas, propositions, or

other mathematical results, or writing or generating proofs.

Concretely, generative AI was used in the following ways.

1. Literature exploration and brainstorming: Gemini (integrated into Google Search) was used to sum-

marize related areas and locate relevant references. Accuracy was ensured by consulting the original

sources rather than relying on AI-generated summaries. This reduces the influence of the AI on the

thesis content to the AI’s selection of references.

2. Language and style correction: Writefull, integrated into the Overleaf LaTeX editor, was used for
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grammar and style suggestions. It only proposed linguistic changes, it did not affect the mathematical

content.

3. Text feedback: ChatGPT and Gemini were used to provide feedback on drafted sections to improve

clarity and readability. All revisions were manually implemented to ensure that only the language and

no mathematical content was altered.

In accordance with university policy, I retain full responsibility and accountability for all content in this

thesis, including work produced with the assistance of AI. The language of this AI statement was also

refined with the help of generative AI.
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Introduction
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Bundles, consisting of a total space E with a projection to a base space M , are a fundamental concept

for many areas of mathematics and physics. In algebraic topology, bundles, such as covering spaces, provide

a way to study topological invariants, e.g. the fundamental group. Bundles allows us to analyze the total

space and use insights from the total space to make conclusions about the base space.

The utility of bundles extends to differential geometry, where we can use bundles and their sections in

order to perform operations from (multi)-linear algebra locally at any point of the manifold. Consequently,

many of the most essential tools in differential geometry, including vector fields, connections, differential

forms and metric tensors, are all sections of bundles, offering a way to combine local calculations with global

structure.

In physics, these mathematical uses of bundles are essential for modelling the natural world. Sections of

vector bundles are used for the local description of physical quantities and their interaction with spacetime.

Furthermore, in the study of gauge symmetries, the total space of a bundle provides a redundant description

of a physical system. By analyzing these bundles, physicists can make conclusions about the behaviour of

the physical system.

The main goal of this thesis is to advance the study of generalized bundles in category theory. In

particular, we focus on tangent bundles, differential bundles and principal bundles in tangent categories and

restriction categories. Both tangent categories and restriction categories are contexts in category theory that

generalize certain aspects of the structure of smooth manifolds.

1.1 Categorical geometry

Geometry is one of the oldest and most beautiful areas of mathematics, and also one of the richest sources of

ideas and intuitions. The concept of gluing local pieces together to obtain a global object, among many other

geometric ideas, have incarnations outside of traditional geometry and have influenced many sciences, going

beyond mathematics. Calculus, and in particular differentiation, are further tools from geometry to model

dynamics in a variety of contexts, from crisis bargaining diplomacy [85] to the expansion of the universe [50].

The abstract frameworks of tangent categories and restriction categories make it possible to formally

encode these geometric structures in more general settings settings which unify different approaches to

geometry or which may not traditionally be considered to be part of geometry.

By modelling local properties through partial maps, maps that are only defined on a subset of their

domain, restriction categories generalize local properties and gluings to a variety of setups. They can be

used both to describe geometric structures like manifolds and topological spaces, but also for computational

structures like Turing machines.
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Complementary to that, tangent categories generalize the concept of differentiability and tangent vectors

to a more general categorical setup. They reveal the geometric nature of many concepts as a form of

differentiation, even non-analytic non-geometric concepts, like abelianization of groups.

1.1.1 Literature review on tangent categories

Historically, geometry has been thought about through certain desired properties instead of concretely giving

concrete mathematical objects fulfilling the behavioural axioms. In Euclid’s elements of geometry [78],

geometric objects are defined using a list of axioms, e.g. that one can draw a line between any two points.

When Newton and Leibnitz developed modern western calculus in the 17th century (after the ideas had

been around for a long time in many cultures), they specified the operations while admitting that they

did not fully understand the underlying objects. They used a infinitesimal, a quantity o that whose higher

powers can be omitted. While intuitively it is a very small quantity and thus its square is negligibly small,

it was widely understood that this is not a well-defined mathematical concept.

Later, in the 19th century, Bolzano and Cauchy built a second approach to the underlying structure of

calculus. The key to their approach was that they replaced infinitesimals with limits, building the modern

foundations of analysis. For more details on the history of calculus one can, for example, read [12].

However, many still thought that the original approach using infinitesimals was still worth considering. In

[65], Sophus Lie highlights that there is an “analytic” approach and a “synthetic” approach to differentiation,

while admitting that the foundations of the “synthetic” approach are hard to make rigorous.

After the “analytic” approach had developed into differential geometry and the classical theory of smooth

manifolds, in 1967, William Lawvere gave a series of lectures on the “synthetic” approach, which were later

published as [60]. In there Lawvere rigorously defines synthetic differential geometry through a closed

category and an infinitesimal object D which represents differentiation. The tangent bundle of a manifold X

is then described by the objectXD. In 1981, Anders Kock wrote the textbook [57], further elaborating on this

approach. Synthetic differential geometry has further grown since. Many results from classical differential

geometry have been shown to have analogues in synthetic differential geometry. For example Marta Bunge

and Patrice Sawyer [14] proved results about connections and Rene Lavendhomme and Hirokazu Nishimura

[59] proved results about differential forms in SDG. Matthew Burke proved the correspondence between Lie

groups and Lie Algebras in his thesis [15]. Burke’s result in particular is similar to our results in Section

5.3.5.

In 1984 [81], Jǐŕı Rosický developed a notion of abstract tangent bundle functors that encompass both

classical differential geometry and synthetic differential geometry, finally uniting the “synthetic” and “ana-
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lytic” approach to differentiation. This notion of tangent bundle functors underlies the tangent categories

Robin Cockett and Geoff Cruttwell developed in 2014 [20]. They slightly generalized the definition to not

assume negatives, developed substantial techniques to work with tangent categories and related them to

the pre-existing notion of Cartesian differential categories. As a different formulation, Poon Leung [64] and

Richard Garner [44] showed that tangent categories can also be seen as functors from a structure category of

Weil-algebras. This approach is equivalent to the axiomatic definition by Cockett and Cruttwell, but allows

us to view tangent categories in a functorial perspective, which is useful for certain applications like higher

categories. We will revisit these equivalent characterizations in detail in Section 4.2.

The category of smooth manifolds is one example of a tangent category, but there are many more. Since

tangent categories have been developed, many geometric constructions have been generalized using them.

Vector bundles, one of the most fundamental and important concepts in differential geometry, were general-

ized as differential bundles in [29]. In his PhD thesis [67], Benjamin McAdam proved that differential bundles

in the category of smooth manifolds indeed are vector bundles and thus precisely generalize vector bundles

in tangent categories. Cruttwell and Marcello Lanfranchi [32] used display maps to study the existence of

pullbacks, required for differential bundles, and define a notion of submersion in tangent categories.

Cruttwell and Rory Lucyshyn-Wright [35] generalized differential forms and de Rham cohomology, with

their deep meaning to geometry and topology. Similarly, Cockett and Cruttwell [22] generalized connections,

enabling a new perspective on curvature and torsion, independently of the explicit model of geometry. An

important tool for system dynamics, differential equations, were formulated by Cockett, Cruttwell and Jean-

Simon Lemay in [23]. There curve objects are introduced as the objects that parametrize the solutions of

ordinary differential equations.

Since their development, tangent categories and the aforementioned concepts in them have been applied

to many different areas of mathematics. Originally, Cockett and Cruttwell [20] show that tangent categories

generalize the “analytic” and “synthetic” formulation of differential geometry. The category of rings is also

an example of a tangent category, already mentioned by Rosický. Cruttwell and Lemay [33] further showed

that schemes, the object of study in Algebraic geometry, are another example of a tangent category and

studied the differential bundles therein. Thus, tangent categories do not just unite the different approaches

to differential geometry, they also unite differential and algebraic geometry.

In homotopy theory and homological algebra, tangent categories have proven themselves to be a useful

tool to encode approximations to certain functors. Kristine Bauer, Burke and Michael Ching use tangent

categories in [6] to describe the Goodwillie functor calculus of infinity categories. In addition, work by Bauer,

Brenda Johnson, Christina Osborne, Emily Riehl, and Amelia Tebbe [7] shows that the Johnson-McCarthy

calculus of chain complexes fulfills a chain rule up to homotopy. This strongly suggests that a certain
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bicategory of chain complexes admits a tangent structure that describes the Johnson-McCarthy calculus.

In addition to all these mathematical applications, the relevance of tangent categories goes beyond pure

mathematics. Machine learning has been an envisioned application since the development of Cartesian dif-

ferential categories in [9]. Cockett, Cruttwell, Jonathan Gallagher, Lemay, Gordon Plotkin and Dorette

Pronk [30] further developed this perspective using reverse derivatives. In his PhD thesis [45], Bruno Gavra-

nović gave an overview of the development so far and advanced this application even further, giving explicit

implementation instructions on how to apply tangent categories in a machine learning context.

Due to the size and importance of differentiation, geometry and their categorical formulations, this section

is necessarily incomplete and there exist many more contributions to the field. We hope, though, that this

section conveys that tangent categories are a well-established and relevant area of mathematics.

1.1.2 Literature review on restriction categories

The fundamental questions on how to relate local and global properties of geometric objects, and indeed

what local properties are at all, have been around for a long time.

A key step to understand the concept of locality was the development of topological spaces. In 1914, Felix

Hausdorff, in his famous book “Grundzüge der Mengenlehre” [49], proposed a list of axioms to characterize

open neighbourhoods. Spaces that fulfill this list of axioms are nowadays known as Hausdorff spaces. In

1924 Paul Alexandroff und Paul Urysohn further developed our modern notion of topological spaces in [3].

For a more expanded overview on the history of topology, we point the reader towards [17].

Using these definitions, a partial, or locally defined, function on a space X can be seen as a function

whose domain is some closed (or open, there is a choice here) subset of the space. In 1978, Peter Booth and

Ronald Brown [11] used this topological language to study partial maps.

Another reason why researchers studied partial maps was the theory of computation. Since Alan Turing’s

groundbreaking work [87] it is known that programs may or may not terminate and may or may not produce

an output. Motivated by both the programming and the topology, E. Robinson and G. Rosolini abstracted

the notion of partiality in [80]. Fully general formulations of restriction categories were given by Hans-Jürgen

Hoehnke, who called them “fractal categories” in [52], and by Marco Grandis, who called them “e-cohesive

categories” [46]. Significantly for this thesis, Grandis also developed the manifold construction for join

restriction categories.

The formulation of restriction categories, which we will use in this thesis, was introduced by Cockett and

Steve Lack in [24], [25], and [26]. Importantly, this formulation allows for a partiality-respecting notion of

limits, called restriction limits. Coming from a perspective of Boolean logic, Cockett and Ernie Manes [27]
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developed the theory of joins in restriction categories, which was further expanded on in Xiuzhan Guo’s PhD

thesis [47]. This notion of joins of partial maps allows us to combine partial maps which are only locally

defined into total maps, defined globally, or on a larger subset of the domain and thereby is a key step to

understand the relation between local and global properties.

While joins allow us to construct morphisms out of their local pieces, the Grandis manifold construction

first developed in [46] allows us to glue together objects into an object called the “gluing”. This gluing and

the manifold completion, which enables gluings, are combined with tangent categories in [20] where Cockett

and Cruttwell establish a notion of tangent join restriction categories and show that tangent structure is

preserved by the manifold completion. Recently, Lanfranchi [58] developed a notion of differential bundles

in tangent restriction categories, combining the tangent category perspective and the restriction category

perspective even further.

Restriction categories have major applications outside of geometry, in particular for the theory of com-

putation which they were motivated by. Cockett and Peter Hofstra [28] developed Turing categories based

on earlier work by Longo, Moggi, Di Paolo, and Heller. Turing categories are a particular case of Cartesian

restriction categories where all morphism factor through a certain object, called a “Turing object”. Tur-

ing categories are closely related to other structures in computer science, in particular partial combinatory

algebras in the study of lambda calculus.

For the categorical study of probability theory and Bayesian networks, Kenta Cho, Bart Jacobs [19] and

Tobias Fritz [42] developed Markov categories. Both Markov categories and Cartesian restriction categories

are special cases of copy-discard categories and Elena Di Lavore and Marco Román [37] have combined these

two structures to form partial Markov categories, a direction of research that makes it possible to model

Bayesian networks with constraints.

Like the previous section, this section does not intend to be a complete report over all work in the area.

We hope though, that it showcases that the study of restriction categories is also a well-established area of

research with important applications.

1.2 Key questions answered in this thesis

This thesis continues the recent developments in categorical geometry. There are many perspectives in

categorical geometry and classical geometry which all aim to study similar phenomena. We will connect

some of these perspectives.
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1.2.1 Dimensions in tangent bundles

In the definition of a tangent category there is a somewhat unintuitive condition called the universality of

the vertical lift which requires a certain diagram to be a pullback.

In the category of smooth manifolds the universality of the vertical lift enforces how “large” the tangent

bundle can be. This is made precise by the dimension of the manifolds fulfilling certain equations. For general

tangent categories, however, this is less understood since there was no preexisting definition of dimension

for them.

In order to align the dimension interpretation of the universality of the vertical lift with general tangent

categories, we invent a notion of dimension for general categories. In particular we also use it for categories

with no known tangent structure. This novel categorical dimension will allow us to interpret the universality

of the vertical lift in many different tangent categories and to put constraints on possible structures. Theorem

3.2.7 shows that any tangent bundle needs to respect the equation

dim(T 2(X)) + 2 · dim(X) = 3 · dim(T (X))

about a categorical dimension dim applied to the tangent bundle T (X), the tangent bundle of the tangent

bundle T 2(X) and the underlying object X. If the dimension is a strong tangent dimension, as defined in

Definition 3.2.5, Theorem 3.2.8, shows that T (X) is the same or double the dimension of X.

Differential bundles are also required to respect dimension, as we show in Theorems 3.2.13 and 3.2.14.

However, this condition becomes trivial if the tangent bundle endofunctor sends an object to an object of

twice the dimension.

Categorical dimensions appear in many common mathematical situations. We show that dimensions are

preserved by full subcategories and right-adjoints. Using this, we provide examples for sets, groups, rings,

modules, algebras and topological spaces. We observe that dimensions are closely related to the concept

of excision in homotopy theory. Since tangent structures need to respect dimension we can reject certain

functors T as candidates for tangent structures, as showcased in Example 3.2.10. In particular, this allows

us to classify all tangent bundle endofunctors on Setop in Proposition 3.3.6 and FinVect in Theorem 3.6.11.

We find a categorical notion of dimension that generalizes the classical dimension of smooth manifolds

and vector spaces. By providing constraints for possible structures, it helps us understand all the possible

tangent bundles and differential bundles in a given category. In particular it is very easy to use dimensions

to show that something is not a tangent structure or not a differential bundle. This is demonstrated in

Example 3.2.10, we hope it will be helpful to exclude many more candidates for tangent structures in the

future.
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1.2.2 Differential bundles in the functorial perspective

As Leung showed in [64], tangent categories can be studied both from an axiomatic and from a functorial

perspective. In [29], differential bundles were developed in the axiomatic perspective on tangent categories.

Other constructions, in particular tangent infinity categories have been developed using the functor per-

spective on tangent categories. In order to connect these concepts, it is necessary to find a translation of

differential bundles to the functor perspective on tangent categories.

We align Leung’s functorial perspective on tangent categories with the study of differential bundles. For

this purpose we study functors from a structure-category N•. Certain functors from this structure category

N• have been previously shown to characterize differential objects, which are more specific than differential

bundles. We loosen certain requirements on the functors from N• in order to characterize the more general

structure that are differential bundles.

We use differential functors which we introduce in Definition 4.3.3. Differential functors are functors

between tangent categories that preserve certain pullbacks and come with a Cartesian natural transformation

relating them to the tangent bundle endofunctor.

We show that differential functors send differential objects to differential bundles. Thus we obtain an

evaluation functor Eval from the category of differential functors into X to the category of differential bundles

in X, summarized in Corollary 4.3.11. In Proposition 4.4.9 we construct for every differential bundle E →M

in a category X a differential functor from the structure category N• in which all objects are differential

objects. This differential functor produces the differential bundle E → M under evaluation. This leads

to Theorem 4.4.10 where we define a functor Ind from a category of differential bundles to a category of

differential functors. Indeed we show in Theorem 4.5.3 that the two functors Eval and Ind are quasi-inverse

to each other and thus form an equivalence

DBunadd(X) ∼= DiffFun(N•,X)

between the category DBunadd(X) of differential bundles in X with additive morphisms and the category

DiffFun(N•,X) of differential functors from N• to X and certain natural transformations as morphisms.

Theorem 4.5.3 also includes a variant of the equivalence for linear morphisms.

Our classification of differential bundles using differential functors is a way to prove that something is a

differential bundle. It allows us to express differential bundles in the functorial language developed by Leung

[64] and Garner [44]. This formulation will be particularly useful for future study of higher categories, like

the tangent infinity categories defined in [6]. Additionally, such a functorial characterization can be adapted

more easily to categorical constructions, like Kleisli categories and opposites, helping to relate differential
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bundles in the opposite category to differential bundles in the original category in the future.

1.2.3 Group objects in tangent categories

Lie groups are important objects of study in classical differential geometry. Much is known about their

tangent bundle. Their tangent space at the unit famously forms a Lie algebra.

In order to align the classical study of Lie Groups and principal bundles with more general categorical

geometry, we first study group objects in tangent categories, and show that they enjoy similar properties to

Lie groups in differential geometry.

We show in Theorem 5.3.3 that the total space T (G) of the tangent bundle of a group object G in a

tangent category is isomorphic to a product of a tangent space T (G)u and the group object

T (G) ∼= G× T (G)u.

We can characterize all the structure morphisms that characterize the tangent bundle through their corre-

sponding maps between the tangent spaces, as summarized in Table 5.1. In classical differential geometry

the tangent space is known as the Lie group’s Lie algebra. We show in Theorem 5.3.21 that in tangent

categories, the tangent space obtains an external Lie algebra structure too.

Due to our study of group objects, we have explicit coordinates to talk about the tangent bundle of a

group object. Additionally, we generalized the Lie bracket on the tangent space. Whenever we encounter a

group object in a tangent category, we now have plenty of tools to study its behaviour.

1.2.4 Principal bundles in tangent categories

Symmetry and differentiation are closely related in differential geometry. Much is known about the behaviour

of Lie groups, group objects in the category of smooth manifolds. Given a Lie-Group G Principal G-bundles

fulfill several well-understood properties, in particular their close correspondence with vector bundles. In

categorical geometry, differential bundles are the generalization of vector bundles, though neither principal

bundles nor their relation to differential bundles have been generalized yet. Since principal bundles are

defined using local conditions and join restriction categories are a tool to encode locality, we study principal

bundles in join restriction categories. Combining these two setups we can obtain strong results in tangent

restriction categories.

In order to generalize principal G-bundles, we define fibre bundles, G-bundles and principal G-bundles

in join restriction categories in Definitions 5.4.1 and 5.4.14, replacing charts by partial isomorphisms. The

bundles we define indeed generalize the principal bundles from differential geometry and topology, as we
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see in Theorem 5.4.27 and Proposition 5.4.35. We continue to study their properties. Using constructions

similar to the ones in Section 5.3, we show that categorical principal bundles in tangent join restriction

categories admit a total right G-action

r : P ×G→ P

as shown in Theorem 5.4.40, that their vertical bundle is trivial in the sense of Theorem 5.4.43, and they

fulfill the torsor-property of Theorem 5.4.42.

Finally, we study which parts of the equivalence between principal and vector bundles from classical

differential geometry hold in the more general setup of Cartesian tangent join restriction categories with

gluings. Classically, for smooth manifolds, there is a correspondence between isomorphism classes of principal

GLn-bundles and isomorphism classes of vector bundles with n-dimensional fibre. We show in Theorem 6.3.12

that in any Cartesian tangent join restriction category with gluings one can construct differential bundles

out of principal G-bundles and this is in fact a functor

PBunep,totG ×G−Objlin → DBunlin,ep,tot

sending principal G-bundles and objects with a G-action to differential bundles. So one direction of the

correspondence holds in this more general setup. However, the inverse does not, in general, exist. Example

6.3.13 includes an example of a differential bundle which can not come from a G-bundle.

By defining principalG-bundles in Cartesian tangent join restriction categories, we unify existing concepts

from differential geometry, point-set topology and we conjecture it also unifies them with the notion of

principal bundle from algebraic geometry. Besides these already existing notions of principal bundles, it

also makes it possible to study other categorical contexts and the principal bundles therein in the future.

Additionally, our construction of differential bundles from principal bundles relates these two kinds of bundles

in a general context. This construction not only clarifies which parts of geometric results hold more generally,

it also makes it possible to generate examples of differential bundles by constructing them out of principal

bundles.

1.2.5 Overall summary

All the work in this thesis improves our understanding of bundles in category theory, aligning different

perspectives from differential geometry and category theory.

This makes it possible to apply the geometric technique, which is the study of bundles, to areas of

math that are not traditionally considered as part of geometry. In particular the theory of computation
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(Turing categories, a special case of restriction categories), the theory of Bayesian networks (partial Markov

categories, closely related to restriction categories), and machine learning (reverse derivative categories, a

special case of tangent categories) all admit categorical descriptions that are closely related to the restriction

categories studied here. Thus we hope that the ideas which hold in restriction categories can be applied to

the setups similar to restriction categories and the results that hold in tangent categories can be applied to

the setups similar to tangent categories.

1.3 Novel contributions in this thesis

While the concepts of tangent categories and differential bundles were already known before, the notion

of a monoid-valued dimension and its variations (Definitions 3.2.2 and 3.2.5) are new contributions. Any

results in Chapter 3 involving dimension are novel, including the classification of Cartesian tangent bundle

endofunctors on FinSetop and FinVect. However, almost all the tangent structures that are used in examples

were previously known in the literature. The only new tangent structure is in Example 3.6.1, which is closely

related to the example presented in [81, Example 1].

In Chapter 4, the concept of a (general/lax) differential functor and all the results depending on it are

novel. The characterization of differential bundles is terms of (general/lax) differential functors is a new

contribution. This generalizes what was known about strong differential functors. The classification of

differential objects using strong differential functors was proved in [6]. This is a strong version of what we

prove in Chapter 4. Theorem 4.2.18, which proves the euquivalence between tangent categories and and

certain actegories, is a slight generalization of [44, Theorem 9] using a proof that is very similar to the proof

in [44, Theorem 9].

In Chapter 5, the concepts introduced in Section 5.2 are a review of the theory of restriction categories,

in particular restriction limits and the Grandis manifold construction. Lemma 5.2.8 is an novel result which

gives an easier way to identify restriction pullbacks of total maps. Group objects in category theory are well

known in the literature. The properties of their tangent space in a tangent category, described in Section

5.3 are novel in this generality.

Chapter 6 closely resembles the explicit formula for the associated bundle in classical differential geometry.

Definitions 6.2.3 and 6.3.1 are taken from the literature, but the remaining results, in particular all results

pertaining to principal bundles, are novel contributions.
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1.4 Structure of this thesis

This is a manuscript style thesis. The main body consists of three papers that have already been made public

as [31], [82] and [83]. The papers are presented in reverse chronological order. This way the technically most

accessible work comes first and the work using more involved techniques comes later.

In Chapter 2 we define tangent categories and principal bundles, concepts that will be of key relevance

throughout the document, providing ample examples. Chapter 3 is based on [83] and generalizes the dimen-

sion of smooth manifolds to arbitrary categories in order to provide an interpretation for the universality

of the vertical lift. Chapter 4 is based on [82] and connects the axiomatic definition of differential bundles,

as given in [29] with the functor perspective on tangent categories developed in [64], [44]. For this purpose

we show that the category of differential bundles in a given tangent category is equivalent to a category

of certain functors. Chapter 5 is based on [31] and studies group objects and principal bundles. It first

studies the behaviour of group objects in tangent categories, in particular their tangent bundles and tangent

spaces, developing an external Lie Algebra structure on them. Then it continues to develop the theory of

fibre bundles, G-bundles and principal G-bundles in Cartesian join restriction categories and showcase their

behaviour in Cartesian tangent join restriction categories. Chapter 6 relates principal bundles, as defined in

Chapter 5, to differential bundles, which were studied in Chapters 3 and which were the main focus of study

in Chapter 4.

Different parts of this thesis have been written for different audiences. Thus Chapters 2, 3, and 4 use

applicative order of composition. Given morphisms f : A→ B and g : B → C, their composition is denoted

g ◦ f : A→ C in these chapters. However, Chapters 5 and 6 use diagrammatic order of composition. Given

morphisms f : A→ B and g : B → C, their composition is denoted fg = f ; g : A→ C in these chapters.
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Chapter 2

Background on tangent categories

Figure 2.1: An overview over the structures comprising a tangent category, defined formally in Definition
2.2.4.

Tangent categories and differential bundles generalizes the concept of smooth manifolds, with T (M) as

the tangent bundles and vector bundles. . This chapter serves to introduce these concepts by uniting the

background sections of [83], [82] and [31]. Many examples which will be relevant in later chapters will be

included.

This chapter uses applicative order of composition. The composition of f : A → B and g : B → C is

denoted by g ◦f : A→ C. This is consistent with the notation used in [6], [44], [64] and [81] and inconsistent

with [29], [20] and [32].
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In this chapter, we will review the definitions of tangent categories and differential bundles as stated

by Cockett and Cruttwell in [20] and [29]. We will also define the appropriate notion of functors between

tangent categories and natural transformations between such functors.

We introduce several important examples of tangent categories: SmMan and N• will be extremely im-

portant throughout this thesis. SmMan is important because it recovers classical differential geometry.

The category N• is important because it will be used to characterize differential bundles and objects in an

arbitrary tangent category in Sections 4.4 and 4.5.

2.1 Notations for pullbacks

Notation 2.1.1. As a convention, we will use throughout this document that, given a pullback or, in par-

ticular, a product, the projections onto the first and second components will be called π0 and π1, respectively.

More generally, the i-th projection out of a n-fold pullback will be πi−1. The morphism to the pullback of f

and g induced by the universal property will be denoted by ⟨f, g⟩:

Z

A×B C A

C B

⟨f,g⟩
f

g
π0

π1

⌟

In the case that Z = D ×B′ E is another pullback, we will denote (for h : D → A and k : E → C over the

same map B′ → B)

h×B k := ⟨h ◦ π0, k ◦ π1⟩ : D ×B′ E → A×B C.

The most relevant case happens when B and B′ are the terminal object and the pullback is therefore a product:

in this case, f × g := ⟨f ◦ π0, g ◦ π1⟩. Note that we are using applicable order for composition here: f ◦ π0 is

the composite of the projection π0 followed by f . In the case where f = g, we use a subscript to denote the

pullback of f along itself:

A2 = A×B A A

A B

π0

π1

⌟

f

f

Likewise, An denotes the n-fold pullback of f along itself.
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2.2 Tangent categories

This section aims to recall notions from [20], namely tangent categories, lax/strong tangent functors between

tangent categories and (linear) tangent transformations between tangent functors. Tangent categories were

originally defined by Rosický in [81] in a slightly different way; the formulation we use is the one from [20].

We will start by noting the observation about smooth manifolds that leads to the axiomatic definition of

tangent categories.

Remark 2.2.1. Here we recall some facts about tangent spaces and tangent bundles. They are basic facts

available in most differential geometry textbooks, for example in [71, Chapter I, Sections 1.8-1.11, 6.2]. Given

a smooth manifold X and a point x ∈ X, the tangent space TxX is, intuitively speaking, the vector space of

all directional derivatives.

A key property of the category of smooth manifolds is that for every smooth manifold X there is another

smooth manifold TX which is the tangent bundle of X. The tangent bundle has as its underlying set the

disjoint union of tangent spaces at all points of the manifold, though with a topology and manifold structure

steming from the manifold structure of X.

• The tangent bundle comes equipped with a projection pX : TX → X that sends a tangent vector

vx ∈ TxX at the point x ∈ X to the point x.

Given a smooth map f : X → Y between smooth manifolds, there is a smooth map Tf : TX → TY which

sends a tangent vector to the Jacobi matrix multiplied with the tangent vector. In fact this assignment

of objects and morphisms is an endofunctor T : SmMan → SmMan, which we call the tangent bundle

endofunctor.

Tangent vectors at any point form a vector space. The addition and zero of this vector space give rise to

certain smooth maps.

• There is a zero section map 0X : X → TX that sends a point x ∈ X to the zero tangent vector

0x ∈ TxX at the point x ∈ X. We call it a zero section since the composition with the projection

pX ◦ 0X = 1X is the identity.

• There is an addition map +X : T2X = TX×X TX → TX that takes two tangent vectors vx, wx ∈ TX

which are over the same basepoint x to their sum vx + wx.

In addition to these well-known structures there are some less ubiquitous structures on the tangent bundle:

the vertical lift and the canonical flip, both relating to T 2M = TTM , the tangent bundle of the tangent

bundle. We emphasize them here since they are essential for the axiomatic definition of tangent categories.
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• The vertical lift ℓ : TX → TTX is defined for example at the end of [71, Section 6.12].

• The canonical flip c : TTX → TTX is defined for example in [71, Section 6.13].

We give more details on the vertical lift and the canonical flip of smooth manifolds in Example 2.2.7.

If we want to have an axiomatic approach to differential geometry, we need these structures.

Definition 2.2.2. [20, Definition 2.1]Let X be a category and A ∈ Ob(X) an object. An additive bundle

(X,A,+, 0, p) over A consists of the following data:

• an object X and a morphism p : X → A such that pullback powers Xn of p exist, and

• morphisms + : X2 → X and 0 : A→ X.

In addition, the morphisms must satisfy the following conditions:

• p ◦+ = p ◦ π0 = p ◦ π1 and p ◦ 0 = 1A,

• the morphism + must be associative, commutative and unital.

That is, the following associativity, commutativity and unitality diagrams

X3 X2

X2 X

1×A +

+×A 1

+

+

X2

X2 X

+⟨π1, π0⟩
+

X

X2 X

1X⟨0 ◦ p, 1X⟩
+

must commute.

A morphism of additive bundles consists of morphisms that commute with these structures, as explained

in the following definition.

Definition 2.2.3. [20, Definition 2.2]For two additive bundles (X,A, p,+, 0) and (Y,B, p′,+′, 0′) an addi-

tive bundle morphism (f, g) is a pair of maps f : X → Y and g : A→ B such that the following diagrams

commute:

X Y

A B

f

p

g

p′

X2 Y2

X Y

⟨f ◦ π0, f ◦ π1⟩

+

f
+′

A B

X Y

g

0

f
0′

Additive bundles are a categorification of the basic structure underlying vector spaces. This will be

helpful in defining tangent categories, since each tangent space in the classical case is a vector space. In

the following definition, beware of the notation T2 (which refers to a pullback) and T 2 (which refers to two

applications of the functor T ). For any category X, let 1 : X→ X denote the identity functor.
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Definition 2.2.4. [20, Definition 2.3] A tangent category (X, T, p, 0,+, ℓ, c) consists of a category X and

the following structures:

• a functor T : X → X, called the tangent bundle functor with a natural transformation p : T → 1 such

that pullback powers of pM : TM → M exist for all objects M ∈ X and T preserves these pullback

powers;

• natural transformations + : T2 → T and 0 : 1 → T making each (TM,M, pM ,+M , 0M ) an additive

bundle;

• a natural transformation ℓ : T → T 2, called the vertical lift, such that (ℓM , 0M ) is an additive bundle

morphism from (TM,M, pM ,+M , 0M ) to (T 2M,TM,TpM , T (+M ), T (0M ));

• a natural transformation c : T 2 → T 2 with c2 = 1 and lc = l, such that (cM , 1) is an additive bundlem

morphism from (T 2M,TM,TpM , T (+M ), T (0M )) to (T 2M,TM, pTM ,+TM , 0TM ).

We will refer to the pullbacks TnTk as foundational pullbacks.

In addition, ℓ and c are required to be compatible with themselves and with each other, meaning that the

diagrams

TM T 2M T 3M T 3M T 3M T 2M T 3M T 3M

T 2M T 3M T 3M T 3M T 3M T 2M T 3M
ℓTM

ℓ

ℓ T (ℓ)

T (c) cTM

cTM

T (c) cTM

T (c)

ℓTM T (c)

c

T (ℓ)

cTM

all commute. Finally, we require that

T2M T 2M

M TM

ν

pM◦π0

⌟
T (pM )

0M

is a pullback preserved by powers of T , where ν is a shorthand notation for ν = T (+) ◦ ⟨ℓM ◦ π0, 0TM ◦ π1⟩.

This pullback is denoted as the universality of the vertical lift. The foundational pullbacks together with

powers of T applied to the universality of the vertical lift will be called the tangent pullbacks.

While the last condition is formulated differently in Definition 2.3 of [20], it is shown to be equivalent to

the formulation here in Lemma 2.12 of [20].

Remark 2.2.5. The last condition is called the universality of the vertical lift and it encodes the intuition

that T 2M relates to T2M in the same way that TM relates to M . For example, in the category SmMan of
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manifolds and smooth maps (see Example 2.2.7), each object has a dimenion. As we will show in Chapter 3,

the vertical lift ensures that dim(T 2M)− dim(T2M) = dim(TM)− dim(M). In particular if the dimension

of the tangent bundle is a multiple by n of the dimension of the manifold, this becomes n2− (2n−1) = n−1,

which only is the case when n = 1 or n = 2. Thus the universality of the vertical lift in SmMan enforces

the idea that the dimension of the tangent bundle is either the same or twice the dimension of the original

manifold. We will explore the relationship between the vertical lift and the dimension of the tangent bundle

in general tangent categories in Chapter 3.

The structures involved in Definition 2.2.4 of tangent categories can be summarized as a diagram:

T2(M)

M T (M) T 2(M)

+

0

p

ℓ

T (p)

c

for every object M .

In general there can be many tangent structures for a given category X. In particular any category with

a nontrivial tangent structure T ̸= 1X has at least two tangent structures, T and the trivial tangent structure

given by the identity functor.

Example 2.2.6. [20, Section 2.2] Any category X with the identity functor and identity transformations

for all of the natural transformations required by Definition 2.2.4 give an example of a tangent category,

(X, 1X, 11X , 11X , 11X , 11X , 11X).

The main motivating example for the definition are smooth manifolds.

Example 2.2.7. [20, Section 2.2] Let SmMan be the category with smooth manifolds as objects and smooth

maps between them as morphisms. Then SmMan is a tangent category where the tangent functor is given by

forming the usual tangent bundle from differential geometry, T (M) := TM . Elements of the tangent bundle

are denoted by (p, vp), where p is a point on the manifold and vp is a vector in the tangent space TpM .

• The projection p : TM →M ,

• the zero section 0 :M → TM , and

• the addition of tangent vectors + : T2M → TM

are well-known from differential geometry, for example defined in [71, Section 6.2].

Elements of T 2(M) = T (T (M)) the tangent bundle of the tangent bundle are denoted by a 4-tuple

(p, vp, up, wp,vp) where p ∈ M , vp ∈ TpM , up ∈ TpM and wp,vp ∈ TvpTpM , which implies (up, wp,vp) ∈

T(p,vp)TM .
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• The vertical lift ℓ : TM → TTM is less frequently used in differential geometry, it is defined for example

at the end of [71, Section 6.12]. It sends an element (p, v) of the tangent bundle to (p, 0p, 0p, vp,0p).

Here we use the canonical identification of the tangent space TvpTpM of the vector space TpM with

itself.

• The canonical flip sends an element (p, up, vp, w) of TTM to the element (p, vp, up, w) of TTM which

is possible as both up and vp are in TpM and TvpTpM is canonically identified with Tup
TpM . While

less ubiquitous than other structures, it can be found for example in [71, Section 6.13].

Every manifold of dimension n is locally diffeomorphic to a subset of Rn, see [71], and using this equivalent

formulation we can express points in the tangent bundle in local coordinates. In local coordinates, on an

open neighborhood U ⊂M , the tangent bundle T (M) is isomorphic to a product of the base manifold with a

vector space

T (U) ∼= U × Rn

where n is the dimension of M . Here, we use U to denote both the open neighborhood of M and its diffeo-

morphic image in Rn. For mandifolds M1,M2 with dimensions n1, n2 and a smooth map f : M1 → M2,

there are open neighborhoods U1 ⊂ M1 and U2 ⊂ M2 with f(U1) ⊂ U2 such that T (U1) ∼= U1 × Rn1 and

T (U2) ∼= U2 × Rn2 . The evaluation T (f) : T (M1)→ T (M2) of the tangent bundle functor on the morphism

f can also be expressed in these local coordinates as

T (f)|T (U1) : T (U1)→ T (U2)

T (U1) ∼= U1 × Rn1 ∋ (x, v) 7→
(
f(x),

∂f(y)

∂y
|y=x · v

)
∈ U2 × Rn2 ∼= T (U2).

This formulation of T (f) in terms of local coordinates is standard knowledge in differential geometry and

can, for example, be found in [71, Section 1.11].

Unlike classical manifolds, tangent categories do not need to be related to the real numbers. In the

following example we construct a tangent category using any field F.

Example 2.2.8 (Example 2.7 in [53]). Let F be a field. Then we define a category PolyF whose objects

are the finite-dimensional F-vector spaces, Fk. Morphisms g : Fn → Fk are k-tuples of of polynomials in n

variables , for example,

g : F3 → F2 (x, y, z) 7→ (x2z − 1, y3z + 2x).

For a morphism f let Jf : x⃗ 7→ (
∑
j
∂fi

∂xj
xj)1≤i≤k be the linear map given by the Jacobi matrix of f (where

∂fi

∂xj
denotes the derivative of a polynomial defined by

∂xk
i

∂xi
= k · xk−1

i ). The category PolyF has a tangent
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structure, given by

• The tangent bundle endofunctor

T (Fk) := Fk × Fk, T (f) := f × Jf ),

• the projection pFk := π0 : Fk × Fk → Fk,

• the zero section 0Fk := ⟨1Fk , 0⟩ : Fk → Fk × Fk,

• the addition +Fk := ⟨π0, add ◦ ⟨π1, π2⟩⟩ : Fk × Fk × Fk → Fk × Fk where add : Fk × Fk → Fk is the

addition of vectors,

• the vertical lift ℓFk := ⟨π0, 0, 0, π1⟩ : Fk × Fk → Fk × Fk × Fk × Fk, and

• the canonical flip cFk := ⟨π0, π2, π1, π3⟩ : Fk × Fk × Fk × Fk → Fk × Fk × Fk × Fk.

This example is useful because finite fields are a well-studied area of mathematics. In Remark 2.3.7 we

use this to show that not every additive morphism of differential bundles is linear.

A closely related example is the category Smooth in which the objects are all object Rk and the morphisms

are all smooth maps. The same structure maps defined here (with F = R) give rise to a tangent structure

on Smooth.

Definition 2.2.9. [6, proof of Proposition 5.8] Let N• be the category with objects Nk for k ∈ N and

morphisms from Nm to Nn given by matrices f = (fij)1≤i≤n,1≤j≤m where fij ∈ N for all i, j. The composition

is given by matrix multiplication and the identity matrix is the identity.

In the following we will use Definition 2.2.9 as definition for the category N•. Other work, like [6], defines

it as the category of free finitely generated free commutative monoids, which we call FreeCommMon here.

These definitions are equivalent since the category N• is the skeleton of FreeCommMon, the category of free

finitely generated commutative monoids, and monoid homomorphisms. The category FreeCommMon is used

in [6] to characterize infinity tangent categories.

Proposition 2.2.10. The category N• is a skeletal subcategory of the category FreeCommMon of free finitely

generated commutative monoids, i.e. the inclusion functor I : N• → FreeCommMon is an equivalence.

The proof is analogous to the matrix representation theorem in basic linear algebra, except that we

replace R vector spaces with free finitely-generated commutative monoids.
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Proof. Every object Nk in N• is a free finitely generated commutative monoid and every matrix describes a

monoid-homomorphism, therefore N• is a subcategory of FreeCommMon. Any two objects that are isomor-

phic in N• are in fact the same, therefore N• is skeletal.

The inclusion functor I : N• → FreeCommMon is essentially surjective because every free finitely-

generated commutative monoid is isomorphic to Nk for some k.

Every monoid-morphism f : Nk → Nm can be split up into its components (fi : Nk → N)1≤i≤m because

it is a map into a product. Since each component is a monoid morphism,

fi(n1, ..., nk) = n1fi(1, 0, ..., 0) + n2fi(0, 1, 0, ..., 0) + ...+ nkfi(0, ..., 0, 1).

We now define the number fij := fi(0, ..., 0, 1, 0, ..., 0) where the j-th component is the unique non-zero

component of the vector. We see that fi(n1, ..., nk) =
∑

1≤j≤k fijnj . Thus every monoid-morphism is

exactly given by a matrix and therefore I : N• → FreeCommMon is fully faithful. This shows it is an

equivalence.

Example 2.2.11. The category N• has products and the product structure is given by Nk × Nl = Nk+l.

There is an addition map add : Nk×Nk → Nk given by (1k×k|1k×k), where 1k×k is the k×k identity matrix.

There is a tangent structure on N• with a tangent functor D : N• → N• and structures defined by

(i) the tangent bundle endofunctor D(Nk) = Nk × Nk = N2k, D(f) = f × f doubling the dimension,

(ii) the projection p := π0 : Nk×Nk → Nk projecting to the first component, which is the component holding

the base point,

(iii) the zero section 0 := ⟨1kN, 0⟩ : Nk → Nk ×Nk inserting the base point into the first component and zero

into the second,

(iv) the addition + := ⟨π0, add ◦ ⟨π1, π2⟩⟩ : Nk × Nk × Nk → Nk × Nk sending (u⃗, v⃗, w⃗) 7→ (u⃗, v⃗ + w⃗),

(v) the vertical lift ℓ := ⟨π0, 0, 0, π1⟩ : (Nk)2 → (Nk)4 inserting zeros in the two middle components, i.e.

(v⃗, w⃗) 7→ (v⃗, 0, 0, w⃗), and

(vi) the canonical flip c := ⟨π0, π2, π1, π3⟩ : (Nk)4 → (Nk)4 switching the two middle components, i.e.

(⃗t, u⃗, v⃗, w⃗) 7→ (⃗t, v⃗, u⃗, w⃗).

Note that in these definitions, D2(A) = A × A × A × A and D2(A) = A × A × A. It was proven in

Proposition 5.18 of [6] that (N•, D) is a tangent category.
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Example 2.2.12. A more involved – but important – example is the category of Weil-algebras, Weil.

The key building block of this category is the polynomial algebra W := N[x]/⟨x2⟩ called the dual numbers.

We define product powers Wn := N[x1, ..., xn]/⟨xixj |i, j ∈ {1, ..., n}⟩ (with W 0 := N) and coproducts Wn ⊗

W k := N[x1, ..., xn, y1, ..., yk]/⟨x2i , xixj , y2i , yiyj⟩. Of particular significance is the category Weil whose objects

are coproducts of product-powers of W . Morphisms are algebra-maps that preserve the constant terms (or

augmentation) . More details on Weil can be found in [64], where it is called Weil1.

The category Weil has a tangent structure given by the following:

(i) T (A) := A⊗W,T (f) := f ⊗ 1W , the tangent structure is given by tensoring with the dual numbers.

(ii) p := 1A⊗p̂ : A⊗W → A⊗N = A is given by the identity of A and the projection p̂ :W → N, a+bx 7→ a

that is the projection to the constant term of a polynomial.

(iii) 0 := 1A⊗ 0̂ : A→ is given by the identity of A and the projection 0̂ where 0̂ : N→W sends the natural

number n to the polynomial n+ 0x.

(iv) ℓ := 1A⊗ ℓ̂ : A⊗W → A⊗W ⊗W is given by the identity on A and the map ℓ̂ :W →W ⊗W ; a+bx 7→

a+ bxy (where W ⊗W = N[x, y]/⟨x2, y2⟩).

(v) c := 1A ⊗ ĉ : A ⊗W ⊗W → A ⊗W ⊗W is given by the identity of A and the map ĉ : W ⊗W 7→

W ⊗W ; a+ bx+ cy + dxy 7→ a+ by + cx+ dxy.

In [64] it is shown that a tangent category can equivalently be defined as a category X with a strong

monoidal functor T̂ : Weil → End(X) preserving certain pullbacks. We will revisit the details of this

correspondence in Section 4.2.

Other important tangent structures are the known tangent structures on CRingu (unital rings) and on

CRingopu .

Examples 2.2.13. Let CRingu be the category of commutative unital rings with unit-preserving ring-

homomorphisms.

(i) As outlined in [81, Example 2], there is a tangent structure on CRingu, which is given by the following

data.

• The tangent bundle endofunctor T sends a ring R to R[x]
⟨x2⟩ .

• The projection pR : R[x]
⟨x2⟩ → R is the evaluation of x as zero.

• The zero section is the inclusion 0R : R→ R[x]
⟨x2⟩ .

• The addition +R : R[x,y]
⟨x2,y2,xy⟩ →

R[x]
⟨x2⟩ sends y to x.
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• The vertical lift ℓR : R[x]
⟨x2⟩ →

R[x,y]
⟨x2,y2⟩ sends x to xy.

• The canonical flip cR : R[x,y]
⟨x2,y2⟩ →

R[x,y]
⟨x2,y2⟩ sends x to y and y to x.

(ii) As shown in [34], there is also a tangent structure on CRingopu , which is given by the following data.

• The tangent bundle endofunctor sends a commutative ring R to the free symmetric R-algebra

over its modules of Kähler differentials. Explicitly that means it is the free algebra generated by

{d(a)|a ∈ R} modulo the equations

d(1) = 0, d(a+ b) = d(a) + d(b), and d(ab) = ad(b) + bd(a).

It sends a ring morphism f : R → S is to the ring morphism T (f) : T (R)→ T (S) defined as on

generators as

T (f)(a) = f(a) T (f)(d(a)) = d(f(a)).

• The projection pR : T (R)→ R in CRingopu is defined as the inclusion of R into T (R) in CRingu.

• The zero section 0R : R→ T (R) in CRingopu is the ring morphism T (R)→ R defined on generators

as follows:

0R(a) = a, 0R(d(a)) = 0.

• The addition +R : T2(R) → T (R) in CRingopu is the ring morphism T (R) → T2(R) = T (R) ⊗R

T (R), defined on generators as follows:

+R(a) = a⊗R 1 = 1⊗R a, +R(d(a)) = d(a)⊗R 1 + 1⊗R d(a).

• The vertical lift ℓR : T (R)→ T 2(R) in CRingopu is the ring morphism T 2(R)→ T (R), defined on

generators as follows:

ℓR(a) = a, ℓR(d(a)) = 0, ℓR(d
′(a)) = 0, ℓR(d

′d(a)) = d(a).

• The canonical flip cR : T 2(R)→ T 2(R) in CRingopu is the ring morphism T 2(R)→ T 2(R), defined

on generators as follows:

ℓR(a) = a, ℓR(d(a)) = d′(a), ℓR(d
′(a)) = d(a), ℓR(d

′d(a)) = d′d(a).

More details on this tangent structures are explained in [34, Section 4].
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The second example is particularly relevant to algebraic geometry since the category of affine schemes is

equivalent to CRingopu .

We now turn to establishing a way to compare tangent categories by defining tangent functors. The main

issue in defining tangent functors is how strongly a functor between tangent categories may preserve the

tangent bundle functor. Whether or not the tangent bundle functor is preserved up to natural isomorphism

or only preserved up to a natural transformation gives us two different possible defintions for tangent functors,

as in the next definition.

Definition 2.2.14. [20, Definition 2.7] Suppose that (X, T, p, 0,+, ℓ, c) and (X′, T ′, p′, 0′,+′, ℓ′, c′) are tangent

categories.

1. A lax tangent functor (called a morphism of tangent categories in [20, Definition 2.7]) (F, α) :

(X, T )→ (X′, T ′) is a functor F : X→ X′ and a natural transformation α : F ◦ T ⇒ T ′ ◦ F , called the

distributor, such that the following diagrams commute:

F ◦ T T ′ ◦ F F F ◦ T2 T ′
2 ◦ F

F F ◦ T T ′ ◦ F F ◦ T T ′ ◦ F

F ◦ T T ′ ◦ F F ◦ T 2 T ′2 ◦ F

F ◦ T 2 T ′2 ◦ F F ◦ T 2 T ′2 ◦ F

α

p′F
F (p)

F (0)
0′F

α

α2

α

F (+) +′
F

α

F (ℓ) ℓ′F

T (α)◦αT

F (c) c′F

T (α)◦αT

T (α)◦αT

2. A strong tangent functor is a lax tangent functor such that the distributor α is a natural isomorphism

and F preserves the tangent pullbacks of Definition 2.2.4, i.e. the foundational pullbacks and the

universality of the vertical lift.

One example of a tangent functor, that will be an example of our classification of differential bundles in

Theorem 4.5.3, is given by the following functor.

Example 2.2.15. There is a tangent functor F : N• → Smooth given by sending an object Nk to Rk and

each N-linear map f represented by a matrix (fij) to the matrix (fij), considered as an R-linear map using

the embedding of N into R. This linear map is smooth, and it is apparent that this assignment preserves

composition and the identity. The natural isomorphism α : F ◦D → TSmooth ◦ F is given by

αNk := 1R2k : F (D(Nk)) = R2k → R2k = TSmooth(F (Nk)).
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Definition 2.2.16. [[20], Definition 2.8] A Cartesian tangent category is a tangent category that has

all finite products (including a final object), where the product functor −×− : X×X→ X, (X,Y ) 7→ X × Y

is equipped with a natural isomorphism α : T (X)× T (Y ) → T (X × Y ) such that the pair (−×−, α) forms

a strong tangent functor.

In particular this means there is a natural isomorphism α : T (X)×T (Y )→ T (X×Y ) which is compatible

with the natural transformations in the tangents structure, in the sense that the diagrams

T (X)× T (Y ) T (X × Y ) X × Y T2(X)× T2(Y ) T2(X × Y )

X × Y T (X)× T (Y ) T (X × Y ) T (X)× T (Y ) T (X × Y )

α

pX×pY pX×Y

0X×0Y
0X×Y

α2

+X×+Y +X×Y

α α

T (X)× T (Y ) T (X × Y ) T 2(X)× T 2(Y ) T 2(X × Y )

T 2(X)× T 2(Y ) T 2(X × Y ) T 2(X)× T 2(Y ) T 2(X × Y )

α

ℓX×ℓY ℓX×Y

T (α)◦α

cX×cY cX×Y

T (α)◦α T (α)◦α

commute. The identity natural transformation makes the trivial tangent structure on any category X into a

Cartesian tangent category. In fact, we also have seen nontrivial examples of Cartesian tangent categories.

The tangent structures on SmMan, PolyF and N• are all Cartesian tangent categories. Weil is not a Cartesian

tangent category because not all binary products exist in Weil. For example, the product of W ⊗W and W

does not exist in Weil.

In order to obtain a 2-category of tangent categories and tangent functors, we need to specify the 2-cells.

We will introduce two different choices of 2-cells which will correspond to different notions of morphisms of

differential bundles in Chapter 4. Linear tangent transformations will correspond to linear morphisms of

differential bundles.

Definition 2.2.17. A tangent transformation between (lax/strong) tangent functors (F, α) ⇒ (F ′, α′)

is a natural transformation of the underlying functors φ : F ⇒ F ′. It is called a linear tangent transfor-

mation if

F ◦ T F ′ ◦ T

T ′ ◦ F T ′ ◦ F ′

φT

T ′(φ)

α′α (2.1)

commutes.
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2.3 Differential bundles

Many constructions relevant in differential geometry and mathematical physics, such as metric tensors,

curvature, symplectic structures, spinors and differential forms are given by sections of certain vector bundles.

The study of vector bundles is also the central theme of K-theory. Thus a central object of study in

tangent categories are differential bundles, the categorical generalization of the notion of vector bundles

from differential geometry. We start by recalling the definition of differential bundles from [29]:

Definition 2.3.1. [29, Definition 2.3] Given a tangent category (X, T ), a differential bundle

(E,M, q, ζ, σ, λ) consists of

1. an object E (the total space),

2. an object M (the base space),

3. a morphism q : E →M (the projection), admitting finite pullback powers {En}n∈N over itself that are

preserved by powers of the tangent functor T k,

4. a morphism ζ : M → E (the zero section) and a morphism σ : E2 → E (fiberwise addition) such that

(q, ζ, σ) is an additive bundle, and

5. a morphism λ : E → T (E) (the lift) such that

(λ, 0) : (E,M, q, σ, ζ)→ (T (E), T (M), T (q)), T (σ), T (ζ))

and

(λ, ζ) : (E,M, q, σ, ζ)→ (T (E), E, p,+, 0)

are additive bundle morphisms.

In addition the diagram

E2 TE

M TM

q◦π0

0

T (q)

T (σ)◦⟨λ◦π0,0◦π1⟩

⌟
(2.2)

is a pullback and the morphisms ℓE ◦ λ, T (λ) ◦ λ : E → T (T (E)) are equal. In the special case when M is

the terminal object, the differential bundle is called a differential object.

The maps ζ, σ and λ will be suppressed from the notation when they are not needed. Then the differential

bundle (E,M, q, ζ, σ, λ) will be denoted by E
q−→M or (E,M, q). Due to the commutativity of the addition,
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it is equivalent to ask for Diagram 2.2 or

E2 TE

M TM

q◦π0

0

T (q)

T (σ)◦⟨0◦π0,λ◦π1⟩

⌟

to be a pullback. Since they are equivalent, we use both conditions, depending on what is more convenient

in a given situation.

Remark 2.3.2. For a differential object (V, ∗, q, ζ, σ, λ), the morphism q : V → ∗ to the terminal object must

be the unique morphism ! : V → ∗ to the terminal object.1 Thus we denote a differential object by (V, σ, ζ, λ).

If the morphisms σ, ζ, λ are not needed they are suppressed and the differential object is just denoted by V .

Example 2.3.3. A Cartesian tangent category is a tangent category in which finite products exist and the

product projections are compatible with the tangent structure, see [20, Section 2.4]. Given a differential object

(V, σ, ζ, λ) and an object M in a Cartesian tangent category, there is a differential bundle with:

• total space M × V ,

• base space M ,

• projection π0 :M × V →M

• addition 1× σ :M × V × V →M × V

• zero section 1× ζ :M ∼=M × ∗ →M × V

• vertical lift 0M × λ :M × V → T (M)× T (V ) ∼= T (M × V )

We call bundles of this form trivial differential bundles.

Classically defined vector bundles from differential geometry were the motivating example of differential

bundles. Theorem 2.5.1 of [67] shows that differential bundles in SmMan are exactly vector bundles. In

particular, differential objects in SmMan are simply vector spaces. The subcategory Smooth in SmMan is

the full subcategory consisting of the differential objects, i.e. the vector spaces.

Example 2.3.4.

1It is also true that the universality of the vertical lift shows that σ ◦ (λ× 0) : V 2 → T (V ) is an isomorphism. We will not
need this, but it is an important property of differential objects.
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(a) Every object in N• is a differential object, i.e. every Nk is a differential bundle over N0 with the

structure given by the following maps:

ζ := 0 : N0 → Nk, the inclusion of zero in Nk;

σ := add : N2k → Nk, the usual addition map;

λ := ⟨0, 1Nk⟩ : Nk → N2k.

It is an easy exercise to check that these maps fulfill all the conditions required for a differential bundle.

(b) Replacing N with R in the previous example shows that every object of Smooth is a differential ob-

ject. This is because the tangent functor (F, α) : N• → Smooth from Example 2.2.15 preserves the

differential object structure. Given a differential object in N• with structure maps ζ, σ and λ, the maps

F (ζ), F (σ) and F (λ) are the structure maps of a differential object because F leaves these maps essen-

tially unchanged. Every object of Smooth is of this type because F is essentially surjective. This, plus

the fact that α is the identity transformation in this case, make it trivial to verify that the resulting

structures fulfill Definition 2.3.1.

(c) Replacing N with any field F will show that every objection of PolyF is a differential object. This works

essentially the same as the argument in (b).

The differential object structure on N1 is a key property of the category N• that will allow us to classify

differential bundles in Theorem 4.5.3.

Definition 2.3.5. [29, Definition 2.3] A morphism of differential bundles

(f, g) : (E,M, q, σ, ζ, λ)→ (E′,M ′, q′, σ′, ζ ′, λ′)

is a pair of maps f : E → E′, g :M →M ′ such that the diagram

E E′

M M ′
g

q′q

f

commutes. A morphism of differential bundles is called linear if

E E′

TE TE′

f

T (f)

λ′λ (2.3)
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commutes and it is called additive if the diagrams

E2 E′
2 M M ′

E E′ E E′

g

f

ζ ζ′

f2

σ′

f

σ (2.4)

commute.

In the special case of differential objects, a morphism of differential bundles between differential objects

is just a morphism in the underlying tangent category.

It was shown in [29] that every linear morphism of differential bundles is additive.

Linearity means that (f, T (f)) preserves the lift, and additivity means that (f, g) preserves the addition

and zero morphisms. In order to understand linearity from an intuitive perspective, we consider the example

of trivial vector bundles M × V π0−→M in SmMan.

Example 2.3.6 (Linear morphisms in SmMan). Let (f, g) : (M × V,M, π0) → (M ′ × V ′,M ′, π0) be a

morphism between two trivial differential bundles as in Example 2.3.3 in SmMan. Since this is a morphism

of differential bundles, g ◦ π0 = π0 ◦ f . This means the map f : M × V → M ′ × V ′ has to be of the form

f = ⟨g ◦ π0, f1⟩ for some map f1 :M →M ′ × V ′. We would like to know when (f, g) is a linear morphism.

The linearity condition from Definition 2.3.5, Diagram 2.3, says that λ◦f = T (f)◦λ :M ×V → T (M ×V ).

In the local coordinates from Example 2.2.7 the tangent bundle is a product, T (U) ∼= U × Rn for some open

U ⊂ M . For x ∈ U ⊂ M and v ∈ TxM ∼= Rn and a sufficiently small neighbourhood U ′ around f(x), the

composition

λ ◦ f : U × V → T (U ′ × V ′) ∼= U ′ × Tf(x)U ′ × V ′ × V ′

sends (x, v) to

λ ◦ f(x, v) = λ(g(x), f1(x, v)) = (g(x), 0, 0, f1(x, v)).

If (f, g) is linear, this must be equal to

T (f) ◦ λ(x, v) = T (⟨g ◦ π0, f1⟩)(x, 0, 0, v)

=

(
g(x), f1(x, 0),

∂g(y)

∂y
|y=x · 0,

∂f1(x,w)

∂w
|w=0 · v

)
=

(
g(x), f1(x, 0), 0,

∂f1(x,w)

∂w
|w=0 · v

)
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which we expanded using the local coordinate expression from Example 2.2.7. We conclude that

(
g(x), f1(x, 0), 0,

∂f1(x,w)

∂w
|w=0 · v

)
= (g(x), 0, 0, f1(x, v)) .

Therefore (f, g) is linear precisely when f1(x, v) =
∂f(x,w)
∂w |w=0 · v for all v ∈ Rn, including v = 0.

Remark 2.3.7. It is possible for bundle morphisms to be additive but not linear. Consider the category

PolyZ/p of polynomials over the field with p elements, as introduced in Example 2.2.8. Let Z/p be the

differential object with the zero map as ζ, the addition of field elements as σ and ⟨0, 1Z/p⟩ as λ as in Example

2.3.4(b). Define a morphism f : Z/p→ Z/p by x 7→ xp. This is a morphism of differential bundles because

Z/p is a differential object and thus every morphism between them is a differential bundle morphism. Since

we are working in Z/p, the identities xp+yp = (x+y)p and 0p = 0 hold, making Diagram (2) from Definition

2.3.5 commute. Thus f is an additive morphism.

From Example 2.2.8 and Example 2.2.7, T (f) is given by the Jacobi matrix. However, the Jacobi matrix

(i.e. derivative) of f is f ′(x) = pxp−1 = 0. Therefore, T (f) is zero. Then T (f) ◦ λ(1) = T (f)(0, 1) =

(f(0), f ′(0)) = (0, 0) while λ ◦ f(1) = λ(1p) = (0, 1). Consequently Diagram (1) in Definition 2.3.5 fails to

commute.

The composition of additive/linear maps is additive/linear, thus we can define three different categories of

differential bundles: we can include any differential bundle morphisms, additive differential bundle morphisms

or linear differential bundle morphisms.

Definition 2.3.8. Let X be a tangent category.

(a) Let DBun(X) be the category of differential bundles and morphisms of differential bundles in X.

(b) The categories of differential bundles with additive/linear morphisms are denoted by DBunadd(X) and

DBunlin(X) respectively.

(c) The full subcategories of DBun(X), DBunadd(X) and DBunlin(X) consisting of the differential objects

(differential bundles over the terminal object) are denoted by DObj(X), DObjadd(X) and DObjlin(X),

respectively.

If there is no terminal object we use the convention that each of DObj(X), DObjadd(X) and DObjlin(X) are

the empty category.

In Theorem 4.5.3, we will see an equivalent characterization of these categories of differential bundles.
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Chapter 3

The dimension of the tangent bundle

and the universality of the vertical lift

Figure 3.1: Classically, the tangent space has the same dimension as the base space and thus the dimension
of the tangent bundle is twice the dimension of the base space. Here the dimension of the base manifold is
2, thus the dimension of the tangent bundle is 4 2

This chapter is the categorification of the dimension of smooth manifolds and in particular the dimension

of the tangent bundle of smooth manifolds. We replace the classical intrinsic notion of dimension with

assignments that send isomorphism classes to elements in a monoid fulfilling certain additivity conditions.

This dimension provides a new perspective on the universality of the vertical lift in tangent categories. Many

examples of dimension functions are provided to demonstrate the utility of the definition. In particular, we

show that this means that there are no non-trivial Cartesian tangent structures on sets, as an example.

This chapter is based on the preprint [83], with small corrections and without the background section

(since this background was already given in Chapter 2). Therefore, like in [83], we use applicative composition

order, i,e, we denote the composition of f : A→ B and g : B → C as g ◦ f : A→ C.

2Figure created using GeoGebra 3D
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3.1 Introduction

The dimension is an essential part of the classical definition of smooth manifolds. Most definitions, like in

[71, Section I.1.1], specifically define a n-dimensional manifold for a certain n ∈ N as a separable metrizable

space M which is locally homeomorphic to Rn.

While the dimension does not uniquely characterize a manifold, it is a number that is invariant under

diffeomorphisms and hence it effectively differentiates manifolds whose dimensions are not equal. The di-

mension fulfills many desirable properties beyond diffeomorphism invariance: it is additive under products

and it is doubled when forming the tangent bundle. In this work, we generalize the concept of a dimension

and investigate the consequences in tangent categories.

An important but subtle property that tangent categories are required to fulfill, according to their

definition, is the universality of the vertical lift which states that

T2M T 2M

M TM

ν

pM◦π0

⌟
T (pM )

0M

is a pullback diagram. In [20] Cockett and Cruttwell say that “while being perhaps the least intuitive aspect

of tangent structure, [the universality of the vertical lift] is also perhaps the most important”.

The lack of intuition for the universality of the vertical lift makes it hard to construct additional examples

of tangent categories or check if a certain endofunctor is part of a tangent structure.

However, in the category of smooth manifolds for a pullback along a submersion, adding the dimensions

along both diagonals gives the same number. It follows from a short argument that the universality of the

vertical lift restricts the dimension of the tangent bundle dim(T (M)) to be either dim(M) or 2 dim(M).

Analogously, in Definition 3.2.2 we define categorical dimensions on other categories and interpret the

universality of the vertical lift in terms of them.

The point is not to generalize existing notions of dimension in many different categories (though it

generalizes the dimension of manifolds and the rank of modules), but to interpret the universality of the

vertical lift and put restrictions on possible tangent structures.

The main result is Theorem 3.2.7 which states that given a dimension dim on a tangent category (X, T ),

for any object X, the equation

dim(T 2(X)) + 2 · dim(X) = 3 · dim(T (X))
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holds. The second main result, Theorem 3.2.8, states that under certain circumstances dim(T (X)) = dim(X)

or dim(T (X)) = 2 · dim(X) has to hold. Both of them are consequences of the universality of the vertical

lift in the presence of a dimension.

We will define a generalized notion of dimension in Section 3.2. One key aspect of this generalization

is that the dimension can be an element of any commutative monoid, not just the natural numbers with

addition. In section 3.2.2, we will prove Theorems 3.2.7 and 3.2.8, the main results of this chapter.

These results allow us to narrow down the search for tangent structures on a given category (with

dimension). For different underlying categories X we obtain results of the form “any tangent structure on X

fulfills this equation”.

We give several examples of categorical dimensions that go beyond the motivating example of smooth

manifolds. In Section 3.3 we observe that the cardinality is a categorical dimension on Setop and use this

to show that the trivial tangent structure is the only Cartesian tangent structure on Setop. In Section 3.4,

we observe that the cardinality is a categorical dimension on Grp. However, instead of being valued in the

monoid given by addition, it is valued in the monoid given by multiplication, demonstrating the versatility

of our use of monoids in the definition.

In Section 3.5 we observe that, while the Krull dimension is not a categorical dimension for rings, the

characteristic of rings is a categorical dimension. Interestingly, the monoid this dimension is valued in is

given neither by addition nor multiplication, it is the least common multiple (lcm).

In Section 3.6 we observe that the rank of a module over a ring is a categorical dimension. Using the

example of the free forgetful adjunction between modules and algebras, we showcase the compatibility of

dimensions under adjunctions. In addition, in the case of vector spaces the rank is the classical dimension.

The dimension can be used to prove that there are only two Cartesian tangent structures on the category

VectF of vector spaces over a field F .

In Section 3.7 we observe that the dimension of CW complexes is not a categorical dimension. However,

the Betti numbers are a dimension on the opposite category of CW complexes CWop. In Proposition 3.7.8

we show that, under certain circumstances, dimensions can be transported along excisive functors. Since

excisive functors can be thought of as a generalization of homology, this hints at a deep connection between

categorical dimensions and homotopy theory.

We include many non-examples which stem from concepts that may intuitively evoke the idea of dimen-

sion, but which turn out not to be categorical dimensions. This highlights the main purpose of the concept

that we are introducing in this chapter: the dimension is meant to provide context for the universality of

the vertical lift.

Acknowledgements I would like to thank Marcello Lanfranchi for suggesting to write this chapter. For
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his comment on mathoverflow, pointing out a mistake in an earlier draft. Special thanks goes to my PhD
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3.2 Categorical dimensions of tangent bundles

In this section, we will present a definition of dimension in categories which generalizes the definition of

dimension for smooth manifolds. The dimension of manifolds has many desirable properties, some of which

we will list here.

Remark 3.2.1. Let X,X ′ and X ′′ be smooth manifolds. The dimension of manifolds has certain properties

which we would consider desirable for generalizing dimensions.

(a) (valued in N) The dimension assigns manifolds to natural numbers Dim(X) ∈ N = {0, 1, 2...}.

(b) (additive w.r.t. pullbacks) The dimension is additive under certain pullbacks: Given a cospan

X → X ′ ← X ′′ of transversal maps, Dim(X ×X′ X ′′) + Dim(X ′) = Dim(X) + Dim(X ′′)

(b’) (additive w.r.t. products) The dimension is additive under Cartesian products: Dim(X × X ′) =

Dim(X) + Dim(X ′)

(c) (isomorphism invariant) The dimension is invariant under isomorphism: Given X ∼= X ′, then

Dim(X) = Dim(X ′).

The topology and tangent structure of smooth manifolds also has implications for the dimension.

(d) (embeddings to inequalities) The dimension sends embeddings to inequalities: Given an embedding

X ↪→ X ′, Dim(X) ≤ Dim(X ′)

(d’) (the same as locally) The dimension is local: Given an open subset U ↪→ X, Dim(U) = Dim(X).

(e) (tangent bundle doubles dim) Applying the tangent bundle endofunctor doubles the dimension:

Dim(TX) = 2 ·Dim(X).

(f) (bundle fiber arbitrary dim) A vector bundle can have a fiber of any dimension: For any n ∈ N,

there is a vector bundle E → X such that dim(E) = dim(X) + n.
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We will take property (b) (additive w.r.t. pullbacks) as the definition of categorical dimensions. The

reason we choose this condition is that we want to apply the properties of a dimension to the pullback

diagram

T2X T 2X

X TX

⌟
T (pX)

0X

encoding the universality of the vertical lift. We will replace the notion of transversality (which inherently

depends on the tangent structure) with a more general notion, in order to define a dimension on a category

without knowing the tangent structure. While we will not assume desired Property (b’) (additive w.r.t.

products), however if the dimension of the terminal object is the neutral element dim(∗) = 0, it follows from

Property (b) (additive w.r.t. pullbacks).

We generalize Property (a) (valued in N) by asking the target of the dimension to be a commutative

monoid. This is partially motivated by existing generalizations of dimension (such as infinite dimension and

fractional dimension). In Sections 3.3–3.7, we will provide examples of this categorical dimension which

satisfies the definition and is not an integer.

Since none of our results rely on it, we also do not require Property (d) (embeddings to inequalities).

We also choose to not require property (d’)(the same as locally) since we want to avoid using any notion of

locality.

Our definition of dimension will not be unique. For example, the constant assignment dim(X) = 0, ∀X

will be a dimension and so is any other constant assignment dim(X) = 42, ∀X.

As a convention, we denote the classical notion of dimension of manifolds and vector spaces as Dim with

a capital D, whereas we denote the generalized categorical dimension as dim with lowercase d.

3.2.1 Monoid valued dimensions

In this section we will define our categorical notion of dimension. The key will be how the dimension behaves

under the pullbacks

T2M TM T2M T 2M

TM M M TM

⌟
p

⌟
T (p)

p 0

which are the definition of T2M and the universality of the vertical lift. Thus we specify the behaviour for

pullbacks of this form.

Definition 3.2.2. Let M be a commutative monoid and X be a category. Then an M-valued dimension

on X is a function dim : π0(X)→M from the set of isomorphism classes of objects of X to the monoid M ,
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satisfying the following property:

For any pullback

A×B C A

C B

r

f

of f along a retraction r,

• if f is a retraction, or

• if f is a section,

the equation

dim(A×B C) + dim(B) = dim(A) + dim(C)

holds.

While we chose to loosen desired Property (a) (valued in N) of Remark 3.2.1, Property (c) (isomorphism

invariant) and a variation of Property (b) (additive w.r.t. pullbacks) hold by definition.

In a category with products, the morphism to the terminal object, ∗, is a retraction and thus any pullback

over the terminal object is one of the pullbacks in Definition 3.2.2. If the dimension of the terminal object

satisfies dim(∗) = 0, we obtain dim(X × Y ) = dim(X) + dim(Y ). That is, if dim(∗) = 0 property (b’)

(additive w.r.t. products) of Remark 3.2.1 holds.

We actively rejected to generalize property (d’)(the same as locally) of Remark 3.2.1 in order to disregard

notions of locality. Since we, in general, do not have an order on the monoid M , property (d) (embeddings

to inequalities) does not hold in general. However it holds for most of the examples we have listed since we

have ordered monoids there.

Proving properties similar to (e)(tangent bundle doubles dim) and (f)(bundle fiber arbitrary dim) of

Remark 3.2.1 will be the topic of Section 3.2.2.

In the following proposition we see that dimensions interact well with functors and in particular adjunc-

tions.

Proposition 3.2.3. Let X and Y be categories, let X have an R-valued dimension dimX : π0(X) → R. Let

F : Y→ X be a functor that preserves finite limits. Then the assignment that sends Y ∈ π0(Y) to

Y 7→ dimX(F (Y ))

is an R-valued dimension on Y.
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Proof. Functors preserve composition and identity, thus F preserves sections and retractions. Since the

functor F preserves limits, it preserves in particular pullbacks. Thus for any pullback in Y of a section or

retraction along a retraction, the dimension formula still holds.

Two important classes of examples of functors that preserve finite limits are full subcategories and right-

adjoint functors.

Corollary 3.2.4. Let X and Y be categories, let X have an R-valued dimension dimX : π0(X)→ R.

(a) Let F : Y→ X be a functor which is a right adjoint. Then the assignment that sends Y ∈ π0(Y) to

Y 7→ dimX(F (Y ))

is an R-valued dimension on Y.

(b) Let Y be a full subcategory of X. Let dim : π0(X)→ R be a R-valued dimension on X. Then dim |Obj(Y)

is an R-valued dimension on Y.

Since many adjunctions are well known from the literature, this inconspicuous corollary is a useful way

to construct new dimensions from existing ones and will be frequently used throughout the chapter. One

major application of Corollary 3.2.4 will be in Section 3.6.2. There we will show that the forgetful functor

from algebras over a ring R to modules over R has a left-adjoint and thus a dimension on the category of

modules will induce a dimension on the category of Algebras.

Recall that in a tangent category (X, T ), a pullback is called a T -pullback if it is preserved by all powers

of T . T -pullbacks were first developed by McAdam in [66, Definition 1.1.3] and later analyzed by Marcello

Lanfranchi and Cruttwell in [32]. We will use the definition of a T -pullback to define a slightly weaker version

of dimension and a slightly stronger version of dimension. These definitions will be the setup of Theorem

3.2.7 and Theorem 3.2.8.

Definition 3.2.5. Let M be a commutative monoid and (X, T ) be a tangent category. Then an M-valued

tangent dimension on (X, T ) is a function dim : π0(X)→M satisfying the following property:

For any T -pullback

A×B C A

C B

r

f

along a retraction r,

• if f is a retraction, or
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• if f is a section,

the equation

dim(A×B C) + dim(B) = dim(A) + dim(C)

holds. An M -valued tangent dimension is strong if M is a commutative rig and there is an element a ∈M

such that for every object X ∈ Ob(X) the equation

dim(T (X)) = a · dim(X)

holds.

Since every T-pullback is a pullback, it is immediate that every M -valued dimension is an M -valued

tangent dimension (regardless of the tangent structure) but not vice versa.

Again, M -valued tangent dimensions satisfy Properties (b) (additive w.r.t. pullbacks) and (c) (isomor-

phism invariant) of Remark 3.2.1. We will explore in the next sections what the properties corresponding to

(e) (tangent bundle doubles dim) and (f) (bundle fiber arbitrary dim) are.

Example 3.2.6. Given any tangent category (X, T, p, 0,+, ℓ, c) and any commutative monoid M , let m ∈M

be any element of M . Then the constant assignment dim(X) = m is a M -valued dimension and a strong

M -valued tangent dimension. All the equations become trivial in this situation. We will call dimensions of

this form trivial dimensions on X.

We explore the properties of M -valued tangent dimensions in Theorems 3.7 and 3.8.

3.2.2 The tangent structure in the presence of a dimension

If we have a tangent dimension on a category, it interacts with the tangent structure since the tangent

structure requires certain diagrams to be pullbacks. We see in Theorem 3.2.8 that in certain situations the

dimension of the tangent bundle behaves in a way similar to desirable Property (e)(tangent bundle doubles

dim) of Remark 3.2.1.

Theorem 3.2.7. Let M be a commutative monoid. Let (X, T ) be a tangent category. Let dim : Ob(X)→M

be a M -valued tangent dimension. Then for every object X ∈ Ob(X)

dim(T 2(X)) + 2 · dim(X) = 3 · dim(T (X)).
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Proof. We consider the following two pullback diagrams:

T2X TX T2X T 2X

TX X X TX

⌟
p

ν

π0p
⌟

T (p)

p 0

where ν is a shorthand notation for ν = T (+) ◦ ⟨ℓM ◦ π0, 0TM ◦ π1⟩. The first diagram is a pullback since

this is the definition of T2M . The second diagram is a pullback, because this is an equivalent formulation

for the universality of the vertical lift.

Since 0 : X → T (X) and p : T (X) → X form a section retraction pair, the pullbacks above fulfill the

requirements in Definition 3.2.2 we obtain that

dim(T2(X)) + dim(X) = 2 · dim(T (X)) and dim(T2(X)) + dim(T (X)) = dim(T 2(X)) + dim(X).

Therefore we obtain

2 · dim(T (X)) + dim(T (X)) = dim(T2(X)) + dim(X) + dim(T (X)) = dim(T 2(X)) + dim(X) + dim(X).

Theorem 3.2.8. Let R be an integral domain (unital commutative ring without zero divisors). Let (X, T )

be a tangent category. Let dim : Ob(X) → R be a strong R-valued tangent dimension on (X, T ). Then for

any object X, dim(T (X)) = dim(X) or dim(T (X)) = 2 · dim(X) holds.

If there exists an object with dim(X) ̸= 0 this means a = 1 or a = 2, where a is the constant from

Definition 3.2.5 fulfilling dim(T (X)) = a · dim(X).

Proof. We consider the following two pullback diagrams:

T2X TX T2X T 2X

TX X X TX

⌟
p

ν

π0p
⌟

T (p)

p 0

where ν is a shorthand notation for ν = T (+) ◦ ⟨ℓM ◦ π0, 0TX ◦ π1⟩.

The first diagram is a pullback since this is the definition of T2M . The second diagram is a pullback,

because this is an equivalent formulation for the universality of the vertical lift. Therefore we obtain that

dim(T (X)) + dim(T (X))− dim(X) = dim(T2X) = dim(T 2X) + dim(X)− dim(TX).
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This can be reformulated into

dim(T 2X)− 3 dim(TX) + 2 dim(X) = 0.

Using that dim(TX) = a · dim(X), we obtain the equation

0 = a2 · dim(X)− 3a · dim(X) + 2 dim(X)

0 = (a− 1) · (a− 2) · dim(X)

This implies a = 1, a = 2 or dim(X) = 0. If a = 1, then dim(TX) = dim(X). If a = 2, then dim(TX) =

2 · dim(X). If dim(X) = 0, both hold.

Theorem 3.2.8 is the categorical analogue to Property (g)

Example 3.2.9. In the tangent category of smooth manifolds, the classical dimension dim(M) = Dim(M)

is an example for a Z-valued strong tangent dimension. If the retraction r : A → B is a submersion, it is

transversal to any smooth map C → B. Thus, by [13, Theorem 15.2], the pullback fulfills dim(A ×B C) =

dim(A) + dim(C)− dim(B). Therefore Theorem 3.2.8 shows that for any tangent structure on SmMan with

dim(TM) = a · dim(M), we obtain that a = 1 or a = 2. We prove the general statement that the classical

dimension Dim fulfills Definition 3.2.2 in Proposition 3.2.12, where we do not assume that r is a submersion.

One important application of Theorem 3.2.7 and Theorem 3.2.8 is that they provide a method to prove

that some functor can not be part of a tangent structure. If a category has a good notion of dimension, but

the proposed tangent functor fails to satisfy the conditions of Theorem 3.2.7 and Theorem 3.2.8, then the

functor can not be a tangent functor. The following example, discovered by G. Vooys [89], showcases this

application.

Example 3.2.10. Let SmMan be the category of smooth real manifolds and smooth maps. Given the functor

T̃ : SmMan → SmMan that sends an object M to the object M × R and a morphism f to f × 1R. Then

there is no tangent structure (SmMan, T̂ , p,+, 0, ℓ) for which the tangent functor is T̃ . The reason is that

according to Theorem 3.2.7 the equation

dim(M × I × I) + 2 · dim(M) = 3 · dim(M × I)

would need to hold. However, this would mean that

3 · dim(M) + 2 = 3 · dim(M) + 3
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and thereby 3 = 2 proving by contradiction that there is no such tangent structure.

In fact, for this endofunctor T̃ , it is possible to define natural transformations p, 0,+, ℓ, c that fulfill all

the properties of a tangent structure, except the universality of the vertical lift.

As we promised in Example 3.2.9, below we prove that the dimension of manifolds fulfills the pullback

formula of Definition 3.2.2. We begin with a lemma turning a general retraction into a submersion.

Lemma 3.2.11. Let r : A→ B be a retraction with section s : B → A. Then there is an open subset U ⊆ A

such that Im(s) ⊂ U and r|U is submersion.

The fact that Im(s) ⊂ U simultaneously shows that U is non-empty and also that s is a section of r|U .

Proof. Let U ⊂ A be the set of regular points in A. Due to [61, Proposition 4.1], U is open. By its definition,

all points in U are regular, therefore r|U is a submersion.

It only remains to show that Im(s) ⊂ U . Let a = s(b) be in Im(s) ⊂ A. In order to show that a is a

regular point, let v ∈ Tb(B) be an arbitrary tangent vector. Then Tbs(v) ∈ is a tangent vector at a fulfilling

that

Tar ◦ Tbs(v) = Ta(r ◦ s)(v) = v

Since v is arbitrary, a is a regular point. Since a ∈ Im(s) was arbitrary, this shows that Im(s) ⊂ U , concluding

the proof.

Proposition 3.2.12. Let r : A→ B be a retraction of smooth manifolds. Suppose the pullback

A×B C A

C B

π0

π1

⌟
r

f

exists. Then the equation

dim(A×B C) = dim(A) + dim(C)− dim(B)

holds.

Proof. Due to Lemma 3.2.11, there is an open subset U ⊂ A containing Im(s) such that r|U is a submersion.

Since the embedding U ↪→ A is a submersion, the pullback

π−1
0 (U) U

A×B C A

⌟

π0
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exists and euqals the preimage π−1
0 (U). As the preimage of an open set, π−1

0 (U) is an open subset of A×BC.

Both inner squares in

π−1
0 (U) U

A×B C A

C B

⌟

π0
⌟

r

f

are pullbacks. Therefore the outer square is the pullback of f along r ◦ i. Since r ◦ i = r|U is a submersion,

the dimension formula

dim(π−1
0 (U)) = dim(U) + dim(C)− dim(B)

holds. Since the dimension of an open nonempty subset equals the dimension of the surrounding manifold,

dim(π−1
0 (U)) = dim(A×B C) and dim(U) = dim(A). Therefore we obtain

dim(A×B C) = dim(π−1
0 (U)) = dim(U) + dim(C)− dim(B) = dim(A) + dim(C)− dim(B)

which concludes the proof.

3.2.3 Differential bundles in the presence of a dimension

For tangent structures, the dimension helps to give context to the universality of the vertical lift. Similarly,

the pullback in Diagram 2.2 is the universality of the vertical lift for differential bundles. In this section, we

prove the analogues of Theorems 3.2.7 and 3.2.8 for differential bundles.

In the classical case of smooth manifolds, desirable Property (f)(bundle fiber arbitrary dim) of Remark

3.2.1 says that there is no constraint on the dimension of a differential bundle. However, in certain non-

classical circumstances there is. This will lead to a somewhat strange genaralization of desirable Property

(f)(bundle fiber arbitrary dim) of Remark 3.2.1 in Theorem 3.2.14.

Theorem 3.2.13. Let M be a commutative monoid and let dim : π0(X) → M be a tangent dimension on

a tangent category (X, T, p, 0,+, ℓ, c). Let (E,M, q, ζ, σ, λ) be a differential bundle. Then the equation

dim(T (E)) + 2 · dim(M) = dim(T (M)) + 2 · dim(E)

holds.
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Proof. The diagrams

E2 E E2 T (E)

E M M T (M)

π0

π1

⌟
q

T (σ)◦⟨λ◦π0,0◦π1⟩

q◦π0

⌟

T (q)

q 0

are pullbacks. Since q is a retraction, 0 is a section and T (q) is a retraction, a dimension in the sense of

Definition 3.2.2 will fulfill the equations

dim(E2) + dim(M) = dim(E) + dim(E)

dim(E2) + dim(T (M)) = dim(M) + dim(T (E)).

Thus we obtain that

dim(T (E)) + 2 · dim(M) = dim(E2) + dim(M) + dim(T (M)) = dim(T (M)) + 2 · dim(E).

Theorem 3.2.14. Let R be a ring and let dim : π0(X) → M be a strong tangent dimension on a tangent

category (X, T, p, 0,+, ℓ, c) with a ∈ R such that dim(T (X)) = a · dim(X). Then for any differential bundle

(E,M, q, ζ, σ, λ) the equation

(a− 2) dim(E) = (a− 2) dim(M)

holds

Proof. Due to Theorem 3.2.13 the euqation

dim(T (E)) + 2 · dim(M) = dim(T (M)) + 2 · dim(E)

has to hold. Substituting in dim(T (E)) = a · dim(E) and dim(T (M)) = a · dim(M), we obtain

a · dim(E) + 2 · dim(M) = a · dim(M) + 2 · dim(E).

Subtracting 2 · dim(M) + 2 · dim(E) on both sides leads to the desired result that

(a− 2) dim(E) = (a− 2) dim(M).
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Due to Theorem 3.2.8, we know that a is either 1 or 2. If a = 2, then there is no condition on the

dimension of a differential bundle. If a = 1, then dim(E) = dim(M), which can be interpreted as differential

bundles having 0-dimensional fibre. Thus desired Property (f)(bundle fiber arbitrary dim) may only hold in

tangent categories with a strong tangent dimension a = 2. In the tangent category of smooth manifolds this

is the case.

In the following sections 3.3-3.7 we list some examples of dimensions on well-known categories and the

consequences stemming from the dimension. In case it is a strong dimension, the consequences for differential

bundles are either no condition (if a = 2) or that dim(E) = dim(M) (if a = 1). Thus we will only mention

differential bundles in case we have an example of a tangent category with a tangent dimension that is not

strong.

3.3 Cardinality as a non-trivial dimension structure on Setop

In this section we will show that Setop, the opposite category of sets, has a categorical dimension, given by

the cardinality. We are using Definition 3.2.2, which does not require a tangent structure. There is no known

nontrivial tangent structure on Setop and in fact we will prove that there is no nontrivial Cartesian tangent

structure.

All mathematical objects are constructed from sets. In Corollary 3.2.4, we saw that precomposition with

right-adjoint functors preserves dimensions. Most algebraic structures have a free functor from sets that is

left-adjoint to the forgetful functor to sets. Thus, by precomposition with the forgetful functor, a dimension

on sets would give rise to many dimensions in many different categories.

Since sets are discrete, there is no obvious structure in sets from which we could build tangents. Thus,

we do not expect the category of sets to have a non-trivial tangent structure.

However, that does not mean that there can not be a dimension on the category of sets. In fact, as we

see in Proposition 3.3.6, a dimension exists on Setop and this dimension can be used to show that there is

no nontrivial tangent structure.

The dimension of a vector space (and therefore the dimension of a manifold) is defined by the cardinality

of a basis. Like the dimension for vector spaces, the cardinality is the main quantity describing the size of a

set.

The cardinality fulfills desirable Properties (a) (valued in N), (c) (isomorphism invariant) of Remark 3.2.1,

since it is valued in the natural numbers and preserved by isomorphisms. When choosing multiplication as

the monoid structure, it also fulfills (b’) (additive w.r.t. products), since #(A×B) = #A ·#B. However the

cardinality is not a categorical dimension in the sense of Definition 3.2.2 on the category Set. Additionally,
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we will prove that it is a dimension on Setop, the opposite category of sets.

As a consequence we will be able to describe potential tangent structures on the category Setop. In

particular we will use the dimension to prove that there is no nontrivial Cartesian tangent structure on

Setop.

Definition 3.3.1. Let N = {0, 1, 2, ...} be the set of natural numbers. Let N∞ be the set N∪ {∞}. Then we

define the following three commutative monoid structures on N∞.

(a) The addition + : N∞ × N∞ → N∞ is defined to be the usual addition a + b on natural numbers and

to give ∞ if any of the two inputs is ∞. Together with the neutral element 0 ∈ N ⊂ N∞ this is a

commutative monoid.

(b) The multiplication · : N∞×N∞ → N∞ is defined to be the usual multiplication on natural numbers and

to give ∞ if any of the two inputs is ∞ (in particular 0 · ∞ =∞). Together with the neutral element

1 ∈ N ⊂ N∞ this is a commutative monoid.

(c) The maximum max : N∞×N∞ → N∞ is defined to output the lowest number that is greater or equal to

both inputs and to give ∞ if any of the two inputs is ∞. Together with the neutral element 0 ∈ N ⊂ N∞

this is a commutative monoid.

Remark 3.3.2. The cardinality of a set is not an N∞-valued dimension (for either of the monoid structures

in Definition 3.3.1) on the category Set of all sets and functions. The reason for this is that coproducts

(disjoint unions) of sets are preserved by pullbacks and introduce some non-trivial combinatorics to the

cardinality of pullbacks. A counterexample can be easily constructed by taking the disjoint union of any

pullback diagram with a singleton.

However, on the opposite category Setop, the cardinality is a dimension.

Theorem 3.3.3. For the opposite category of sets, Setop the cardinality dim(X) = #X is an (N,+)-valued

dimension on Setop.

Proof. Since we are in the opposite category of sets, the retractions in Setop are exactly the injections of

sets. For every pushout along an injection i

C ⊔A B B

C A

i

f
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the set C ⊔A B can be written as a disjoint union of C with B −A. Thus

#(C ⊔A B) + #A = #C +#(B −A) + #A = #C +#B

and thereby the condition of Definition 3.2.2 is fulfilled.

Remark 3.3.4. All the results about Set in this section also hold for FinSet, the category of finite sets.

Since FinSet is a full subcategory of Set, this follows from Corollary 3.2.4 and the fact that we never used

infinite sets in any proof.

In particular the cardinality is an (N,+)-valued dimension on FinSetop.

Below, we will apply Theorems 3.2.7 and 3.2.8 to the cardinality as a dimension. A particular situation

are Cartesian tangent categories. Cartesian tangent categories are defined in 2.2.16 as tangent categories

that admit finite products and where the products are compatible with the tangent structure.

Corollary 3.3.5.

(a) Any tangent structure on Setop will fulfill that

#T 2(X) + 2 ·#X = 3 ·#T (X).

(b) Every Cartesian tangent structure on FinSetop fulfills #T (X) = #T ({∗}) ·#X and #T ({∗}) is either

{∗} or {∗, ∗}.

Proof. Part (a) is a direct application of Theorem 3.2.7 to the cardinality.

For part (b), observe that every Cartesian tangent structure on FinSetop will preserve disjoint unions

(coproducts) and therefore T (X) ∼= T (
⊔
x∈X{∗}) ∼=

⊔
x∈X T ({∗}) which means #T (X) = #T ({∗}) · #X.

Then the hypothesis of Theorem 3.2.8 is fulfilled and therefore #T (X) = #X or #T (X) = 2 ·#X, which

shows that #T ({∗}) is either {∗} or {∗, ∗}.

We can further specify the result of Corollary 3.3.5.b by showing that only one of these cases is possible.

As a result we can show that FinSetop has no Cartesian tangent structure beyond the trivial one.

Proposition 3.3.6. Let (FinSetop, T, p,+, 0, ℓ, c) be a Cartesian tangent structure on FinSetop. Then it is

in fact the trivial tangent structure i.e. T = 1FinSetop , p = + = 0 = ℓ = c = 1.

Proof. According to Corollary 3.3.5, there are two cases, either the tangent functor sends the one point set

to two points T ({∗}) = {0, 1} or T ({∗}) = {∗}.
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Case 1: Suppose that T ({∗}) = {0, 1}. We will show that this is actually impossible and it leads to a contra-

diction. For this we look at the following diagrams

T (M) T2(M) T (M) T2M

T (M) T (M)

⟨0◦p,1T (M)⟩

1T (M)

+

⟨1T (M),0◦p⟩

1T (M)

+ (3.1)

which have to commute in any tangent category In FinSetop with T ({∗}) = {0, 1}, the pullback of

T along itself needs to have 3 elements (because cardinality is a dimension), we denote it as T2(∗) =

{a, b, c}. The projection p : T ({∗})→ {∗} in FinSetop corresponds to a function {∗} → {0, 1} in FinSet.

Without loss of generality we assume it sends ∗ to 0, i.e. the projection morphism is the inclusion of

zero function p = i0. The zero section 0 : {∗} → T ({∗}) starts at the initial object of FinSetop and

thus is the unique such morphism. It corresponds to the unique function {0, 1} → {∗}. Using these

insights we now write the diagrams 3.1 as

{0, 1} {a, b, c} {0, 1} {a, b, c}

{0, 1} {0, 1}

a7→0,b7→0,c7→1 a7→0,b7→1,c7→0

1{0,1}
+

1{0,1}
+

in FinSet. The maps {a, b, c} → {0, 1} are obtained because the unique morphisms into pullbacks

correspond to unique morphisms out of pushouts. The first diagram only commutes if +(1) = c and

the second diagram only commutes if +(1) = b. Thus they can not both commute, a tangent structure

with T ({∗}) = {0, 1} is impossible

Case 2: Suppose that T ({∗}) = {∗}. Then p{∗}, +{∗}, 0{∗}, ℓ{∗} and c{∗} are morphisms from {∗} to {∗}. Since

{∗} is initial in Setop, the only such morphism is the identity. Now, since (FinSetop, T, p,+, 0, ℓ, c) is

Cartesian and every object is a product power (disjoint union) of {∗}, the functor and structure

morphisms also need to be the identity on every other object.

As a consequence of the cardinality as a dimension on Setop, the vertex set cardinality is also a dimension

on Grphop, the opposite category of looped graphs.

The category Grph of looped graphs has a forgetful functor U : Grph → Set given by taking the vertex

set. This forgetful functor has a right-adjoint R : Set→ Grph that sends a set to the complete graph on the

set.
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Proposition 3.3.7.

(a) The assignment v : π0(Grph)→ N∞ that sends a graph to its number of vertices is an (N∞,+)-valued

dimension on Grphop.

(b) Let (Grphop, T, p, 0,+, ℓ, c) be a tangent structure on Grphop. Then for any graph G, the equation

v(T 2(G)) + 2 · v(G) = 3 · v(T (G))

holds.

(c) Let (Grphop, T, p, 0,+, ℓ, c) be a tangent structure on Grphop and let a ∈ N be such that for every graph

G, v(T (G)) = a · v(G). Then a = 1 or a = 2.

Proof. (a) Since U : Grph → Set is left-adjoint, Uop : Grphop → Setop is right-adjoint. Now Corollary

3.2.4 and Theorem 3.3.3 produce the dimension on the opposite category of looped graphs described

above.

(b) This is a direct application of Theorem 3.2.7.

(c) This is a direct application of Theorem 3.2.8.

An important extension of the opposite category of sets is the category of polynomial functors. Thus one

could hope that the cardinality can be extended to a dimension on the category of polynomial functors.

Example 3.3.8. The category Poly of polynomial functors and natural transformations has been extensively

analyzed in the literature, for example in [76]. For the precise definitions and constructions in Poly we ask

the reader to read [76]. One of its key properties is that it contains Setop as a full subcategory, concretely as

the full subcategory of monomials. The degree of a monomial corresponds to the cardinality of a set.

Since Poly is an extension of Setop it seems promising to define the degree of a polynomial functor as the

dimension. However, we will present an example of a pullback where the degree of polynomials does not add

up like in Definition 3.2.2.

Pullbacks in Poly are explained in [76, Example 5.38]. They are given by taking the pullback of monomial-

sets and the pushout of exponents. Due to this characterization of pullbacks, the following square is a pullback

in Poly.
y{1,2,3} + y{a,b,c} y{3} + y{a,b}

y{1,2} + y{c} y∅ + y∅

y0+y0

y0+y0
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where for any set X, the map 0 : ∅ → X is the unique element of HomSet(∅, X) and y : Setop → Fun(Set,Set)

is the Yoneda embedding. Since 0 : ∅ → X is a section in Set, the natural transformations y0 and y0 + y0

are retractions in Poly. Then

deg(y{3} + y{a,b}) + deg(y{1,2} + y{c}) = 2 + 2 = 4

while

deg(y{1,2,3} + y{a,b,c}) + deg(y0 + y0) = 3 + 0 = 3.

Thus

deg(y{3} + y{a,b}) + deg(y{1,2} + y{c}) ̸= deg(y{1,2,3} + y{a,b,c})

showing that the polynomial functor degree is not a categorical dimension on Poly in the sense of Definition

3.2.2.

3.4 Cardinality of groups as a dimension valued in a non-standard

monoid

In this section we will show that Grp, the category of groups, has a categorical dimension given by the

cardinality. A tangent structure on Grp can be found in [54]. The tangent bundle endofunctor is given by

T (G) = G×Ab(G) where Ab(G) is the abelianization of G. Since every categorical dimension on a tangent

category is a tangent dimension, the cardinality will be a tangent dimension.

One of the most important algebraic structures on a set is a group. Like for sets the cardinality is the

most important quantity to describe the size of a group. Therefore we will check below, if it is a dimension

on Grp or Grpop.

When thinking about tangent structures on groups, one may first think of the underlying manifold

structure of Lie groups, which is a trivial tangent structure on discrete groups. However, in [54], Ikonicoff,

Lemay and Van der Linden showed that there is a different tangent structure on the category of groups

that is based purely on algebraic properties (in particular the abelianization), not topological properties of

a group. We will explore the consequence of dimensions on this tangent structure in Example 3.4.4.

An interesting aspect of the dimension on Grp is that it is valued in (N∞, ·) and not in (N∞,+). Unlike

in all previous examples, the commutative monoid structure it is valued in is given by the multiplication,

not the addition. This showcases the use coming from being valued in any commutative monoid.

When considering the cardinality as a candidate for a dimension on Grp, one needs to choose multipli-
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cation as the monoid operation to obtain an analogue for desired Property (b’) (additive w.r.t. products) of

Remark 3.2.1 as #(G×G′) = #G ·#G′.

Lemma 3.4.1. Let A
f−→ C

g←− B be a cospan in Grp, the category of groups, where f is an epimorphism.

Then the pullback A×C B exists and

#(A×C B) ·#C = #A ·#B.

Proof. The pullback exists since the category of groups is complete. Since the forgetful functor from groups

to sets preserves limits, the underlying set of the pullback can explicitly be described by the formula

A×C B = {(a, b) ∈ A×B | f(a) = g(b)}.

We now rewrite this formula as

A×C B =
⊔

c∈Im(g)

g−1(c)× f−1(c),

where Im(g) denotes the image and g−1(c) and f−1(c) denote pre-images. If C and thus Im(g) is finite, it

follows from the first isomorphism theorem [4, Corollary 8.2] and the surjectivity of f that for any c ∈ Im(g),

this means that #g−1(c) = #B
#Im(g) and #f−1(c) = #A

#C . Therefore we conclude that

#(A×C B) = #Im(g) · #B

#Im(g)
· #A
#C

=
#B ·#A

#C
.

Multiplying both sides of the equation with #C concludes the proof for the case that C is finite.

If C is infinite, the surjectivity of f implies that A is also infinite. Thus

#A ·#B =∞ = #C ·#(A×B C).

Here we did not encounter any multiplications of the form 0 · ∞, since a group always has at least one

element.

We observe that this formula looks very like Definition 3.2.2 with multiplication instead of addition.

Therefore we will now consider the commutative monoid (N∞, ·), as defined in Definition 3.3.1.

Theorem 3.4.2. The cardinality is

(a) an (N∞, ·)-valued dimension on Grp and

(b) an (N, ·)-valued dimension on FinGrp.
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Proof.

(a) This is follows from Lemma 3.4.1.

(b) This follows from Corollary 3.2.4 and the fact that FinGrp is a full subcategory of Grp.

Corollary 3.4.3. Let X be a group.

(a) For any tangent structure (T, p, 0,+, ℓ, c) on Grp or FinGrp, the equation

#T 2(X) · (#X)2 = (#T (X))3

has to hold.

(b) For any tangent structure (T, p, 0,+, ℓ, c) on FinGrp with #T (X) = (#X)n, the constant n can only

be n = 1 or n = 2.

(c) The only tangent structure (T, p, 0,+, ℓ, c) on FinGrp with #T (X) = n ·#X fulfills T (X) ∼= X.

Proof.

(a) This follows from Theorems 3.4.2 and 3.2.7. When formulated for the commutative monoid (N, ·) the

commutative monoid operation that is denoted as “ + ” in Theorem 3.2.7 becomes the multiplication

“ · ”.

(b) Due to Part (a), the equation

((#X)n)n · (#X)2 = (#X)3n

has to hold. For brevity, we denote a := #X and simplify the equation to

an
2+2 = a3n.

Since this has to hold for any finite group X, it has to hold for any a ∈ N and this implies that

n2 + 2 = 3n which only holds for n = 1 or n = 2.

(c) Due to Part (a), the equation

n2 ·#X · (#X)2 = (n ·#X)3

has to hold. This implies n2 = n3, which is only true for n = 0 and n = 1. However, n = 0, since

every group has at least one element and thus #T (X) = 0 is impossible. Thus #X = #T (X). As a

51



consequence of the first isomorphism theorem [4, Corollary 8.2], the epimorphism p : T (X)→ X that

does not change the cardinality can only be an isomorphism.

As an example, we will now see how this formula applies to the known nontrivial tangent structure on

Grp.

Example 3.4.4 ([54], Example 3.8). There is a tangent structure on Grp whose tangent bundle endofunctor

is given by

T (G) = G×Ab(G)

where Ab(G) denotes the abelianization. This implies that

T 2(G) ∼= G×Ab(G)×Ab(G)×Ab(G)

because Ab(Ab(G)) ∼= Ab(G). Define nG := #G and kG := #Ab(G). Since Ab(G) is a quotient of G,

kG ≤ nG and kG divides nG. Then #T (G) = nG · kG and #T 2(G) = nG · (kG)3. Thus the equation

#T 2(G) · (#G)2 = (#T (G))3

becomes

nG · (kG)3 · n2
G = (nG · kG)3.

Thus, in this example, the equation from Corollary 3.4.3(a) holds.

In fact, Lemay and Ikonicoff have also shown a result on differential bundles in [54, Example 4.16]: Every

differential bundle is of the form M ×A π0−→M for some abelian group A. This implies that

#Ab(M ×A)
#(M ×A)

= #A =
#Ab(M)

#M
.

We will now showcase the possibilities of a dimension by providing a different proof for this equation using

the cardinality as a dimension.

Proposition 3.4.5. Let (Grp, T, p, 0,+, ℓ) be the tangent structure from [54] described in Example 3.4.4.

Let E →M be a differential bundle in (Grp, T, p, 0,+, ℓ). Then

#Ab(E)

#E
=

#Ab(M)

#M
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Proof. Due to Theorem 3.2.13, the equation

#T (E) · (#M)2 = #T (M) · (#E)2

holds. Since #T (E) = #E ·#Ab(E) and #T (M) = #M ·#Ab(M), this can be expanded into

#Ab(E) ·#E · (#M)2 = #Ab(E) ·#M · (#E)2.

Dividing both sides by #E2 ·#M2 leads to the equation

#Ab(E)

#E
=

#Ab(M)

#M
.

In Example 3.6.8 we will further see that there is another nontrivial categorical dimension on the sub-

category abelian groups, given by the rank over the integers. The reason for this is that every abelian group

is a module over the integers. Since the cardinality is an (N∞,+)-valued dimension on Setop might suspect

that the cardinality is also an (N∞,+)-valued dimension on Grpop, the opposite category of groups, since it

was already a dimension on Setop. However, Corollary 3.2.4 does not apply here, since the forgetful functor

Grpop → Setop does only have a right adjoint, not a left-adjoint.

In fact the cardinality is not a dimension on Grpop. The reason is that the product in Grpop is the

coproduct in Grp, the free product of groups. The free product of groups does not fulfill desired Property

(b’) (additive w.r.t. products) of Remark 3.2.1. For finite groups A and B, the cardinality of #(A⊗B) can

even be infinite.

3.5 Characteristic, Krull dimension and the lowest common mul-

tiple

In this section we will show that Ringn, the category of (in general nonunital) rings, has a categorical

dimension given by the characteristic. A tangent structure on CRingu (the subcategory of commutative

unital rings with unital ring-homomorphisms) can be found in [81, Example 2] and Example 2.2.13(i). Since

every categorical dimension on a tangent category is a tangent dimension, the characteristic will be a tangent

dimension.

In this section we investigate different approaches to dimensions of rings. First we define several different
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categories of rings. The different choices we consider depend on whether or not the ring is commutative,

whether or not the ring is unital, and whether or not the homomorphisms must preserve the unit.

Then we will show that the characteristic of a ring is a categorical dimension. This will imply that any

tangent structure on the category of rings must satisfy certain constraints. This is part way of showing that

any tangent structure on rings has to preserve the characteristic.

Then we will show that the Krull dimension is neither a categorical dimension on the category of rings,

nor on its opposite. This is surprising since the opposite category of commutative unital rings is equivalent

to the category of affine schemes and the dimension of the scheme corresponds to the Krull dimension of the

ring. However, the dimension of an affine scheme is only compatible with the tangent structure for smooth

schemes. We suspect the Krull dimension will be a categorical dimension on the opposite of the subcategory

of commutative unital rings which corresponds to smooth schemes.

Let Ringn be the category of all rings (possibly without unit, the n stands for non-unital) and all

ring homomorphisms (functions that preserve zero, addition and multiplication). Let Ring1 denote the

full subcategory of Ringn consisting of all unital rings, i.e. rings with a unit element. The morphisms

may not preserve the unit. Let Ringu denote the subcategory of Ring1 that only allows unit-preserving

homomorphisms. We define CRingn, CRing1 and CRingu as the full subcategories of Ringn, Ring1 and

Ringu where the objects are commutative rings. For overview, we summarize this in Table 3.1.

Name Objects Morphisms
Ringn any rings any ring homomorphisms
Ring1 unital rings any ring homomorphisms
Ringu unital rings unit preserving ring homomorphisms
CRingn any commutative rings any ring homomorphisms
CRing1 unital commutative rings any ring homomorphisms
CRingu unital commutative rings unit preserving ring homomorphisms

Table 3.1: The conventions we use for the different categories of rings

In other literature, Ring sometimes denotes Ringn and sometimes Ringu while CRing most often denotes

CRingu. For clarity we do not use undecorated Ring and CRing.

Before we define dimensions on the categories of rings, we will first describe pullbacks of rings.

Lemma 3.5.1. Any pullback

A×B C A

C B

f

g

in Ringn, Ring1, Ringu, CRingn, CRing1 or CRingu, is of the form

A×B C = {(a, b) ∈ A×B | f(a) = g(b)},
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if it exists. The ring operations are defined componentwise.

Proof. The formula for Ringn is an easy application of the definition of a limit. The formula for Ring1,

CRingn and CRingu follows from the fact that the embedding of full subcategories preserves limits. The

formula for Ringu is a direct application of the definition of a limit and the formula for CRingu follows from

the fact that CRingu is a a full subcategory of Ringu.

Pullbacks may not always exist in Ring1 and CRing1. An example for this is the pullback

2Z Z

Z Z× Z/2

⌟
x7→(x,0)

x7→(x,[x])

in Ringn which does not exist in Ring1 since 2Z, the set of even integers, has no multiplicative unit.

3.5.1 Characteristic as a dimension valued in the least common multiple monoid

In this section we will use a monoid structure on the natural numbers which is neither of the operations

on the rig (semiring) N. At first one might think that the characteristic of a ring is a strange choice for a

dimension, since in general char(R×R′) ̸= char(R)+char(R′) and therefore desirable Property (b’) (additive

w.r.t. products) does not hold. However, the least common multiple is also a monoid structure on N∗
∞.

Definition 3.5.2. Let N∗
∞ denote the set of nonzero natural numbers and infinity

N∗
∞ := N \ {0} ⊔ {∞} = {1, 2, 3, ...,∞}.

Given a, b ∈ N∗
∞, we define their least common multiple as

lcm(a, b) = min({x ∈ N∗
∞ | ∃s, t ∈ N∗

∞, x = s · a = t · b}).

We define lcm(a,∞) = lcm(∞, b) =∞ for all a, b ∈ N∞ \ {0}.

The least common multiple is a commutative monoid with unit 1. In particular lcm is associative, since

the least common multiple of three numbers a, b, c is both equal to lcm(a, lcm(b, c)) and to lcm(lcm(a, b), c).

The characteristic defined in Definition 3.5.3 is additive with respect to this monoid structure, i.e.

char(R×R′) = lcm(char(R), char(R′)),

and thus Property (b’) (additive w.r.t. products) holds with respect to this monoid structure.
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In this section we will show that the characteristic of a unital ring is a dimension. The characteristic is

defined as follows.

Definition 3.5.3. Let R be a ring. The characteristic char(R) is defined as

char(R) = min{n ∈ N \ {0} | n · x = 0 ,∀x ∈ R}.

If there is no number n ∈ N such that for all x ∈ R, n · x = 0, we say the characteristic is ∞.

If the characteristic is finite, this is the classical definition in [43]. Classically, the characteristic is defined

to be zero if there is no number n ∈ N such that n · x = 0 for all x.

In the literature it is more common to call the characteristic zero when we call it infinity. We use this

unusual convention since it will make it easier to define a monoid structure such that the characteristic is a

categorical dimension.

Lemma 3.5.4. Let (R,+, ·, 0) be a ring of characteristic n. Then there exists an element xR ∈ R such that

k · xR ̸= 0 for all k < n. We call this element a maximal order element.

Proof. The key insight for this proof is that the mulitplicative structure of R does not matter this is just a

statement about the abelian group (R,+, 0). Due to the characterization of finite exponent abelian groups

in [56, Theorem 8.6], the abelian group (R,+, 0) is isomorphic (as a group) to a product of cyclic groups.

R
φ∼=
∏
i∈I

Z/niZ

where n is the least common multiple of the ni. The element xR = φ−1(1, 1, ...) fulfills the required property

since k · (1, 1, ...) ̸= 0 for k < n.

Section retraction pairs have a key role in the definition of categorical dimensions and in the definition of

tangent categories. Thus we will frequently reason about characteristics using section retraction pairs. For

this, it is good to keep in mind that sections can not decrease characteristic.

Lemma 3.5.5. Given a section A
s−→ B with retraction B

r−→ A in Ringn, the inequality

char(A) ≤ char(B)

holds. Additionally, char(B) is a multiple of char(A).

Proof. We distinguish the cases when A has finite characteristic and when A has infinite characteristic.
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Case 1 : A has infinite characteristic. Since A has infinite characteristic, for every n ∈ N \ {0}, there is

an xn ∈ A such that n · xn ̸= 0. Then s(xn) ∈ B fulfills that

n · xn = n · r(s(xn)) = r(n · s(xn)) ̸= 0.

Thus n · s(xn) ̸= 0. Since n was arbitrary, this proves that B has infinite characteristic.

Case 2 : A has finite characteristic. Let xA be the element constructed in Lemma 3.5.4. Since r ◦ s = 1A,

we know that for every n < char(A),

0 ̸= n · r(s(xA)) = r(n · s(xA)).

Since r is a ring-homomorphism, this implies for s(xA) ∈ B that n · s(xA) ̸= 0 implying that char(B) ≥

char(A).

On the other hand,

s(char(B) · xA) = char(B) · s(xA) = 0

and therefore

char(B) · xA = r(s(char(B) · xA)) = r(0) = 0

which implies that char(B) is a multiple of char(A).

Proposition 3.5.6. The characteristic char is an (N∗
∞, lcm)-valued dimension on Ringn, Ring1 and on

Ringu.

Proof. We will first check the criteria of Definition 3.2.2 for Ringu and then for Ringn. The result for Ring1

follows from Corollary 3.2.4 since Ring1 is a full subcategory of Ringn.

In Ringu, given any morphism f : R → R′, the characteristic can not increase char(R′) ≤ char(R) since

0 = f(0) = f(char(R) · 1). Thus, given a section retraction pair between R and R′, char(R) = char(R′).

Now let
A×B C A

C B

r

f

be any of the pullbacks from Definition 3.2.2 in Ringu. Then f and r are both parts of section-retraction

pairs and the characteristic of all 4 vertices is the same. Therefore

lcm(char(A), char(C)) = lcm(char(A×B C), char(B))
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holds trivially.

Now let
A×B C A

C B

r

f

be any of the pullbacks from Definition 3.2.5 in Ringn. Assuming that A and C have finite characteristic,

let xA ∈ A and xC ∈ C be the maximal order elements constructed in Lemma 3.5.4. We will distinguish the

cases when f is a section and when f is a retraction.

Case 1: Suppose f is a retraction, in particular it is surjective. Then there is a yC ∈ C such that

f(yc) = r(xA) and thus we have (xa, yC) ∈ A×BC such that for k ≤ char(A), k ·(xA, yC) = (k ·xA, k ·yC) ̸= 0.

Thus char(A×B C) is a multiple of char(A).

Analogously there is an yA ∈ A such that (yA, xC) ∈ A ×B C and thus char(A ×B C) is a multiple of

char(C). This shows that char(A×B C) is a multiple of lcm(char(A), char(C)). Since A×B C is a subset of

A× C, the equation

char(A×B C) = lcm(char(A), char(C))

holds. Due to Lemma 3.5.5, char(B) divides char(A), implying that

lcm(char(A×B C), char(B)) = lcm(lcm(char(A), char(C)), char(B)) = lcm(char(A), char(C)).

This is exactly the equation we needed to show for Definition 3.2.2.

Case 2: Suppose f is a section. Then, due to Lemma 3.5.5, char(B) and char(C) both divide char(A).

Let s : B → A be a section for the retraction r. We can express the maximal order element xA ∈ A as

xA = s(r(xa)) + zA with r(zA) = 0, by choosing zA = xA − s(r(xA)).

For k = lcm(char(A×B C), char(B)), we observe that

k · xA = k · s(r(xA)) + k · zA.

Since k is a multiple of char(B), k · s(r(xA)) = s(k · r(xA)) = 0. Since r(zA) = 0, we have the element

(zA, 0) ∈ A×B C and since k is a mutiple of char(A×B C), k · (zA, 0) = 0, implying that k · zA = 0.

Thus k · xA = 0 and since xA had maximal order this shows that char(A) divides lcm(char(A ×B

C), char(B)). Since char(C) divides char(A), the equation lcm(char(A), char(C)) = char(A) holds, implying

that lcm(char(A), char(C)) = char(A) divides lcm(char(A ×B C), char(B)). Since A ×B C is a subset of
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A× C, this shows that

lcm(char(A×B C), char(B)) = lcm(char(A), char(C)).

This is exactly the equation we needed to show for Definition 3.2.2.

Now it only remains to show that the equation

lcm(char(A×B C), char(B)) = lcm(char(A), char(C)).

also holds when char(A) or char(C) are infinite. If char(B) =∞, it holds trivially. Suppose char(B) is finite.

Since in the case that f is a section char(C) ≤ char(B), and in the case that f is a retraction, C and A can

be swapped, we can assume without loss of generality that char(A) =∞.

Let n ∈ N \ {0} be arbitrary. Let xn ∈ A be such that n · char(B) · xn ̸= 0. Then r(char(B) · xn) = 0 and

thus (char(B) · xn, 0) ∈ A×B C fulfills that

n · (char(B) · xn, 0) ̸= 0.

Since n was arbitrary, this shows that char(A×B C) =∞ and thus

lcm(char(A×B C), char(B)) = lcm(char(A), char(C)).

holds. This concludes the proof that char is a (N∗
∞, lcm)-valued dimension on Ringn. Since Ring1 is a full

subcategory of Ringn, Corollary 3.2.4 implies that it also is a (N∗
∞, lcm)-valued dimension on Ring1.

Corollary 3.5.7. The characteristic char is an (N∗
∞, lcm)-valued dimension on CRingn, CRing1 and on

CRingu.

Proof. This follows directly from Proposition 3.5.6 and Corollary 3.2.4.

As a consequence, the characteristic of the tangent bundle is now determined in Ring1 and Ringu.

However, the characteristic of a tangent bundle in Ringu is determined anyways.

Proposition 3.5.8. Let (T, p, 0,+, ℓ, c) be a tangent structure on Ringu. Then for any unital ring R,

char(T (R)) = char(R).

Proof. This simply follows from the fact that any unit-preserving ring homomorphism can only decrease
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characteristic. Since both R
0−→ T (R) and T (R)

p−→ R are unit-preserving ring homomorphisms, the charac-

teristics have to equal.

For Ring1, however the dimension brings an additional insight.

Corollary 3.5.9. Let (T, p, 0,+, ℓ, c) be a tangent structure on Ringn or Ring1. Then for every object R,

lcm(char(T 2(R)), char(R)) = char(T (R))

Proof. This is Theorem 3.2.7 applied to the dimension defined in Proposition 3.5.6.

However, since we have a section retraction pair R
0−→ T (R), T (R)

p−→ R, we can even conclude more.

Corollary 3.5.10. Let (T, p, 0,+, ℓ, c) be a tangent structure on Ringn or Ring1. Then for every object R

there is a number nR such that

char(T (R)) = nR · char(R)

and

char(T 2(R)) = char(T (R)).

Proof. Corollary 3.5.9 implies that the characteristic of T (R) is a multiple of the characteristic of R.

Corollary 3.5.9 also implies that it is a multiple of the characteristic of T 2(R). Due to the same argument

applied to T (R) instead of R, char(T 2(R)) is a multiple of char(T (R)). This implies that char(T (R)) =

char(T 2(R)).

In Example 2.2.13(i) we constructed a tangent structure on CRingu, originally presented in [81, Example

2]. The tangent bundle endofunctor T sends a ring R to R[x]/(x2). Indeed, this tangent bundle endofunctor

preserves the characteristic: char(T (R)) = char(R).

All pullbacks of CRingu are squares of ring homomorphisms that are pullbacks of underlying sets. Thus

all pullbacks of CRingu are also pullbacks in CRing1, implying that any tangent structure on CRingu is also

tangent structure on CRing1. Thus ?? is also an example of a tangent structure on CRing1 that preserves

the characteristic.

It is unclear if an example of a tangent structure on Ringn, CRingn, Ring1 or CRing1 exists where the

tangent bundle endofunctor does not preserve the characteristic. If it exists, it needs to fulfill the requirement

of Corollary 3.5.10.
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3.5.2 Krull dimension satisfying products but not pullbacks

The term “dimension of a ring” is commonly used for the Krull dimension of a commutative ring, which is

defined through ascending chains of prime ideals and has extensive applications in algebraic geometry. Since

dim(R×R′) = max(dim(R), dim(R′)),

desirable property (b’) (additive w.r.t. products) of Remark 3.2.1 holds when choosing max as the monoid

structure.

However, we will show that the pullback condition of Definition 3.2.2 does not hold and it thus is not a

categorical dimension on CRingu.

Definition 3.5.11. [41, Page 217] Given a commutative ring R with unit, its Krull dimension is the length

n of the longest chain of prime ideals

0 ⊊ p1 ⊊ ... ⊊ pn ⊊ R.

The Krull dimension fulfills some useful properties.

(a) Let F be a field. Then dim(F [x1, ..., xn]) = n.

(b) Let R,R′ be commutative rings then dim(R×R′) = max(dim(R), dim(R′)).

We show here that this is not an N∞ valued dimension on CRingu in the sense of Definition 3.2.2.

The following example will now show that it can not be an (N∞,max)-valued dimension.

Example 3.5.12. The diagram

Q[y] Q[x, y]/(xy)

Q Q[x]

⌟
(3.2)

is a pullback in CRingu, where the map Q ↪→ Q[x] includes a number as the constant term and the map

Q[x, y]/(xy) → Q[x] evaluates at y = 0. It is a pullback because giving a pair (r, p) of r ∈ Q and p ∈

Q[x, y]/(xy) such that p(x, 0) = r is the same as giving a polynomial p ∈ C[x, y]/(xy) with no x-terms, i.e.

a polynomial p ∈ C[y].

The very same example shows that it is not a categorical dimension on CRing1.

For a field F , the coproduct F [x1, ..., xn] ⊗ F [x1, ..., xk] = F [x1, ..., xn+k]. Since dim(F [x1, ..., xn]) = n,

this suggests that for the opposite category CRingopu desirable property (b’) (additive w.r.t. products) from

Remark 3.2.1 holds for (N∞,+).
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The context of algebraic geometry would also suggest that the Krull dimension is a categorical dimension

on CRingopu . The category CRingopu is equivalent to the category of affine schemes and for smooth affine

schemes the scheme-theoretical dimension equals the Krull dimension. However, using the counterexample

in Example 3.5.13 that corresponds to a pullback of non-smooth schemes, we will show that it still is not a

dimension in the sense of Definition 3.2.2.

Example 3.5.13. Let Q denote the field of rational numbers. Let i denote the embedding Q[x] ↪→ Q[x,y]
⟨x·y⟩ .

The diagram

Q[x] Q[x,y]
⟨xy⟩

Q Q

i

ev1 ev(1,0)

1Q

is a pushout square in CRingu and thus corresponds to a pullback square in CRingopu . However, the Krull

dimensions of the rings involved are

dim(Q[x]) = 1 , dim(Q) = 0 , dim

(
Q[x, y]

⟨x · y⟩

)
= 2

and thus

dim (Q) + dim(Q[x]) = 0 + 1 ̸= 0 + 2 = dim (0) + dim

(
Q[x, y]

⟨x · y⟩

)
.

Remark 3.5.14. The category of affine schemes is equivalent to the opposite category of CRingu and the

Krull dimension corresponds to the dimension of a scheme. However, the dimension of a scheme is only well-

behaved with respect to the tangent structure for smooth schemes over a field, as one can read in [88, Chapter

13]. Thus the geometric intuition suggests that the Krull dimension is an (N,+)-valued dimension in the sense

of Definition 3.2.2 on the smooth objects of CRingopu . A formal proof would require a careful examination

that the Krull dimension is additive under pushouts in the subcategory of CRingu corresponding to smooth

affine schemes. The examination of this is beyond the scope of this thesis.

3.6 Transporting a dimension between modules and algebras with

an adjunction

In this section we will show that ModR, the category of modules over a PID R, and AlgR, the category

of algebras over a PID R, have a categorical dimension given by the rank. In Example 3.6.1 we define a

novel, somewhat degenerate tangent structure on ModR where the tangent bundle endofunctor doubles the

dimension. Since every categorical dimension on a tangent category is a tangent dimension, the rank will be
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a tangent dimension.

First, we will show that the rank of an R-modules is a categorical dimension on the category ModR of

R-modules and R-modules homomorphisms for any PID, R. In particular, this shows that the dimension of

a vector space is a categorical dimension on the category VectF for a field, F . As a consequence, a tangent

structure on ModR must fulfill the equation in Corollary 3.6.7.

Next, we show that using the free-forgetful adjunction between R-algebras and R-modules, we obtain a

categorical dimension on R-algebras. Finally, as an additional observation, we use the classical dimension on

Vect as a categorical dimension and show that there can only be two Cartesian tangent structures on Vect,

and we identify them.

In [68][Section IV.2] Mac Lane shows that there is a free forgetful adjunction between ModR and AbGrp.

Thus, by Corollary 3.2.4, the cardinality of the underlying abelian group is already an (N∞, ·)-valued dimen-

sion on ModR. In Section 3.6.1 we will show that the rank is a second categorical dimension on ModR.

There is a somewhat degenerate tangent structure on the category ModR of modules over a ring R. In

[81, Example 1] this is given as a tangent structure on abelian groups, but it works equally well for modules

over a ring.

Example 3.6.1. Let R be a commutative unital ring. The category ModR has a somewhat degenerate

tangent structure given for an R-module V by

• the tangent bundle endofunctor T (V ) = V × V with T (f) = f × f ,

• the projection pV = π0 : V × V → V ,

• the zero section 0V = ⟨1V , const0⟩ : V → V × V ,

• the addition +V = ⟨π0, add(π1, π2)⟩, where add(v, w) = v + w,

• the vertical lift ℓV = ⟨π0, const0, const0, π1⟩ : V × V → V × V × V × V

• the canonical flip cV = ⟨π0, π2, π1, π3⟩ : V × V × V × V → V × V × V × V .

These maps fulfill all required equations and are natural transformations since all morphisms are R-linear.

The universality of the vertical lift holds since the diagram

V × V × V V × V × V × V

V V × V

⟨π0,π2,const0,π1⟩

π0 ⟨π0,π2⟩

⟨1V ,const0⟩

is a pullback square.
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3.6.1 Rank of a module over a ring

The rank of is the most common generalization of the dimension of vector spaces to modules. A module’s

rank is a natural number or infinity (like in desired Property (a) (valued in N) of Remark 3.2.1), invariant

under isomorphism (like in desired Property (c) (isomorphism invariant) of Remark 3.2.1) and it is additive

under cartesian products (like in desired Property (b’) (additive w.r.t. products) of Remark 3.2.1). Desired

Property (d) (embeddings to inequalities) holds since the rank of a submodule is less than or equal to the

rank of the module itself. Desired Property (d’)(the same as locally) does not make sense to ask, because

an open subset of a module is in general not a module itself.

We will show below that it is indeed an (N∞,+)-valued dimension in the sense of Definition 3.2.2, so the

generalized version of desired property (b) (additive w.r.t. pullbacks) holds.

Recall that a principal ideal domain (PID) is a unital commutative ring without zero divisors where

every ideal is generated by a single element. Throughout this section we fix a principal ideal domain R.

Definition 3.6.2. Given a R-module A. Then the rank rk(A) ∈ N∞ is the cardinality of any maximal

linear independent subset of A. If there is no finite maximal linearly independent subset of A, the rank is

rk(A) =∞.

It is a standard result, for example in [4], that any maximal linear independent subset of A has the same

cardinality. A key property of the rank is its behaviour under short exact sequences.

Lemma 3.6.3. Let R be a PID and let

0→ A→ B → C → 0

be a short exact sequence of R-modules with finite rank. Then rk(A) + rk(C) = rk(B)

This is a standard result, for example Exercise 3.14 in chapter VI of [4], thus we omit the proof here.

Actually, as we show below, the requirement that A,B and C had finite rank was unnecessary.

Proposition 3.6.4. Let R be a PID and let

0→ A
f−→ B

g−→ C → 0

be a short exact sequence of R-modules. Then rk(A) + rk(C) = rk(B) in N∞.

Proof. The case when A,B and C have finite rank is already covered in Lemma 3.6.3. Below we prove the

formula for the cases when A,B or C have infinite rank.
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(a) Let A have infinite rank. Then, for every n ∈ N, there is an linearly independent subset U ⊆ A with

cardinality n. Since f is injective, {f(u)|u ∈ U} is still linearly independent. Since n was arbitrary,

this proves that B has also infinite rank. Thus the equation

rk(A) + rk(C) =∞+ rk(C) =∞ = rk(B)

holds.

(b) Let C have infinite rank. Then, for every n ∈ N, there is an linearly independent subset U ⊆ C with

cardinality n. Since g is surjective, there are preimages (bu)u∈U with g(bu) = u. They form a linearly

independent subset of B that has cardinality n. Since n was arbitrary, rk(B) =∞, proving that

rk(A) + rk(C) = rk(A) +∞ =∞ = rk(B).

(c) Let B have infinite rank and A have finite rank. Then Im(f) ⊂ B has finite rank. Thus, by extending

a maximal linearly independent subset of Im(f) to an arbitrary sized linearly independent subset of

B, we obtain an arbitrarily sized linearly independent subset of B/Im(f). Due to the uniqueness of

cokernels, B/Im(f) ∼= C and thus rk(C) =∞. Now the equation

rk(A) + rk(C) = rk(A) +∞ =∞ = rk(B)

holds.

For any R-module A, the addition + : A×A→ A, (a, a′) 7→ a+ a′ and the negation − : A→ A, a 7→ −a

are module-homomorphisms. Out of this we built the difference f − g of module-homomorphisms. For

f : A→ B and g : C → B is defined as

f − g : A× C → B , (a, c) 7→ f(a)− g(c).

We will use this difference in Lemma 3.6.5 and the proof of Proposition 3.6.6. Observe that f−g is surjective

if f or g is surjective.

Lemma 3.6.5. Let A,B,C be R-modules. Let A×B C denote the pullback arising as the limit of the span
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A
f−→ B

g←− C. Then the following sequence is exact

0→ A×B C
⟨π0,π1⟩−−−−−→ A× C f−g−−−→ Im(f − g)→ 0

Proof. The sequence is exact at Im(f − g) since any map is surjective onto its image. The sequence is exact

at A×B C since ⟨π0, π1⟩ is injective. The kernel of f − g is exactly the elements (a, c) fulfilling f(a) = g(c),

thus it is equal to the image of A×B C of A× C.

Proposition 3.6.6. Let R be a PID. Then assigning the rank to rk(A) to an R-module A is an (N∞,+)-

valued dimension rk on ModR.

Proof. Let

A×B C A

C B

⌟
r

f

be a pullback of R-modules of the form as the pullbacks in Definition 3.2.2. Then Lemma 3.6.5 shows that

0→ A×B C
⟨π0,π1⟩−−−−−→ A× C f−r−−−→ Im(f − r)→ 0

is a short exact sequence. Since r is surjective, f − r is surjective i.e. Im(f − r) = B, thus we obtain the

short exact sequence

0→ A×B C
⟨π0,π1⟩−−−−−→ A× C f−r−−−→ B → 0.

Therefore the rank formula in Proposition 3.6.4 shows that rk(A × C) = rk(A ×B C) + rk(B). Due to the

additivity of ranks under products this can be expanded into

rk(A) + rk(C) = rk(A×B C) + rk(B)

Now we can apply Theorem 3.2.7 and obtain a clear dimension formula for any tangent structure.

Corollary 3.6.7. Let R be a PID. Let (T, p, 0,+, ℓ, c) be a tangent structure on ModR. Then for any

R-module A, the equation

rk(T 2(A)) + 2 · rk(A) = 3 · rk(A)

holds.
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There are several special cases that follow from this

Examples 3.6.8. 1. Let F be a field and let VectF denote the category of vector spaces over F with F -

linear maps as morphisms. Then the dimension is an (N∞,+) valued dimension and, for any tangent

structure on VectF ,

dim(T 2(V )) + 2 · dim(V ) = 3 · dim(V )

holds for any vector space V .

2. Let AbGrp be the category of abelian groups (i.e. modules over the integers). Then the rank of the

abelian group is an (N∞,+) valued dimension and, for any tangent structure on AbGrp,

rk(T 2(G)) + 2 · rk(G) = 3 · rk(G)

holds for any abelian group G. Together with the cardinality from Theorem 3.4.2, this means that the

category of abelian groups has two distinct nontrivial N∞-valued dimensions.

In the following two sections we will explain the consequences for finite dimensional vector spaces and

Algebras over a PID.

3.6.2 Module rank of an Algebra

In this section we utilize the free forgetful adjunction between modules and algebras to obtain a dimension

of Algebras over a commutative ring R with unit. According to [68, Section IV.2], the forgetful functor

U : AlgR →ModR that sends a R-Algebra to its underlying R-module has a left-adjoint given by the tensor

algebra. Thus we obtain a dimension on the category of R-Algebras.

Proposition 3.6.9. Let R be a PID and AlgR be the category of R-algebras and Algebra-homomorphisms.

(a) The assignment rk that sends an algebra A to the rank rk(U(A)) of its underlying R-module is an

(N∞,+)-valued dimension on AlgR.

(b) For any tangent structure (AlgR, T, p, 0,+, ℓ, c) on the category AlgR and for any object A,

rk(U(T 2(A))) + 2 · rk(U(A)) = 3 · rk(U(T (A))).

Proof. Part (a) follows from Corollary 3.2.4. Part (b) follows from Theorem 3.2.7.

In particular algebras over Z are the same as rings. Thus we obtain an additional dimension on the

category of rings.
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Corollary 3.6.10. Let rkZ denote the rank of an abelian group over the integers.

(a) The rank rkZ is an N∞ valued dimension on Ringn, Ring1, Ringu, CRingn, CRing1 and CRingu.

(b) For any ring R and any tangent structure (T, p, 0,+, ℓ, c) on Ringn, Ring1, Ringu, CRingn, CRing1 or

CRingu,

rkZ(T
2(A)) + 2 · rkZ(A) = 3 · rkZ(T (A)).

Proof. (a) Since Ringn is the full subcategory of associative algebras in AlgZ, it follows from Proposition

3.6.9 and Corollary 3.2.4 that rkZ is a dimension on Ringn. The categories Ring1,CRingu and CRing1

are full subcategories of Ringn and therefore Corollary 3.2.4 shows that rkZ is a dimension on them.

Pullbacks in Ringu are also pullbacks in Ring1, because in either case commutative squares are pullbacks

if and only if they are pullbacks of underlying sets. Thus any dimension on Ring1 is also a dimension

on Ringu, in particular rkZ. Since CRingu is a full subcategory of Ringu, Corollary 3.2.4 shows that

rkZ is also a dimension on CRingu

(b) This now follows from 3.2.7.

Thereby we now have two distinct non-trivial dimensions on Ring1 and Ringu, the characteristic (as

shown in Section 3.5) and the rank.

If we consider the tangent structure of Example ??, we see that for any commmutative ring R with unit,

rkZ(T (R)) = rkZ(R[x]/(x
2)) = 2 · rkZ(R).

Thus the tangent bundle functor doubles this dimension in this case like in the case for classical manifolds.

3.6.3 Classification of Cartesian tangent structures on FinVect

The category of vector spaces over a field F is exactly the category ModF of modules over F . The classical

dimension Dim(V ) of a vector space V is exactly the rank rk(V ). Due to Proposition 3.6.6, it is a (N∞,+)-

valued dimension.

All finite-dimensional vector spaces over a field F are isomorphic to powers Fn of the field F . There-

fore the interaction between the tangent structure and the Cartesian structure dictates the entire tangent

structure.
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Theorem 3.6.11. Let F be a field and let FinVectF be the full subcategory of VectF consisting of finite-

dimensional vector spaces. Then every Cartesian tangent structure (T, p, 0,+, ℓ, c) on FinVectF fulfills either

T (V ) ∼= V ∀V ∈ Obj(FinVect)

or

T (V ) ∼= V × V ∀V ∈ Obj(FinVect).

Proof. Every finite-dimensional vector space is of the form V = Fn where n is the dimension of V . Thus every

Cartesian tangent structure will fulfill T (V ) ∼= T (Fn) ∼= T (F )n. Thus Dim(T (V )) = Dim(T (F )) · Dim(V )

which means the vector space dimension is a strong tangent dimension valued in Z. Now Theorem 3.2.8

proves that either Dim(T (V )) = 2 ·Dim(V ) ∀V or Dim(T (V )) = Dim(V ) ∀V .

In fact, both situations are known. The trivial tangent structure with T (V ) ∼= V is explained in Example

2.2.6. The tangent structure that doubles the dimension is the tangent structure of Example 3.6.1 for the

case when R is a field.

3.7 Homotopy, excision and the opposite category of CW com-

plexes

In this section we will show that CWop, the opposite category of CW complexes and cellular maps, has a

categorical dimension given by the Betti numbers. We are using Definition 3.2.2, which does not require a

tangent structure. No tangent structure on CWop is known so far.

CW complexes are extensively used in topology to describe well-behaved topological spaces. Traditionally

the dimension of a CW complex is the highest dimensional cell in the complex. However, this notion is not

well-behaved under homotopy. We will show in this section that it is not a categorical dimension in the sense

of Definition 3.2.2.

Rational homology is a tool that describes a topological space X in a homotopy-invariant way with a

sequence of rational vector spaces Hn(X,Q)n∈N. The dimension of these vector spaces are known as the

Betti numbers of the space.

The n-th Betti number Bn is often interpreted as “counting n-dimensional holes” in a space. Since the

Betti numbers are about the dimension of the complement of our space, it may seem intuitive to have them

be a categorical dimension on the opposite category of CW complexes.

A CW complex is a topological space X, constructed by an inductive construction out of standard cells
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Dk = {x⃗ ∈ Rn|x2} for every k ∈ N. The inductive construction can be found in Chapter 0 of [48]. The space

obtained at the k-th stage of the inductive construciton is called Xk the k-skeleton of X.

A continuous map f : X → Y between CW complexes X = ∪k∈NX
k and Y = ∪k∈NY

k is called cellular

if f(Xk) ⊆ Y k for all k ∈ N.

Definition 3.7.1. We define the category CW as the subcategory of Top consisting of

• CW complexes of objects and

• cellular maps as morphisms.

3.7.1 Not the classical dimension of CW complexes

The classical dimension of a CW complex is considered to be the the largest n of all n-cells used to construct

it.

Definition 3.7.2. Let X = ∪n∈NX
n be a CW complex.

(a) The smallest number n ∈ N such that X = Xn is the classical dimension of X.

(b) If there is no such n, the classical dimension is ∞.

In particular for CW complexes X and X ′, the largest dimension of cells of X × X ′ is the sum of the

largest dimensions of cells in X and X ′, so desirable property (b’) (additive w.r.t. products) of Remark 3.2.1

holds with respect to the addition.

While the classical dimension is the most common notion of dimension for CW complexes, we show it

is not a dimension in the sense of Definition 3.2.2. We will construct a pullback of retractions in CW that

serves as a counterexample for the dimension formula in Definition 3.2.2.

The idea behind this counterexample is to glue together a space Bl that has 1-dimensional and 3-

dimensional components. In the pullback, the 3-dimensional components are prevented from combining

with each other by having them sent to the opposite end of the interval D1.

Example 3.7.3. We define the “balloon shaped” CW complex Bl obtained by gluing the unit interval D1 =

[0, 1] with a 3-cell D3 = {(x, y, z) ∈ R3|(x+ 1)2 + y2 + z2 ≤ 1} along the origin, obtaining a space that can

explicitly be described as

{(x, 0, 0) ∈ R3|0 ≤ x ≤ 1} ∪ {(x, y, z) ∈ R3|(x+ 1)2 + y2 + z2 ≤ 1}

We define two maps l, r : Bl→ D1, both contracting the 3-cell away. However, l sends the end of the interval

where the 3-cell was to the left and r sends the end of the interval where the 3-cell was to the right. In explicit
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Figure 3.2: The pullback of the interval with a 3-cell at the left and the interval with a 3-cell at the right is
an interval with a 3-cell on either side.

coordinates that means that

l(x, y, z) =

x if x ≥ 0

0 if x < 0

r(x, y, z) =

1− x if x ≥ 0

1 if x < 0.

It is easy to see that both l and r are retractions. As one can see directly from the Figure 3.2 the pullback

Bl×D1 Bl Bl

Bl D1

r

l

will be an interval with a 3-cell glued to both ends.

Since

dim(Bl×D1 Bl) + dim(D1) = 3 + 1 ̸= 3 + 3 = dim(Bl) + dim(Bl),

the condition in Definition 3.2.2 does not hold. Thus the classical dimension of CW complexes is not (N,+)-

valued dimension on CW in the sense of Definition 3.2.2.

In general, combinatrics from the gluing (i.e. colimits) produces counterexamples proving that the

dimension of CW complexes is not a dimension in the sense of Definition 3.2.2.
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3.7.2 Betti numbers and excisive functors

In this section, we will show that the Betti numbers are a categorical dimension on the opposite category of

CW complexes.

Intuitively, the nth Betti number counts the number of n-dimensional holes in a space X. Following this

intuition, we check Property (b’) (additive w.r.t. products) of Remark 3.2.1. The product in CWop is the

disjoint union. Since the disjoint union of two complexes with n and k holes has n+ k holes in total, desired

Property (b’) (additive w.r.t. products) holds on CWop for the monoid (N∞,+).

We will show that the Betti numbers are indeed dimensions in the sense of Definition 3.2.2. Thus the

sequence of all Betti numbers will be a categorical dimension valued in infinite sequences.

Eilenberg and Steenrod [40] define a generalized homology theory as an assignment sending a CW complex

X to a sequence, Hn(X), of abelian groups that fulfills a list of 7 axioms (including functoriality). Singular

homology is the motivating example of a generalized homology theory. It is a standard result, for example

in [48, Section 2.3], that the Mayer-Vietoris sequence still exists for any generalized homology theory. The

Mayer-Vietoris sequence will be the main tool that we need in order to verify that the Betti number is a

categorical dimension. Thus our argument will hold for any generalized homology theory.

Let Hn be denote a homology theory fulfilling the Eilenberg-Steenrod axioms. Let CW be the category

of CW complexes and cellular maps. Then the n-th Betti number Bn(X) = rk(Hn(X)) is the rank of the

n-th homology of a space X. It is easy to see that this equals the dimension dim(Hn(X;Q)) of the n-th

rational homology of X.

Proposition 3.7.4. The n-th Betti number is an N∞-valued dimension on CWop.

Proof. A pullback along a retraction in CWop corresponds to a pushout along a section s in CW.

C ⊔A B B

C A

s

f

Sections are exactly embeddings of retracts which are cellular embeddings of closed subspaces and therefore

subcomplexes. Thus by Proposition 0.16 of [48] it has the homotopy extension property and is therefore a

cofibration.

Section 10.7 of [69] shows that the pushout along any cofibration is homotopy-equivalent to the double

mapping cylinder.

C ⊔A B ≃ CMB = (C ⊔ (A× I) ⊔B)/ ∼,
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where (a, 0) ∼ f(a) and (a, 1) ∼ s(a). This double mapping cylinder is the union of the two open sets

X = C ⊔ (A× [0, 1))/ ∼ and Y = (A × (0, 1]) ⊔ B/ ∼. Their intersection X ∩ Y = A × (0, 1) is homotopy-

equivalent to A. Thus we obtain the Mayer Vietoris sequence

...→ Hn+1(CMB)
0−−→ Hn(A)

⟨Hn(s),Hn(f)⟩−−−−−−−−−→ Hn(B)⊕Hn(C) −→ Hn(CMB)
0−−→ Hn−1(A)→ ...

where the maps Hn+1(CMB) → Hn(A) are zero since Hn(s) is a section and therefore the kernel of

(⟨Hn(s), Hn(f)⟩) is zero. Therefore

Bn(C ⊔A B) +Bn(A) = Bn(C) +Bn(B).

and thus Bn is an N∞-valued dimension on CWop.

Instead of considering the Betti numbers as an infinite sequence of separate dimensions, we can also

consider them as a dimension valued in infinite sequences of numbers: Let N∞
∞ be the set of infinite sequences

(or infinite vectors) in N∞. It has a commutative monoid structure +, given by component-wise addition.

Corollary 3.7.5. The sequence of Betti numbers

(Bn)n∈N : X 7→ (Bn(X))n∈N

is an (N∞
∞,+)-valued dimension on CW op.

Corollary 3.7.6. For every tangent structure T on CW op, the Betti numbers (Bn)n∈N satisfy

Bn(T
2(X)) + 2 ·Bn(X) = 3 ·Bn(T (X)).

We will now explore a counterexample of a pushout of Hausdorff spaces along a section which is not

homotopy-equivalent to the double mapping cylinder. This serves to show that our proof of Proposition

3.7.4 does not work in the more general setting of Hausdorff spaces and continuous maps.
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Figure 3.3: On the left is the pushout of A and B from Example 3.7.7, on the right the double mapping
cylinder AMB . They are not homotopy-equivalent. The intuitive reason is that every open neighbourhood
around the blue point on the left contains infinitely many dots and circles, whereas on the right there is no
such point.

Example 3.7.7. Consider the Hausdorff spaces

A′ =

{
x ∈ R|x =

1

n
for some n ∈ N>0

}
,

B′ =

{
(x, y, z) ∈ R3|(x, y, z) =

(
1

n
,
1

n
sin(φ),

1

n
cos(φ)

)
for some n ∈ N>0 , φ ∈ [0, 2π]

}
,

A ={0} ∪A′, and

B ={(0, 0, 0)} ∪B′

and the pushout diagram

∗ A

B P

i0

i(0,0,0)

⌟

where the strict pushout is

P = {(−x, 0, 0)|x ∈ A} ∪B ⊂ R3.

As shown in Appendix A and visualized in Figure 3.3, the double mapping cylinder is not homotopy-equivalent

to this strict pushout.

The most important property we used in the proof of Proposition 3.7.4 was that a generalized homology

theory sends the pushout square

C ⊔A B B

C A

s

f
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to a pullback square of modules and that the rank of a module is a dimension. In homotopy theory,

homotopy functors that send homotopy pushout squares to homotopy pullback squares are generally known

as 1-excisive functors. Below we generalize Proposition 3.7.4 for 1-excisive functors.

In Proposition 3.7.8, we assume that homotopy limits/colimits are the same as strict limits/colimits. This

allows us to compare the hypotheses in Definition 3.2.2 (which uses strict limits/colimits) to the properties

of excisive functors (which are defined by their effect on homotopy limits/colimits).

Proposition 3.7.8. Let X be a model category in which (strict) pushouts of sections along sections and

(strict) pushouts of sections along retractions are homotopy pushouts. Let Y be a complete and cocomplete

category. We will consider it as a model category with trivial model structure. Let F : X→ Y be an 1-excisive

functor. If dim is a categorical dimension on Y, then the assignment dim ◦F that sends and object X of X

to dim(F (X)) is a categorical dimension on Xop.

Proof. The pullbacks of Definition 3.2.2 in Xop are pushouts in X and by assumption they are also homotopy

pushouts. Since F is excisive, it sends them to pullbacks in Y. The dimension formula for dim now implies

the dimension formula for dim ◦F .

Remark 3.7.9. It may be possible to define a homotopy categorical dimension using homotopy lim-

its/colimits in place of the strict limits/colimits of Definition 3.2.2. This homotopy dimension would be

preserved (analogously to Proposition 3.7.8) by any excisive functors between any model categories, without

the requirement that homotopy limits/colimits and strict limits/colimits coincide.

Given some higher tangent structure, like in [6], where the pullbacks of the tangent structure are replaced

by homotopy pullbacks, this homotopy dimension should give rise to results analogous to Theorems 3.2.7,

3.2.8, 3.2.7 and 3.2.8.

Remark 3.7.10. Desired Property (d) (embeddings to inequalities) of Remark 3.2.1 does not hold for the

Betti numbers as dimensions on CWop. There are monomorphisms A ↪→ A′ in CWop (i.e. epimorphisms

A′ → A in CW) such that Bn(A) > Bn(A
′). One example of this is the map

[0, 1] = I → S1 = {eix} ⊂ C , x 7→ e3πx.

Since it winds more than once around the circle it is surjective and thus an epimorphism and B1(I) = 0 and

B1(S
1) = 1.

However, if we only consider sections A ↪→ A′ in CWop (i.e. retractions in CW), Property (d) (embed-

dings to inequalities) follows from functoriality of homology. In the future, we hope this insight can help us

refine the definition of dimension into a functorial and universal construction.
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3.8 Concluding remarks

The goal of this notion of dimension is not to generalize many classical notions of dimensions (though it

generalizes at least some). The goal is to give an extra tool when searching for tangent structures on a given

category. In particular, if one has a categorical dimension in mind and wishes for it to be compatible with a

tangent structure (so that the categorical dimension becomes a strong dimension with respect to the tangent

structure), then one only needs to consider tangent bundle endofunctors which leave the dimension invariant

or for which the tangent bundle endofunctor doubles the dimensions. This can exclude many cases, thereby

offering another tool in constructing tangent structures.

Ideas for further examples

Across the literature there are many more notions of “sizes” of objects. For example the magnitude for

finite metric spaces and graphs, first introduced by Andrew Solow and Stephen Polasky in [84] and further

elaborated by Tom Leinster in [62] has some promising properties that suggests it may be a dimension. In

particular it is additive under coproducts which are a special case of pushouts, suggesting magnitude as a

dimension on the opposite category of finite metric spaces and graphs. Here would we use Definition 3.2.2

which would help to put constraints on possible tangent structures on finite metric spaces and graphs.

Additionally, in Section 3.7 we saw that from any generalized homology theory one obtains an infinite

family of dimensions. We suspect that similar results might holds for homologies of graphs and links. Finding

dimensions in such traditionally non-geometric areas will make it easier to find tangent structures in them

and obtain a geometric perspective to areas that are not traditionally considered as geometry.

Universal dimension

The notion of dimension in Definitions 3.2.2 and 3.2.5 is the notion of dimension tailored for the purpose of

understanding the universality of the vertical lift.

In Remark 3.2.1 we listed some desirable properties of dimension, some of which our notion of dimension

fulfills and some of which it does not fulfill. We hope that eventually we will discover a closely related notion

of dimension that is universal with respect to some list of desired properties similar to Remark 3.2.1, but

this list has not been determined here. Definition 3.2.2 does not fully characterize a dimension, as showcased

by the fact that there are multiple nontrivial dimensions on given categories. For example the cardinality

and the rank are both nontrivial dimensions on the category of abelian groups.

Desired Property (d) (embeddings to inequalities) of Remark 3.2.1 states that embeddings of sub-

manifolds are sent to inequalities of dimensions: IfM ′ ↪→M is a submanifold ofM , then dim(M ′) ≤ dim(M).
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While Remark 3.7.10 shows that for the Betti numbers not all monomorphisms give rise to inequalities, all

sections are sent to inequalities by all examples we gave.

We hope that this observation can motivate a future generalization of dimension which is not just an

assignment of objects, but actually a functor.

Relations to the tangent category literature

In [64], Leung classifies tangent structures on a category X in terms of functors from the category Weil of

Weil-Algebras into the endofunctors of X. The rank of the underlying N-module is not a categorical dimension

on Weil, even though it is very close to being a dimension. Since it is a module over a rig (semiring) without

negatives, Proposition 3.6.4 does not apply and not give a dimension. In the future we will see if the rank

can still be used to construct a nontrivial dimension on a category similar to Weil, where we also include

negatives. We will continue to investigate if there is a way to construct a nontrivial categorical dimension

for every Rosický tangent category (tangent category with negatives).

If we prove such a result for every Rosický tangent category, this will provide a tool to prove that

a certain category has only the trivial Rosický tangent structure by proving that there is no nontrivial

categorical dimension on it.

While we defined dimensions using retractions, in differential geometry any pullback along a submersion

fulfills desired Property (b) (additive w.r.t. pullbacks). In [32], Cruttwell and Lanfranchi prove that display

maps are a generalization of submersions in the setting of tangent categories. Thus, in order to gain a better

understanding of dimensions, it seems worthwhile to investigate the behaviour of categorical dimensions with

respect to pullbacks along display maps. In particular we would hope for a dimension formula for a pullback

along display maps, generalizing the result from classical differential geometry.
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Chapter 4

Differential bundles as functors from

free modules

Figure 4.1: Any differential bundle can be encoded as the image of the differential bundle N1 → N0 in the
prototypically linear category N• of N-modules. In this image, the cylinder S1×R is an example of a vector
bundle, the classical embodiment of differential bundles. 2

In this chapter we study differential bundles, the categorification of vector bundles. We will show that

differential bundles are closely related to modules over semirings by showing that all differential bundles are

induced by a functor from the category N• of modules over N preserving certain pullbacks. We will achieve

an equivalence between a category of differential bundles and a category of functors, thereby unifying the

axiomatic and the functor approach to tangent categories and enabling easier generalizations in tangent

infinity categories and homotopy theory.

This chapter is based on the preprint [82], with small corrections and without the background section of

tangent categories (since this background was already given in Chapter 2). Therefore, like in [82], we use

applicative composition order, i,e, we denote the composition of f : A→ B and g : B → C as g ◦f : A→ C.

2Figure created using GeoGebra 3D
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4.1 Introduction

In this chapter, we consider one particular geometric construction in tangent categories: differential bundles.

Differential bundles in tangent categories were first discovered by Cockett and Cruttwell in 2018 [29]. They

are a categorical generalization of vector bundles. Since many constructions in differential geometry are

given by vector bundles (e.g. tangent and cotangent vectors form a vector bundle, de Rham cohomology is

built from a vector bundle, and a Riemannian metric is a section of a certain vector bundle), these bundles

are a key component of many constructions that we want to generalize in tangent categories. As defined in

[29], a differential bundle is a pair of objects E,M in a tangent category together with a projection map

q : E →M satisfying certain axioms. In particular the fiber, expressed as a certain pullback, has an additive

structure that satisfies the conditions listed in Definition 2.3.1. A motivating example is the tangent bundle

T (M)→M given as the endofunctor part of any tangent structure.

However, the definition makes it difficult to characterize or classify differential bundles. Unlike other

algebraic theories such as internal monoids, the definition of a differential bundle is not given by functors

from a certain structure category. The goal of this chapter is to provide exactly this kind of characterization.

To search for a structure category which characterizes differential bundles, we considered the aforemen-

tioned characterization of tangent categories through the category of Weil algebras discovered by Leung

[64] and Garner [44]. This characterization utilizes actegories, a generalization of group-actions defined by

Benabou in 1967 in [8]. Instead of a group acting on a set, an actegory completely describes the action of a

monoidal category on another category. Leung and Garner showed that there is an equivalence between the

2-category of tangent categories and the 2-category of certain Weil algebra actegories. Later, Bauer, Burke

and Ching used this characterization of tangent categories via Weil algebra actegories to generalize tangent

categories into tangent infinity categories [6]. Importantly, they presented the structure of the subcategory

of differential objects in a tangent category (the objects with trivial tangent structure) using the category N•

of (free, finite-dimensional) N modules. This category, with a slight change, can also be used to characterize

differential bundles in tangent categories.

The category N• of N modules is a tangent category in which the tangent bundle of a N-module Nk is

just the product Nk × Nk and the tangent bundle projection is just the projection on the first component

π0 : Nk × Nk → Nk. The key property of the tangent category N• is that N1 → N0 is a differential bundle.

Since every object is a product of copies of N, this implies that for every object Nk, the map Nk → N0 is

part of a differential bundle. We will continue to see that N• encodes the structure of differential bundles

exactly.

In order to characterize differential bundles through functors, we define a special kind of functors preserv-
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ing differential structures, called differential functors. They are defined to be tangent functors that preserve

certain pullbacks with certain naturality conditions. We will have two flavors of them, lax and strong dif-

ferential functors, where the difference is that strong differential functors are also required to preserve the

terminal object.

Proposition 4.3.6 will then show that differential functors send differential objects (i.e. differential bundles

over a terminal object) to differential bundles. This will immediately give us that every differential functor

with domain N• induces a differential bundle in the target category.

Conversely, Proposition 4.4.9 constructs a differential functor from a differential bundle showing that every

differential bundle comes from a differential functor. Proposition 4.4.9 is the technical crux of this chap-

ter. This leads to Theorem 4.5.3, an equivalence of categories between differential bundles and differential

functors.

This new characterization of differential bundles provides 1-categorical context for Michael Ching’s and

Kaya Arro’s forthcoming work on differential bundles in tangent infinity categories and in particular on the

differential bundles arising in Goodwillie functor calculus. They use E∞, an infinity category analogue of

N•, to define a differential bundle in a tangent infinity category.

We also hope that this characterization of differential bundles will be useful in further developing the

connections between classical differential geometry and the theory of tangent categories. Since differential

bundles are the basic setup for connections [22], we hope we can use the alternate formulation of differential

bundles in this chapter to reformulate connections and gain insights into their structure. In particular, we

would like to examine the equivalence between horizontal and vertical connection in tangent categories in

[22], with an eye towards extending this result. Similarly, we hope to consider dynamical systems in tangent

categories using our characterization of differential bundles. Categorical dynamical systems were defined in

[74] and dynamical systems in tangent categories were defined in [23]. A key part of the structure in [23]

uses differential objects. We hope that our characterization of differential objects can be used to make the

relationship between [74] and [23] concrete. See Section 4.6 for further details.

Finally, we hope that this perspective on differential bundles can help to find a correspondence between

differential objects in a tangent category and its opposite.

Acknowledgements: I would like to thank Michael Ching for suggesting the main idea of this chapter.

I would also like to thank Robin Cockett for going through the proofs in detail, finding the gaps and helping

to fill them. Special thanks go to my supervisor Kristine Bauer for her support, discussing all the key proofs

on the board in her office as well as for her support in structuring and communicating the result.
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4.2 Characterizing Tangent categories as Weil-actegories

As presented in Definition 2.2.4, tangent categories are an axiomatization of manifolds, tangent bundles, and

smooth maps. However, there is an alternative approach to tangent categories using actegories which was

first developed by Garner and Leung in [44] and [64]. Garner and Leung noticed that the morphisms used

in the axioms from Definition 2.2.4 correspond to morphisms in a certain category Weil which are essential

to the defining characteristics of Weil. Tangent categories can be equivalently defined using the action of

Weil on the desired tangent category.

In Section 4.2.1, we will begin by recalling what it means for a monoidal category M to act on another

category, making it an M-actegory. Then in Section 4.2.2, we will define the category Weil and will present

Leung-Garner’s alternative definition of a tangent category, in which tangent categories are characterized

as Weil-actegories. In this new characterization, one can also interpret the tangent functors and tangent

transformations of Definitions 2.2.14 and 2.2.17 in terms of Weil-linear functors and Weil-linear natural

transformations, which are the functors and natural transformations which preserve the action of Weil.

Garner shows that there is a 2-equivalence of the 2-category of tangent categories, strong tangent functors

and linear tangent transformations and the 2-category of Weil-acteogires, (strong) Weil-linear fuctors and

Weil-linear natural transformations. In the final result of this section, we adapt Garner’s argument to obtain

similar equivalences for the 2-categories with lax tangent functors and tangent transformations which are

not necessarily linear.

4.2.1 Actegories

We use actegories as a tool to encode tangent categories, tangent functors and tangent transformations.

Here in Section 4.2.1 we define actegories and establish some basic properties. In Section 4.2.2 we will use

actegories to characterize tangent categories.

Here we use the definition of monoidal categories as in [79, Appendix E2]. A monoidal category (A,⊗, I)

has a monoidal product ⊗ and unit I. A monoidal category also comes equipped with an associator, a, and

left and right unitors, l and r, respectively. These are natural transformations, and their components at

objects x, y, z in A will be denoted ax,y,z : (x ⊗ y) ⊗ z ∼= x ⊗ (y ⊗ z), lx : I ⊗ x ∼= x and rx : x ⊗ I ∼= x.

When we want to emphasize these natural transformations, we denote the monoidal category structure by

(A,⊗, I, a, l, r). The notation A⊗ is shorthand for (A,⊗, I, a, l, r).

The following is an example of a monoidal category which is important for characterizing tangent cate-

gories.

Example 4.2.1. Given a category X, the category End(X) of endofunctors of X has a monoidal structure
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given by the composition of endofunctors as monoidal product and the identity functor as unit, denoted as

End(X)◦.

Monoidal functors from any monoidal category M⊗ into End(X)◦ describe M⊗ acting on X. These actions

are made precise below in the notion of an actegory. Actegories were first defined more than 50 years ago

in [8]. We present an equivalent definition from [16], a more modern reference that provides more details.

While it is more common to denote the action by · or ⊗, we use T for it to resemble the tangent bundle

endofunctor T .

Definition 4.2.2. [16, Definition 3.1.1] Let M⊗ = (M,⊗, I, a, l, r) be a monoidal category with symmetric

monoidal product ⊗ and unit I. A (left) M⊗-actegory X (or left M-action) is a category X equipped with

a functor

T• : M× X→ X

and two natural isomorphisms with components at X ∈ Obj(X) and m,n ∈ Obj(M)

ηX : X ∼= T•(I,X), µX : T•(X,T•(m,n)) ∼= T•(X ⊗m,n),

respectively called unitor and multiplicator, satisfying coherence laws expressed as the following commu-

tative diagrams:

T•(m,T•(n, T•(p,X))) T•(m⊗ n, T•(p,X))

T•(m,T•(n⊗ p,X)) T•((m⊗ n)⊗ p,X)

T•(m⊗ (n⊗ p), X)

µm,n,T•(p,X)

T•(am,n,p,1X)

µm⊗n,p,XT•(1m,µn,p,X)

µm,n⊗p,X

T•(I, T•(m,X)) T•(I ⊗m,X)) T•(m,T•(I,X)) T•(m⊗ I,X)

T•(m,X) T•(m,X)

ηT•(m,X) T•(lm,1X)

µI,m,X µm,I,X

T•(rm,1X)T•(1m,ηX)

where am,n,p, lm and rm are the natural isomorphisms encoding associativity, left-unitality, and right-unitality

of M.

Any monoidal category M⊗ is an actegory over itself with the functor T• : M ×M → M given by the

monoidal product, T (M,N) =M ⊗N . In particular this makes Weil into a Weil⊗-actegory.

Remark 4.2.3. For a given object m ∈ M0, we sometimes denote T•(m,−) : X → X as Tm : X → X and

thus T•(m,X) as Tm(X).
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Functors between M -actegories should preserve the actegory structure. There are two main ways of

defining these functors, depending on whether the action must be preserved up to natural isomorphism

or up to natural transformation. In the latter case, there is also a choice of which direction the natural

transformation should go. These choices are all encoded in the following definition.

Definition 4.2.4. [16, Definition 3.3.2] Let (X, T•, η, µ) and (X′, T ′
•, η

′, µ′) be left M-actegories. A lax

M-linear functor (F, α) between them is a functor F : X→ X′ equipped with a natural transformation

α : T ′
• ◦ (1M × F )⇒ F ◦ T•,

i.e. a natural collection of maps αm,x : T ′
•(m,F (x)) → F (T•(m,x)) for x ∈ Obj(X),m ∈ Obj(M), called

lineator satisfying the following coherence laws for all m,n ∈ Obj(M) and x ∈ Obj(X):

T ′
•(m,T

′
•(n, F (x))) T ′

•(m,F (T•(n, x)))

T ′
•(m⊗ n, F (x)) F (T•(m,T•(n, x)))

F (T•(m⊗ n, x))

T ′
•(m,αn,x)

µ′
m,n,F (x)

αm,T•(n,x)

F (µm,n,x)αm⊗n,x

T ′
•(IM, F (X)) F (T•(IM, X))

F (X)

αIM,X

η′F (X)
F (ηX)

We call (F, α) a strong M-linear functor, if α is a natural isomorphism. An oplax M-linear functor

(F, α) is a lax M-linear functor (F, α) : Xop → X′op, i.e. a functor F : X→ X′ with a lineator α : F ◦ T• ⇒

T ′
• ◦ (1M × F ).

Having defined actegories and functors between actegories, we will continue defining natural transforma-

tions between actegories, that will have a special linearity condition. Unlike [16] we will not always require

this linearity condition and call the natural transformation linear if it fulfills the condition.

Definition 4.2.5. [16, Definition 3.3.9] Let (F, α) and (F ′, α′) be M-linear functors between the M-actegories

(X, T•, η, µ) and (X′, T ′
•, η

′, µ′).

(a) A M-natural transformation between (F, α) and (F ′, α′) is simply a natural transformation φ : F ⇒

F ′ of underlying functors.
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(b) It is called a linear M-natural transformation if in addition the diagram

T•(m,F (X)) T•(m,F
′(X))

F (T•(m,X)) F ′(T•(m,X))

αm,X

φ(T•(m,X))

α′
m,X

T•(1m,φ)

(4.1)

commutes.

Example 4.2.6. Let FinSet be the category of finite sets and Top be the category of topological spaces. With

the Cartesian product as monoidal product and the one point space ∗ = {0} as the monoidal unit, FinSet is

made into a monoidal category FinSet×. We will now define two actions making Top into a FinSet-actegory:

1. The functor

T0 : FinSet× Top→ Top, (A,X) 7→ Disc(A)×X

where Disc sends the set A to the topological space that is A with the discrete topology. The pair

(Top, T0) is a Set-actegory because the Cartesian product of sets with the discrete topology is the product

of discrete topological spaces, the Cartesian product is associative and the one point set with the discrete

topology is the one point space ∗ fulfilling ∗ ×X ∼= X.

2. The projection functor

T1 : FinSet× Top→ Top, (A,X) 7→ X

also is trivially an actegory. All the coherence-morphisms become identities.

Now the pair (1Top, π1), comprised of the identity functor 1Top : Top → Top of topological spaces together

with the natural transformation π1 : T0(A,X) = Disc(A) × X ⇒ X = T1(A,X) as lineator, is an oplax

Set-linear functor.

4.2.2 Tangent structures and Weil algebras

In [64], Leung presented an alternative characterization of tangent categories which was inspired by synthetic

differential geometry (SDG). The characterization uses a monoidal category Weil whose objects are certain

commutative algebras over the monoid N (see Definition 4.2.7). Importantly, the category Weil contains the

dual numbers, i.e. the algebra N[x]/⟨x2⟩. In SDG, the dual numbers play the role of an infinitesimal which

represents tangent lines. Leung uses this idea to recast tangent categories: from a strong monoidal functor

from Weil to End◦(X), one obtains a functor T : X → X as the image of the dual numbers. The natural

transformations p, 0,+, ℓ, c of Definition 2.2.4 the images of certain maps p, 0,+, ℓ, c, which are intentionally
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given the same names. The functor T together with these natural transformations fulfill Definition 2.2.4.

Leung’s result is summarized as Theorem 4.2.11.

In [44], Garner extended this result to show that there is a 2-equivalence between a 2-category of Weil

algebras and a 2-category of tangent categories. That is, the equivalence extends to include strong tangent

functors between tangent categories and linear tangent transformations between tangent functors. This

result is summarized in Theorem 4.2.17. In Garner’s equivalence, strong tangent functors correspond to

strong Weil-linear functors, and linear tangent transformations correspond to linear transformations. The

goal of this section is to generalize this result to 2-categories of tangent categories with lax tangent functors

and general tangent transformations. Our strategy for proving this will be to modify Garner’s proof of

Theorem 4.2.17. For this reason, in this section we review Weil algebras, Leung’s correspondence, Garner’s

2-equivalence and the proof with modifications as needed.

We start by revisiting Example 2.2.12.

Definition 4.2.7. [64, Remark 3.18] Weil algebras are commutative algebras that are of the form

N[x1, ..., xn]/ < xixj |i ∼ j >

for some equivalence relation ∼. A morphism of Weil algebras is an N-linear semi-ring homomorphism that

preserves the unit. The category Weil consists of Weil algebras and morphisms of Weil algebras.

In [64], Leung only asks for the relation ∼ to be reflexive and symmetric. He denotes the subcategory

where ∼ is transitive as Weil1. Thus our category Weil is what Leung calls Weil1.

Remark 4.2.8. Every object of Weil is generated by the dual numbers, W = N[x]/⟨x2⟩. The category Weil

has all finite coproducts and certain products. The coproduct is the tensor product W ⊗W , given by

W ⊗W = N[x, y]/ < x2, y2 > .

The product, W ×W is explicitly:

W ×W = N[x, y]/ < x2, y2, xy > .

Note that the coproduct W ⊗W contains an element xy. However, the product W 2 = W ×W does not

contain xy. It is possible to use the explicit formulae for W ⊗W and W ×W to express coproducts and

products in Weil.
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Every Weil Algebra A can be written uniquely as

A =Wn1 ⊗ ...⊗Wnk

In fact, in [64, Definition 4.2], Leung uses this characterization to define the category Weil which he calls

Weil1. Later, after Proposition 6.6 he remarks that the objects of Weil are described by a relation ∼ that

corresponds to a disjoint union of full graphs, to an equivalence relation in our perspective.

Remark 4.2.9. There are certain maps in Weil that behave like the natural transformations used in Def-

inition 2.2.4. For this reason, we use the same notation to denote these maps in Weil as the natural

transformations in a tangent category. Theorem 4.2.11 makes it clear that this ambiguity is justified. The

maps in question are:

p :W → N ax+ b 7→ b

+ :W ×W 7→W ax1 + bx2 + c 7→ (a+ b)x+ c

0 : N 7→W a 7→ 0 · x+ a

c : W ⊗W →W ⊗W ax1x2 + bx1 + cx2 + d 7→ ax1x2 + cx1 + bx2 + d

ℓ :W →W ⊗W ax+ b 7→ ax1x2 + b

An immediate result of the observation that these maps behave like the tangent transformations is that

Weil itself is a tangent category using this structure. This is the content of the next Theorem.

Theorem 4.2.10. [64, Proposition 4.1] The (endo)functor

W ⊗ : Weil→Weil

is the tangent functor of a tangent structure on Weil.

The category End(X) of endofunctors of a category X has a monoidal structure, given by the composition

of endofunctors. The category Weil has a monoidal structure, given by the coproduct ⊗.

A strong monoidal functor is a functor F : X⊗ → X′⊗ between monoidal categories together with natural

isomorphisms

µ : F (−⊗−) ∼= F (−)⊗ F (−) and η : F (IX) ∼= I ′X

fulfilling some compatibility properties that are explained in [51, Definition 1.27]. Using these monoidal

structures, we can now present the anticipated characterization of tangent structures by Leung.

86



Theorem 4.2.11. [64, Theorem 14.1] Giving a tangent structure (T, p, 0,+, ℓ, c) on X is equivalent to giving

a strong monoidal functor T̃ : Weil⊗ → End◦(X) satisfying the following two conditions:

1. The diagrams of the form

A⊗ (B × C) A⊗B

A⊗ C A

1A⊗πC 1A⊗ϵB

1A⊗ϵC

1A⊗πB

⌟ .

are pullbacks in Weil and T̃ preserves them.

2. The diagrams of the form

W ×W W ⊗W

N W

ν

ev0

⌟
1W⊗p

0

where ν is a shorthand for (1W ⊗+) ◦ (ℓ× (0W ⊗ 1W )), are pullbacks in Weil and T̃ preserves them.

The tangent bundle endofunctor T is obtained from T̃ by setting T = T̃ (W ), the natural transformations

p, 0,+, ℓ, c in X are the images T̃ (p), T̃ (0), T̃ (+), T̃ (ℓ), T̃ (c) of the morphisms in Weil with the same name.

We will call the pullbacks of Theorem 4.2.11 the tangent pullbacks.3 That the functor is monoidal

means in particular that it sends the coproduct of algebras in Weil to the composition of functors.

Remark 4.2.12. As a convention, we denote a tangent bundle endofunctor like in Definition 2.2.4 as

T : X→ X (without decoration) and the corresponding Weil-action as T• : Weil→ End(X) (with an • in the

index). We use the same notation for the corresponding functor T• : Weil× X→ X.

Remark 4.2.13. As a special case of the correspondence in Theorem 4.2.11, the monoidal category Weil

acts on itself by the tensor product. This monoidal functor Weil→ End(Weil) encodes the tangent structure

of Theorem 4.2.10.

In order to make the correspondence between Weil-actegories and tangent categories more precise we use

the language of 2-categories. For convenience, we review the main structures of 2-categories here - these

will be required when we review Garner’s proof of Theorem 4.2.17. For a full definition which includes the

precise formulation of the associativity and unitality properties, see [79, Definition 1.7.8], [68, Chapter VII],

or [55, Proposition 2.3.4]. A 2-category consists of objects and for each pair of objects A,B a hom-category

Hom(A,B) with a unit 1A ∈ Hom(A,A) and a composition bifunctor (i.e. functor originating in a product

of categories) ◦ : Hom(B,C)×Hom(A,B)→ Hom(A,C). The objects of Hom(A,B) are called morphisms4,

3In [64], the diagrams in Theorem 4.2.11.1 are called foundational pullbacks. Here we have used the terminology tangent
pullbacks in order to include the pullbacks in the second part of the theorem.

4In the literature they are often called 1-morphisms

87



the morphisms of Hom(A,B) are called 2-morphisms. The 2-morhpisms can be composed in two ways. Given

morphisms f, g, h : A→ B and 2-morphisms α : f ⇒ g and β : g ⇒ h, their vertical composition β∗α : f ⇒ h

is the composition in the category Hom(A,B). Given morphisms f1, f2 : A → B and g1, g2 : B → C and

2-morphisms γ : f1 ⇒ f2, δ : g1 ⇒ g2, their horizontal composition δ ◦ γ : g1 ◦ f1 ⇒ g2 ◦ f2 is the application

of the bifunctor ◦.

Both compositions are strictly associative and unital. We denote the names of 2-categories with all

capitals in simplified font. For example the 2-category of categories, functors and natural transformations

we denote as CAT.

A 2-functor F : X → X′ between 2-categories X and X′ is an assignment that sends objects to objects

together with functors that send the hom-categories of X to the hom-categories of X′ in a way that preserves

compositions and units strictly. Thus it assigns morphisms to morphisms and 2-morphisms to 2-morphisms.

For composable morphisms f and g, a 2-functor F fulfills F (f ◦ g) = F (f) ◦ F (g) and F (1) = 1 (strict

preservation of composition and unit). Since F is a functor of hom-categories it also preserves vertical

composition of 2-morphisms, i.e. for α : f ⇒ g and β : g ⇒ h F (β ∗α) = F (β)∗F (α). The precise definition

can be found in [55, Definition 4.1.2].

A 2-natural transformation between 2-functors F,G : X → X′ is a collection of morphisms φX :

F (X)→ G(X) in X′ for all objects X of X such that for every morphism f : X → X ′ of X the diagram

F (X) F (X ′)

G(X) G(X ′)

G(f)

φX φX′

G(f)

strictly commutes. The notions of 2-functors and 2-natural transformations are completely analogous to the

classical notions of functors and natural transformations in 1-categories.

Definition 4.2.14. [55, Definition 6.2.10] A 2-equivalence is a 2-functor F : X → X′, together with a

2-functor G : X′ → X and 2-natural isomorphisms

1X′ ∼= F ◦G 1X ∼= G ◦ F.

The Whitehead Theorem for 2-categories [55, Theorem 7.5.8] states that a 2-functor F : X → X′ is a

2-equivalence if and only if it is

• essentially surjective, i.e. surjective on isomorphism-classes of objects,

• fully faithful on morphisms, i.e. bijective on morphisms, and
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• fully faithful on 2-morphisms, i.e. bijective on 2-morphisms.

We will use the language of 2-equivalences to describe the correspondence between various 2-categories

of tangent categories and Weil-actegories. These 2-categories are our most important examples.

Example 4.2.15 (The 2-category of tangent categories).

1. Let TANGlin
strong denote the 2-category with

• tangent categories as in Definition 2.2.4 as objects,

• strong tangent functors as in Definition 2.2.14 as morphisms, and

• linear tangent transformations as in Definition 2.2.17 as 2-morphisms.

The 2-category TANGlin
strong is the 2-category used in Theorem 4.2.17.

2. Let TANGlax denote the 2-category of tangent categories, lax tangent functors as in Definition 2.2.14

and tangent transformations. The other 2-categories in this example are sub 2-categories of this one.

3. Let TANGstrong denote 2-category of tangent categories, strong tangent functors and tangent transfor-

mations as in Definition 2.2.17.

4. Let TANGlin
lax denote 2-category of tangent categories, lax tangent functors and linear tangent transfor-

mations.

These are the four choices that arise when considering all combinations of morphisms and transformations

from Definitions 2.2.14 and 2.2.17. We need all four combinations because in the next sections, strong

functors will lead to differential objects and lax functors will lead to differential bundles. Differential objects

and bundles have respective notions of additive and linear morphisms which will correspond to tangent

transformations and linear tangent transformations.

In order to state the correspondence between tangent categories and Weil-actegories we also need to have

a 2-categorical description of Weil-actegories, which is explained in the following example.

Example 4.2.16. [44, Section 3]

1. Let Weil−ACTlin
strong denote the 2-category with

• Weil-actegories as in Definition 4.2.2 preserving the tangent pullbacks of Definition 2.2.4 (the

foundational pullbacks and the universality of the vertical lift) as objects,

• strong Weil-linear functors as in Definition 4.2.4 as morphisms, and

• linear Weil-natural transformations as in Definition 4.2.5 as 2-morphisms.
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2. Let Weil−ACToplax denote the 2-category of Weil-actegories preserving foundational pullbacks and the

universality of the vertical lift, oplax Weil-linear functors as in Definition 4.2.4 and Weil-natural trans-

formations. The other 2-categories in this example are sub 2-categories of this one.

3. Let Weil−ACTstrong denote the 2-category of Weil-actegories preserving foundational pullbacks and

the universality of the vertical lift, strong Weil-linear functors and Weil-natural transformations as in

Definition 4.2.5.

4. Let Weil−ACTlin
oplax denote the 2-category of Weil-actegories preserving foundational pullbacks and the

universality of the vertical lift, oplax Weil-linear functors and linear Weil-natural transformations.

For the 2-category TANGlin
strong, the following theorem, due to Garner [44], is useful, because it gives an

equivalence of categories. This extends the correspondence between objects given in Theorem 4.2.11.

Theorem 4.2.17. [44, Theorem 9] The 2-category TANGlin
strong is equivalent to Weil−ACTlin

strong,t.

In the following we want to consider lax functors and natural transformations because these will encode

differential bundles and additive morphisms between them. Therefore we will now do a slight generalization

of Theorem 4.2.17 with different choices for the morphisms and 2-morphisms.

Concretely, we will now extend Theorem 4.2.17 to TANGadd
strong, TANG

add
lax and TANGlin

lax.

Theorem 4.2.18. There are equivalences of 2-categories:

TANGlax ≃Weil−ACToplax

TANGlin
lax ≃Weil−ACTlin

oplax

TANGstrong ≃Weil−ACTstrong

Garner’s proof of Theorem 4.2.17 proceeds by showing that there is a 2-functor between TANGlin
strong

and Weil−ACTlin
strong which provides an essentially surjective correspondence between the objects and an

isomorphism between the hom categories. In the remaining cases (lax or non-linear), Garner’s proof will

still provide a good framework. The construction of the equivalence in this case works analogously with only

minor differences. However, the proof that there is a correspondence between 2-morphisms is significantly

simplified in the non-linear case: the correspondence becomes trivial because Diagram 4.1 in Definition 4.2.5

does not need to commute in the non-linear case.

We will show now that lax tangent functors and tangent transformations correspond exactly to lax Weil-

linear functors and natural transformations under 4.2.17. To prove this we use Garner’s correspondence from

[44, Theorem 9]. The following summary of Garner’s proof is included in order to provide enough detail so
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that we can change the functors and natural transformations in Theorem 4.2.18 and this change does not

impact the proof. We start with a useful lemma.

Lemma 4.2.19. Let (X, T•) and (X′, T ′
•) be objects of Weil−ACToplax and let F : X → X′ be a functor of

underlying categories. Let α̂, β̂ : F ◦ T• → T ′
• ◦ (1Weil × F ) be natural transformation fulfilling the lineator

conditions of Definition 4.2.4 that coincide on the dual numbers

α̂W = β̂W : F ◦ T•(W,−)⇒ T ′
•(W,−) ◦ F.

Then α̂ and β̂ coincide: α̂ = β̂.

Proof. Every object V of Weil is a coproduct of powers of the dual numbers, V = Wn1 ⊗ ... ⊗Wnk . Since

T• and T ′
• preserve foundational pullbacks and morphisms into pullbacks are uniquely determined by their

components, α̂W = β̂W implies α̂Wn = β̂Wn . For n = 0, αN = βN since the conditions of 4.2.4 fully determine

the lineator on the monoidal unit. Thus it only remains to show that the equality is also preserved for tensor

products of Weil algebras. For that let V and V ′ be objects of Weil such that α̂V = β̂V and α̂V ′ = β̂V ′ .

Then the pentagon condition from Definition 4.2.4 means that

F ◦ T•(V ⊗ V ′,−) F ◦ T•(V,−) ◦ T•(V ′,−)

T ′
•(V,−) ◦ F ◦ T•(V ′,−)

T ′
•(V ⊗ V ′,−) ◦ F T ′

•(V,−) ◦ T ′
•(V

′,−) ◦ F

∼=

α̂V ⊗V ′

α̂V ◦T ′
•(V

′,−)

T•(V,−)◦αV ′

∼=

commutes (and the same for β̂V⊗V ). Thus α̂V⊗V and β̂V⊗V are completely determined by their V and

V ′ components and therefore coincide. Since every object of Weil is a tensor product of powers of W this

implies that α̂ and β̂ coincide.

Proof (of Theorem 4.2.17). To prove Theorem 4.2.17, Garner explicitly constructs a 2-functor

E : TANGlin
strong →Weil−ACTlin

strong,t

and verifies that it is an equivalence. The components of E are defined as follows.

On objects, E must send a tangent category to a Weil-actegory. By Theorem 4.2.11, a tangent structure

on X is given by a functor

T : Weil→ End(X)
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The transpose of this functor is the functor associated to a Weil-actegory structure

T• : Weil× X→ X

where T•(A, x) = T (A)(x). Since T was monoidal, this is an actegory, and this defines E(X).

On morphisms, E must send a (strong) tangent functor (F, α) : (X, T ) → (X′, T ′) to a (strong) functor

of Weil-actegories (F̂ , α̂) : (X, T•) → (X′, T ′
•). Define F̂ = F : X → X′. The natural transformation

α̂ : F ◦ T• ⇒ T̂ ′ ◦ (1× F ) is defined more subtly using an intermediary category whose construction we now

review.

Let KF be the 1-category whose objects are triples (A,B, τ) with A ∈ End(X), B ∈ End(X′) and τ :

F ◦ A ⇒ B ◦ F a natural isomorphism. The morphisms (φ,ψ) : (A,B, τ) → (A′, B′, τ ′) of KF are pairs of

natural transformations φ : A ⇒ A′ and ψ : B ⇒ B′ satisfying τ ′ ∗ F (φ) = ψF ∗ τ . There is a tangent

structure on KF given by a tangent functor TKF
: KF → KF defined as follows:

TKF
(A,B, τ) := (T ◦A, T ′ ◦B, T ′(τ) ∗ α̂A)

and defined on morphisms using T and T ′ in a similar way. By Theorem 4.2.11 this induces a functor

H : Weil→ End(KF ). The first two components of TKF
are the precomposition with T or T ′ respectively, so

the first two components of H(V ) for any Weil algebra, V , are given by the precomposition with T• and T̂ ′.

In particular for the object (1X, 1X′ , 1F ) ∈ KF and a Weil algebra V , there exists a natural transformation

α̂V : F ◦ T•(V,−)⇒ T ′(V,−) ◦ (F × 1Weil) such that

H(V )(1X, 1X′ , 1F ) = (T•(V,−), T̂ ′(V,−), α̂V ).

For a morphism θ : V → V ′ in Weil, we have H(θ) = (T•(θ,−), T ′
•(θ,−)) such that α̂V ′ ∗ T•(θ,−) =

T ′
•(θ,−) ◦ α̂V Therefore, the natural transformation α̂V is natural in Weil. Thus, we have produced a

natural transformation α̂ : F ◦ T• → T ′
• ◦ (1 × F ). The functor E sends a tangent functor (F, αF ) to the

Weil-linear functor (F, α̂) so defined. This is an object of KF , thus α̂ is an isomorphism, which means that

strong tangent functors are sent to strong Weil-linear functors. One can prove that α̂ fulfills the lineator

conditions using that H is monoidal in order to expand H(V ⊗V ′)(1X, 1X′ , 1F ). The formula for the tangent

structure TKF
then forces the third component to be T ′

•(V, α̂V ′) ∗ α̂V proving that the lineator property in

Definition 4.2.4 holds.

To complete the definition of E, we must define E on 2-morphisms. For a 2-morphism φ : (F, α)⇒ (F ′, α′)

in TANlin
strong, we must construct a natural transformation F ⇒ F ′ fulfilling the linearity condition in Diagram
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4.1. We choose E(φ) := φ as the natural transformation. Garner indicates that a construction similar to

the morphism argument using the auxiliary category KF can be used to show that the linearity of φ in the

sense of Definition 2.2.17 implies linearity of E(φ) = φ in the sense of Definition 4.2.5. In order to point out

the modifications needed for the proof of Theorem 4.2.18, we will make this analogy explicit. The analogue

to KF is an intermediary category Lφ, defined next.

Suppose φ : (F, α) → (F ′, α′) is a 2-morphism of TANGlin
lax, i.e. a linear tangent transformation. Then

we define the 1-category Lφ whose objects are triples (V, a, b), where V ∈ Obj(Weil) is a Weil algebra,

a : F ◦ T•(V,−)⇒ T̂ ′(V,−) ◦ F and b : F ′ ◦ T•(V,−)⇒ T ′
•(V,−) ◦ F ′ are natural transformations such that

F ◦ T•(V,−) T̂ ′(V,−) ◦ F

F ′ ◦ T•(V,−) T̂ ′(V,−) ◦ F ′

T̂ ′(V,−)◦φφ

b

a

commmutes. A morphism (V, a, b)→ (V ′, a′, b′) of Lφ is a Weil-morphism γ : V → V ′ such that the diagrams

F ◦ T•(V,−) T̂ ′(V,−) ◦ F F ′ ◦ T•(V,−) T̂ ′(V,−) ◦ F ′

F ◦ T•(V ′,−) T̂ ′(V ′,−) ◦ F F ′ ◦ T•(V ′,−) T̂ ′(V ′,−) ◦ F ′

a

a′

F◦T•(γ,−) T̂ ′(γ,−)◦F T̂ ′(γ,−)◦F ′
T̂ ′(γ,−)◦F ′

b′

b

commute.

Given objects (V, a, b) and (V ′, a′, b′) of Lφ such that the product V × V ′ exists in Weil, the diagram

(V × V ′, a×1F a
′, b×1F ′ b

′) (V ′, a′, b′)

(V, a, b) (N, 1F , 1F ′)

π1

π0 !

!

⌟ (4.2)

is a pullback in Lφ. The tuple (V × V ′, a×1F a
′, b×1F ′ b

′) is a well-defined object of Lφ because T• and T ′
•

preserve foundational pullbacks and therefore

F ◦ T•(V × V ′,−) = F ◦ T•(V,−)× F ◦ T•(V ′,−) and T ′
•(V × V ′,−) ◦ F = T ′

•(V,−)× F ◦ T ′
•(V

′,−) ◦ F.

Diagram 4.2 is a diagram in Lφ because a×1F a
′ and b×1F ′ b

′ are compatible with the projection maps π0 and

π1. The diagram fulfills the universal property because any induced map into (V × V ′) is component-wise

compatible with a, a′, b and b′ and thus compatible with a× a′ and b× b′.

There is a tangent structure on Lφ whose tangent functor, T : Lφ → Lφ, is defined by tensoring with the
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dual numbers W :

T (V, a, b) = (W ⊗ V, T ′(a) ◦ α, T ′(b) ◦ α′).

Here T ′(a) ◦ α is shorthand for the composite

F ◦ T•(W ⊗ V,−)
∼=−→ F ◦ T ◦ T•(V,−)

α−→ T ′ ◦ F ◦ T•(V,−)
T ′(a)−−−→ T ′ ◦ T̂ ′(V,−) ◦ F

∼=−→ T̂ ′(W ⊗ V,−) ◦ F,

which includes the identification T•(W,−) with T as in Remark 4.2.12. We define T ′(b)◦α′ in the same way.

The square

F ◦ T ◦ T•(V,−) T ◦ F ◦ T•(V,−) T ◦ T•(V,−) ◦ F

F ′ ◦ T ◦ T•(V,−) T ◦ F ′ ◦ T•(V,−) T ◦ T•(V,−) ◦ F ′

α T (a)

α′ T (b)

φ T (φ) T (T•(1V ,φ))

commutes because φ : (F, α)→ (F ′, α′) is a linear natural transformation (left square commutes) and (V, a, b)

is an object of Lφ (right square commutes).

In the proof of [44, Theorem 9], Garner states that the projection from KF to End(X) preserves the

tangent structure. Analogously, here the projection Lφ → Weil preserves the tangent structure which is

given by the tensor product with Weil algebras. This means that all foundational pullbacks in Lφ are

pullbacks in the Weil-component. The reason for this is that, when combining the pullback diagram of 4.2

with the monoidal structure of Weil, foundational pullbacks in Weil remain pullbacks in Lφ when taking the

tensor product with a constant object.

Since Lφ is a tangent category Theorem 4.2.11 gives us a functor Gφ : Weil → End(Lφ) which we

sometimes also denote as Gφ : Weil × Lφ → Lφ. Since Gφ preserves foundational pullbacks, the first

component of Gφ(W
n, (V, a, b)) will beWn⊗V . Since Gφ : Weil→ End(Lφ) is monoidal and every object of

Weil is a tensor product of powers of the dual numbers W , for any Weil-algebras V, V ′, the first component

of Gφ(V, (V
′, a, b)) will be V ⊗ V ′. Let

Gφ(V, (N, 1F , 1F ′)) = (V, α̃V , α̃
′
V )

Then α̃V : F ◦ T•(V,−)⇒ T ′
•(V,−) ◦F and α̃′

V : F ′ ◦ T•(V,−)⇒ T ′
•(V,−) ◦F ′ are natural in V because Gφ

is a functor. In order to show that α̃ and α̃′ fulfill the lineator condition of Definition 4.2.4 we can expand

Gφ(V ⊗V ′, (N, 1F , 1F ′)) using monoidality into Gφ(V,Gφ(V
′, (N, 1F , 1F ′))) = Gφ(V, (V

′, α̃V ′ , α̃′
V ′)) and the

tangent structure T on Lφ together with the fact that every object of Weil is built from W then shows that

(V ⊗ V ′, α̃V⊗V ′ , α̃′
V⊗V ′) = Gφ(V ⊗ V ′, (N, 1F , 1F ′)) = (V ⊗ V ′, T ′

•(V, α̃V ′) ∗ α̃V , T ′
•(V, α̃

′
V ′) ∗ α̃′

V )
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proving the lineator property of Definition 4.2.4.

Since

Gφ(W, (N, 1F , 1F ′)) = (W ⊗ N, T ′(1F ) ◦ α, T ′(1F ′) ◦ α′) = (W,α, α′),

the components α̂W = α = α̃W and α̂′
W = α′ = α̃′

W . Thus Lemma 4.2.19 shows that for any Weil-algebra

V , α̂V = α̃V and α̂′
V = α̃′

V .

Therefore

Gφ(V, (N, 1F , 1F ′)) = (V, α̂V , α̂
′
V ),

is an object of Lφ which implies that the diagram

F ◦ T•(V,−) T̂ ′(V,−) ◦ F

F ′ ◦ T•(V,−) T̂ ′(V,−) ◦ F ′

T̂ ′(V,−)◦φφ

α̂′

α̂

commutes. Thus φ is a linear natural transformation of actegories, so we may define E(φ) = φ.

Garner’s proof concludes by showing that E is essentially surjective on objects and fully faithful on

morphisms and 2-morphisms.

It is essentially surjective on objects because of Theorem 4.2.11.

It is full on morphisms because for any strong Weil-linear functor (F, α̂), the W -component (F, α̂W ) is a

strong tangent functor such that E(F, α̂W ) = (F, α̂).

It is faithful on morphisms because E(F, α) = (F, α̂) where α̂W = α. Thus, two different strong tangent

functors (F, α) and (F ′, α′) will be sent to two Weil-linear functors (F, α̂) and (F ′, α̂′) which are different

because the W component of α̂ is α and analogous for α̂′.

It is full on 2-morphisms because the W component of the linearity condition of a Weil-natural transfor-

mation implies the linearity condition of a tangent transformation.

It is faithful on 2-morphisms because the data of a 2-morphism in TANGlin
strong and in Weil−ACTlin

strong,t

coincide.

Proof (of Theorem 4.2.18). There are three cases to prove, and in each case we adapt Garner’s proof as

necessary to account for the differences between the 2-categories which are involved. We take each of them

in turn.
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Tangent Categories with lax functors and linear transformations In order to prove that TANGlin
lax
∼=

Weil−ACTlin
oplax, we need to relax the condition of strong morphisms to oplax morphisms. We need to define

a functor

E′ : TANGlin
lax →Weil−ACTlin

oplax

and show that E′ is essentially surjective on objects, fully faithful on morphisms and fully faithful on 2-

morphisms. Let (X, T ) be an object of TANGlin
lax. The functor E′ is defined on objects by letting E′(X)

be the Weil-actegory whose Weil action is given by the adjoint T• : Weil × X → X of the tangent functor

T : Weil → End(X), exactly as was the case for the functor E in the proof of Theorem 4.2.17. Like

in that proof, given a lax tangent functor (F, α) : (X, T ) → (X′, T ′) let K′
F , be the category of triples

(A ∈ End(X), B ∈ End(X′), τ : F ◦A⇒ B ◦ F ) with morphisms (φ,ψ) : (A,B, τ)→ (A′, B′, τ ′) of K′
F given

by pairs of natural transformations φ : A ⇒ A′ and ψ : B ⇒ B′ satisfying τ ′ ∗ F (φ) = ψF ∗ τ . The only

difference between KF and K′
F is that τ is not necessarily an isomorphism. The functor TK′

F
: K′

F → K′
F

given by

TK′
F
(A,B, τ) := (T ◦A, T ′ ◦B, T ′(τ) ◦ αA).

is a tangent bundle functor. This is because the only difference from the proof of Theorem 4.2.17 is that in

that proof, τ and α needed to be isomorphisms. Since this did not contribute to the tangent structure, the

same proof works in this case. This tangent structure gives rise to a monoidal functor H : Weil→ End(KF ),

and evaluation of this functor at the object (1X, 1X′ , 1F ) ∈ KF gives us, for each Weil algebra V ,

H(V )(1X, 1X′ , 1F ) = (T•(V,−), T̂ ′(V,−), α̂V )

where α̂V : F ◦T•(V,−)⇒ T ′(V,−) ◦ (F × 1Weil) is a natural transformation. The functor E′ sends (F, α) to

(F, α̂) so defined. Since α̂ is the third component of an object of K′
F , it is not required to be an isomorphism.

This means that lax tangent functors are sent to lax Weil-linear functors. The functor E′ is defined on

2-morphisms exactly like in the original proof (of Theorem 4.2.17).

The difference to the proof of Theorem 4.2.17 is that we don’t just allow strong Weil-linear functors

but also lax Weil-linear functors as morphisms in the target. Therefore every object in Weil−ACTlin
oplax is

still isomorphic to the image of an object of TANGlin
lax. (It even is isomorphic by a strong functor which in

particular is a lax functor). Thereby E′ is automatically essentially surjective on objects. It also is fully

faithful on 2-morphisms for the very same reasons as in the proof of 4.2.17.

Next we need to show that E′ is fully faithful on morphisms. So let X and X′ be tangent categories

and (F, α̂) : E(X) → E(X′) a map of the corresponding Weil-actegories. The maps α(W,−) constitute a
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natural transformation F (T•(W,−)) ⇒ T̂ ′F (−) which, since T•(W,−) ∼= T in both domain and codomain,

determines and is determined by one α : F ◦ T ⇒ T ′ ◦ F .

Tangent categories with strong functors In order to prove that TANGstrong
∼= Weil−ACTstrong,t, we

need to relax the condition of linear natural transformations to any natural transformations. We need to

define a functor

E′′ : TANGstrong →Weil−ACTstrong,t

and prove that it is essentially surjective on objects, fully faithful on morphisms and fully faithful on 2-

morphisms. On objects it is defined through the adjunction and on morphisms through the category KF ,

like E from the proof of Theorem 4.2.17.

The only substantial difference to the proof of Theorem 4.2.17 is on 2-morphisms. Since the transfor-

mations are not linear, we choose E′′(φ) = φ, but now we do not need to verify linearity. We defined E′′

to be the identity on 2-morphisms, thus E′′ is automatically fully faithful on 2-morphisms. It is essentially

surjective on objects and fully faithful on morphisms because on objects and morphisms it is the same as E

from the original proof (of Theorem 4.2.17).

Tangent categories with lax functors In order to prove that TANGlax
∼= Weil−ACToplax we need to

relax both conditions, the strong functors to lax functors and the linear natural transformations to general

natural transformations. We need to define a functor

E′′′ : TANGlax →Weil−ACToplax

and prove that it is essentially surjective on objects, fully faithful on morphisms and fully faithful on 2-

morphisms. We define E′′′ to be the same as E′ on objects and morphisms and the same as E′′ on 2-

morphisms. From the analogous results about E′ and E′ it now follows that E′′′ is essentially surjective,

fully faithful on morphisms and fully faithful on 2-morphisms.

Remark 4.2.20. Inspired by Theorem 4.2.18 we will from now on describe tangent categories through their

Weil-actegory structure (X, T• : Weil × X → X), lax/strong tangent functors through their corresponding

colax/strong Weil-linear functors and (linear) tangent transformations through their (linear) Weil-natural

transformations. When describing a tangent category through its Weil-actegory structure, we call it a tan-

gent actegory.
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Recall from Remark 4.2.3, that given a Weil algebra A we will denote the functor T•(A,−) : X → X

by TA. In addition, given a tangent actegory (X, T•) we say (E,M, q, ζ, σ, λ) is a differential object in the

Weil-actegory (X, T•) if it is a differential object in the corresponding tangent category (X, TW ).

4.2.3 The tangent actegory N•

In this section we will study the category N• from Definition 2.2.9 with the tangent structure (N•, D) defined

in Example 2.2.11. The tangent category N• is the universal tangent category with a differential object, in

the sense that it will classify differential bundles and differential objects in Theorem 4.5.3.

Due to Theorem 4.2.17 this tangent structure has a corresponding Weil-actegory structure via the functor

D• satisfying

D•(A,Nk) = A⊗ Nk,

where A is the underlying additive monoid of A. Under the correspondence of Theorem 4.2.17 this encodes

the tangent structure of Example 2.2.11, because

D•(W,Nk) =W ⊗ Nk ∼= Nk × Nk.

One can check that the images of the maps in Weil also provide the p, 0,+, ℓ and c from Example 2.2.11.

as well. Equivalently this can be seen as an example of Leung’s Theorem 4.2.11. The functor Weil →

Fun(N•,N•) is the adjoint of the tensor product sending the Weil algebra A to the endofunctor A⊗−.

However, the equivalences in Theorems 4.2.17 and 4.2.18 do not only provide a correspondence on objects.

They also give a correspondence on morphisms and 2-morphisms. We will showcase this correspondence for

the functor F : N• → SmMan from Example 2.2.15.

Example 4.2.21. The functor F : N• → Smooth from Example 2.2.15 that sends Nk to Rk can be seen as

a strong Weil-linear functor of actegories in the following way: The underlying functor is the functor from

Example 2.2.15. For the lineator we choose the identity:

α̂Wn1⊗...⊗Wnk ,Nm = 1 : F (D•(W
n1 ⊗ ...⊗Wnk ,Nm))→ T•(W

n1 ⊗ ...⊗Wnk , F (Nm)).

We can do this because the domain can be simplified into

F (D•(W
n1 ⊗ ...⊗Wnk ,Nm)) = F (Nm·(n1+1)·...·(nk+1)) = Rm·(n1+1)·...·(nk+1).
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The target can be simplified into

T•(W
n1 ⊗ ...⊗Wnk , F (Nm)) = T•(W

n1 ⊗ ...⊗Wnk ,Rm) = Rm·(n1+1)·...·(nk+1).

Since the domain and the target coincide, we can choose the lineator α̂ to be the identity.

This example is important since the main result of this chapter, the classification in Theorem 4.5.3, will

state that such functors exactly correspond to differential bundles.

Recall from Definition 2.2.9 that morphisms in N• from Nm to Nn are given by matrices with components

f = (fij)1≤i≤n,1≤j≤m where fij ∈ N for all i, j. Lemma 4.2.22 will now re-write the application of a matrix

as an iterated sum.

For this we use the additive bundle structure ζ : N0 → N1 and σ : N2 → N1 on N1 from Example 2.3.4.

Let σk : Nk → N1 be defined recursively by σ0 = ζ : N0 → N1 and σk = σ ◦ (1N × σk−1) : Nk → N1. Recall

that ∆k : N→ Nk is the diagonal.

Lemma 4.2.22. Let

f = (fij)1≤i≤n,1≤j≤m : Nm → Nn

be an arbitrary morphism in N•. Then f can be decomposed into components

f = ⟨f1, ..., fn⟩

with components fi : Nm → N that are given by composition

fi = σm ◦ ⟨σfi1 ◦∆fi1 ◦ π1, ..., σfim ◦∆fim ◦ πm⟩

Proof. This is just a way to formulate the application of a matrix f = (fij)1≤i≤n,1≤j≤m to a vector v

f(v)i =

m∑
j=1

fij · vj

using the addition from Example 2.3.4. We first replace the multiplication with scalars by a sum of constant

terms
m∑
j=1

fij · vj =
n∑
j=1

fij∑
r=1

vj
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and then replace the sums with σ to obtain

n∑
j=1

fij∑
r=1

vj = σm ◦ ⟨σfi1(v1, ..., v1), ..., σfim(vm, ..., vm)⟩

= σm ◦ ⟨σfi1 ◦∆fi1(v1), ..., σfim ◦∆fim(vn)⟩

= σm ◦ ⟨σfi1 ◦∆fi1 ◦ π1, ..., σfim ◦∆fim ◦ πn⟩(v).

4.3 Differential functors

This section introduces differential functors from a tangent actegory, (X, T•), to another, (X′, T ′
•). Like

a tangent functor, a differential functor will consist of a functor F : X → X′ together with a natural

transformation α̂ : F ◦ T ⇒ T ′ ◦ (1× F ), but F and α̂ will be required to preserve additional structure (as

in Definition 4.3.3). The key difference between differential functors and the tangent functors of Definition

2.2.14 or the Weil-linear functors of Definition 4.2.4 is that differential functors preserve differential bundles

(Definition 2.3.1) and bundle morphisms (Definition 2.3.5).

We construct a category of differential functors and differential natural transformations. In light of the

results of Section 4.2.1, we construct differential functors fromWeil-linear functors and we use Weil-actegories

in place of the tangent categories of Definition 2.2.4. In light of the Theorems 4.2.17 and 4.2.18 , we use

Weil-actegories as our model of tangent categories. Differential functors will be Weil-linear functors with

additional structure. We begin this section by providing a definition of what it means to be a differential

bundle in a Weil-actegory by defining it to be what corresponds to Definition 2.3.1 under the correspondence

of Theorem 4.2.18. In Section 3, we considered strong and lax Weil-linear morphisms as well as tangent

transformations and linear tangent transformations. This begs the question of what choices we should make

in defining both objects and morphisms of “the” category of differential functors. Instead of making a

single choice, we will define all four possible categories as sub-categories of the category of morphisms in the

2-category TANGlax and denote them DiffFun,DiffFunstrong,DiffFunlin and DiffFunstronglin .

Finally, we will establish the fact that both lax and strong differential functors send differential objects

to differential bundles in Proposition 4.3.5. Given a lax differential functor (F, α) : (X, T ) → (X′, T ′), we

define an evaluation functor Eval : DObj(X) × DiffFun(X,X′) → DBun(X′) which sends a functor F and

a differential object A to the bundle obtained by evaluating F at the object A over F (∗), where ∗ is the

terminal object of X. Analogous statements hold for DiffFunstrong,DiffFunlin and DiffFunstronglin .
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The fact that this assignment is functorial is established in Propopositions 4.3.5, 4.3.6, 4.3.7 and Theorem

4.3.10. Each of the four propositions is for one of the four different choices of categories of differential functors.

Its correspondence to the classical evaluation functor eval : X× Fun(X,X′)→ X′, which sends A,F to F (A),

makes the diagram

DObj(X)× DiffFun(X,X′) DBun(X′)

X× Fun(X,X′) X′

Eval

πE

eval

commute. Here the functor πE sends a differential bundle (E,M, q, ζ, σ, λ) to the total space of the bundle,

E.

There are variations of the functor Eval whose target is either DBun(X′) or DObj(X′), depending on

whether (F, α) is lax or strong. All the variations of Eval are lined up in Corollary 4.3.11.

Theorem 4.3.10 and Corollary 4.3.11 give us a way to produce new differential bundles in X′ out of

differential objects in X. We conclude this section with the Example 4.3.12 using the tangent category

(N•, T ) of Example 2.2.11. In subsequent sections, we will show that in fact every differential bundle in X is

obtained from N•.

We begin by identifying objects of a Weil-actegory which are differential objects in the corresponding

tangent category. The following definition makes this precise. Recall Definitions 2.3.1 and 2.3.5 for the

definition of a differential bunle in a tangent category.

Recall from Remark 4.2.3 that we denote the functor T•(A,−) : X→ X by TA.

Definition 4.3.1. Let (X, T• : Weil× X→ X) be a tangent actegory, and let A be a Weil algebra.

1. A tuple (E,M, q : E → M, ζ : M → E, σ : E2 → E, λ : E → TW (E)) is a Weil-differential bundle

in (X, T•) if it is a differential bundle in the sense of Definition 2.3.1 in the corresponding tangent

category (X, TW ). We will abbreviate (E,M, q, ζ, σ, λ) to (E,M) when the name of the structure maps

are not needed.

2. Given Weil-differential bundles (E,M) and (E′,M ′), a pair of morphisms f : E → E′, g :M →M ′ is a

Weil-differential bundle morphism if (f, g) is a differential bundle morphism in the corresponding

tangent category (X, TW ).

3. A Weil-differential bundle morphism is linear/additive if it is linear/additive in the corresponding

tangent category (X, TW ).

Let Weil−DBun(X), Weil−DBunadd(X) and Weil−DBunlin(X) be the categories of Weil-differential bundles
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with any, linear or additive morphisms. Denote Weil−DObj(X), Weil−DObjadd(X) and Weil−DObjlin(X)

the full subcategories of Weil-differential objects with any, linear or additive morphisms.

Lemma 4.3.2. Let (X, T•) be a tangent actegory with corresponding tangent category (X, TW ). There are

isomorphisms of categories

DBun(X, TW ) ∼= Weil−DBun(X, T•) , DObj(X, TW ) ∼= Weil−DObj(X, T•) ,

DBunadd(X, TW ) ∼= Weil−DBunadd(X, T ) , DObjadd(X, TW ) ∼= Weil−DObjadd(X, T•) ,

DBunlin(X, TW ) ∼= Weil−DBunlin(X, T•) , DObjlin(X, TW ) ∼= Weil−DObjlin(X, T•) ,

.

Proof. By Definition 4.3.1 there are functors in both directions that do not change the data of an object or

a morphism. The fact that these functors are inverse to one another is immediate.

Lemma 4.3.2 allows us to slightly abuse terminology by using the word “differential bundle” for objects

on both sides of the equivalence (using the conventions from Remarks 4.2.12 and 4.2.20). In particular we

will also use DBun(X, T•) to denote Weil−DBunadd(X, T ).

Definition 4.3.3 (Strong and lax differential functors). Suppose (X, T•) and (X′, T ′
•) are Weil-actegories

and suppose that that X has a terminal object ∗.

(a) A lax differential functor from (X, T•) to (X′, T ′
•) is an oplax Weil-linear functor, (F : X→ X′, α̂ :

F ◦ T• ⇒ T ′
• ◦ (1× F )), such that for all objects A of Weil,

(a) T ′
A ◦ F preserves pullbacks over the terminal object ∗, and

(b) α̂A,− is Cartesian, i.e. for each f ∈ HomX(X,Y ), the naturality diagram

F ◦ TA(X) T ′
A ◦ F (X)

F ◦ TA(Y ) T ′
A ◦ F (Y )

α̂A,X

F◦TA(f) T ′
A◦F (f)

α̂A,Y

⌟

for the natural transformation α̂A,− : F ◦ TA ⇒ T ′
A ◦ F is a pullback.

(b) A strong differential functor is a lax differential functor such that F (∗) is a terminal object in X′.

If the tangent bundle of the terminal object is terminal, T (∗) ∼= ∗ in both X and X′, a consequence of this

definition is that a strong differential functor is a strong Weil-linear functor, i.e. the natural transformation
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α is actually a natural isomorphism. Let 1X (resp. 1X′) denote the terminal object in X (resp. X′). The

reason a strong differential functor is a strong Weil-linear functor is that the naturality diagram of α with

respect to ! : X → 1X

F (TA(X)) T ′
A(F (X))

1X′ = F (TA(1X)) T ′
A(F (1X)) = 1X′

!!

α̂(A,X)

1∗

is a pullback and thus α̂(A,X) is an isomorphism.

Example 4.3.4. Let (SmMan, T ) be the tangent category of smooth manifolds with smooth maps. It was

defined in Example 2.2.7 using the axiomatic formulation of tangent categories in Definition 2.2.4. It can

be turned into a Weil-actegory using Theorem 4.2.18).

(a) Let (−)2 : SmMan → SmMan denote the squaring functor. For smooth manifolds M and N and a

smooth map f : M → N , this functor is defined as (−)2(M) = M2 = M ×M and (−)2(f) = f × f .

This functor, together with the canonical isomorphism α : T (M ×M) → T (M) × T (M), is a tangent

functor functor as in Definition 2.2.14. Under Theorem 4.2.18 it corresponds to a Weil-linear functor

(F, α̂) which is a strong differential functor.

(b) Let S1 ×− be the product with the circle functor. For smooth manifolds M and N and a smooth map

F :M → N , this functor is defined as (S1×−)(M) = S1×M and (S1×−)(f) = 1S1×f . This functor,

together with the map β := 0S1 × 1T (M) : S1 × T (M) → T (S1) × T (M) ∼= T (S1 ×M), is a tangent

functor and thus corresponds to a Weil-linear functor (F, β̂). It is a lax differential functor but not a

strong differential functor because it sends the terminal object (the one point space ∗) to S1 × ∗ ∼= S1

which is not terminal.

An important difference between these examples is that S1 × ∗ ≇ ∗ whereas ∗ × ∗ ∼= ∗. This showcases the

difference between a lax differential functor such as S1 ×− and a strong differential functor such as (−)2.

The main goal of this section is to construct an evaluation functor

Eval : DObjadd(X)× DiffFun(X,X′)→ DBunadd(X′)

in Theorem 4.3.10, that sends a differential object and a differential functor to a differential bundle. The

explicit definition of the category DiffFun is in Definition 4.3.8.

The next three propositions show (in order) that this assignment is well-defined on objects, that it is

well-defined on morphisms of DObj and that it is well-defined on morphisms of DBun.
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First we describe the assignment on objects. Recall notation convention for differential objects from

Remark 2.3.2.

Proposition 4.3.5. Let (X, T•) and (X′, T ′
•) be tangent actegories and let (F, α̂) : (X, T•) → (X′, T ′

•) be an

oplax Weil-linear functor. Let (X,σ, ζ, λ) be a differential object in X.

(a) If (F, α̂) is a lax differential functor, then then (F (X), F (1), F (!), F (σ), F (ζ), α̂X◦F (λ)) is a differential

bundle.

(b) If (F, α̂) is a strong differential functor, then then (F (X), F (1), F (!), F (σ), F (ζ), α̂X ◦ F (λ)) is a dif-

ferential object.

Proof. (a) Let (X, T, p, 0,+, ℓ) and (X′, T ′, p′, 0′,+′, ℓ′) be the tangent structures corresponding to the

tangent actegories (X, T•) and (X′, T ′
•). Denote α̂W by α : F ◦ T ⇒ T ′ ◦ F .

To prove the statement, we simply need to check that (F (X), F (1), F (!), F (σ), F (0), α̂X ◦F (λ)) satisfies

Definition 2.3.1 in the case where the tangent functor is given by T ′
W . Finite pullback powers of

F (!) : F (X) → F (∗) exist and the k-th pullback power equals F (Xk) and F = T ′
N ◦ F preserves

pullbacks over ∗ by Definition 4.3.3 . In order to show that these pullbacks are preserved by the n-th

power of the tangent functor T ′ = T ′
W we need to show that

T ′n(F (X2)) T ′n(F (X))

T ′n(F (X)) T ′n(F (∗))

⌟

is a pullback. This is the case as T ′n ◦ F = T ′
W⊗n ◦ F preserves pullbacks over the terminal object.

The remainder of Properties 1-4 in Definition 2.3.1 follows from functoriality. In order to show Property

5, we need to show that (α̂X ◦ F (λ), 0′) is an additive bundle morphism of type

(F (X), F (∗), F (!), F (σ), F (ζ))→ (T ′(F (X)), T ′(F (∗)), T ′(F (!)), T ′(F (σ)), T ′(F (ζ)))

and that (α̂X ◦ F (λ), F (ζ)) is an additive bundle morphism of type

(F (X), F (∗), F (!), F (σ), F (ζ))→ (T ′(F (X)), F (X), p′F (X),+
′
F (X), 0

′
F (X)).

This means we need to show that the three diagrams of Definition 2.2.3 commute for each of these

morphisms. Each of them will follow from functoriality of F , naturality of α, the commuting diagrams

in Definition 2.2.14 and Definition 2.3.1.
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To show that (α◦F (λ), 0′) preserves the projection, we must show that T ′F (!)◦(αX ◦F (λ) = 0X′ ◦F (!).

We proceed as follows:

T ′(F (!)) ◦ α ◦ F (λ) = α ◦ F (T (!)) ◦ F (λ)

= α ◦ F (0) ◦ F (!)

= 0′ ◦ F (!)

To show that (α ◦ F (λ), 0′) preserves the addition, we must show that T ′(F (σ)) ◦ (α ◦ F (λ))2 =

α ◦ F (λ) ◦ T ′(F (σ)). Remembering that for the differential object X, the projection q : X → 1 is the

unique morphism ! : X → 1 to the terminal object 1 , we proceed as follows:

T ′(F (σ)) ◦ ⟨α ◦ F (λ) ◦ π0, α ◦ F (λ) ◦ π1⟩ = α ◦ F (T (σ)) ◦ ⟨F (λ) ◦ π0, F (λ) ◦ π1⟩

= α ◦ F (T (σ) ◦ ⟨λ ◦ π0, λ ◦ π1⟩)

= α ◦ F (λ) ◦ F (σ)

To show that (α◦F (λ), 0′) preserves the zero section, we must show that T ′(F (ζ))◦0′ = α◦F (λ)◦F (ζ).

We proceed as follows:

T ′(F (ζX)) ◦ 0′ = T ′(F (ζX)) ◦ α ◦ F (0)

= α ◦ F (T (ζX)) ◦ F (0)

= α ◦ F (λX) ◦ F (ζX)

To show that the additive bundle morphism (α ◦ F (λ), F (ζ)) preserves the projection, we must show

that p ◦ α ◦ F (λ) = F (ζ) ◦ F (!). We proceed as follows:

p′ ◦ α ◦ F (λ) = F (p) ◦ F (λ)

= F (ζ) ◦ F (!)

To show that the additive bundle morphism (α ◦ F (λ), F (ζ)) preserves the addition, we must show
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that +′ ◦ (α ◦ F (λ))2 = α ◦ F (λ) ◦ F (σ). We proceed as follows:

+ ◦ ⟨α ◦ F (λ) ◦ π0, α ◦ F (λ) ◦ π1⟩ = α ◦ F (+) ◦ ⟨F (λ) ◦ π0, F (λ) ◦ π1⟩

= α ◦ F (+ ◦ ⟨λ ◦ π0, λ ◦ π1⟩)

= α ◦ F (λ) ◦ F (σ)

To show that the additive bundle morphism (α ◦F (λ), F (ζ)) preserves the zero section, we must show

that 0′ ◦F (ζ) = α◦F (λ)◦F (σ). We proceed as follows: The following equation shows that the additive

bundle morphism (λ, 0) preserves the zero section.

α ◦ F (λ) ◦ F (ζ) = α ◦ F (0) ◦ F (ζ)

= 0′F (X) ◦ F (ζ)

In order to show that the vertical lift α ◦F (λ) is compatible with ℓ′, we must show that T ′(α ◦F (λ)) ◦

α ◦ F (λ) = ℓ′ ◦ α ◦ F (λ). We proceed as follows:

T ′(α) ◦ T ′(F (λ)) ◦ α ◦ F (λ) = T ′(α) ◦ α ◦ F (T (λ)) ◦ F (λ)

= T ′(α) ◦ α ◦ F (ℓ) ◦ F (λ)

= ℓ′ ◦ α ◦ F (λ)

Since α ◦ F (0X) = 0F (X) (which is part of Definition 2.2.14 of a lax tangent functor) the map µ′ :

F (X2)→ T ′(F (X)) used in the universality of the vertical lift is

µ′ = T ′(F (σ)) ◦ ⟨α ◦ F (0X) ◦ π0, α ◦ F (λ) ◦ π1⟩ = α ◦ F (T (σ) ◦ ⟨0X , λ⟩) = α ◦ F (µ).

Thus, Diagram 2.2 of Definition 2.3.1, the universality diagram is

F (X2) F (T (X)) T ′(F (X))

F (∗) F (T (∗)) T ′(F (∗)).α

α

F (T (!)) T (F (!))
⌟

F (µX)

F (!)

F (0)

⌟

The left square is a pullback since F preserves pullbacks over the terminal object. The right square is

a pullback because it is the naturality square of α.

(b) By part (a) of this proof, F (X) → F (∗) is a differential bundle. Since F is a strong morphism,
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F (∗) = ∗′ and F (X) is a differential bundle over the terminal object which by Definition 2.3.1, is a

differential object.

Now we show that the evaluation of a differential functor sends additive morphisms of differential objects

to additive morphisms of differential bundles. This defines the evaluation functor of Theorem 4.3.10 on

morphisms in the first component.

Proposition 4.3.6. Let (F, α) : (X, T ) → (X′, T ′) be a differential functor, (A, ζ, σ, λ) and (B, ζ ′, σ′, λ′) be

differential objects in X and f : A→ B be an additive morphism of differential objects. Then

(F (f), 1F (∗)) : (F (A), F (∗), F (!), F (ζ), F (σ), α ◦ F (λ))→ (F (B), F (∗), F (!), F (ζ ′), F (σ′), α ◦ F (λ′))

is an additive morphism of differential bundles.

Proof. Due to Definition 2.3.5, showing that (F (f), 1F (∗)) is an additive morphism of differential bundles

amounts to showing that

F (A) F (B) F (A2) F (B2) F (∗) F (∗)

F (∗) F (∗) F (A) F (B) F (A) F (B)

F (f)

F (!) F (!)

F (f2)

F (σ) F (σ′)

1F (∗)

F (ζ) F (ζ)

1F (∗) F (f) F (f)

commute. They all commute by functoriality because they are images of the diagrams expressing that f was

a morphism of differential objects.

TheWeil-natural transformations from Definition 4.2.5 provide a notion of morphisms between differential

functors.

The following proposition shows that Weil-natural transformations between differential functors induce

additive morphisms of differential bundles and linear Weil-natural transformations between differential func-

tors induce linear morphisms of differential bundles. Thereby it shows that the evalutation functor of

Theorem 4.3.10 is well-defined on morphisms in the second component.

Proposition 4.3.7. Let (X, T ), (X′, T ′) be tangent categories and let (F, α), (F ′, α′) : (X, T ) → (X′, T ′) be

differential functors.

(a) If A is a differential object in X and φ : F ⇒ F ′ is a natural transformation of differential functors,

then the pair (φA, φ∗) consisting of φA : F (A)→ F ′(A) and φ∗ : F (∗)→ F ′(∗) is an additive morphism

of differential bundles.
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(b) If φ : F ⇒ F ′ is a linear natural transformation of differential functors, then the pair (φA, φ∗)

consisting of φA and φ∗ is a linear morphism of differential bundles.

Proof. (a) A morphism between differential functors is exactly a natural transformation φ : F ⇒ F ′. The

pair of maps (φA, φ∗) forms an additive morphism of differential bundles as in Definition 2.3.5 since

they commute with the images of σA, 0A and qA by naturality.

(b) In order to show that the morphism (φA, φ∗) of differential bundles is linear, we need to show that

TF (A) TF ′(A)

F (A) F ′(A)φA

T (φA)

αW ◦F (λ) α′
W ◦F ′(λ)

commutes. This diagram factors as

T (F (A)) T (F ′(A))

F (T (A)) F ′(T (A))

F (A) F ′(A)

φT (A)

T (φ(A))

F (λA) F ′(λA)

αW α′
W

φA

where the lower part commutes by naturality of φ and the upper part commutes if φ as linear.

The different flavors of functors and natural transformations in Propositions 4.3.5 and 4.3.7 define four

full subcategories of the hom-categories Hom(X,X′) in the four variants of Weil−ACT•
•,t.

Definition 4.3.8. Let (X, T•) and (X′, T ′
•) be tangent actegories.

(a) The category DiffFun(X,X′) has as objects lax differential functors from X to X′ and the morphisms

between them are Weil-natural transformations as in Definition 4.2.5.

(b) The category DiffFunstrong(X,X′) has as objects strong differential functors from X to X′ and the mor-

phisms between them are Weil-natural transformations.

(c) The category DiffFunlin(X,X′) has as objects lax differential functors from X to X′ and the morphisms

between them are linear Weil-natural transformations as in Definition 4.2.5.

(d) The category DiffFunstronglin (X,X′) has as objects strong differential functors from X to X′ and the mor-

phisms between them are linear Weil-natural transformations.
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Next we will define a functor Eval that evaluates differential functors on differential objects. The key

insight here is that one does not just get any object, but an object together with the structure that makes

it a differential bundle. For strong differential functors one even obtains differential objects.

This means strong differential functors preserve differential objects, lax differential functors almost pre-

serve them by sending them to differential bundles. In addition they preserve additive and linear maps

between differential objects (or send them to additive and linear maps of differential bundles). Thus strong

differential functors preserve the category of differential objects, lax differential functors send it into the

category of differential bundles.

In order to capture this more precisely we formulate this result as an evaluation functor.

Let eval : X × Fun(X,X′) → X′ be the usual evaluation functor. Let u : DObj(X) → X be the functor

that sends a differential object to its underlying object. Let U : DiffFun(X,X′)→ Fun(X,X′) be the functor

that sends a differential functor to its underlying functor. Let t : DBun(X′)→ X′ be the functor that sends

a differential bundle (E,M, q, ζ, σ) to its total bundle space E. We will construct a functor Eval so that

eval factors through DBun(X′) in the sense that the following diagrams commute.

DObjadd(X)× DiffFun(X,X′) DBunadd(X′)

X× Fun(X,X′) X′

Eval

u×U t

eval

DObjadd(X)× DiffFunstrong(X,X′) DObjadd(X′)

X× Fun(X,X′) X′

Eval

u×U u

eval

(4.3)

Definition 4.3.9. Let (X, T, p, 0,+, ℓ, c) and (X′, T ′, p′, 0′,+′, ℓ′, c′) be tangent categories. Define the as-

signment of objects and morphisms Eval : DObjadd(X)×DiffFunadd(X,X′)→ DBunadd(X′) by the following

rule:

• On objects, Eval sends a differential object A and a differential functor F : X→ X′, to the differential

bundle in X′ that is given by (F (A), F (∗), F (q), F (σ), F (0), α ◦ F (λ)).

• On morphisms Eval sends an additive differential object morphism (f, 1∗) : A → A′ and a natural

transformation φ : F ⇒ F ′ to the differential bundle morphism (φA′ ◦ F (f), φ∗).

Proposition 4.3.5 shows that Eval is well-defined because (F (A), F (∗), F (q), F (σ), F (0), α ◦ F (λ)) is

indeed a differential bundle. The pair (φA′ ◦ F (f), φ∗) is a differential bundle morphism because it is the

composition of (φA′ , φ∗) with (F (f), 1F (∗)), both of which are differential bundle morphisms by Propositions

4.6 and 4.7.

Theorem 4.3.10. Let (X, T, p, 0,+, ℓ, c) and (X′, T ′, p′, 0′,+′, ℓ′, c′) be tangent categories. Then the assign-
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ment

Eval : DObjadd(X)× DiffFun(X,X′)→ DBunadd(X′)

as defined in Definition 4.3.9 is a functor and the diagrams (4.3) commute.

Proof. The assignments of objects and morphisms are given by Propositions 4.3.5, 4.3.6 and 4.3.7. Thus it

only remains to show that Eval preserves identity and compositions. By its definition on morphisms from

the usual evaluation, Eval sends the identity to the identity. For composition let A
(f,1∗)−−−−→ B

(g,1∗)−−−−→ C

be additive morphisms of differential objects and let F
φ⇒ G

ψ⇒ H be natural transformations between

differential functors.

Then

Eval(g, ψ) ◦ Eval(f, φ) = (ψC , ψ∗) ◦ (G(g), 1G(∗)) ◦ (φB , φ∗) ◦ (F (f), 1F (∗)).

Due to naturality of φ this is equal to

(ψC , ψ∗) ◦ (φB , φ∗) ◦ (F (g), 1F (∗)) ◦ (F (f), 1F (∗)) = (ψC ◦ φB , ψ∗ ◦ φ∗) ◦ (F (g) ◦ F (f), 1F (∗))

which equals Eval((g, ψ) ◦ (f, φ).

The diagrams (4.3) commute because the first component of Eval sends A,F to the evaluation F (A).

The following Corollary summarizes the linear and strong versions of Theorem 4.3.10 succinctly. By a

slight abuse of notation, we use EvalA to denote all four cases.

Corollary 4.3.11. Suppose X and X′ are tangent categories and A is a differential object in X. Then there

are four evaluation functors, namely

(a) EvalA : DiffFun(X,X′)→ DBunadd(X′),

(b) EvalA : DiffFunlin(X,X′)→ DBunlin(X′),

(c) EvalA : DiffFunstrong(X,X′)→ DObjadd(X′), and

(d) EvalA : DiffFunstronglin (X,X′)→ DObjlin(X′).

Proof.

Case (a) is just the functor Eval of theorem 4.3.10 evaluated on A in the first component. Cases (b), (c)

and (d) follow from (a) in terms of functoriality as they are just a restriction to a subcategory. Proposition

4.3.6.b and Proposition 4.3.7.b ensure that the range is correct.

A typical example for a category with a differential object is N• from Definition 2.2.9.
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Example 4.3.12. Let N• be the category from Definition 2.2.9. Then any differential functor F from N•

into a tangent category X induces a differential bundle in X. Concretely the functor will produce a differential

bundle with

M = F (N0), E = F (N1), En = F (Nn).

4.4 Inducing a differential functor from N•

In this section we focus in particular on the differential object N in N•. The main construction is the functor

Ind that is an inverse for EvalN• sending a differential bundle (E,M, q, ζ, σ, λ) in a tangent category X to a

functor N• → X whose evaluation on N returns the differential bundle (E,M, q, ζ, σ, λ) as in Example 4.3.12.

This means N→ ∗ is an initial differential bundle in the sense that there is a differential functor from N→ ∗

to every other differential bundle. In Section 4.5 we will see in which sense this functor is unique.

Recall from Example 2.2.11 that the category N• from Definition 2.2.9 forms a Cartesian tangent category

(as defined in Example 2.3.3) and thus a tangent actegory (N•, D•). We will not explicitly use that the tangent

structure is Cartesian. Objects of (N•, D•) are of the form Nk for k ≥ 0, morphisms of N• are matrices, and

the tangent functor is defined by DW (Nk) = Nk × Nk. As we saw in Example 2.3.4. the natural numbers

N1 are a differential object in N•.

In Lemma 4.4.1 below, we show that the set of bundle morphisms from the pullback powers of the

bundle E over M to E is a commutative monoid. This result is important because it allows us to use linear

combinations, resembling the matrix addition, as a tool to build morphisms between pullback powers.

The set of natural numbers N = {0, 1, 2, ...} forms a rig (semiring), and every commutative monoid M

can be seen as a module over the rig N by defining n · x for n ∈ N and x ∈ X as the n-fold addition of x to

itself, i.e. n · x =
∑n
i=1 x.

The following Lemma holds for any additive bundle, though we are particularly interested in the case

of differential bundles. Thus, unlike in Definition 2.2.2, we use the notation (E,M, q, ζ, σ) instead of

(X,A,+, 0, p), which resembles the notation of differential bundles. We define a commutative monoid struc-

ture on certain morphism sets of the slice category.

Lemma 4.4.1. Let (E,M, q, ζ, σ) be an additive bundle in a category X.

1. For every n ∈ N, the set

Hom/M (En, E) := {f : En → E|q ◦ f = q ◦ π0}
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together with the addition

s : Hom/M (En, E)×Hom/M (En, E)→ Hom/M (En, E) , (f, g) 7→ σ ◦ ⟨f, g⟩

and the zero element

z = ζ ◦ q ◦ π0 ∈ Hom/M (En, E)

is a commutative monoid and thereby an N-module

2. For g : En → Em and f : Em → E, fulfilling q ◦ π0 = q ◦ f and q ◦ π0 = q ◦ π0 ◦ g,

(n · f) ◦ g = n · (f ◦ g)

and for morphisms (fi)1≤i≤k : Em → E fulfilling q ◦ π0 = q ◦ f ,

(
k∑
i=1

fi

)
◦ g =

k∑
i=1

(fi ◦ g),

where
∑

and · are from the N-module structure defined in part 1.

Proof. 1. The definition of s is well-defined because f and g fulfill q ◦ f = q ◦ g = q ◦ π0 and therefore

⟨f, g⟩ : En → E2 is defined.

The addition s is commutative and associative, because σ is. The element z is the unit for s because

ζ is the unit for σ.

2. Given a commutative monoid, the N-module structure is defined as repeated addition, i.e. n · f :=∑n
i=1 f . Therefore the second equation implies the first one. The second equation holds because

(
k∑
i=1

fi

)
◦ g = σ ◦ ⟨f1, ..., fk⟩ ◦ g = σ ◦ ⟨f1 ◦ g, ..., fk ◦ g⟩ =

k∑
i=1

(fi ◦ g).

The condition that q ◦ π0 = q ◦ f and q ◦ π0 = q ◦ π0 ◦ g is required because the commutative monoid

structure from Part 1 is only defined for morphisms in the slice category Hom/M (En, E) := {f : En →

E|q ◦ f = q ◦ π0}.

Using this module structure we now can define a functor FE .

Definition 4.4.2. Given a differential bundle (E,M, q, ζ, σ, λ) in a tangent category (formulated as a Weil-

actegory) (X, T•), then there is an assignment of objects and morphisms, FE : N• → X, defined
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• on objects as FE(Nk) = Ek, in particular FE(N0) =M , and

• on morphisms (i.e. matrices) A = (aij)1≤i≤n,1≤j≤m : Nm → Nn as

FE(A) =

〈
m∑
j=1

a1j · πj , ...,
m∑
j=1

anj · πj

〉

where
∑

and · are from the module structure in Lemma 4.4.1.

Proposition 4.4.3. The assignment FE of Definition 4.4.2 is a functor FE : N• → X.

The proof is essentially the same as the proof from classical linear algebra that composition of linear

maps corresponds to matrix multiplication, just in a more general setting.

Proof. In order to show that this assignment is a functor, we need to check that it preserves composition

and identity.

It preserves the identity because, for the identity matrix In : Nn → Nn, the functor evaluates as

FE(In) =

〈
n∑
j=1

(In)1j · πj , ...,
n∑
j=1

(In)nj · πj

〉
= ⟨π1, ..., πn⟩ = 1En

.

In order to show that FE preserves composition, let A = (aij)1≤i≤m,1≤j≤n : Nn → Nm and B =

(bij)1≤i≤n,1≤j≤k : Nk → Nn be composable morphisms of N•. Then the composition of their images gives in

the h-th component

(FE(A) ◦ FE(B))h =

(
n∑
i=1

ahi · πi

)
◦

〈
k∑
j=1

b1j · πj , ...,
k∑
j=1

bnj · πj

〉

=

n∑
i=1

ahi · πi ◦〈 k∑
j=1

b1j · πj , ...,
k∑
j=1

bnj · πj

〉
=

n∑
i=1

ahi · k∑
j=1

bij · πj


=

k∑
j=1

(
n∑
i=1

ahibij

)
πj =

k∑
j=1

(AB)hjπj = (FE(AB))h.

In the following propositions we will construct a natural transformation α̂ : FE ◦D• → T• ◦ (1Weil × FE)

in order to make (FE , α̂) a differential functor. We will define it first for the generators of N• and Weil and

then construct the other components by pullback powers. For a differential bundle E
q−→ M , the tangent
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bundle T (E) has a projection T (q) : T (E)→ T (M) and a projection p : T (E)→ E, over both of which we

take pullback powers. In order to keep track which base the pullback power is taken over, we will introduce

a notation which resembles fractions. This notation
(
A
B

)k
evokes the idea of products in the slice category

X/B, and is more compact and more informative than the somewhat standard notation A×B · · ·×BA (which

makes it hard to keep track of the number k of factors).

Notation 4.4.4. Let X be a category with pullbacks and let

A B

C D

f

β α

g

be a commutative square in X. The object
(
A
B

)k
:= A×B ...×B A is the k-th pullback power of A

f−→ B. The

pullbacks
(
A
B

)k
,
(
A
C

)k
and

(
B
D

)k
are defined analogously. Then, the morphisms β : A → C and α : B → D

induce a morphism (
β

α

)k
:

(
A

B

)k
→
(
C

D

)k
between the pullback powers. Analogously the morphisms f : A→ B and g : C → D induce a morphism

(
f

g

)k
:

(
A

C

)k
→
(
B

D

)k
.

Proposition 4.4.5. In the circumstances of Notation 4.4.4, let

(
(A

B )
k

(C
D )

k

)m
be the m-th pullback power of

(
A
B

)k ( β
α )

k

−−−→
(
C
D

)k
. Then ((

A
B

)k(
C
D

)k
)l
∼=

((
A
C

)l(
B
D

)l
)k

.

In particular when C = D, ((
A
B

)k
C

)l
∼=

((
A
C

)l(
B
C

)l
)k

.

Proof. This is the fact that we can commute limits, stated in our notation.

Now we will combine this fraction calculus of pullbacks with the notation more common for differential

bundles and tangent categories, where

Ek =

(
E

M

)k
and Tk(A) =

(
T (A)

A

)k
.

denote the k-fold pullback power of q : E → M and p : T (A)→ A respectively. Recall that these pullbacks
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are preserved by the tangent structure due to Definitions 2.3.1 and 2.2.4.

Corollary 4.4.6.

(a) Let (E,M, q, ζ, σ, λ) be a differential bundle in a tangent actegory (X, T•). Then

T•(W
k, El) ∼=

(
TkE

TkM

)l
∼=
(
T (El)

El

)k
.

(b) In particular for the differential bundle N1 → N0 in (N•, D•)

D•(W
k,Nl) ∼=


(

N2

N

)k
N0


l

∼=
(
N2l
)k
.

Proof. Since TkE =
(
T (E)
E

)k
, part (a) is just Proposition 4.4.5 applied to the square

T (E) E

T (M) M

pE

T (q) q

pM

that commutes by naturality of p. Part (b) is part (a) for the differential bundle N1 → N0 in (N•, D•).

Lemma 4.4.7. Let (E,M, q, ζ, σ, λ) be a differential bundle in a tangent actegory (X, T•). Then the functor

FE from Proposition 4.4.3 evaluates as

FE

((
Nl

N

)k)
∼=
(
El
E

)k
and FE

(
N2l

Nl

)k
∼=
(
E2l

El

)k
.

Proof. Since
(

Nl

N

)k
= N(l−1)·k+1 and

(
N2l

Nl

)k
= N(k+1)l, the proof amounts to the following equations:

FE

((
Nl

N

)k)
= FE(N(l−1)·k+1) = E(l−1)·k+1

∼=
(
El
E

)k

FE

(
N2l

Nl

)k
= FE(N(k+1)l) = E(k+1)l

∼=
(
E2l

El

)k
.

Given a differential bundle (E,M, q, ζ, λ) in a tangent actegory (X, T•), we are now finally able to construct
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the differential functor

Ind(E) = (FE , α̂) : (N•, D•)→ (X, T•)

that sends N to E. The underlying functor FE is the functor FE from Proposition 4.4.3.

Definition 4.4.8. Given a differential bundle (E,M, q, ζ, σ, λ) in a tangent actegory (X, T•), we define a

set of morphisms

α̂ : FE ◦DA(Nk)→ TA ◦ FE(Nk)

for every object A of Weil and Nk of N•. We define it inductively out of the differential bundle structure of

(E,M, q, ζ, σ, λ) by

α̂W,N0 := 0 :M → T (M), (4.4)

α̂N,N1 := 1E : E → E (4.5)

α̂W,N1 := T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩ : E2 → T (E), (4.6)

α̂Wk,N1 :=

(
α̂W,N1

E

)k
: FE ◦DWk(N1) =

(
E2

E

)k
→
(
TE

E

)k
= TWk ◦ FE(N1), (4.7)

α̂Wk,Nl :=


(
α̂W,N
E

)k
(
α̂W,N0

E

)k

l

: FE ◦DWk(Nl) =

((
E2

E

)k
M

)l
→

 (
TE
E

)k(
T (M)
M

)k

l

= TWk ◦ FE(Nl), (4.8)

and

α̂A⊗B,Nl := TA(α̂B,Nl) ◦ α̂A,DB(Nl) : FE ◦DA ◦DB(Nl)→ TA ◦ TB ◦ FE(Nl), (4.9)

where
(
A
B

)n
denotes the n-th pullback power of A over B. The expression En =

(
E
M

)n
continues to denote

the n-th pullback power of E over M .

In Proposition 4.4.9 we show that α̂ is a natural transformation FE ◦D• → (T• ◦ 1Weil × FE) and that

(FE , α̂) is a differential functor. This is the key technical observation needed for Theorem 4.4.10. Before

that, we now showcase how Equations 4.6-4.9 determine α̂ for a nontrivial Weil algebra. For this example

we use the component of α̂ at W ⊗W . The component of α̂ is

α̂W⊗W,N = TW (αW,N) ◦ α̂W,DW (N).
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The parts unpack as

α̂W,DW (N) = ⟨T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩, T (σ) ◦ ⟨0 ◦ π2, λ ◦ π3⟩⟩ : E4 → T (E2) ∼=
(
T (E)

T (M)

)2

TW (α̂W,N) = T (T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩) : T (E2)→ T ◦ T (E) = T 2(E)

and the composition is

α̂W⊗W,N = T 2(σ ◦ (σ ×M σ)) ◦ ⟨T (0) ◦ 0 ◦ π0, T (0) ◦ λ ◦ π1, T (λ) ◦ 0 ◦ π2, T (λ) ◦ λ ◦ π3⟩.

Proposition 4.4.9. Given a differential bundle E
q−→ M in X, Proposition 4.4.3 and Equations 4.6-4.9

define a differential functor

Ind(E) = (FE , α̂) : (N•, D•)→ (X, T•).

Proof. We have already shown in Proposition 4.4.3 that FE is a functor. By Definition, FE preserves

pullbacks over the terminal object. Thus, in order to show that (FE , α̂) is a differential functor, it remains

to show that α̂ is natural and Cartesian.

To show that the transformation α̂ is natural, we show that the construction is natural with respect to the

generating maps of N• as in Lemma 4.2.22. This proof essentially follows from the fact that α̂ is constructed

out of these maps, and naturality with respect to them follows as a consequence. However, checking this

carefully is technical and tedious. For this reason, we postpone full details of this proof until Appendix B.

Next we need to show that α̂ is Cartesian, i.e. that for any Weil algebra A, the naturality diagrams

of α̂A,− with respect to all morphisms in N• are pullback diagrams. We start by checking the naturality

diagrams

FE ◦DWn(N) TWn ◦ FE(N) FE ◦DWn(Nk) TWn ◦ FE(Nk)

FE ◦DWn(Nk) TWn ◦ FE(Nk) FE ◦DWn(N) TWn ◦ FE(N)

α̂Wn,N

FE◦DWn (∆k) TWn◦FE(∆k)

α̂
Wn,Nk

FE◦DWn (σk) TWn◦FE(σk)

α̂
Wn,Nk α̂Wn,N

of α̂(Wn,−) with respect to the generating morphisms ∆k : N → Nk and σk : Nk → N of N•. Since FE

preserves the pullbacks involved and thus preserves the diagonal, the naturality diagram of α̂Wn,− with

respect to ∆k : N→ Nk is (
E2

E

)n
Tn(E)

(
E2k

Ek

)n
Tn(Ek)

α̂Wn,N

Tn(∆k)

α̂
Wn,Nk

(
(∆k)2
∆k

)n

.
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It is a pullback because it is the n-th pullback power of

E2 T (E)

E2k T (Ek)

α̂W,N

T (∆k)

α̂
W,Nk

(∆k)2 over

E E

Ek Ek.

α̂N,N1=1E

∆k

α̂N,Nk=1Ek

∆k

The second diagram is trivially a pullback. The first diagram is a pullback because in

E2 T (E)

E2k T (Ek)

M T (M)

α̂W,N

(∆k)2 T (∆k)

α̂
W,Nk

q◦π0 T (q◦π0)

α̂W,N0

the bottom and the outer squares are pullbacks, because of the universality of the vertical lift in Definition

2.3.1. Thus the top square is a pullback due to the pasting law for pullbacks [68, Exercise III.4.8].

The functor FE preserves the addition σ by its definition and the functor DWn sends the addition σ to

two copies of the addition σ × σ. Thus the fact that the naturality diagram of αWk,− for σk : Nk → N is

a pullback diagram is completely analogous. Lemma 4.2.22 shows that all morphisms in N• are generated

from σk and ∆k. Thus the naturality diagrams of α̂Wn,− with respect to any morphisms in N• are pullbacks.

If the naturality diagrams of α̂A and α̂B are pullbacks, then the naturality diagrams of α̂A⊗B are pullbacks

because both subsquares are pullbacks:

FE ◦DA ◦DB(X) TA ◦ FE ◦DB(X) TA ◦ TB ◦ FE(X)

FE ◦DA ◦DB(Y ) TA ◦ FE ◦DB(Y ) TA ◦ TB ◦ F (Y )

α̂A,TB(X)

α̂A,TB(Y )

TA(α̂B,X)

TA(α̂B,X)

The left square is a pullback by the assumption that the naturality diagrams of α̂A are pullbacks. The right

square is a pullback since the naturality diagrams of α̂B are pullbacks built out of the universality diagram

for the vertical lift. The universality diagram is a pullback preserved by the tangent functor, thus the right

square is still a pullback.

Since every object of Weil is a tensor product of powers of the dual numbers W , this shows that for any

Weil algebra A, the naturality diagrams of α̂A,− are pullbacks, i.e. α̂A,− is Cartesian. This was all that

remained to show that (FE , α̂) is a differential functor.

Theorem 4.4.10. Let X be a tangent category and (E,M, q, ζ, σ, λ) and (E′,M ′, q′, ζ ′, σ′, λ′) be differential
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bundles in X. Denote Ind(E) = (FE , α̂) and Ind(E′) = (F ′
E , α̂

′).

(a) An additive morphism of differential bundles induces a natural transformation φ : FE ⇒ FE′ between

the induced functors.

(b) A linear morphism of differential bundles induces a linear natural transformation.

(c) This defines two functors

Ind : DBunadd(X)→ DiffFun(N•,X)

and

Ind : DBunlin(X)→ DiffFunlin(N•,X).

Proof. (a) Suppose (f, g) : (E,M, p, ζ, σ, λ)→ (E′,M ′, p′, ζ ′, σ′, λ′) is an additive morphism of differential

bundles, i.e. a pair of maps f : E → E′, g : M → M ′ compatible with the projection, the addition

and zero as in Definition 2.3.5. We define a natural transformation, φ : FE ⇒ FE′ , by defining its Nk

components for all k ∈ N as follows:

φNk =

 g :M →M ′ if k = 0

fk : Ek → E′
k if k > 0.

The transformation φ is natural with respect to +k : Nk → N (in particular for k = 0, 0 : N0 → N)

and ∆k : N→ Nk (in particular for k = 0, p : N→ N0). That is, the diagrams

FE(Nk) FE′(Nk) FE(N0) fE′(N0)

FE(N) FE′(N) FE(N) FE′(N)

FE(N1) FE′(N1) FE(N1) FE′(N1)

FE(Nk) FE′(Nk) FE(N0) FE′(N0)

φNk

FE(σk) FE′ (σk)

g

FE(ζ) FE′ (ζ′)

φN1 f

f

FE(∆k) FE′ (∆k)

f

FE(!) FE′ (!)

fk g

commute. Evaluating the functor FE , we see that they are in fact

Ek E′
k M M ′ E E′ E E′

E E′ E E′ Ek E′
k M M ′

g

ff

fk

g

ff

fk

σk σ′
k

ζ ζ′ ∆k ∆k q q′ .

119



The first diagram commutes because (f, g) is additive and thus σ and σ′ are compatible with (f, g).

The second diagram commutes because (f, g) is additive and thus ζ and ζ ′ are compatible with (f, g).

The third diagram commutes by the definition of fk. The fourth diagram commutes because q and q′

are compatible with (f, g), see Definition 2.3.5.

The two classes of morphisms ∆k and σk (including ∆0 = q and σ0 = ζ) generate all morphisms in N•

as their induced map into pullbacks and composition, according to Lemma 4.2.22.

All morphisms in N• can be decomposed into morphisms whose components are composites of σk’s and

∆k’s using pullbacks and projections. The pullbacks and projections are preserved by FE since FE is

a differential functor. Therefore, φ is natural with respect to all morphisms in N•.

(b) If (f, g) is a linear morphism, the diagram

T (E) T (E′)

E E′

T (φN1 )=T (f)

FE(λ)=λ

φN1=f

λ′=FE′ (λ)

commutes by Definition 2.3.5. Thus φ◦λ = λ′ ◦φ. Because 0 is natural with respect to f , the diagram

T (E) T (E′)

E E

T (φN1 )=T (f)

0E

φN1=f

0E′

commutes. Recall from Definition 4.4.8, that the natural transformation α̂ : F ◦ T• ⇒ T• ◦ (1Weil × F )

is constructed using σ, 0 and λ in Definition 4.4.8. The natural transformation φ commutes with all

parts of α̂ and therefore with α̂, e.g. for W 2 ∈Weil

E3 T2(E)

E′
3 T2(E

′)

αW2,N=(T (σ)◦⟨0◦π0,λ◦π1⟩)2

α′
W2,N=(T (σ′)◦⟨0◦π0,λ

′◦π1⟩)2

φN3 T2(φN)

commutes. This is what is required for it to be linear.

(c) The assignment on objects and morphisms follows from (a), (b) and Proposition 4.4.9. Functoriality

holds, since taking the pullback of morphisms preserves compositions and the identity.

We will now see that φ is uniquely defined as soon as we specify φN1 and φN0 as we did in the proof of
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Theorem 4.4.10. This is important because we will use it to prove that Eval from Theorem 4.3.10 is faithful.

Proposition 4.4.11. Natural transformations between differential functors (F, α), (F ′, α′) : N• → X are

determined by their N0 and N1 components.

Proof. Let φ,φ′ : (F, α)→ (F ′, α′) be natural transformations between differential functors such that φN1 =

φ′
N1 and φN0 = φ′

N0 . We will show by induction that for all k ≥ 0, φNk = φ′
Nk . The base cases hold by

assumption. In the inductive step, due to naturality of φ

F (N) F ′(N)

F (Nk) F ′(Nk)

F ′(Nk−1) F ′(Nk−1)

φN

φNk

φNk−1

F (π0) F ′(π0)

F ′(π0) F ′(π1)

commutes. Replacing φ with φ′ produces an analogous commuting diagram. Therefore, since φN1 = φ′
N1

and φNk−1 = φ′
Nk−1 by the inductive hypothesis, we see that F ′(π0) ◦φNk = F ′(π0) ◦φ′

Nk and F ′(π1) ◦φNk =

F ′(π1) ◦ φ′
Nk .

Since F ′ preserves pullbacks over the terminal object, F ′(Nk) is a pullback and thus in

F (Nk)

F ′(Nk) F ′(N1)

F ′(Nk−1) F ′(N0)

φNk

φ′
Nk

φN1

φNk−1

F (π0)

F (π1)
⌟

the morphisms φNk and φ′
Nk are determined by their compositions with F ′(π0) and F

′(π1). As these com-

positions coincide, the morphisms φNk and φ′
Nk are equal.

4.5 Establishing the equivalence

In the previous section we mentioned that Ind is the inverse of EvalN : DiffFun(N•,X) → DBunadd(X). In

this section we will prove how exactly they are inverse to each other. This will lead to an equivalence between

categories of differential bundles and categories of lax tangent functors.

Lemma 4.5.1. Let X be a tangent category.
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(a) The composition of Eval and Ind is the identity functor:

Eval ◦ Ind = 1DBunadd(X)

(b) Eval is essentially surjective.

(c) Eval is full.

Proof. (a) We will check the equality of functors on objects and morphisms. Let (E,M, q, ζ, σ, λ) be an

object, i.e. a differential bundle. Then Ind(E) is a functor that sends N0 to M , N1 to E, qN to q, ζN to

ζ, σN to σ and λN to λ. Thus applying the functor Eval which is evaluation on (N,N0, qN, ζN, σN, λN)

returns (E,M, q, ζ, σ, λ).

For an additive morphism (f, g) of differential bundles, Ind(f, g) is a natural transformation φ such

that φN = f and φN0 = g. Now Eval is the functor that evaluates on the N and N0 components, thus

the result is again (f, g).

(b) and (c) follow from (a).

Lemma 4.5.2. Eval is faithful.

Proof. Let φ and φ′ be natural transformations between differential functors such that Eval(φ) = Eval(φ′).

This means that φN = φ′
N and φN0 = φN0 . Now it follows from Proposition 4.4.11 that φ = φ′ which means

that Eval is faithful.

Theorem 4.5.3. The functors Eval and Ind form equivalences

DBunadd(X) ∼= DiffFun(N•,X) DBunlin(X) ∼= DiffFunlin(N•,X)

Proof. Lemma 4.5.1 and Lemma 4.5.2 together show that Eval is essentially surjective, full and faithful.

This shows there is an equivalence. Let Eval−1 be a pseudo-inverse of Eval (since Eval is an equivalence, it

exists). Then

Ind ◦ Eval ∼= Eval−1 ◦ Eval ◦ Ind ◦ Eval = Eval−1 ◦ Eval ∼= 1DiffFun(N•,X)

It follows that Eval and Ind are pseudo-inverses to each other. Restricting this equivalence to the subcategory

of linear morphisms is possible due to the linear versions in Corollary 4.3.11 and Theorem 4.4.10.
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This finally is the characterization of Differential bundles as functors from N•.

Corollary 4.5.4. Eval and Ind also form equivalences

DObjadd(X) ∼= DiffFunstrong(N•,X) DObjlin(X) ∼= DiffFunstronglin (N•,X)

Proof. As DiffFunstrong(N•,X) is the full subcategory of functors that preserve the terminal object, it is

equivalent to the full subcategory of differential bundles over the terminal object, i.e. differential objects.

This Corollary generalizes Proposition 5.9 from [6], which states that the category of differential objects

with linear morphisms is equivalent to the category of differential functors and linear natural transformations.

Corollary 4.5.4 generalizes the correspondence to the case of additive morphisms as well, and Theorem 4.5.3

generalizes the correspondence to differential bundles.

4.6 Concluding remarks

Differential bundles appear in the tangent category literature in a number of places. In some cases, the

approach taken by other authors is different than the approach taken here. We review these contributions,

highlighting the intuition about how these different approaches reference the same structure.

Relation to Cockett-Cruttwell differential bundles

In [29], Cockett and Cruttwell characterize differential bundles as fibrations. Concretely, [29, Proposition

5.12] states that a differential bundle E → M can be seen as a differential object in the fiber bunD(X)[M ]

over M of the fibration bunD(X) → X where bunD(X) is a full subcategory of the arrow category. For the

definition of this subcategory a transerse system and a display system are chosen, which is necessary to

control the existence of certain pullbacks which are preserved by the tangent structure. These include the

tangent pullbacks, but are more general. This approach was further developed in [32].

From this perspective, a differential bundle is a differential object in (i.e. a strong differential functor

from N• into) a certain full subcategory of the arrow category. The intricacies about the pullbacks are

specified in the display system in the target of this functor.

The difference between the approach of [29, 32] and our current approach is that the equivalence of

Theorem 4.5.3 uses general, not strong, differential functors that do not preserve the terminal object.

The existence of any necessary pullbacks comes from their existence in Weil, as well as the fact that

Cartesian lineators have certain pullbacks associated to them. Preservation of pullbacks is part of the data
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of differential functors, not part of the target category. This is a marked difference in perspective from that

of [29,32].

For future work we propose to investigate the relation of our characterization with differential functors

to display systems. In particular, one could ask, which differential functors into a tangent category with a

display system correspond to display differential bundles. The key intricacy is that not every morphism in

the image of FE : N• → X needs to lie in the display system, but certain morphisms need to.

Relation to Ching’s classification

There is another approach to differential bundles in tangent categories in [18]. In [18, Corollary 9], Ching

defines differential bundles as triples of morphisms which correspond to (q : E → M, ζ : M → E, λ :

E → T (E)) from Definition 2.3.1. These must fulfill certain properties. The additive structure of Ching’s

differential bundles comes from the natural transformation σ in the tangent structure. Ching proves that this

definition of differential bundles is equivalent to the one in [29], therefore ours is also equivalent to Ching’s.

The approach in [18] is very axiomatic in nature, and does not use the structure of N• specifically.

However, the differential structure in N• is already given by the tangent structure together with product

projections, as in Lemma 4.2.22. In [18], Ching’s approach to differential bundles is to generalize this property

from N• to any arbitrary differential bundle axiomatically in any tangent category, rather than transporting

this structure from N• using differential functors.

Relation to tangent infinity categories

In current work in progress Arro and Ching further generalize differential bundles to tangent infinity cat-

egories. Tangent infinity categories were defined in [6] generalizing the classification of tangent categories

by Leung and Garner. The definition of differential bundles in tangent infinity categories is a generalization

of Theorem 4.5.3. This result characterizes differential bundles as functors from a structure category. In

[6] when studying differential objects in tangent infinity categories, the structure category N• is generalized

with a certain structure category E∞ of spans of finite sets in order to define differential objects in a tangent

infinity category. Analogously one now can define differential bundles in a tangent infinity category as dif-

ferential functors from E∞ into a tangent infinity category. One advantage our Weil-actegory approach over

the axiomatic tangent category approaches of [18,29,32] is that our use of Weil-actegories compares nicely to

the way tangent infinity categories are constructed. We could have characterized differential bundles using

differential functors in the axiomatic tangent category setting rather than the Weil-actegory setting, but

chose to use the Garner-Leung setting for tangent actegories exactly for this reason.
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Future work in connections

In [22] differential bundles were further used to describe connections, a key feature of geometry and math-

ematical physics. This led to one of the approaches to describe dynamical systems in [23] which rely on

differential bundles in other ways.

Classically, there are two different notions of connections which, under certain circumstances, are equiv-

alent. A Koszul connection (also known as covariant derivative) is a differential operator sending a section

of a vector bundle and a tangent vector to the directional derivative of the section along the tangent vector.

An Ehresmann connection is a horizontal sub-bundle of a fiber bundle. In general, in the definition of an

Ehresmann connection, the fibre bundle is not required to be a vector bundle. In the special case that it is

a vector bundle, there is a classical equivalence between Koszul connections and Ehresmann connections.

Both Koszul and Ehresmann connections on vector bundles were generalized in [22] as vertical and

horizontal connections on differential bundles which are the categorical generalization of vector bundles.

Under certain circumstances they are equivalent, in general they are not though. We would like to investigate

connections via the characterization of differential bundles in this chapter, and hope that this might advance

this line of inquiry by a functorial characterization of bundles with connections. This will allow us to

understand the behaviour of connections under many categorical constructions. For example, if we have

a characterization that states that connections on differential bundles are equivalent to certain natural

isomorphisms between certain differential functors, then we could be able to obtain an equivalence between

connections on a differential bundle and connections of a corresponding differential bundle in the opposite

category. Since the Kleisli construction is functorial, the Kleisli category could be another example where

connections could be preserved.

Future work in dynamical systems

Another construction this characterization of differential bundles can be helpful with, are dynamical systems.

Classically, dynamical systems are defined in [74] to consists of a notion of how things can be, called the

states, and a notion of how things will change given how they are, called the dynamics. Often the dynamics

is described by a set of differential equations.

In [23], Cockett, Cruttwell and Lemay define a dynamical system in a tangent category, generalizing

systems of differential equations.

While, in general the solution of a dynamical system in [23] only requires a curve object, they obtain

more results (like the existence of an exponential function) when assuming a differential curve object.

We would like to investigate differential curve objects and dynamical systems in general via the charac-
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terization of differential bundles in this chapter. The functorial perspective in this chapter could make it

easier to find out which curve objects are differential curve objects.
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Chapter 5

Lie groups in tangent join restriction

categories

Figure 5.1: Principal bundles are locally a product of the base space and a group, but globally they might
not be. Both the left and the right side the total space (red) is locally a product of the base space S1 with
two element group C2, but globally the right hand side is not a product space 2

In this chapter we construct a categorification of the concepts of Lie Groups and Principal bundles in

differential geometry. We generalize Lie Groups as group objects in a tangent category and show that they

generally fulfill several properties which are well-known for Lie Groups. We generalize principal bundles in

differential geometry using restriction categories which allow to describe atlases with partial isomorphisms.

This chapter is based on [31], a preprint written by myself and my cosupervisor Robin Cockett, with

small corrections and without the background section of tangent categories (since this background was

already given in Chapter 2). Therefore, like in [31], we use diagrammatic composition order, i,e, we denote

the composition of f : A→ B and g : B → C as fg : A→ C.

2Figure created using GeoGebra 3D
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5.1 Introduction

Tangent categories [20,81] are categories equipped with an endofunctor and certain natural transformations

which capture the behaviour of the tangent bundle in the category of smooth manifolds. They are a minimal

setting for studying abstract differential geometry and, indeed, many aspects of differential geometry have

been successfully reformulated in tangent categories. For example, vector fields, vector bundles [29, 67],

connections [22], de Rham cohomology [35], and differential equations [23], all have been reformulated in

tangent categories.

An important result in differential geometry which is studied in this chapter is the correspondence between

Lie groups and Lie algebras, described for example in [39]. One direction of this correspondence is the

observation that a Lie group – a group object in the category of manifolds and smooth maps – induces a Lie

algebra by considering the tangent space over the identity. This is called the Lie algebra of the Lie group

and it is classically used as a description of a Lie groups local structure.

The chapter starts by introducing join restriction categories. Then we continue with a general description

of the Lie algebra of a group object in a tangent category. The construction of the Lie algebra requires that

the pullback of the projection of the tangent bundle of the group over the group unit exists. This relatively

mild assumption suffices to allow one to prove the classical result that differential bundle of a group object

is “trivial” in the sense of being the product of the Lie algebra and the group object, see Theorem 5.3.3.

Classically there is an alternate description of the Lie algebra of a Lie group as the space of left-invariant

vector fields of the Lie group (see Section II.4.11 of [71] or in Chapter 6 of [90]). In Proposition 5.3.18, we

show that this correspondence holds generally for group objects in any tangent category.

Interestingly, we do not need to assume the existence of negatives in the tangent bundles: negatives are

a consequence of the group structure and the existence of the required pullback. Thus, these classical results

from differential geometry hold in great generality in any tangent category with the appropriate pullbacks.

Similar results for the tangent bundle of a group object in a tangent category have been developed in

[2], however this chapter takes a different direction by exploring the tangent bundle of group objects and

principal bundles in restriction categories.

The second main objective of the chapter is to develop the abstract theory of principal bundles. These,

as we explain, can be described in any join restriction category which permits the construction of manifolds.

In classical differential geometry, given a Lie group G, a principal G-bundle is a map of manifolds E → M

that is locally given by the projection U × G → U for some open subset U ⊂ M , and where the gluing

between the different local pieces is mediated by the action of the group itself.

A principal G-bundle over a base space M is a total space E with a projection E
q−→ M . Examples of
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Figure 5.2: Two examples of principal C2-bundles over S
1

principal G-bundles include the trivial bundle, M × G π0−→ M and also spaces which are twisted over the

base as in the second example in Figure 5.2.

Locally, structure, such as that of G-bundles, may be expressed as a requirement on partial maps and,

as such, one can use the theory of restriction categories [24] to explore this sort of structure. Restriction

categories provides an algebraic formulation of partial map categories. A partial map is a map that is defined

only on a subset of its domain. These occur frequently and fundamentally in both analysis and geometry.

For example, the function f(x) = 1
x is not defined on all real numbers: it is a partial map f : R→ R.

Restriction categories were systematically developed in [24], albeit the ideas themselves had a long prove-

nance with origins in semigroup theory. Menger and his students [70] developed the basic idea of describing

partial maps by what is here called a restriction. Subsequently, although independently, Di Paolo and Heller

[38] used partiality to in developing a categorical approach to recursion theory. They based their formulation

of partiality on the behavior of the product. Robinson and Rosolini [80] abstracted this notion of partiality

based on the partial product by introducing p-categories. It were Hans-Jürgen Hoehnke and Marco Grandis,

however who, in introducing what they called a “fractal category” in [52] and an “e-cohesive category” in

[46], gave the first fully general formulation of a restriction category. Significantly for the development below,

Grandis also developed the manifold construction for join restriction categories.

Join restriction categories were further studied in [27] and then in Xiuzhan Guo’s thesis [47]. Join

restriction categories are restriction categories in which morphisms that coincide on the intersection of their

domains can be extended to a morphism defined on the union of their domains. This property allows the

abstract construction of manifolds using atlases and gluings. Join restriction categories and their manifolds

will be the basic setting in which we formulate the notion of a principal bundle.

The main objective of this work is to establish the theory of principal bundles in tangent categories. To

achieve this we shall end up working in tangent join restriction categories (see Section 5.2.4).

The first results in this chapter are about the tangent space of a group object in a Cartesian tangent

category, significantly Theorem 5.3.3 establishes the triviality of the tangent bundle T (G). Table 5.1, then

129



describes all the structure maps of T (G) in terms of the local triviality structure. Theorem 5.3.16 establishes

the interaction of tangent vector addition and group multiplication, and Theorem 5.3.21 shows the external

Lie Algebra structure on the tangent space.

The next main results pertain to principal bundles in restriction categories and restriction tangent cate-

gories, as defined in Definition 5.4.14. Theorems 5.4.15, 5.4.42 and 5.4.43 show that they fulfill the desired

properties. Proposition 5.4.31 and Proposition 5.4.35 show that they recover the classical notions from

differential geometry and point-set topology.

Acknowledgements. For their ideas, comments, questions and discussions we would like to thank Geoff

Vooys, Geoffrey Cruttwell and Rory Lucyshyn-Wright. Thanks go also to Kalin Krishna for pointing out

the related work in [2]. Special thanks goes to Kristine Bauer for her extensive writing support. Florian

Schwarz was funded by the Alberta Innovates Graduate Student Scholarship. Robin Cockett was partially

funded by NSERC.

5.2 Join restriction categories

This section recalls the definition of join restriction categories. These will be the basis for our description of

both fibre and principal bundles, see section 5.4.

Restriction categories, as defined in [24],[25] and [26], are a generalization of categories of partial maps.

An important structure one can have in a restriction category is joins, which can be used to construct

piecewise defined functions.

5.2.1 Restriction categories

Restriction categories as introduced in [24], capture the structure of partial maps. Here we review the

definition and some results on restriction categories which will be needed in the sequel.

Definition 5.2.1 ([24], section 2.1.1, [47], Definition 3.12 and [47], Lemma 1.6.3).

(i) A restriction category is a category with a structure that assigns to each morphism f : A → B a

morphism f̄ : A→ A such that:

[R.1] f̄f = f [R.3] ḡf = ḡf̄

[R.2] ḡf̄ = f̄ ḡ [R.4] fh̄ = fhf

(ii) Two parallel morphisms f, g : X → Y in a restriction category are compatible, written f ⌣ g if

f̄g = ḡf
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(iii) Two parallel morphisms in a restriction category are partially ordered by f ≤ g if and only if f̄g = f .

(iv) A functor F : X→ Y between restriction categories X and Y is a restriction functor if it preserves

the restriction structure, i.e. F (f̄) = F (f) for all morphisms f in X

Lemma 5.2.2. Let f and g be morphisms in a restriction category, then

(i) f̄ f̄ = f̄ (ii) ¯̄f = f̄

(iii) fḡ = fg (iv) f̄ ⌣ ḡ

(v) f ≤ g ⇒ f ⌣ g.

The first point means that the restriction of a morphism is idempotent, thus, morphisms of the form f̄

are called restriction idempotent. The second point, g = ḡ, means that a repeated restriction is the same

as a single restriction.

Equations (i)-(iii) are proven as part of Lemma 2.1 in [24] and (iv) and (v) are proven as part of Lemma

3.1.3 in [47]. We will still prove them here, since the proofs demonstrate how to work with restriction

categories.

Proof.

(i) f̄ f̄
[R.3]
= f̄f

[R.1]
= f̄ .

(ii) This follows from [R.3] if f = 1.

(iv) fḡ
[R.4]
= fgf

[R.3]
= fgf̄

[R.2]
= f̄fg

[R.3]
= f̄fg

[R.1]
= fg.

(iv) fḡ
[R.4]
= fgf [R.3], [R.2]|=f̄fg [R.3]

= f̄fg
[R.1]
= fg and thus fḡ = fg. This implies that fḡ

(i)
= f̄ ḡ

[R.2]
= ḡf̄

(i)
=

f̄g and thus f̄ ⌣ ḡ.

(v) f̄g
[R.1]
= f̄ ḡg

[R.2]
= ḡf̄ g

f≤g
= ḡf and thus f ⌣ g.

Remark 5.2.3. The motivating example of a restriction category is the category ParSet of sets and partial

maps. The objects are sets and the morphisms A → B are set maps of the form U → B where U ⊂ A

is a subset of A. Given a partial map f : A → B, its restriction idempotent f̄ is defined as the inclusion

U ↪→ A of the domain of definition U into the domain A of f . We often interpret a restriction idempotent

to describe the subset U ⊂ A. In this example

(i) f̄g is the restriction of g to f ’s domain of definition,

(ii) and fg describes the preimage f−1(V ) of g’s domain of definition V under f .
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With these interpretations in mind, the properties [R.1]-[R.4] are just common properties of partial maps.

As shown in section 2.1.3 of [24], restriction categories generalize partial map categories. The correspond-

ing notions of being a total morphism and a partial isomorphism need to be described:

Definition 5.2.4.

(i) A total morphism is a morphism f : A→ B such that f̄ = 1A

(ii) A partial isomorphism is a morphism f : A → B such that there is a morphism f∗ : B → A such

that ff∗ = f̄ and f∗f = f̄∗. The morphism f∗ is called the partial inverse of f .

Partial inverses are unique and will be denoted by f∗.

Given a restriction category X one can take its full subcategory of total morphisms and obtain a category

Tot(X). On the other hand, given a category Y one can see it as a restriction category Triv(X) by defining

f̄ = 1 for all morphisms f .

Proposition 5.2.5. The assignments Tot : ResCat→ Cat and Triv : Cat→ ResCat are functors and Tot

is right-adjoint to the inclusion Triv. Thus the 1-category Cat of categories is a coreflective subcategory of

ResCat.

Proof. In order to obtain functors we first need to define Tot and Triv on morphisms. Let F : X→ Y be a

restriction functor. Then as restriction functors preserve totals we can define Tot(F ) := F |Tot(X) : Tot(X)→

Tot(Y). Since Tot(F ) it is a restriciton of F to a subcategory, Tot is automatically functorial.

Similarly, given a functor F : X → Y of ordinary categories, we can see it as a restriction functor

Triv(F ) : Triv(X) → Triv(Y). The functor Triv is automatically functorial as it does not change the

underlying assignment of objects and morphisms.

Next we show the adjunction by showing that there is an isomorphism between the hom-sets

ResCat(Triv(X),Y) ∼= Cat(X, Tot(Y))

that is natural in functors X → X′ and restriction functors Y → Y′. Given a restriction functor F :

Triv(X) → Y, this functor preserves total morphisms. As every morphism in Triv(X) is total this means

that every morphism in the image of the functor is total. Thus the assignment of objects and morphisms

that is F forms a functor φ(F ) : X→ Tot(Y) that sends an object X of X to F (X) and a morphism f of X

to F (f).

Since the function φ : ResCat(Triv(X),Y)→ Cat(X, Tot(Y)) does not change the assignments of objects

and morphisms, it is automatically natural and injective. It is surjective because every functor X→ Tot(Y)
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can be seen as a restriction functor.

5.2.2 Limits and products

Since restriction categories are enriched in partial orders, it turns out to be natural to consider lax limits:

Definition 5.2.6 ([26], section 4.4). Let X be a restriction category, A a finite category and S : A → X a

diagram.

(i) A lax cone of the diagram S is an object L of X together with (for every object C of A) a morphism

qC : L→ S(C) such that for every morphism c ∈ HomA(C,D), S(c)qC ≤ qD.

(ii) A restriction limit is a lax cone (L, pC) with total morphisms pC such that for every other cone (M, qC)

there is an unique morphism f : M → L such that for all objects C of A, fpC = eqC holds, where

e =
∏
C∈A0

q̄C .

An example for this definition is the following.

Example 5.2.7. Let X be the restriction category with topological spaces as objects and partial continuous

maps defined only on closed subsets as morphisms. Then the pullback of the maps i[0,1], i[−1,0] : R→ R given

by the inclusion of [0, 1] and the inclusion of [−1, 0] is the object {0} with the projections p0, p1 embedding it

into R as zero.

R

R{0}

R R

q0 = i0

q1 = i[0,1]
i[0,1]

i[−1,0]

p0 = i0

p1 = i0

Now let us consider another cone (R, q0, q1) with q0 : R → R sending 0 to 0 and not defined anywhere else

and q1 : R→ R embedding the interval [0, 1]. Then the unique map f : R→ 0 fulfilling the conditions is the

map sending 0 to 0 and that is nowhere else defined.

This is an example where fp1 ̸= q1 as q1 is defined on [0, 1] whereas fp1 is defined only on {0}. However,

as e is the restriction to {0}, fp1 = q1e holds.

In order to have a better grasp on restriction pullbacks, we will expand that definition in the special case

of pullbacks of total morphisms. We will heavily rely on this Lemma in the proof of Theorem 5.4.43.
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Lemma 5.2.8. Let A
f−→ B

g←− C be a cospan of total morphisms in a restriction category. Let X be an

object and let pA : X → A and pC : X → C be total morphisms such that the diagram

X A

C B

pA

pC f

g

commutes, i.e. pAf = pCg. Then the following are equivalent:

(i) For any object Z with morphisms rA : Z → A, rC : Z → C such that the diagram

Z

X A

C B

rA

rC

pA

pC f

g

commutes (i.e. rAf = rCg), there is an unique morphism ϕ : Z → X with ϕpA = rA and ϕpC = rC .

(ii) The cone (X, (qA, qAf, qC)) is the restriction pullback of the cospan A
f−→ B

g←− C.

The key difference between Lemma 5.2.8(i) and Definition 5.2.6 is that in Lemma 5.2.8(i) equalities hold

whereas in Definition 5.2.6 cones commute only up to inequality and fpC differs from qC by a restriction

idempotent. Thereby condition (i) is easier and closer to the classical definition of a limit.

Proof. The implication (ii)⇒ (i) follows from Definition 5.2.6 since, due to the totality of f and g, r̄A = r̄C

and thus ϕpA = r̄CrA = rA.

For the implication (i) ⇒ (ii), suppose (i) and a lax cone (Z, (qA, qB , qC)). Since f is total and

(Z, (qA, qB , qC)) is a cone, we know that qAf ≤ qB which implies q̄A ≤ q̄B and analogously q̄C ≤ q̄B .

Define rA = q̄CqA and rC = q̄AqC . Since (Z, (qA, qB , qC)) was a lax cone, they fulfill that

rAf = q̄CqAf = q̄C q̄AqB = q̄AqCg = rCg.

Thus, by the assumption (i), there is an unique morphism ϕ : Z → X with ϕpA = rA and ϕpC = rC . From

this it follows that ϕ is an unique morphism Z → X fulfilling

ϕpA= q̄CqA= q̄C q̄B q̄AqA, ϕpAf= q̄CqAf= q̄C q̄B q̄AqB and ϕpC= q̄AqC= q̄C q̄B q̄AqC .

Thus the cone (X, (qA, qAf, qC)) fulfills Definition 5.2.6 proving the implication (i)⇒ (ii).
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Using restriction limits we can define additional structures that we will use in section 5.4. A Cartesian

restriction category is a restriction category that has all restriction products and a restriction terminal

object 1. A restriction tangent category is a restriction category that has a tangent category structure

where all the limits are restriction limits. It will be defined in more detail in Definition 5.2.14.

5.2.3 Joins, atlases and gluings

Defined in [47], a join restriction category X is a restriction category such that for each A,B ∈ X and

each set S ⊂ X(A,B) of compatible morphisms there is a join (least upper bound, or supremum)

∨
s∈S

s ∈ X(A,B)

which fulfills the following properties

(i)
∨
s∈S s =

∨
s∈S s̄

(ii) g(
∨
s∈S s) =

∨
s∈S(gs)

(iii) it is a join (supremum) with respect to the partial ordering ≤, i.e. fi ≤ g∀ι⇒
∨
fi ≤ g

Remark 5.2.9. We will sometimes draw commutative diagrams in restriction categories. When we say that

a diagram commutes, that means that the compositions are equal as morphisms in the restriction category.

In particular, their domains of definition coincide. For example, when the diagram

A B

C D

f

h g

k

commutes, it means that fg = hk, implying that both fg ⌣ hk and fg = hk.

In classical differential geometry, manifolds are described by atlases which consist of local neighbourhoods

and instructions for how to glue them together. Now in order to describe objects that are built piecewise

out of multiple components in a join restriction category, we define atlases to consist of objects (Ui)i∈I

as components and morphisms uij as instructions how to glue Ui and Uj together. This is known as the

manifold construction that was introduced by Grandis in [46] and specified for join restriction categories by

Cockett and Cruttwell in [20].

Definition 5.2.10 ([46],[20]). In a join restriction category, an atlas is a collection of objects {Ui}i∈I and

morphisms {uij}i,j∈I with uij : Ui → Uj, fulfilling
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(i) uiiuij = uij : Ui → Uj,

(ii) uijujk ≤ uik : Ui → Uk, and

(iii) uijuji = uij : Ui → Ui.

Definition 5.2.11 ([46],[20]). An atlas morphism (Ui, uij)→ (Vk, vkl) is a family of morphisms Aik : Ui →

Vk such that

(i) uiiAik = Aik : Ui → Vk,

(ii) Aikvkk = Aik : Ui → Vk,

(iii) uijAjk ≤ Aik : Ui → Vk,

(iv) Aikvkl ≤ Ail : Ui → Vl, and

(v) Aikvkl = AikAil : Ui → Vl.

Condition 5.2.11.(iv) is actually a direct consequence of condition 5.2.11.(v). A trivial example of an

atlas is obtained by choosing an object U = U0, taking the index-set to be {0} and u00 = 1U . We will denote

this atlas as At(1U )

An atlas is a specification of how to glue things together. The gluing construction from [46] and [20]

makes this possible.

Definition 5.2.12. Let (Ui, uij) be an atlas in a join restriction category X. Then a gluing of it is an

object G together with an atlas morphism g : (Ui, uij) → At(1G) that fulfills an universal property: for any

object X and atlas morphism f : (Ui, uij)→ At(1X) there is an unique morphism f̌ : G→ X of X such that

fi = gif̌ and if there is another atlas morphism f ′ : (Ui, uij)→ At(1X) fulfilling fi ≤ f ′i , then f̌ ≤ f̌ ′.

Equivalently but more explicitly, the gluing can be characterized by the components of the atlas morphism

g. Since the target has only one object, the components Aik (as in Definition 5.2.11) can be written as gi

with only one index.

Remark 5.2.13. A gluing for {uij} is an object GU with a family of partial isomorphisms gi : Ui → GU

(with partial inverses g∗i ) such that

(i) uijgj ≤ gi,

(ii) uij = gig
∗
j , and

(iii) 1GU
=
∨
i g

∗
i gi.

In fact condition (i) is redundant and follows from condition (ii) since uijgj = gig
∗
j gj = giḡj ≤ gi.
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5.2.4 Tangent join restriction categories

The category of smooth manifolds and smooth maps was the motivating example for tangent categories. This

category has total maps as morphisms. The category of smooth manifolds and smooth partial maps, defined

on open subsets, is a restriction category. It is the motivating example of tangent restriction categories which

encode both the local structure and the tangent structure of manifolds. Tangent join restriction categories

combine the tangent category structure from Chapter 2 with the join restriction category structure from

Section 5.2.1. This definition was given in [20].

Definition 5.2.14 (Definition 6.14 of [20] ).

A tangent restriction structure for a join restriction category X consists of a restriction preserving

functor T : X→ X and associated total transformations such that

• for each M ∈ X, we have total morphisms pM : TM → M , restriction pullbacks Tn(M) and total

morphisms +M : T2M → TM, 0M : M → TM such that for each f : M → N , the pair (Tf, f) is an

additive bundle morphism;

• for each n, k ∈ N, Tn preserves the restriction pullbacks of k copies of p.

• there is a total natural transformation T
ℓ−→ T 2 such that for each M , the pair (ℓM , 0M ) is an additive

bundle morphism from (Tp : T 2M → TM) to (pT : T 2M → TM);

• there is a total natural transformation T 2 c−→ T 2 such that for eacch M the pair (cM , 1) is an additive

bundle morphism from (Tp : T 2M → TM) to (pT : T 2M → TM);

• we have c2 = 1, ℓc = ℓ and the following diagrams commute:

T T 2 T 3 T 3 T 3 T 2 T 3 T 3

T 2 T 3 T 3 T 3 T 3 T 2 T 3

ℓ

ℓ

ℓT

T (ℓ)

T (c) cT

T (c)

cTT (c)

cT

ℓT T (c)

cTc

T (ℓ)

• the diagram

T2M T 2M

M TM

⟨π0ℓ,π10T ⟩T (+)

T (p)

0M

π0p=π1p

is a restriction pullback.

If X has restriction products and T preserves them, then (X, T ) is a Cartesian tangent restriction

category.
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The motivating example for a Cartesian tangent join restriction category is the category of smooth

manifolds and partial smooth maps. We will analyze this example further in section 5.4.3.

If (X, T ) is any tangent category it can be turned into a tangent restriction category by defining f̄ = 1A

for all morphisms f : A→ B in X.

If X is any restriction category it can be turned into a tangent restriction category by choosing the

tangent structure T := 1X to be the identity.

Proposition 5.2.15. Let (X, T ) be a tangent restriction category. Then (Tot(X), Tot(T )) is an ordinary

tangent category.

Proof. Let (X, T, p, 0,+, ℓ, c) be a tangent restriction category. We proceed by checking that its subcategory

of total maps, (Tot(X),Tot(T ), p, 0,+, ℓ, c), fulfills the axioms in Definition 2.2.4. As T was a restriction

functor, Tot(T ) is an endofunctor Tot(X) → Tot(X). Since p, 0,+, ℓ, c were total morphisms in X they are

morphisms in Tot(X). For every object X ∈ Obj(X) = Obj(Tot(X)) pullback powers of Tot(T )(X)
p−→ X

exist and are given by Tot(T )n(X) = Tn(X) because restriction limits of total morphisms are limits in

Tot(X) according to section 4.4 of [26]. All the equations hold in Tot(X) as they hold in X. The universality

of the vertical lift holds because restriction limits of total morphisms in X become limits in Tot(X).

Interestingly we did not need to ask for the tangent bundle endofunctor to be compatible with joins,

only with restrictions. The reason is the following lemma which says that compatibility with the restriction

implies compatibility with the join for a tangent structure. We will use it later in Section 5.4.5.

Lemma 5.2.16.

(i) Let (X, T, p, 0, ℓ, c) be a Cartesian tangent join restriction category. Then for any parallel morphisms

f, g in X, f ≤ g if and only if T (f) ≤ T (g) .

(ii) Let (X, T, p, 0, ℓ, c) be a Cartesian tangent join restriction category. Then for any parallel morphisms

f, g in X, f ⌣ g if and only if T (f)⌣ T (g).

(iii) Let (X, T, p, 0, ℓ, c) be a Cartesian tangent join restriction category and let (fi)i∈I be a compatible family

of morphisms in X. Then ∨
i∈I

T (fi) = T

(∨
i∈I

fi

)
.

Proof.

(i) If f ≤ g, that means that f̄g = f . Thus, applying T to the equation we obtain that

T (f)T (g) = T (f̄)T (g) = T (f̄g) = T (f)
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which means that T (f) ≤ T (g). Conversely, if T (f) ≤ T (g), that means that T (f)T (g) = T (f). Due

to naturality of p, the equation f = 0T (h)p holds for any morphism h. Thus we obtain that

f̄g = 0T (f̄g)p = 0T (f)T (g)p = 0T (f)p = f

which means that f ≤ g.

(ii) This is analogous to (i).

(iii) Due to (i), fi ≤
∨
i∈I fi implies that F (fi) ≤ F (

∨
i∈I fi). Thus, since the join is a supremum, this

means that ∨
i∈I

F (fi) ≤ F

(∨
i∈I

fi

)
.

Next we will use that the projection p : T → 1X is a natural transformation with total components,

thus post-composition with it does not change the restriction idempotent. Thus,

F

(∨
i∈I

fi

)
= F

(∨
i∈I

fi

)
p = p

∨
i∈I

fi =
∨
i∈I

pfi =
∨
i∈I

F (fi)p =
∨
i∈I

F (fi)

holds. This implies the required equation.

Note that the inequality
∨
i∈I F (fi) ≤ F

(∨
i∈I fi

)
. holds for any restriction preserving functor, while

equality requires the projection natural transformation.

5.3 The tangent bundle of a group object

In classical Lie theory, the tangent bundle of a Lie group G = (G, ·, u) is trivial in the sense that T (G) = G×g,

where g = T (G)u is the Lie algebra of G. In this section we will show that the tangent bundle of a group

object in any tangent category is also trivial. This recovers the classical result, but is more general, since it

now holds in many different categories.

While Section 5.4 is about join restriction categories, this section does not assume join restriction struc-

tures. The results pertain to Cartesian tangent categories in general. Let us start by stating the definition

of a group object:

Definition 5.3.1. A group object (G,m, u, ι) in a Cartesian category X is an object G together with

morphisms m : G×G→ G, u : 1→ G and ι : G→ G (where 1 is the terminal object) such that
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(i) (m× 1G)m = (1G ×m)m : G×G×G→ G

(ii) ⟨!u, 1G⟩m = 1G = ⟨1G, !u⟩m : G→ G

(iii) ⟨ι, 1G⟩m =!u = ⟨1G, ι⟩m : G→ G,

where ! : A → 1 is the unique morphism to the terminal object and ⟨f, g⟩ is the induced morphism into

a pullback or product. In the special case of morphisms between products, we use the notation f × g :=

⟨π0f, π1g⟩.

If X is a Cartesian restriction category, we demand that the morphisms m,u and ι are total.

While a group object consists of G, m, u and ι we often denote the group object (G,m, u, ι) by G for

brevity. The concept of a group object is used in most areas of mathematics. In the category of sets and

functions, groups are exactly the group objects. In the category of algebraic varieties and algebraic maps,

algebraic groups are exactly the group objects. In the category of topological spaces with continuous maps,

topological groups are exactly the group objects. In the category of smooth manifolds with smooth maps,

Lie groups are exactly the group objects.

Lemma 5.3.2. If G is a group object in a Cartesian tangent category (X, T ), T (G) is also group object.

Proof. Since (X, T ) is a Cartesian tangent category, ⟨T (π0), T (π1)⟩ : T (G × G) → T (G) × T (G) is an

isomorphism. The multiplication is T (G) × T (G)
⟨T (π0),T (π1)⟩∼= T (G × G) T (m)−−−→ T (G), the unit is given by

1
01∼= T (1)

T (u)−−−→ T (G), and the inverse is given by T (G)
T (ι)−−−→ T (G). These data satisfy the required identities

because T is functorial.

5.3.1 Trivializing the tangent bundle

The purpose of this section is to define an isomorphism between T (G) and G × T (G)u. Here T (G)u is the

pullback

T (G)u T (G)

1 G

p∗u

!
⌟

p

u

which we require to exist.

While the first component of the isomorphism is simply the projection p : T (G) → G, the second

component is defined using the universal property of the pullback defining T (G)u. The idea of the second

component is to start with a tangent vector vg ∈ T (G) over the basepoint g and use the group multiplication

with g−1 to move the tangent vector vg over the unit. Concretely, the multiplication T (m) multiplies pι0 of

a tangent vector to the tangent vector, as shown in the diagram below.
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T (G)

G× T (G)

G× T (G)

T (G)u T (G)× T (G)

1 T (G)

G

⟨p,1T (G)⟩

⟨pι0,1⟩T (m)

ι×1T (G)

0×1T (G)

⌟

T (m)

u p

Together they form the morphism

ϕ = ⟨p, ⟨!, ⟨pι0, 1⟩T (m)⟩⟩ : T (G)→ G× T (G)u.

Theorem 5.3.3. Suppose G is a group object in a Cartesian tangent category such that the pullback T (G)u

exists. Then T (G) ∼= G× T (G)u. The isomorphism is given as

ϕ = ⟨p, ⟨!, ⟨pι0, 1⟩T (m)⟩⟩ : T (G)→ G× T (G)u

and its inverse is

ϕ−1 = (0× p∗u)T (m) : G× T (G)u → T (G).

Proof. The morphism ⟨pι0, 1⟩T (m) : T (G)→ T (G) satisfies

⟨pι0, 1⟩T (m)p = ⟨pι0, 1⟩pm = ⟨pι0p, p⟩m = p⟨ι, 1⟩m = p!0 =!0

and therefore it induces a morphism ⟨!, ⟨pι0, 1⟩T (m)⟩ : T (G)→ T (G)u. The composition p! =!, because it is

the unique morphism from T (G) to the terminal object 1. The candidate for its inverse is

(0× p∗u)T (m) : G× T (G)u → T (G)
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where p∗u is the pullback of p : T (G)→ G along u : 1→ G defining T (G)u:

T (G)u T (G)

1 G

!

p∗u

u

p

Now we need to check that they are inverse to each other by checking that both ways of composing yield

the identity morphism. First, we have

⟨p, ⟨!, ⟨pι0, 1⟩T (m)⟩⟩(0× p∗u)T (m) = ⟨p0, ⟨pι0, 1⟩T (m)⟩T (m)

(by associativity) = ⟨⟨p0, pι0⟩T (m), 1⟩T (m)

= ⟨p⟨1, ι⟩m0, 1⟩T (m)

= ⟨p!u0, 1⟩T (m)

= 1,

where the last equality holds because u0 = 0T (u) by naturality of 0 and this is the unit for the multiplication

T (m) from Lemma 5.3.2. On the other hand,

(0× p∗u)T (m)⟨p, ⟨!, ⟨pι0, 1⟩T (m)⟩⟩

= ⟨(0× p∗u)T (m)p , ⟨!, ⟨(0× p∗u)T (m)pι0, (0× p∗u)T (m)⟩T (m)⟩⟩

(by naturality of p) = ⟨(0p× p∗up)m , ⟨!, ⟨(0p× p∗up)mι0, (0× p∗u)T (m)⟩T (m)⟩⟩

= ⟨(1×!u)m , ⟨!⟨(1×!u)mι0, (0× p∗u)T (m)⟩T (m)⟩⟩

= ⟨π0 , ⟨!, ⟨π0ι0, (0× p∗u)T (m)⟩T (m)]⟩

(by associativity) = ⟨π0 , ⟨!, ⟨⟨π0ι0, π00⟩T (m), π1p
∗
u⟩T (m)⟩⟩

= ⟨π0 , ⟨!, ⟨π0!u0, π1p∗u⟩T (m)⟩⟩

= ⟨π0 , ⟨!, ⟨π0!u0, π1p∗u⟩T (m)⟩⟩

= ⟨π0, π1⟩ = 1.

Here again the last equality holds as u0 = 0T (u) by naturality of 0 and this is the unit for the multiplication

T (m) from Lemma 5.3.2.
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As the first component of the isomorphism ⟨p, ⟨!, ⟨pι0, 1⟩T (m)⟩⟩ is p, it follows directly that

⟨p, ⟨!, ⟨pι0, 1⟩T (m)⟩⟩π0 = p

and therefore p corresponds to π0.

5.3.2 Structure maps of the tangent bundle of a group object

We will now continue to analyze the behaviour of G and T (G)u. In particular, G acts on T (G)u in a way

that recovers the adjoint action of a Lie group on its Lie algebra in differential geometry. In the classical

case in which G is a Lie group, it is given by sending a group element g ∈ G and a vector v ∈ T (G)u to

g · v · g−1. This provides intuition for what follows.

Recall that Definition 5.3.1 guarantees that the multiplication m : G × G → G is associative. Thus, we

denote for k ∈ N+ the unique morphism from Gk to G multiplying all components together as mk : Gk → G.

One expression of mk as a composition is (m× 1G× ...× 1G)...m, but any other composition of m that leads

to a morphism Gk → G is the same morphism.

Definition 5.3.4.

Adℓ : G× T (G)u → T (G)u

is defined as the morphism

⟨!, ⟨π00G, π1p∗u, π0ι0⟩T (m3)⟩

which is the induced morphism into the pullback

G× T (G)u

T (G)u T (G)

1 G

!

p∗u

u

p
⌟

!

⟨π00,π1p
∗
u,π0ι0⟩T (m3)

,

where m3 = (m× 1)m : G×G×G→ G is the multiplication of three group elements in G.

The adjoint right group action is the adjoint action with the inverse of a group element, i.e. it is

defined by

Adr = ⟨!, ⟨π1ι0, π0p∗u, π10⟩T (m3)⟩ : T (G)u ×G→ T (G)u.

Here the ℓ and r in the index keep track which of them is a left- and which of them is a right-action. The
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actions Adr and Adℓ are the generalizations of gvg−1 and g−1vg in the classical case.

In order to see that Definition 5.3.4 is well-defined we need to check that it actually induces a morphism

into the pullback, that is ⟨π00, π1p∗u, π0ι0⟩T (m3)p =!u:

⟨π00, π1p∗u, π0ι0⟩T (m3)p

naturality of p
= ⟨π00p, π1p∗up, π0ι0p⟩m3

0p=1 , p∗up=!u
= ⟨π0, !u, π0ι⟩m3

ι is inversion
= !u.

Definition 5.3.5. In a Cartesian category X, given an object A and a group object G, a left G-action on

A is a morphism a : G×A→ A such that the diagrams

A G×A G×G×A G×A

A G×A A

u×1A

a

m×1A

1G×a a

a

commute. A right G-action on A is a morphism a : A×G→ A such that the diagrams

A A×G A×G×G A×G

A A×G A

1A×u

a

1A×m

a×1G a

a

commute.

Lemma 5.3.6 (Left action). The morphism Adℓ is a left group action. Analogously Adr is a right group

action.

The proof that Adl is a left group action and Adr is a right group action follows from the associativity

of m.

In this section we will use the trivialization from Theorem 5.3.3 to express the natural transformations

in the tangent structure of Definition 2.2.4 and the group structure morphisms of Definition 5.3.1 on T (G)

through structures on G× T (G)u. The result is summarized in Table 5.1.

An observation from Table 5.1 is that the tangent structure acts on the T (G)u component and not on

the G component. The group structure involves the G component as well.

Lines 1,2,3 and 7 of the table (pertaining to +, 0, p and u) follow very directly from the definition of the

isomorphism ϕ in Theorem 5.3.3. We show these equations in Proposition 5.3.7.
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Operation on T (G) Operation on G× T (G)u

+ : T2G → T (G) 1×+u : G× T (G)u × T (G)u → G× T (G)u

0 : G → T (G) ⟨1, !0u⟩ : G → G× T (G)u

p : T (G) → G π0 : G× T (G)u → G

ℓ : T (G) → TT (G) ⟨π0, !0u, !0u, π1⟩ : G×T (G)u → G×T (G)u×T (G)u×T (G)u

c : TT (G) → TT (G) ⟨π0, π2, π1, π3⟩ : G× T (G)3u → G× T (G)3u

Tm :T (G)×T (G)→T (G) (1×s× 1)(m×T (m)u) :G×T (G)u×G×T (G)u → G×T (G)u

Tu : 1 → T (G) ⟨u, 0u⟩ : 1 → G× T (G)u

Tι : T (G) → T (G) ⟨π0ι,AdℓT (ι)u⟩ : G× T (G)u → G× T (G)u

Table 5.1: Structure morphisms on T (G) and their translation to the local coordinates G × T (G)u. The
meanings of 0u, +u and s are discussed in Proposition 5.3.7 and Lemma 5.3.8

.

The next entry of Table 5.1, pertaining to ℓ, is shown in Proposition 5.3.13. The following entry, pertaining

to c is shown in in Proposition 5.3.14. The following entry, pertaining to T (m), is shown in Proposition

5.3.9. The last entry, pertaining to T (ι), is shown in Proposition 5.3.10.

In all the propositions throughout the rest of this section, the vertical arrows are isomorphisms built

from ϕ that translate the operations on T (G) into operations on G× T (G)u. The horizontal arrows are the

morphisms in Table 5.1.

Proposition 5.3.7. The diagrams

G×T (G)u×T (G)u G×T (G)u

T2G TG

1G×+u

⟨⟨π0,π1⟩ϕ−1,⟨π0,π2⟩ϕ−1⟩∼= ϕ−1∼=

+

(5.1)

G G×T (G)u

G TG

⟨1G,!u0u⟩

1G ∼= ϕ−1∼=

0

(5.2)

G×T (G)u G

TG G

π0

ϕ−1 ∼= 1G∼=

p

(5.3)

1 G×T (G)u

T (1) TG

⟨u,u0u⟩

01 ∼= ϕ−1∼=

T (u)

(5.4)

commute where ϕ−1 : G × T (G)u → T (G) is the isomorphism from Theorem 5.3.3, 0u := ⟨!, u0G⟩ : 1 →

T (G)u is the zero morphism into T (G)u induced by 0G : G→ T (G) and

+u = ⟨!, ⟨p∗u, p∗u⟩+⟩ : T (G)u × T (G)u → T (G)u

is the addition on T (G)u induced by +.

In this proposition the vertical arrows are isomorphisms and express the group action in terms of the

tangent space at the unit.
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Here, and and in the following proofs when we will show that a diagram

A B

C D

f

h g

k

commutes, we will refer to hk as the “left path” and to fg as the “right path”.

Proof. Diagram 5.1 commutes because its right path (1G ×+u)ϕ
−1 is

(1G ×+u)⟨0× p∗u⟩T (m) = (0× (p∗u × p∗u)+)T (m) = ⟨⟨π00, π1p∗u⟩, ⟨π00, π2p∗u⟩⟩T2(m)+,

which is equal to the left path ⟨⟨π0, π1⟩ϕ−1, ⟨π0, π2⟩ϕ−1⟩+. Here we used the naturality of + for the first and

second equation and the definition of ϕ−1 as ⟨π00G, π1p∗u⟩T (m) to conclude that it equals to the left path.

Diagram 5.2 commutes because its right path is

⟨1G, !u0u⟩(0× p∗u)T (m) = ⟨0, !u0⟩T (m) = 0 = 1G0

since u0 is the unit of the group object T (G).

Diagram 5.3 commutes because its left path is

⟨π00, π1p∗u⟩T (m)p = ⟨π00p, π1p∗up⟩m = ⟨π0, π1!u⟩m = π0.

Diagram 5.4 commutes because the right path is

⟨u, u0u⟩⟨π00, π1p∗u⟩T (m) = ⟨u0, u0⟩T (m) = u0 = 0T (u).

The vertical arrow 01 is an isomorphism because X is a Cartesian tangent category. The vertical arrow

⟨π00, π1p∗u⟩T (m) is an isomorphism as we proved in Theorem 5.3.3. Therefore its pullback square is also an

isomorphism.

In order to prove that the remaining lines in the table are correct, the following Lemma is useful. It

identifies G×TuG with TuG×G in a way that is compatible with the group multiplication and thereby tells

us how to move group elements past each other.

Lemma 5.3.8 (Switching order).
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(i) The diagram

T (G)u ×G G× T (G)u

T (G)× T (G) T (G)× T (G)

T (G)

TmTm

p∗u×0 0×p∗u

⟨π1,Adr⟩

commutes.

(ii) The composition T (G)u ×G
⟨p∗u,0⟩T (m)−−−−−−−→ T (G)

∼=−→ G× T (G)u is ⟨π1,Adr⟩.

(iii) The morphism s := ⟨π1,Adr⟩ : T (G)u × G → G × T (G)u is an isomorphism and its inverse is

s−1 := ⟨Adℓ, π0⟩.

Proof.

(i) Putting everything together the right path in the diagram is

⟨π1,Adr⟩(0× p∗u)T (m) = ⟨π10,Adrp
∗
u⟩T (m)

= ⟨π10, π1ι0, π0p∗u, π10⟩T (m4) = ⟨π0p∗u, π10⟩T (m).

which is exactly the left path in the diagram.

(ii) follows now by composing with the inverse of the right vertical arrows since the isomorphism between

T (G) and G× T (G)u is

(0× p∗u)T (m) : G× T (G)u → T (G).

(iii) is a straightforward calculation:

⟨π1,Adr⟩⟨Adℓ, π0⟩ = ⟨π0,Adr⟨Adℓ, π0⟩⟩ = ⟨π0, ⟨!, ⟨π0ι0,Adℓp
∗
u, π00⟩T (m3)⟩⟩

= ⟨π0, ⟨!, ⟨π0ι0, ⟨π00, π1p∗u, π0ι0⟩T (m3), π00⟩T (m3)⟩⟩

= ⟨π0, ⟨!, ⟨π0ι0, π00, π1p∗u, π0ι0, π00⟩T (m5)⟩⟩

= ⟨π0, ⟨!, π1p∗u⟩⟩ = ⟨π0, π1⟩ = 1G×T (G)u .

The composition in the inverse composition is similar:

⟨Adℓ, π0⟩⟨π1,Adr⟩ = ⟨⟨!, ⟨π10, ⟨π1ι0, π0p∗u, π10⟩T (m3), π1ι0⟩T (m3), π1⟩

= ⟨⟨!, π0p∗u⟩, π1⟩ = ⟨π0, π1⟩ = 1G×T (G)u
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The diagram in Lemma 5.3.8 means that the morphism s := ⟨π1,Adr⟩ is the isomorphism that identifies

T (G)u ×G with G× T (G)u in a way that is compatible with the group multiplication.

Proposition 5.3.9 (The multiplication). The diagram

G× T (G)u ×G× T (G)u G×G× T (G)u × T (G)u G× T (G)u

T (G)× T (G) T (G)

1×s×1

Tm

m×T (m)u

ϕ−1(ϕ−1)2

commutes, where T (m)u : T (G)u × T (G)u → T (G)u is induced by the multiplication Tm : T (G) × T (G) →

T (G).

Proof. The left path in the square is, using associativity,

⟨0, p∗u, 0, p∗u⟩T (m4).

The right path in the square is

(1× s× 1)(m× T (m)u)⟨0, p∗u⟩Tm = (1× s× 1)⟨⟨π0, π1⟩m0, ⟨π2, π3⟩T (m)up
∗
u⟩T (m)

= (1× s× 1)⟨⟨π00, π10⟩T (m), ⟨π2p∗u, π3p∗u⟩T (m)⟩T (m)

= (1× s× 1)⟨0× 0× p∗u × p∗u⟩T (m4)

Now it follows from part (ii) of Lemma 5.3.8 that this equals

= ⟨0, p∗u, 0, p∗u⟩T (m4)

which was the left path.

We can also formulate the group inverse T (ι) for T (G) in terms of G× T (G)u.

Proposition 5.3.10 (The inverse). Suppose G is a group object in a tangent category and T (G)u exists.

Then the following diagram commutes:

G× T (G)u G× T (G)u

T (G) T (G)

⟨π0ι,AdℓT (ι)u⟩

ϕ−1

T (ι)

ϕ
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commutes.

Proof. In the first component the diagram commutes because

(0× p∗u)T (m)T (ι)p = (0p, p∗up)mι = π0ι.

In the second component we obtain:

(0× p∗u)T (m)T (ι)⟨!, ⟨pι0, 1⟩T (m)⟩ = ⟨!, ⟨(0× p∗u)T (m)T (ι)pι0, (0× p∗u)T (m)T (ι)⟩T (m)⟩

= ⟨!, ⟨(0× p∗u)T (m), (0p× p∗up)mι0⟩T (m)T (ι)⟩

= ⟨!, ⟨π00, π1p∗u, π0ι0⟩T (m3)T (ι)⟩ = AdlT (ι)u

Here we used that p∗up =!u which is the unit of the multiplication m.

It is known from Theorem 4.15 of [20] that T (G)u is a differential object. The following Lemma 5.3.11

recalls what that means.

Lemma 5.3.11. For f : X → T (T (G)u), let

{f} : X → T (G)u

denote the unique morphism such that

f = ⟨{f}ℓu, fp0⟩T (+u),

where ℓu : T (G)u → T (T (G)u) and +u : T (G)u×T (G)u → T (G)u are the morphisms induced by ℓ : T (G)→

TT (G) and + : T2G→ T (G). Then the morphism

T (T (G)u)
⟨p,{1}⟩−−−−→ T (G)u × T (G)u

is an isomorphism with inverse

T (G)u × T (G)u
(0×ℓu)T (+u)−−−−−−−−→ T (T (G)u)

The morphism {f} exists because of [29, Lemma 2.10] which applies because fp∗u : X → T (T (G))

equalizes T (p) and pp0.
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Proof. We show that they form an isomorphism by showing that their compositions are the identity. The

first composition is

⟨p, {1}⟩(0× ℓu)T (+u) = ⟨1p0, {1}ℓu⟩T (+u) = 1

by definition of {•} The other composition is

(0× ℓu)T (+u)⟨p, {1}⟩ = ⟨(0× ℓu)T (σ)p, {(0× ℓu)T (+u)}⟩

= ⟨(0p× ℓup)+u, {⟨π00, π1ℓu⟩T (+u)}⟩

= ⟨(1×!0u)+u, ⟨{π00}, {π1ℓu}⟩+u⟩

= ⟨π0, π0!0u, π1⟩+u

= ⟨π0, π1⟩ = 1

where 0u : 1→ T (G)u is induced by u0 : 1→ T (G). There we used that {0} =!0u and {ℓu} = 1 from Lemma

2.12 of [29].

Remark 5.3.12. We provided an explicit isomorphism T (T (G)u) ∼= T (G)u × T (G)u. However, one could

alternatively simply apply Theorem 4.15 of [20] which shows that T (G)u is a differential object. According

to Definition 4.8 of [20] this implies that T (T (G)u) ∼= T (G)u × T (G)u and therefore proves that there is an

isomorphism T (T (G)u) ∼= T (G)u × T (G)u.

Proposition 5.3.13 (The lift). Suppose G is a group object in a tangent category and the pullback T (G)u

exists and is preserved by T . Then the following diagram commutes:

G× T (G)u G× T (G)u × T (G)u × T (G)u

T (G)× TT (G)u

T (G) TT (G)

⟨π0,!0u,!0u,π1⟩

ℓ

ϕ−1 ∼=

T (ϕ)∼=

ϕ×⟨p,{1}⟩∼=

Here ϕ = ⟨p, ⟨!, ⟨pι0, p∗u⟩Tm⟩⟩ is the isomorphism from Theorem 5.3.3.

This shows that the inclusion in the first and last components corresponds to the vertical lift ℓ, similar

to the formulas in Examples 2.2.7 and 2.2.11.

Proof. As we know that ℓT (ϕ)π0 = ℓT (p) = p0, it follows that the first two components are π0 and 0u. The
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third component is zero because p is natural, ϕ−1p = π0, and therefore

ϕ−1ℓT (ϕ)π1p = ϕ−1ℓpϕπ1 = π0⟨1, 0⟩π1 =!0u.

The fourth component is given by the following calculation using the naturality of p,0 and ℓ:

ϕ−1ℓT (ϕ)π1{1} = ϕ−1ℓT (⟨p, ⟨!, ⟨pι0, 1⟩T (m)⟩⟩)π1{1}

= ϕ−1⟨!, ⟨ℓT (p)T (ι)T (0), ℓ⟩T 2(m)⟩{1}

= ϕ−1⟨!, ⟨p0T (ι)T (0), ℓ⟩T 2(m)⟩{1}

= ϕ−1⟨!, ⟨pι0ℓ, ℓ⟩T 2(m)⟩{1}

= ϕ−1⟨!, ⟨pι0, 1⟩T (m)ℓ⟩{1}

= ϕ−1⟨!, ⟨pι0, 1⟩T (m)⟩ℓu{1}

= ϕ−1⟨!, ⟨pι0, 1⟩T (m)⟩ = ϕ−1ϕπ1 = π1

Here ℓu{1} = {ℓu} = 1 because (T (G)u, 1, !,+u, 0u, ℓu) is a differential bundle (T (G)u is a differential object)

and thus [20, Lemma 2.12 (vii)] shows it.

Proposition 5.3.14 (The canonical flip). Suppose G is a group object in a Cartesian tangent category for

which the pullback T (G)u exists and is preserved by T. Then the diagram

G× T (G)u × T (G)u × T (G)u G× T (G)u × T (G)u × T (G)u

T (G)× TT (G)u T (G)× TT (G)u

TT (G) TT (G)

⟨π0,π2,π1,π3⟩

ϕ×⟨p,{1}⟩ ∼= ϕ×⟨p,{1}⟩∼=

Tϕ ∼=

c

Tϕ∼=

(5.5)

commutes, where ϕ is the isomorphism from Theorem 5.3.3.

This shows that in our coordinates the canonical flip just flips the middle two components, analogous to

the formula in Example 2.2.11 and the local formula in Example 2.2.7.

Proof. For this proof we will actually use Theorem 5.3.15, the fact that +u and T (m)u coincide and are

commutative. Since we don’t use the canonical flip when proving Theorem 5.3.15 this is logically sound. We
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will show the following diagram commutes

G× T (G)u × T (G)u × T (G)u G× T (G)u × T (G)u × T (G)u

T (G)× TT (G)u T (G)× TT (G)u

TT (G) TT (G).

⟨π0,π2,π1,π3⟩

ϕ−1×(0×ℓu)T (+u) ∼= ϕ−1×(0×ℓu)T (+u)∼=

Tϕ−1 ∼= Tϕ−1∼=

c

. (5.6)

Because the vertical arrows in Diagram 5.6 are the inverses of the vertical arrows in Diagram 5.5, this is

equivalent to the statement we need to show.

First we will write out the vertical arrows of Diagram 5.6 in components

((ϕ−1)× (0× ℓu)T (+u))T (ϕ−1)

=⟨⟨π00, π1p∗u⟩T (m), ⟨π20, π3ℓu⟩T (+u)⟩⟨π0T (0), π1T (p∗u)⟩T 2(m)

=⟨⟨π00, π1p∗u⟩T (m)T (0), ⟨π20, π3ℓu⟩T (+u)T (p∗u)⟩T 2(m)

Now we use Theorem 5.3.15 to replace +u with T (m)u and use T (m)up
∗
u = p∗uT (m), ℓuT (p

∗
u) = p∗uℓ and

naturality of 0 to obtain

⟨⟨π00, π1p∗u⟩T (m)T (0), ⟨π20, π3ℓu⟩T (T (m)u)T (p
∗
u)⟩T 2(m)

=⟨⟨π00T (0), π1p∗uT (0)⟩T 2(m), ⟨π2p∗u0, π3p∗uℓ⟩T 2(m)⟩T 2(m)

=⟨π00T (0), π1p∗uT (0), π2p∗u0, π3p∗uℓ⟩T 2(m4),

where m4 : G4 → G is the multiplication of four group elements, unique by associativity. Now if we follow

the left path of Diagram 5.6 we have

((ϕ−1)× (0× ℓu)T (+u))T (ϕ−1)c = ⟨π00T (0), π1p∗uT (0), π2p∗u0, π3p∗uℓ⟩T 2(m4)c

= ⟨π00T (0)c, π1p∗uT (0)c, π2p∗u0c, π3p∗uℓc⟩T 2(m4)

= ⟨π00T (0), π1p∗u0, π2p∗uT (0), π3p∗uℓ⟩T 2(m4)

= ⟨π00T (0), π10T (p∗u), π2Tu(0)T (p∗u), π3p∗uℓ⟩T 2(m4)

= ⟨π00T (0), π2Tu(0)T (p∗u), π10T (p∗u), π3p∗uℓ⟩T 2(m4)

= ⟨π00T (0), π2p∗uT (0), π1p∗u0, π3p∗uℓ⟩T 2(m4)

= ⟨π0, π2, π1, π3⟩((ϕ−1)× (0× ℓu)T (+u))T (ϕ−1)
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which is the right path through Diagram 5.6. When going from the fourth to fifth line we used that T (m)u

is commutative and therefore

⟨ap∗u, bp∗u⟩T (m) = ⟨a, b⟩T (m)up
∗
u = ⟨b, a⟩T (m)up

∗
u = ⟨bp∗u, ap∗u⟩T (m).

This concludes the verification of all the structures summarized in Table 5.1, with the exception of

showing that +u = T (m)u, which we will verify in Section 5.3.3 below.

5.3.3 Comparing addition and multiplication

There are two monoid structures on T (G)u, one of them is the group multiplication and it is a group (i.e. has

an inverse). The other one is the addition of tangent vectors and it is commutative. In this section we show

that they are in fact the same monoid structure and therefore both of them are abelian group structures.

This implies that the two monoid structures (addition of tangent vectors and group multiplication) on T (G)

coincide up to conjugation with ϕ. Theorem 5.3.15, the central result of this subsection will make this

explicit.

Let X be a Cartesian tangent category and G a group object in X such that the pullback T (G)u exists.

Then there are two monoid structures on T (G)u, one of them is given by T (m)u, the morphism induced by

T (G)× T (G)

T (G)u × T (G)u T (G)u T (G)

1 G

T (m)p∗u×p
∗
u

T (m)u

!

p∗u

!
⌟

p

u

.

The other one is +u, the morphism induced by

T2G

T (G)u × T (G)u T (G)u T (G)

1 G

+G
p∗u×Gp

∗
u

+u

!

p∗u

!
⌟

p

u

,

where p∗u ×G p∗u stands for ⟨π0p∗u, π1p∗u⟩. In the following theorem, we show that these operations coincide

and are commutative. The unit has a convenient expression as 0u = ⟨!, u0G⟩ = ⟨!, 01T (u)⟩ : 1→ T (G)u.
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Theorem 5.3.15. The two binary operations on T (G)u satisfy the following:

(i) They coincide, +u = T (m)u.

(ii) They are commutative, T (m)u = ⟨π1, π0⟩T (m)u.

(iii) Their unit is 0u.

(iv) Their inverse is T (ι)u.

Proof. The morphism +u is commutative, since it is induced by the commutative monoid addition +G on

T2(G). The morphism 0u is the unit for T (m)u because the unit for T (m) is 0T (u) = u0 and T (m)u is induced

by T (m). The morphism 0u is the unit for +u because 0G is the unit for +G. Since +G : T2G → T (G) is

natural the morphism +u : T (G)2u is also natural. That implies the naturality diagram of +u with respect

to the morphism T (m)u : T (G)u × T (G)u → T (G)u, the diagram

T (G)2u × TuG2 T (G)2u

T (G)u × T (G)u T (G)u

(T (m)u)
2

+u

T (m)u

+u×+u
,

commutes. Now an Eckmann–Hilton style argument implies that the two operations coincide:

T (m)u
neut.
= ⟨⟨π0, 0u⟩+u, ⟨0u, π1⟩+u⟩T (m)u

nat.
= ⟨⟨π0, 0u⟩T (m)u, ⟨0u, π1⟩T (m)u⟩+u

neut.
= +u.

Since the two monoid structures coincide and T (ι)u is an inverse for T (m)u, it is an inverse for both of

them.

From this we will conclude in the following theorem that the additions on T (G) have a negation. This

result is surprising, as we did not assume that the addition of tangent vectors has negatives. However,

for the tangent vectors of the group object G it is defined. It is only defined on T (G), it is not a natural

transformation.

Theorem 5.3.16. Let X be a Cartesian tangent category and let G be a group object in X such that the

pullback T (G)u exists.

(i) Then the addition +G : T2G→ T (G) is explicitly given by the composition

T2G
ϕ−1
2−−→ G× T (G)u × T (G)u

(1G×T (m)u)−−−−−−−−→ G× T (G)u
ϕ−→ T (G)

where ϕ : G× T (G)u → T (G) is the isomorphism from theorem 5.3.3.
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(ii) The addition +G : T2(G)→ T (G) has a negation that is given by the composition

T (G)
ϕ−1

−−→ G× T (G)u
(1G×T (ι)u)−−−−−−−→ G× T (G)u

ϕ−→ T (G).

(iii) The addition +T (G) : T
2
2G→ T 2G has a negation.

Proof. The addition +G : T2G→ T (G) can be explicitly described as the composition

G× T (G)u × T (G)u
ϕ2−→ T2G

+G−−→ T (G)
ϕ−1

−−→ G× T (G)u

where ϕ : G × T (G)u → T (G) is the isomorphism from Theorem 5.3.3. The second component of this

composition can be explicitly calculated as the following (the first component is just p, as + preserves the

basepoint):

ϕ2 +G ϕ
−1π1 = ⟨⟨π00, π1p∗u⟩T (m), ⟨π00, π2p∗u⟩T (m)⟩+ ⟨!, ⟨pι0, 1⟩T (m)⟩

= ⟨⟨π00, π1p∗u⟩, ⟨π00, π2p∗u⟩⟩+2 T (m)⟨!, ⟨p!0, 1⟩T (m)⟩

= ⟨⟨π00, π00⟩+, ⟨π1p∗u, π2p∗u⟩+⟩T (m)⟨!, ⟨pι0, 1⟩T (m)⟩

= ⟨π00, ⟨π1p∗u, π2p∗u⟩T (m)⟩T (m)⟨!, ⟨pι0, 1⟩T (m)⟩

= ⟨!, ⟨⟨π0, !u⟩mι0, ⟨π00, ⟨π1p∗u, π2p∗u⟩T (m)⟩T (m)⟩T (m)⟩

= ⟨!, ⟨π1p∗u, π2p∗u⟩T (m)⟩

= ⟨π1, π2⟩T (m)u

This calculation now tells us that ϕ2 +G ϕ
−1 = 1G × T (m)u Pre- and postcomposing this equality with the

isomorphism ϕ results in

+G = ϕ−1
2 (1G × T (m)u)ϕ,

the equality we needed to show for (i). This explicit formula shows directly that

− := ϕ−1(1× T (ι)u)ϕ

defines a negation on T (G) implying part (ii) of the theorem.
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It follows that T 2G has negatives with respect to +T (G) since T (G) is a group object and

T (G)u × T (G)u T2G T 2G T 2G

1 G T (G) T (G)

⟨π0,π1⟩

!

u

π0p T (p)

0

p

c

1

ν
⌟⌟⌟

is a pullback composed of three pullbacks. This negation can be explicitly described by using the fact that the

canonical flip is an additive bundle morphism and thus + = c2T (+)c : T 2
2G → T 2G. From this formula we

can see that if − : T (G)→ T (G) is a negation with respect to + : T (G)→ T (G), then cT (−)c : TG → T 2G

is a negation with respect to + : T 2G→ T 2G, proving part (iii).

The negation − is only defined for the tangents of the group object G, it is not a natural transformation.

However the negation is compatible with multiplication and addition in the following sense.

Lemma 5.3.17. The diagrams

T (G)× T (G) T (G)× T (G) T2G T2G

T (G) T (G) T (G) T (G)

−×−

−

T (m) T (m)

−×G−

−

+ +

commute.

Proof. In the diagram

T (G)× T (G) T (G)× T (G)

G× T (G)u ×G× T (G)u G× T (G)u ×G× T (G)u

G× T (G)u G× T (G)u

T (G) T (G)−

1×T (ι)u

ϕ ϕ

(1×s×1)(m×T (m)u) (1×s×1)(m×T (m)u

1×T (ι)u×1×T (ι)u

−×−

ϕ−1×ϕ−1 ϕ−1×ϕ−1

the top and bottom square commute by the definition of −. The commutativity of the central square is that

(g−1vg)−1w = gv−1g−1w. The first diagram commutes by the definition of −. Then the second diagram

commutes because + = ϕ2(1× T (m)u)ϕ
−1.
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5.3.4 Left-invariant vector fields

A left-invariant vector field is a section ξ : G→ T (G) of p : T (G)→ G such that the diagram

G×G G

T (G)× T (G) T (G)

ξ

T (m)

0×ξ

m

commutes. As shown in Proposition 5.3.19, the zero vector field is an example of a left-invariant vector field.

Classically, the vector space of left-invariant vector fields is an alternate description of a Lie group’s

Lie algebra. In this case, one can prove that the vector space of left-invariant vector fields is isomorphic

to T (G)u. Unfortunately, we were not able to fully generalize this result to the general tangent category

setting. At least, it is true for the set of left-invariant vector fields and the set of elements, i.e. morphisms

1→ T (G)u.

Technically, the word “elements” is used here with two meanings, morphisms 1→ T (G)u and the classical

meaning of elements of the underlying set of the manifold. These two meanings correspond to each other

by identifying a morphism 1 → T (G)u with its image (remembering that 1 has the one point-set as its

underlying set).

Proposition 5.3.18 (Left-invariant vector fields). The set of left invariant vector fields ξ : G → T (G) is

isomorphic to the set of elements V : 1→ T (G)u of T (G)u.

Intuitively the isomorphism is given by evaluating a vector field at the unit.

Proof. The morphism XLinv(G,T (G))→ X(1, T (G)u) is given by ξ 7→ Vξ := ⟨11, uξ⟩ : 1→ T (G)u.

The morphism X(1, T (G)u)→ XLinv(G,T (G)) is given by sending V : 1→ T (G)u to the composition of

G ∼= G× 1
1G×V−−−−→ G× T (G)u

0×p∗u−−−→ T (G)× T (G) T (m)−−−→ T (G),

i.e V 7→ ξV := (0× V p∗u)T (m).

These two constructions are inverse to each other because

ξVξ
= (0× ⟨11, uξ⟩p∗u)T (m) = (0× uξ)T (m) = (1× u)(0× ξ)T (m) = (1× u)mξ = ξ

and

VξV = ⟨11, u(0× V p∗u)T (m)⟩ = ⟨11, (u0× V p∗u)T (m)⟩ = ⟨11, V p∗u⟩ = V
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where the second to last equality holds true as u0 = 0T (u) is the unit of the multiplication T (m) by Lemma

5.3.2.

This gives a new perspective on Theorem 5.3.3. Theorem 5.3.3 says that the tangent space T (G) is

G× T (G)u. Classically, an element of T (G) is a vector v ∈ T (G)u which is “shifted” by an action of g ∈ G.

Now Proposition 5.3.18 says that furthermore, we can think of v as a left-invariant vector field ξv rather

than a vector, namely the left-invariant vector field that is given by “shifting” the vector v ∈ T (G)u to any

group element g ∈ G. The inverse is given by sending (g, ξ) to the vector ξ(g) ∈ T (G).

Given two vector fields ξ, ζ : G→ T (G), we call ⟨ξ, ζ⟩+ the addition of ξ and ζ. We call ξ− the negation

of ξ. Together with the zero vector field this turns the set of all vector fields into an abelian group. The

following Proposition 5.3.19 shows that the left-invariant vector fields are a subgroup.

Proposition 5.3.19. Let X be a Cartesian tangent category and let G be a group object such that the pullback

T (G)u exists. Then

(i) The zero vector field is left-invariant,

(ii) The addition of two left-invariant vector fields is left-invariant, and

(iii) The negation of a left-invariant vector field is left invariant.

Proof.

(i) The zero vector field is left-invariant because

G×G G

T (G)× T (G) T (G)

m

Tm

00×0

commutes by the naturality of 0.

(ii) In order to show that the addition of the two left-invariant vector fields ξ and ζ is left-invariant, we

need to show that
G×G G

T (G)× T (G) T (G)

m

Tm

⟨ξ,ζ⟩+0×⟨ξ,ζ⟩+
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commutes. It commutes because

(0× ⟨ξ, ζ⟩+)Tm =(⟨0, 0⟩+×⟨ξ, ζ⟩+)Tm

=⟨(0× ξ)Tm, (0× ζ)Tm⟩+

=⟨mξ,mζ⟩+

=m⟨ξ, ζ⟩+ .

(iii) The negation preserves left-invariance because in the diagram

G×G G

T (G)× T (G) T (G)

T (G)× T (G) T (G)
Tm

Tm

m

0×ξ ξ

−×− −

the upper part commutes because of left-invariance, the lower part commutes because of Lemma 5.3.17

and the whole diagram shows the left-invariance of ξ− since 0− = 0.

5.3.5 Defining the Lie bracket

As the tangent bundle T (G) has negatives it is possible to define a Lie-bracket on sections. For two vector

fields w1, w2 : G→ T (G), [20, Definition 3.14] defines the Lie bracket as

[w1, w2] = {⟨w1T (w2), w2T (w1)c−⟩+}

where the brackets turn a morphism f : A→ T 2G equalizing pp0 and T (p) to a morphism {f} : A→ T (G)

given by the composition of the induced morphism into the equalizer T2G and the projection π0 : T2G →

T (G). This means {f} it is the unique morphism such that f = ⟨{f}ℓ, fp0⟩T (+).

We will now use this to define a Lie bracket on the left-invariant vector fields mimicking classical differ-

ential geometry where the left-invariant vector fields form the Lie-Algebra of a Lie group.

Lemma 5.3.20. If the vector fields w1, w2 : G→ T (G) are left-invariant, then [w1, w2] is left-invariant.

Proof. We need to show that m[w1, w2] = (0× [w1, w2])T (m) using the fact that w1 and w2 are left-invariant,

i.e. mw1 = (0× w1)T (m).
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m[w1, w2] =

m{⟨w1T (w2), w2T (w1)c−⟩+}

={⟨mw1T (w2),mw2T (w1)c−⟩+} f{g} = {fg}

={⟨(0× w1)T (m)T (w2), (0× w2)T (m)T (w1)c−⟩+} left-invariance

={⟨(0× w1)(0× T (w2))T
2(m), (0× w2)(0× T (w1))T

2(m)c−⟩+} left-invariance

={⟨(0× w1)(0× T (w2)), (0× w2)(0× T (w1))c−⟩+ T 2(m)} Lemma 5.3.17

={00× ⟨w1T (w2), w2T (w1)c−⟩+ T 2(m)} composition

={00× ⟨w1T (w2), w2T (w1)c−⟩+}T (m) [20, Lemma 2.14]

=(0× [w1, w2])T (m) [20, Lemma 2.14]

This defines a Lie-bracket on the set of left invariant vector fields. Using Proposition 5.3.18 we may also

consider the Lie-bracket to be a pairing on X(1, T (G)u):

[•, •]1→T (G)u : X(1, T (G)u)× X(1, T (G)u)→ X(1, T (G)u)

That is a pairing on the elements of T (G)u, i.e. the morphisms from the terminal object 1 into T (G)u. We

call this the external Lie Algebra.

Theorem 5.3.21. Let G be a group object in a Cartesian tangent category X for which the pullback T (G)u

exists. Then the set X(1, T (G)u) is a Lie-Algebra over the ring of integers Z.

Proof. Instead of X(1, T (G)u), we use the set of left-invariant vector fields in this proof. By Proposition

5.3.18 this is isomorphic to X(1, T (G)u). The addition +, the zero section 0 and the negation from Theorem

5.3.16 (ii) induce an abelian group structure on the set of left-invariant vector fields which induces a Z-module

structure. It follows from Lemma 5.3.20 that the bracket is an operation on the set of left-invariant vector

fields. It follows from Theorem 3.17 of [20] that the Lie-bracket is bilinear with respect to this Z-module

structure. The Jacobi identity has been proved by in Theorem 4.2 of [21]. Thereby the set of left-invariant

vector fields is a Lie Algebra.

Theorem 7.5 of [2] is a related result, though with different assumptions and a different perspective.
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A natural question to ask is whether this external Lie algebra structure comes from an internal Lie-bracket

on T (G)u: Is there an antisymmetric morphism fulfilling the Jacobi identity [•, •]T (G)u : T (G)u × T (G)u →

T (G)u such that [χ, ξ]1→T (G)u = ⟨χ, ξ⟩[•, •]T (G)u? We doubt that there is such an internal Lie-bracket this

Lie-Algebra structure comes from. The reason for this is that the external Lie-bracket is defined on left-

invariant vector fields and this only gives a Lie-bracket that is a set map. This does not relate to the type

of objects in an arbitrary Cartesian tangent category. In the well known cases of smooth manifolds, it does

work.

Corollary 5.3.22. Let G be a Lie group (a group object in the category of smooth manifolds). Then its

tangent space T (G)u at the unit has an internal Lie-bracket T (G)u × T (G)u → T (G)u that is bilinear with

respect to the addition of tangent vectors.

We would like to apply it analogously to the category of smooth varieties. However, there is still some

work to be done on describing the tangent structure for the category of smooth varieties.

The key property in the two setups of Corollary 5.3.22 is that an arbitrary linear map of elements is a

morphism in the category and that two such morphisms coincide if they coincide on elements.

Proof. The result follows because the category of smooth manifolds is a tangent category in which tangent

spaces exist. In this category the group objects are Lie groups. The Lie bracket, defined on points, is a

linear map. Since it is linear, it is a smooth map T (G)u ⊗ T (G)u → T (G)u and therefore the Lie bracket is

a smooth map between manifolds.

Corollary 5.3.22 is the recovered classical result from differential geometry. In classical differential geom-

etry the Lie algebra determines the Lie group locally via the exponential map. We doubt that this is the

case in full generality because in general there is no exponential morphism in an arbitrary tangent category.

5.4 Principal bundles

Physical systems that have an inherent symmetry or redundancy are often described as principal G-bundles

where G is the system’s symmetry group. For example, the electromagnetic interaction between charged

particles naturally displays symmetry of the complex unit circle, U(1). The details of this example can be

found in [75, Chapter 10]. The electromagnetic field has an associated U(1)-principal bundle. This bundle

is important in electromagentism - the electromagnetic potential is the expression in local coordinates of a

connection on this bundle. Physically inspired examples such as this one make it clear that principal bundles

are important.
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The central idea of principal bundles is that locally they are the Cartesian product M × G of a base-

manifold M and the symmetry group G, while globally they may have a nontrivial geometry. The purpose

of this section is to generalize this geometric construction to an arbitrary join restriction category. The

structure of join restriction categories allows for a particularly nice realization of fibre bundles in which local

trivializations are expressed as partial isomorphisms.

5.4.1 Fibre Bundles

In differential geometry, given manifolds M and F , a fibre bundle over M with typical fibre F is a manifold

E with a smooth map q : E → M such that for every p ∈ M there is an open neighbourhood U ∋ p

such that q−1(U) is diffeomorphic to U × F . In this section we generalize this definition into the setting of

join-restriction categories.

In the following definition it will be useful to recall from Definition 5.2.4 that a total morphism is a

morphism f : A → B in a restriction category fulfilling f̄ = 1A and that a morphism g : A → B is called

a partial isomorphism if it has a partial inverse, denoted g∗. Recall in addition from Remark 5.2.9 that a

diagram commutes if the compositions along all paths are equal. Two partial maps are equal if both their

values and their domains coincide, i.e. f = g if both f ⌣ g and f̄ = ḡ hold.

Definition 5.4.1. Let M and F be objects in a join restriction category X.

(i) a fibre bundle over M with typical fibre F in a join restriction category X is an object E with a total

morphism q : E → M and partial isomorphisms αi : E → M × F , called local trivializations, such

that the diagram

E M × F

E M

αi

ᾱi π0

q

(5.7)

commutes and
∨
i∈I ᾱi = 1E and there exists a restriction idempotent ei : M → M such that ᾱ∗

i =

ei × 1F .

(ii) A morphism between bundles (E,M,F, q, (αi)i∈I) → (E′,M ′, F ′, q′, (α′
k)k∈K) is a pair of morphisms

Φ : E → E′, ϕ :M →M ′ such that

E E′

M M ′

Φ

ϕ

q q′
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commutes.

(iii) A fibre bundle (E,M, q, (αi)i∈I) is called totally fibred if, for all i ∈ I,

ᾱi = qei.

The morphisms Φ and ϕ forming the principal bundle morphisms are not total, in general. Fibre bun-

dles and fibre bundle morphisms, as in Definition 5.4.1, form a join restriction category FibBun(X). The

restrictions structure is given by (Φ, ϕ) = (Φ̄, ϕ̄) and the join is
∨
i(Φi, ϕi) = (

∨
iΦi,

∨
i ϕi).

The condition for a bundle to be totally fibred will be relevant in Section 5.4.3. Remember from Remark

5.2.3,(ii) that the restriction idempotent of a composition can be interpreted as a preimage. For intuition we

consider the category ParMfld of smooth manifolds and smooth partial maps defined on open subsets, a full

definition (including the restriction structure) will be given in Definition 5.4.25. In ParMfld, total fibredness

describes that the local trivialization αi : E →M×F is not just defined on an arbitrary open subset V ⊂ E,

but that, in fact, it is of the form q−1(U) for some U ⊂M .

Remark 5.4.2. An equivalent characterization of a fibre bundle that is totally fibred is that the diagram

E M ×G

M M

αi

q π0

ei

commutes. This shows how total fibredness forces the morphism αi to be total on fibres and the partiality to

be contained in the base-space component.

The formal reason why the diagram in Remark 5.4.2 holds, is that Diagram 5.7 commutes, that in the

totally fibred case ᾱi = qei and that with this the left path in the diagram simplifies to qēi. It is an

equivalent condition since taking the restriction idempotent of αiπ0 = qei gives exactly the totally fibred

condition ᾱi = qei.

Recall from Definition 5.2.10 that an atlas is an index set I together with objects (Ui)i∈I and morphisms

uij : Ui → Uj for each i, j ∈ I. The object M × F together with a collection of morphisms uij = α∗
iαj :

M × F →M × F , form an atlas, indexed by the index set I of (αi)i∈I and given by the composition of the

partial inverses α∗
i and the local trivializations αj . The atlases produced by this construction are the same

as the atlases which are characterized in Definition 5.4.3. Theorem 5.4.9, which states that if gluings exist,

bundle atlases are equivalent to fibre bundles, will provide a proof of this statement. First, we need some

preliminary definitions and properties.
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Definition 5.4.3. Let M and F be objects in a join restriction category X. Then a bundle atlas is an

atlas (uij :M × F →M × F )i,j∈I such that

• for all i, j ∈ I, uij = ⟨π0, uijπ1⟩, and

• for i = j, uii = ei × 1F for a restriction idempotent ei = ēi.

Here the expression uij = ⟨π0, uijπ1⟩ does not mean that uijπ0 = π0 or that uij is total in some first

component sense. In fact, due to the definition of restriction limits in Definition 5.2.6(ii), ⟨f, g⟩π0 = ḡf

which in our case means uijπ0 = ūijπ0.

Recall the notion of a gluing from Definition 5.2.12. In the following lemma, we show that E is the gluing

of a bundle atlas.

Lemma 5.4.4. For a fibre bundle (E,M, q, F, (αi)i∈I) in a join restriction category, E is a gluing of the

atlas uij = α∗
iαj. This atlas is a bundle atlas as defined in Definition 5.4.3.

Proof. The partial isomorphisms α∗
i :M ×F → E fulfill the required properties of Definition 5.2.13 because

the atlas uij was constructed from the partial isomorphisms αi. The components gj from Remark 5.2.13 are

the inverses α∗
i . They fulfill 5.2.13(ii) by the definition of uij . They fulfill (iii) because

∨
i∈I ᾱi =

∨
i∈I αiα

∗
i =

1E .

For any i, j ∈ I is of the form uij = (π0, uijπ1) since

uijπ0 = α∗
iαjπ0 = α∗

i ᾱjq = α∗
i ᾱjᾱ

∗
iα

∗
i q = α∗

iαjα
∗
i ᾱiq = ᾱ∗

iα
∗
iαiπ0 = ᾱ∗

i ᾱ
∗
i π0.

For i = j, it is of the form uii = ei × 1F for an ei = ēi as

uii = α∗
iαi = ᾱ∗

i = ei × 1.

Example 5.4.5. A simple class of examples are the bundles that are given by the projection morphisms

π0 :M × F →M . In this case the structure is given by a single local trivialization:

q = π0 :M × F →M,α0 = 1M×F

This bundle’s atlas is At(1M×F ), consisting of the object M × F and the identity morphism 1M×F .

A well known nontrivial example is the Möbius strip in ParMfld (the precise definition of ParMfld,

including the restriction structure, will be given in Definition 5.4.25).
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Figure 5.3: On the left is an embedding of the Möbius strip into R3. On the left is the atlas, out of which it
can be glued together. The two stripes are the domains of u00 and u11 respectively. The colours show how
the change of chart partial isomorphisms uij glue together parts of their domains.4

Example 5.4.6. Let E = Mo be the Möbius strip. While defined as an abstract manifold, it was shown for

example in [36] that it can be embedded into R3 as

{(
2− β sin

(α
2

)
sin(α), 2− β sin

(α
2

)
cos(α), β cos

(α
2

)∣∣∣ 0 ≤ α ≤ 2π,−1 < β < 1
)}
⊂R3.

Let M = S1 be the circle and F = (−1, 1) the open interval. Then there is a map E → S1 given by the

angle to the vertical axis. If you embed S1 into R2 as

S1 = {(sin(γ), cos(γ)) ∈ R2|γ ∈ [0, 2π]} ⊂ R2,

this projection map sends a point (x, y, z) ∈ Mo ⊂ R3 to

(x/
√
x2 + y2, y/

√
x2 + y2) ∈ S1 ⊂ R2.

Let ε be in (0, π/2), for example 1/2. The maps α0 and α1 are the partial isomorphisms that identify the

left and the right half of the Möbius strip with (−ε, π+ ε)×F and (π− ε, 2π+ ε)×F , both seen as a subset

of S1 × F .
4The figure was created with GeoGebra3D (using a slightly tweaked formula), Gimp and LibreOffice.
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The Möbius strip is defined by an atlas, U0 = U1 = S1 × F , where we describe the circle by its angle

S1 = R/ ∼ with 2πn ∼ 0∀n ∈ N. The change of chart maps uij are

u10(x, y) =

 (x, y) if x ∈ (−ϵ, ϵ)

(x,−y) if x ∈ (π − ϵ, π + ϵ)
, u00 = 1|(−ϵ,π+ϵ)×F ,

u01(x, y) =

 (x, y) if x ∈ (−ϵ, ϵ)

(x,−y) if x ∈ (π − ϵ, π + ϵ)
, and u11 = 1|(π−ϵ,2π+ϵ)×F .

This atlas can be seen as having a straight connection on the one side and a twisted connection on the other

side. Its gluing is the Möbius strip Mo, as depicted in Figure 5.3.

If we are in a category where gluings exist, the implication of Lemma 5.4.4 becomes an one to one

correspondence between atlases and bundles. In the following two lemmas we will establish more precisely

what that means. First, we show that one can produce a fibre bundle from an atlas.

Lemma 5.4.7. Let M and F be objects in a join restriction category X. Let uij : M × F → M × F be a

bundle atlas. Then if the gluing of the atlas (M × F, uij) exists (see definition 5.2.12), it is a fibre bundle

E
q−→M over M with typical fibre F such that

uij = α∗
iαj

Proof. Let E be a gluing and let (α∗
i )i∈I : (M × F, uij) → At(1E) be the resulting bundle morphism as in

Definition 5.2.12. We must check that the α∗
i fulfill the conditions in Definition 5.4.1. Due to the remarks

following Definition 5.2.12, the morphisms α∗
i are partial isomorphisms. We denote their partial inverses as

αi. In addition the remarks following Definition 5.2.12 guarantee that
∨
i αiα

∗
i = 1 and uij = α∗

iαj . Due to

the second condition in Definition 5.4.3, ᾱ∗
i = ūii = (eii × 1).

Since fi = ūiiπ0 : M × F → M is an atlas morphism from (M × F, uij) to the atlas At(1M ) there is an

induced morphism q : E → M such that fi = α∗
i q. Precomposing fi = α∗

i q with αi ensures that Diagram

5.7 commutes. Taking the join, q =
∨
i(αiπ0), thus q̄ =

∨
i ᾱi = 1E . Thus q is total.

Therefore (E,M, q, (αi)i∈I) is a fibre bundle.

Next, we show that fibre bundle morphisms correspond to atlas morphisms of the form aik = (π0ϕ,Aikπ1).

This is the complement of Lemma 5.4.7 on morphisms.

Lemma 5.4.8. Let X be a join restriction category.
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(i) For each fibre bundle morphism

(Φ, ϕ) : (E,M,F, q, (αi)i∈I)→ (E′,M ′, F ′, q′, (α′
k)k∈K)

the morphisms

Aik = α∗
iΦα

′
k :M × F →M ′ × F ′

are atlas morphism whose first components are ϕ, i.e. atlas morphisms of the form Aik = (π0ϕ,Aikπ1)

between the atlases given by uij = α∗
iαj and u′kl = α′∗

k α
′
l.

(ii) Let uij and u′kl be fibre atlases which have gluings. For each atlas morphism

Aik : (M × F, uij)→ (M ′ × F ′, u′kl)

of the form (π0ϕ,Aikπ1), with uij and u
′
kl there is an unique morphism between their gluings Φ : GU →

GU ′ such that (Φ, ϕ) is a fibre bundle morphism.

Aik = α∗
iΦαk :M × F →M ′ × F ′

Proof. (i) We have to check the 5 conditions in the definition of an atlas morphism. All of them follow

directly from the definition Aik = α∗
iΦα

′
k.

uiiAik = α∗
iαiα

∗
iΦα

′
k = α∗

iΦα
′
k = Aik

Aiku
′
kk = α∗

iΦα
′
kα

′∗
k α

′
k = α∗

iΦα
′
k = Aik

uijAjk = α∗
iαjα

∗
jΦα

′
k = α∗

i ᾱjΦα
′
k ≤ α∗

iΦα
′
k = Aik

Aiku
′
kl = α∗

iΦα
′
kα

′∗
k α

′
l = α∗

iΦᾱ
′
kα

′
l ≤ α∗

iΦα
′
k

Aiku
′
kl = α∗

iΦᾱ
′
kα

′
l = α∗

iΦα
′
kα

∗
iΦα

′
l = ĀikAil

Since (Φ, ϕ) is a fibre bundle morphism,

Aikπ0 = α∗
iΦα

′
kπ0 ≤ α∗

iΦq
′ = α∗

i qϕ ≤ π0ϕ

Thus Aik = Āik(π0ϕ,Aikπ1) = (π0ϕ,Aikπ1).

(ii) Let GU be the gluing of uij and GU ′ the gluing of ukl. Because of the previous lemma, they form a
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fibre bundle. Since Aik is an atlas morphism from uij to u′kl and α
∗
k form an atlas morphism u′kl to

At(1GU
), their composition has target At(E′). Therefore, by the universal property of the gluing GU ,

there is an unique morphism Φ : GU → GU ′ fulfilling

α∗
iΦ = Aikα

∗
k

Thus

α∗
iΦᾱkq

′ = Aikα
∗
kᾱkq

′ = Aikα
∗
kαkπ0 = Aikα∗

kAikπ0 = Aikα∗
kπ0ϕ

Precomposing with αi gives:

ᾱiΦᾱkq
′ = αiAikα∗

kαiπ0ϕ

As αiπ0 = ᾱip this becomes

ᾱiΦαkΦq
′ = αiAikα∗

kqϕ

Because α∗
iΦ = Aikα

∗
k, we obtain

αiAikα∗
kΦq

′ = αiAikα∗
kπ0ϕ

and taking the join over all i and k gives that Φp′ = pϕ.

Lemma 5.4.7 and Lemma 5.4.8 imply together that there is an equivalence of categories between fibre

bundles and atlases that fulfill special conditions. Recall from the beginning of section 5.4.1 that we call the

category of fibre bundles with fibre bundle morphisms FibBun(X). We also define the category BunAtlas(X)

which has

• as objects atlases fulfilling the conditions of Lemma 5.4.7

• as morphisms fibre bundle morphisms fulfilling the conditions of Lemma 5.4.8.

Theorem 5.4.9 (Classification of fibre bundles). Let X be a join restriction category with gluings. There is

an equivalence of categories between FibBun(X) and BunAtlas(X)

Proof. We consider the functor sending an atlas in BunAtlas to its gluing. According to Lemmas 5.4.4 and

5.4.7 this is essentially surjective and according to Lemma 5.4.8 it is fully faithful.
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5.4.2 G-bundles and principal G-bundles

Now we will take a group object G which, by Definition 5.3.1, is an object with total multiplication m :

G × G → G, total unit u : 1 → G and total inverse ι : G → G. We use this group object to determine the

structure of a fibre bundle by acting on the fibre. Having such an action, the fibre is a G-object:

Definition 5.4.10. Let G be a group object in a Cartesian category X.

(i) A G-object is an object F together with a left G-action, i.e. a total morphism a : G×F → F fulfilling

G×G× F G× F F G× F

G× F F F

1G×a

m×1F a

u×1F

1F
m

a

(ii) A morphism of G-objects from (F, aF ) to (E, aE) is a morphism f : F → E in the underlying

restriction category, such that

G× F G× E

F E

1G×f

aF aG

f

commutes.

(iii) With the composition, unit and restriction of the underlying category, G − Obj(X) is the category of

G-objects and morphisms of G-objects in a given restriction category X.

This definition is analogous to the beginning of Section 5.10 in [71]. In topology and differential geometry,

G-spaces are commonly used and they denote G-objects in Top and SmMan respectively.

Example 5.4.11. Given a topological group G, a G-space is a topological space Y equipped with a continuous

action map a : G×Y → Y , often denoted like a(g, y) =: g▷y such that 1▷y = y, and (g ·g′)▷y = g▷(g′▷y)

for all g, g′ ∈ G and y ∈ Y . In the category Top of topological spaces and continuous maps, G-spaces are

exactly G-objects.

An important example is the group object itself.

Example 5.4.12. A group object G is an example of a G-object. The action is given by

a = m : G×G→ G.

Now we are going to use these in a Cartesian join restriction category. There we will always demand for

the morphisms u,m, ι, a to be total.
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Definition 5.4.13. Let G be a group object and M any other object in a join restriction category X. Then

a G-atlas on M consists of partial morphisms τij :M → G such that

(τjk, τij)m ≤ τik τii ≤ !u τji = τijι

Definition 5.4.14. Let G be a group object in a Cartesian join restriction category and M another object.

Then

(i) A G-bundle over M with typical fibre F consist of a G-object F , a fibre bundle E →M with fibre F ,

and a G-atlas τij on M such that

uij = α∗
iαj = (π0, (π0τij , π1)a) :M × F →M × F

(ii) A principal G-bundle over M is a G-bundle with fibre G and the multiplication from the left a =

m : G×G→ G as the action.

In Definition 5.4.17 we will define morphisms in a way so that we will obtain a join-restriction category

of G-bundles and a join-restriction category of principal G-bundles.

First we construct a G-action on a principal bundle:

Theorem 5.4.15 (Total right action on principal bundles). Let P → M be a principal G-bundle in a join

restriction category X. Then there exists a total morphism (a right action)

r : P ×G→ P

such that

(r × 1)r = (1×m)r : P ×G×G→ P, (1× e)r = 1P and rq = π0q : P ×G→M.

Proof. In order to define the morphism r we define the partial morphisms

ri = (αi × 1G)(1M ×m)α∗
i : P ×G→ G.

This means, ri is the following composition:

P ×G αi×1G−−−−→M ×G×G 1M×m−−−−→M ×G α∗
i−−→ P
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If the join r =
∨
i∈I ri is defined, it will automatically fulfill all the required properties, as its components

fulfill it. It will be a total morphism as

r̄i = (αi × 1)(1×m)α∗
i

= (αi × 1G)(1M ×m)ᾱ∗
i

= (αi × 1G)(1M ×m)(ei × 1G)

= (αi × 1G)(ei × 1G×G)(1×m)

= (αi × 1G)(ei × 1G×G)

= (αi × 1G)(ᾱ∗
i × 1)

= (αi × 1G)(α∗
i × 1)

= (ᾱi × 1G)

= ᾱi × 1G

and
∨
i(ᾱ

∗
i × 1G) =

∨
i ᾱ

∗
i × 1G = 1P × 1G, and thus

∨
ri =

∨
r̄i =

∨
(ᾱi × 1) = 1P×G.

Let’s now prove that the join exists, i.e. that ri ⌣ rj . For this we need to show that r̄irj = r̄jri. Observe

that

r̄irj = (αi × 1G)(1M ×m)α∗
i (αj × 1G)(1M ×m)α∗

j

= (ᾱi × 1G)(αi × 1G)(1M ×m)α∗
i (αj × 1G)(αj × 1G)(1M ×m)α∗

j

= (ᾱj × 1G)(αi × 1G)(1M ×m)α∗
i (ᾱiαj × 1G)(1M ×m)α∗

j

= (αjuji × 1G)(1M ×m)α∗
i (ᾱiαj × 1G)(1M ×m)α∗

j

= (αj × 1G)(π0, (π0τji, π1)m,π2)(1M ×m)α∗
i (ᾱiαj × 1G)(1M ×m)α∗

j .

By associativity this equals

= (αj × 1G)(π0, π0τji, (π1, π2)m)(1M ×m)α∗
i (ᾱiαj × 1G)(1M ×m)α∗

j

= (αj × 1G)(1×m)((π0, π0τji)× 1G)(1M ×m)α∗
i (ᾱiαj × 1G)(1M ×m)α∗

j .
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As the multiplication with τji gives uji = α∗
jαi this equals

= (αj × 1G)(1×m)α∗
jαiα

∗
i (ᾱiαj × 1G)(1M ×m)α∗

j

= (αj × 1G)(1×m)α∗
j ᾱi(αiuij × 1G)(1M ×m)α∗

j

= (αj × 1G)(1×m)α∗
j ᾱi(αi × 1G)((1, τij)× 1G × 1G)(1M ×m× 1G)(1M ×m)α∗

j .

By associativity this is

= (αj × 1G)(1×m)α∗
j ᾱi(αi × 1G)((1M , τij)×m)(1M ×m)α∗

j

= (αj × 1G)(1×m)α∗
j ᾱi(αi × 1G)(1M ×m)α∗

iαjα
∗
j

= (αj × 1G)(1×m)α∗
j ᾱi(αi × 1G)(1M ×m)α∗

i ᾱj

≤ (αj × 1G)(1×m)α∗
j (αi × 1G)(1M ×m)α∗

i

= r̄jri.

Thus r̄irj ≤ r̄jri. As i and j were arbitrary, we also obtain r̄irj ≥ r̄jri. Thus they are equal.

It is not possible to define such a right G action for arbitrary G-bundles because F does not have a right

action, in general. Since it is defined using the multiplication m and the partial isomorphisms αi, it behaves

like the multiplication when composed with the partial isomorphisms αi, as the following Corollary shows.

Corollary 5.4.16. Let P → M be a principal bundle in a join restriction category X. Let r : P × G → P

be the action constructed in Theorem 5.4.15. Then the equations

rαi = (αi × 1G)(1M ×m) : P ×G→M ×G

(α∗
i × 1G)r = (1M ×m)α∗

i :M ×G×G→ P

hold.
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Proof. We will only prove the first equation, the second equation works analogously.

rαi =
∨
j∈I

(αj × 1G)(1M ×m)α∗
jαi

=
∨
j∈I

(αj × 1G)(1M ×m)uji

=
∨
j∈I

(αj × 1G)(1M ×m)⟨π0, ⟨π0τji, π1⟩m⟩

=
∨
j∈I

(αj × 1G)⟨π0, ⟨π0τji, ⟨π1, π2⟩m⟩m

=
∨
j∈I

(αj × 1G)⟨π0, ⟨⟨π0τji, π1⟩m,π2⟩m by associativity

=
∨
j∈I

(αj × 1G)(uji × 1G)(1M ×m)

=
∨
j∈I

(ᾱjαi× 1G)(1M ×m)

= (αi× 1G)(1M ×m) since
∨
j∈I

ᾱj = 1P

Now let us define morphisms for G-bundles and principal G-bundles.

Definition 5.4.17. For a fixed group-object G, a morphism of principal G-bundles is a morphism of

fibre bundles

(Φ, ϕ) : (P,M)→ (P ′,M ′)

such that

rPΦ = (Φ× 1G)rP ′

i.e. the right action commutes with the morphism.

In a join-restriction category X, the principal G-bundles and morphisms of principal G-bundles form the

restriction category PBunG(X).

We will now relate this to the way the principal bundle is built out of an atlas.

Proposition 5.4.18. Let G be a group object in a join-restriction category X. Let (P,M) and (P ′,M ′) be

totally fibred principal G-bundles. Giving a morphism of principal G-bundles (Φ, ϕ) : (P,M) → (P ′,M ′) is

equivalent to giving

• the morphism ϕ :M →M ′ fulfilling qϕ = qϕ
∨
k∈K ek
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• and morphisms Tik :M → G such that

(i) Tik ≥ (Tjk, τij)m,

(ii) Tik ≥ (ϕτ ′lk, Til)m,

(iii) T̄ikTih = (ϕτkh, Tik)m (this actually implies the second point), and

(iv) Tik = eiϕek.

The composition is given by

(ϕ, Tik)(ϕ̃, T̃kl) = (ϕϕ̃,
∨
k

(Tkl, Tik)m)

and the restriction is given by

(ϕ, Tik) = (ϕ̄, ϕ̄τij).

The idea of this is that Φ is locally given by the left-multiplication with Tik.

Proof. Let Φ, ϕ be a principal bundle morphism from P to P ′. Then Φ is a morphism between gluings and

therefore induces an atlas morphism Aik :M ×G→M ′ ×G between the atlas uij of P and the atlas ukl of

P ′. Explicitly Aik = α∗
iΦαk. Since the diagram

M ×G P P ′ M ×G′

M ×G P P ′ M ′ ×G

α∗
i Φ αk

= ϕ =

π0 1P 1p′ π0

commutes in the sense that the lower path ≥ the upper path we know that Aikπ0 ≤ π0ϕ. Thus Aik can be

written in the form Aik = (π0ϕ, Ãik), with Ãik : M × G → G. Since the right action commutes with the

morphism, we have that

(Ãik × 1G)m = (1M ×m)Ãik.

But because of the unit property of the group object G, we have that

Ãik = (1M × u× 1G)(1M ×m)Ãik = (1M × u× 1G)(Ãik × 1G)(1M ×m) = (Tik × 1G)(1M ×m)

where Tik = (1M × u)Ãik : M → G fulfills Properties (i),(ii) and (iii), because Aik = (ϕ, (Tik × 1G)m) is an

atlas morphism. In order to show Property (iv) we will first see that according to the construction above

Tik = (1M × u)Ãik = (1M × u)Aikπ1 = (1M × u)α∗
iΦαkπ1
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holds. Using this we can calculate

Tik = (1M × u)α∗
iΦαkπ1

= (1M × u)α∗
iΦαkπ0

= (1M × u)α∗
iΦᾱkq

′

= (1M × u)α∗
iΦq

′ek since (E′,M ′) is totally fibred

= (1M × u)α∗
i qϕek

= (1M × u)α∗
i ᾱiqϕek

= (1M × u)α∗
iαiπ0ϕek

= (1M × u)(ei × 1G)π0ϕek

= eiϕek

which proves property (iv). Since the bundle (P ′,M ′) was assumed to be totally fibred, the equation

qϕ
∨
k∈K

ek = Φq
∨
k∈K

ek = Φ
∨
k∈K

ᾱkq = Φq = qϕ

holds.

Conversely, let now ϕ and Tik be given. Then because of properties (i),(ii),(iii) of Tik, the morphisms

Aik := (ϕ, (Tik × 1G)m) form an atlas morphism, thus they induce a morphism

Φ =
∨
i,k

αi⟨π0ϕ, (Tik × 1G)m⟩α∗
k

between the gluings. Next we will show that the diagrams

P P ′ P ×G P ′ ×G

M M ′ P P

Φ

q q′

Φ×1G

r r′

ϕ Φ
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commute. Here r and r′ denote the total right-actions from Theorem 5.4.15. We calculate

Φq′ =
∨
i,k

αi⟨π0ϕ, (Tik × 1G)m⟩α∗
kq

′

=
∨
i,k

αi⟨π0ϕ, (Tik × 1G)m⟩α∗
kᾱkq

′

=
∨
i,k

αi⟨π0ϕ, (Tik × 1G)m⟩ᾱ∗
kπ0

=
∨
i,k

αi⟨π0ϕ, (Tik × 1G)m⟩(ek × 1G)π0

=
∨
i,k

αi⟨π0ϕek, (Tik × 1G)m⟩π0

=
∨
i,k

αiπ0Tikπ0ϕek

=
∨
i,k

αiπ0Tikϕek

=
∨
i,k

qeiTikϕek totally fibred

=
∨
i,k

qTikeiϕek

=
∨
i,k

qeiϕekeiϕek

=
∨
i,k

qeiϕek

=
∨
i,k

ᾱiqϕek totally fibred

= qϕ
∨
k

ek = qϕ.
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In order to show that Φ is compatible with the right action r, we calculate

(Φ× 1G)r
′ =

∨
i,k

(
αi⟨π0ϕ, (Tik × 1G)m⟩α∗

k × 1G
)
r′

=
∨
i,k

(
αi⟨π0ϕ, ⟨π0Tik, π1⟩m⟩ × 1G

)
(α∗
k × 1G)r

′

=
∨
i,k

(
αi⟨π0ϕ, ⟨π0Tik, π1⟩m⟩ × 1G

)
(1M ×m)α∗

k Corollary 5.4.16

=
∨
i,k

⟨π0αiπ0ϕ, ⟨⟨π0αiπ0Tik, π0αiπ1⟩m,π1⟩m⟩α∗
k

=
∨
i,k

⟨π0αiπ0ϕ, ⟨π0αiπ0Tik, ⟨π0αiπ1, π1⟩m⟩m⟩α∗
k associativity

=
∨
i,k

(αi × 1G)(1M ×m)⟨π0ϕ, (Tik × 1G)m⟩α∗
k

=
∨
i,k

rαi⟨π0ϕ, (Tik × 1G)m⟩α∗
k Corollary 5.4.16

= rΦ

The composition is given as the composition of atlas morphisms like in [20]. The restriction is determined

by the formula for Tik when substituting in Φ̄, i.e. we calculate

(1M × u)α∗
i Φ̄αjπ1 = (1M × u)α∗

i qϕαjπ1 since Φ̄ = qϕ

= (1M × u)α∗
i qϕ(1M × u)α

∗
iαjπ1

= eiϕ(1M × u)uijπ1 since α∗
i q = ᾱ∗

i π0 = π0ei

= ϕ̄ei(1M × u)(τij × 1G)m since uij = ⟨π0, (τij × 1G)m⟩

= ϕ̄ei(τij × u)m

= ϕ̄eiτij = ϕ̄τij since eiτij = τij

We now generalize this characterization from Proposition 5.4.18 as the definition for morphisms between

arbitrary (not just principal) G-bundles. The morphism ψ : F → F ′ allows us to define morphisms between

fibre bundles with different fibres, as long as ψ preserves the group actions.

Definition 5.4.19. Let (E,M,F, q, αi, τij) and (E′,M ′, F ′, q′, α′
i, τ

′
kl) be G-bundles. Then a morphism of

G-bundles between them consists of

177



• A morphism ϕ :M →M ′ fulfilling qϕ = qϕ
∨
k∈K ek

• A morphism ψ : F → F ′ such that (ψ × 1G)a
′ = aψ

• A collection of morphisms Tik :M → G such that

(i) Tik ≥ (Tjk, τij)m,

(ii) Tik ≥ (ϕτ ′lk, Til)m,

(iii) T̄ikTih = (ϕτkh, Tik)m, and

(iv) Tik = eiϕek.

• A morphism Φ : E → E′ such that

M × F M ′ × F ′

E E′

⟨π0ϕ, (Tik × ψ)a′⟩

Φ

α∗
i αk

commutes.

The composition of morphisms (ϕ, ψ, (Tij)i∈I,j∈J ,Φ) and (ϕ′, ψ′, (T ′
j)j∈J,k∈K ,Φ) of G-bundles is given by

the composition and matrix multiplication (ϕϕ′, ψψ′, (
∨
j∈J TjkTij)i∈I,k∈K ,ΦΦ

′). The identity of morphisms

of G-bundles is (1M , 1F , (τij)i,j∈I , 1E). The restriction of a morphism (ϕ, ψ, (Tij)i∈I,j∈J ,Φ) of G-bundles is

(ϕ, ψ, (Tij)i∈I,j∈J ,Φ) = (ϕ̄, ψ̄, (ϕ̄τij)i,j∈I , Φ̄).

We denote the restriction category of G-bundles and morphisms of G-bundles as BunG(X).

Summarizing, we have the following categories which are all join restriction categories:

(i) FibBun(X): Objects are fibre bundles, morphisms are fibre bundle morphisms.

(ii) G−Obj(X) : Objects are G-objects, morphisms are morphisms commuting with the group action.

(iii) BunG(X) : Objects are G-bundles, morphisms are the G-bundle morphisms from Definition 5.4.19.

(iv) PBunG(X) : Objects are principal G-bundles, morphisms are the G-bundle morphisms from Definition

5.4.17 .

In order to obtain the equivalence of Theorem 5.4.24, we use a slightly variation of of the condition for a

G-bundle to be totally fibred. We first prove a lemma that will make it easier to characterize bundles which

are totally fibred, since it only relies on the atlas (α∗
iαj)i,j∈I and then generalize it.
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Lemma 5.4.20. In a join restriction category, a fibre bundle (E,M,F, q, (αi)i∈I) is totally fibred if and only

if for all i ∈ I, the equation α∗
iαj = π0eiej holds.

Proof. Suppose (E,M,F, q, (αi)i∈I) is totally fibred. Then

α∗
iαj = α∗

i q0ej = ᾱ∗
i π0ej = (1× ei)π0ej = π0eiej .

Conversely, let α∗
iαj = π0eiej hold for all i, j ∈ I. Then

ᾱi =
∨
j∈I

ᾱjαi since
∨
j∈I

ᾱj = 1E by Definition 5.4.1

=
∨
j∈I

αjα∗
jαi

=
∨
j∈I

αjα∗
jαi

=
∨
j∈I

αjπ0ejei by the assumption

=
∨
j∈I

αjπ0eiei

=
∨
j∈I

αjᾱ∗
jπ0ei

=
∨
j∈I

αjπ0ei

=
∨
j∈I

ᾱjqei

=qei

which means that (E,M,F, q, (αi)i∈I) is totally fibred.

Definition 5.4.21. Let (E,M,F, q, (αi)i∈I , (τij)i,j∈I) be a G-bundle in a join restriction category. Then it

is called totally G-fibred if τ̄ij = eiej for all i, j ∈ I.

The next lemma shows that, intuitively this is equivalent to being totally fibred, as long as there is a

point in the fibre F .

Lemma 5.4.22. Let (E,M,F, q, (αi)i∈I , (τij)i,j∈I) be a G-bundle in a join restriction category.

(i) If (E,M,F, q, (αi)i∈I , (τij)i,j∈I) is totally G-fibred, then it is totally fibred.

(ii) If π0 : M × F → F is an epimorphism and (E,M,F, q, (αi)i∈I , (τij)i,j∈I) is totally fibred, then it is

totally G-fibred.
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(iii) If q : E → M is an epimorphism and (E,M,F, q, (αi)i∈I , (τij)i,j∈I) is totally fibred, it is totally G-

fibred.

(iv) If there exists at least one point x : 1 → F and (E,M,F, q, (αi)i∈I , (τij)i,j∈I) is totally fibred, then it

is totally G-fibred.

(v) A principal G-bundle (P,M, q, (αi)i∈I , (τij)i,j∈I) is totally G-fibred if and only if it is totally fibred.

Proof. (i) Suppose τ̄ij = eiej . Then

α∗
iαj = ⟨π0, ⟨π0τij , π1⟩a⟩ = π0τij = π0eiej ,

which implies that (E,M,F, q, (αi)i∈I , (τij)i,j∈I) is totally fibred due to Lemma 5.4.20.

(ii) Suppose π0 :M × F → F is an epimorphism and α∗
iαj = π0eiej . Then

π0τij = π0τijπ0 = α∗
iαjπ0 = π0eiejπ0 = π0eiej

and since π0 is an epimorphism this implies τ̄ij = eiej .

(iii) Suppose q : E → M is an epimorphism. We will show that π0 : M × F → M is an epimorphism and

therefore (ii) will apply. Suppose π0f = π0g. Then

ᾱiqf = αiπ0f = αiπ0g = ᾱiqg.

Thus it follows that

qf =
∨
i∈I

ᾱiqf =
∨
i∈I

ᾱiqg = qg.

Since q was an epimorphism, it follows that f = g, proving that π0 is an epimorphism.

(iv) If there is a point x : 1 → F , then ⟨1M , !x⟩ : M → M × F is a section of π0. Then π0 is a retraction

and therefore an epimorphism, so (iii) applies.

(v) A principal G-bundle has the group object G as its fibre and the unit u : 1→ G is a point in G. Thus

(iv) applies.

We will now use this notion of totally G-fibred to define certain functors between categories of G-bundles.

For this, let BuntotGG denote the full subcategory of BunG consisting of totally G-fibred G-bundles. Let

PBuntotG denote the full subcategory of PBunG consisting of totally fibred principal G-bundles.
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Definition 5.4.23. Given a join-restriction category X with gluings, we define the following functors. Note

that they satify the definition of restriction functors (Definition 5.2.1 (iv)).

(i) Fibre : BunG → G−Obj that sends a G-bundle to its fibre F and a morphism of G-bundles to its fibre

component ψ.

(ii) PrincipaltotG : BuntotGG → PBuntotG that sends a totally G-fibred G-bundle E to the principal bundle

PE that is the gluing of the atlas

uij := (τij × 1G)(1M ×m) :M ×G→M ×G

which will be totally fibred due to Lemma 5.4.20 and since ūij = π0τij = π0eiej. Principal
totG sends a

morphism (ϕ, ψ, Tik,Φ) to (ϕ, Tik) which is, according to Proposition 5.4.18 a way of giving a principal

bundle morphism.

(iii) BuildtotG : PBuntotG × G − Obj → BuntotGG that sends a totally fibred principal G-bundle P and a

G-object F to the G-bundle given as the gluing of the atlas

uij := ((1M , τij)× 1F )(1M × a) :M × F →M × F.

where (1M , τij) : M → M × G gives a group element that acts through a : G × F → F , the G-action

on F . It is a totally G-fibred G-bundle since its G-atlas is τij, the same G-atlas as P had and P was

totally G-fibred due to Lemma 5.4.22(v). For a morphism ((ϕ, Tik), (ψ)) of PBunG×G-Space, consider

the atlas morphism given by

Aik = ((ϕ, Tik)× ψ)(1M ′ × a′)

where (ϕ, Tik) × ψ) : M × F → M ′ × G × F ′ produces a group element that acts through (1M ′ × a′) :

M ′ ×G× F ′ →M ′ × F ′. This atlas morphism induces a morphism Φ between the gluings. The result

of the functor is then the morphism of G-bundles given by (ϕ, ψ, Tik,Φ).

All this works because the collection (Tik)i∈I,k∈J in Definition 5.4.19 of a morphisms of G-bundles was

required to fulfill the conditions of an atlas-morphism and of the equivalent characterization of principal

bundle morphisms in Proposition 5.4.18.
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Theorem 5.4.24. The functors

BuntotGG

(PrincipaltotG ,Fibre)−−−−−−−−−−−−−→PBuntotG ×G−Obj

BuntotGG
BuildtotG←−−−−−−PBuntotG ×G−Obj

form an equivalence of categories between BuntotGG and PBuntotG ×G−Obj.

This means that all totally G-fibred G-bundles can already be described by their fibre and a principal

bundle containing the bundle information.

Proof. In order to prove that these functors form an equivalence, we need to show that their composition is

naturally isomorphic to the identity. Let (P, F ) ∈ PBuntotG × G − Obj be given. Then BuildtotG(P, F ) has

fibre F and the same τij as P . Thus

(PrincipaltotG , Fibre)(BuildtotG(P, F )) = (P̃ , F )

where P̃ is the gluing of the atlas ((τij × 1G)(1M ×m))i,j∈I . But P is also a gluing of the same atlas. Thus

there is an isomorphism φ : P̃ → P with αi = φα̃i.

Due to Proposition 5.4.18 this morphism is completely described by (1M , τij). Let (ϕ, (Tik)i∈I,k∈J)

describe any principal bundle morphism. Then, due to the composition of atlases, the compositions equal

(1M , (τij)i,j∈I); (ϕ, (Tjk)j∈I,k∈J) = (ϕ, (Tik)i∈I,k∈J) = (ϕ, (Tik)i∈I,k∈J)(1M ′ , (τkl)k,l∈J).

Since BuildtotG ; PrincipaltotG does not change what a morphism does on atlases, this proves that φ is

natural. Thus (φ× 1G−Space) is the required natural isomorphism.

In the other direction let E be a totallyG-fibredG-bundle. Then BuildtotG(Fibre(E), PrincipaltotG(E))

is by definition the gluing of the atlas

uij := (τij × 1F )(1M × a) :M × F →M × F

But so is E, so there is an isomorphism φE : BuildtotG(Fibre(E), PrincipaltotG(E))→ E. Naturality again

follows by considering the atlas description of φE , where it is just the identity and therefore natural.
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5.4.3 Examples

We will now explore how the principal bundles we defined relate to the classical notions of principal bundles

in different aspects of geometry. Differential geometry, point-set topology and algebraic geometry each have

their version of principal bundles. All these notions have in common that a principal bundle is locally

isomorphic to the Cartesian product of a base space with a group.

We directly recover principal bundles from differential geometry and point-set topology. For algebraic

geometry, future work is needed, but we strongly suspect that principal bundles in algebraic geometry can

also be described using the language of restriction categories. A way to include Grothendieck topologies and,

in particular, étale topology in restriction categories still needs to be further developed though.

Principal and fibre bundles in differential geometry

Here we will connect the notions defined above with the classical notions of fibre bundles and principal

bundles from differential geometry.

Definition 5.4.25. Let ParMfld be the following join restriction category:

(i) Objects are smooth manifolds

(ii) Morphisms from a manifold M to a manifold M ′ are are smooth maps from an open subset U ⊂M to

M ′. Here the smooth structure on the open subset U is defined as a restriction of the smooth structure

of M .

(iii) Composition, identity and restrictions are analogous to the category of partial maps on sets. In par-

ticular the restriction of a map f : A → B that is defined on U ⊂ A is the inclusion U → A. The

composition gives a smooth map defined on an open subset since the composition of smooth maps is

smooth, composing partial maps intersects domains of definition and finite intersections of open sets

are open.

This restriction category of manifolds with smooth partial maps is the category where the categori-

cal constructions defined in Sections 5.4.1 and 5.4.2 correspond to constructions from classical differential

geometry.

Definition 5.4.26. [71, Definition 20.1] A classical fibre bundle (E, q,M,F ) consists of smooth manifolds

E,M,F and a smooth surjective mapping q : E →M ; furthermore each x ∈M has an open neighbourhood
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U such that E|U := q−1(U) is diffeomorphic to U × F via a fibre respecting diffeomorphism, α:

E|U U × F

U

q π0

α

In [71, Definition 20.1], it is required that q is a surjective submersion. However, from the fact that

π0 : U × F → U is a submersion, it follows automatically that q is a submersion. This is the notion of fibre

bundles from classical differential geometry that Definition 5.4.1 is meant to generalize.

However, a fibre bundle as in Definition 5.4.1(i) is not the same as a classical fibre bundle. We need

two extra conditions. Interestingly, the results of section 5.4.1 and 5.4.2 hold without assuming these extra

conditions. Recall from Definition 5.4.1(iii) that a fibre bundle (E,M, q, F, (αi)i∈I , (ei)i∈I) is totally fibred

if qei = ᾱi for all i ∈ I.

Theorem 5.4.27. Let M and F be smooth manifolds. A classical fibre bundle E over M with fibre F is

exactly the same as a categorical fibre bundle (E,M, q, F, (αi)i∈I , (ei)i∈I) in ParMfld which

• is totally fibred, and

• for which that the projection q : E →M is an epimorphism.

Proof. Suppose (E,M, q, F, (αi)i∈I , (ei)i∈I) is a totally fibred categorical principal bundle in ParMfld for

which q is an epimorphism (i.e. surjective). Then for every x ∈ M there is a y ∈ q−1({x}). Because∨
i∈I ᾱi = 1E , there exists an i ∈ I such that αi(y) is defined.

Recall from Remark 5.2.3 that restriction idempotents describe the subset that is their domain of defini-

tion.

Since ᾱ∗
i is of the form ei × 1F , it follows that the domain of definition of α∗

i is of the form U × F where

U is the domain of definition of ei. Thus the partial isomorphism αi is an isomorphism of open subsets

V
∼=−→ U × F where V is the domain of definition for αi.

Since ᾱi describes V , ēi describes U and the restriction idempotent of a composition describes a preimage,

ᾱi = qei implies V = q−1(U). Thus αi is an isomorphism between E|U and U × F . Since y ∈ V = q−1(U),

it follows that x ∈ U .

We have thus constructed for every x ∈ M an open neighbourhood U ⊂ M and an isomorphism αi :

q−1(U)→ U × F such that

E|U U × F

U

q π0

α
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commutes. Therefore (E, q,M,F ) is a classical fibre bundle, showing that every totally fibred categorical

fibre bundle with an epimorphism q is a classical fibre bundle.

Conversely, let p : E →M be a classical fibre bundle. Then we take the setM of points in the underlying

manifold as our index-set. By definition of the classical fibre bundle, for every point i ∈M there is a partial

isomorphism αi : E →M ×F with domain p−1(U). As the domain of α∗
i is U ×F , its restriction idempotent

is of the form ᾱ∗
i = e×1. As every point i ∈M has an αi defined in its preimage, the join satisfies

∨
i αi = 1E .

Thus every classical fibre bundle is a categorical fibre bundle.

Similarly we will prove that a classical principal bundle is exactly a totally fibred categorical principal

bundle with surjective q-map in the category of manifolds.

We will consider the classical definitions from [71] or [90] (these are the same) and prove that they are

equivalent to Definition 5.4.14.

Definition 5.4.28 (Definition 21.1 in [71]). Let G be a Lie group and let (E, q,M,F ) be a classical fibre

bundle. A classical G-bundle structure on the fibre bundle (E, q,M,F ) consists of the following data.

(i) A left action a : G× F → F of the Lie group on the standard fibre.

(ii) A fibre bundle atlas (Ui, αi) whose transition functions (uij) act on F via the G-action. That is, there

is a family of smooth mappings (τij : Ui ∩Uj → G) which satisfies the cocycle condition τjk(x)τij(x) =

τik(x) for x ∈ Ui ∩ Uj ∩ Uk and τii(x) = u, the unit in the group, such that uij(x, f) = a(τij(x), f).

A fibre bundle with a G-bundle structure is called a G-bundle.

Comparing this with Definition 5.4.14 we see that a classical G-bundle structure is exactly the same as

a G-bundle structure in ParMfld.

Proposition 5.4.29. A classical G-bundle is exactly the same as a G-bundle in the join-restriction category

ParMfld,

• that is totally fibred, and

• where the projection map q : E →M is surjective.

This proposition follows from Theorem 5.4.27 since categorical G-bundles are defined from categorical

fibre bundles the same way as classical G-bundles from classical fibre bundles.

Now we consider the definition of principal bundles in classical differential geometry.

Definition 5.4.30. (Classical principal bundle) Let M be a manifold and let G be a Lie group. Then a

classical principal bundle with structure group G over M is a classical G-bundle over M where the typical

fibre is G endowed with the left multiplications as left action.
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Again we see that this is the same as part 2 of Definition 5.4.14.

Proposition 5.4.31. A classical principal G-bundle is exactly the same as a principal G-bundle in the

join-restriction category ParMfld,

• that is totally fibred, and

• where the projection map q : E →M is surjective.

Principal bundles in point-set topology

In this section we will look at the definition of a principal bundle in point-set topology and prove that it

coincides with the notion developed here.

A right-G-object is a topological space P with a right-group action a : P × G → P . Given two

right-G-objects P, P ′, a G-equivariant map is a smooth map f : P → P ′ such that

P ×G P ′ ×G

P P ′
f

f×1G

a a′

commutes. In [73] a principal bundle is defined as follows.

Definition 5.4.32. Suppose that P is a right G-object equipped with a G-map q : P → M where G acts

trivially on M . It is a topological principal G-bundle over M if q satisfies the following local triviality

condition. B has a covering by open sets (Ui)i∈I such that there exist G-equivariant homeomorphisms

(φi : q
−1(Ui)→ Ui ×G)i∈I such that the diagram

q−1(Ui) Ui ×G

Ui

φi

π0

q

commutes. Here U ×G has the right G-action (u, g)h = (u, gh).

A morphism σ : P → Q of principal bundles over M is an equivariant morphism σ : P → Q over the

identity of M , i.e. a morphism σ : P → Q such that

P ×G Q×G P Q

P Q M

G-action G-action

σ

σ×1G

qP
qQ

σ

commute.
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We will now show this definition actually is the same as a surjective, totally fibred principal bundle in

the join-restriction category of topological spaces. For this, we first define this join restriction category.

Definition 5.4.33. Let ParTop be the following join restriction category:

(i) Objects are topological spaces

(ii) Morphisms A→ B are continuous maps from an open subset U ∈ A to B.

(iii) Composition, identity and restrictions are like for partial maps of sets. In particular the restriction of

a map f : A→ B that is defined on U ⊂ A is the inclusion U → A.

Lemma 5.4.34. Given a topological principal bundle (P,M, q, (Ui)i∈I , (φi)i∈I) like in Definition 5.4.32 the

change of charts is given by the left-multiplication by a group element: There exists a map τij : Ui ∩Uj → G

such that

φ−1
i φj = (⟨1Ui∩Uj , τij⟩ × 1G)(1Ui∩Uj ×m) : (Ui ∩ Uj)×G→ (Ui ∩ Uj)×G.

Proof. We will define τij as the composition of

Ui ∩ Uj
⟨1,u⟩−−−→ (Ui ∩ Uj)×G

φ−1
i φj−−−−→ (Ui ∩ Uj)×G

π1−→ G.

In other words, τij is the G-component of φ−1
i φj evaluated on the unit of the group. In order to show that

φ−1
i φj = (⟨1Ui∩Uj

, τij⟩ × 1G)(1Ui∩Uj
×m), we will evaluate it on an element (x, g) of (Ui ∩ Uj)×G:

φ−1
i φj(x, g)=(1Ui∩Uj ×m)φ−1

i φj(x, u, g)=m(φ−1
i φj(x, u), g)=m(x, τij(x), g)=(x,m(τij , g)),

where the second equality holds as both φ−1
i and φj are G-equivariant.

Theorem 5.4.35. Let G be a total group object in the join restriction category ParTop, i.e. a topological

group. The category of classical principal G-bundles over M (defined in Definition 5.4.32) is isomorphic to

the subcategory of categorical principal bundles (defined in Definition 5.4.14) where

• the base space of every object is M ,

• the underlying fibre bundle is totally fibred,

• the projection map q : P →M is surjective, and

• every morphism (f, g) : (P,M, q)→ (P ′,M, q′) has the identity as its second component: g = 1M .
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Proof. Given a categorical principal bundle P,M, q, (αi)i∈I we obtain a classical principal bundle by taking

Ui to be the subset of M where α∗
i :M ×G→ P is defined and φi := αi : P →M ×G, defined on q−1(Ui)

because the underlying fibre bundle is totally fibred. The space P is a right-G-object by Theorem 5.4.15

and q is a G-map to the trivial G-object M as rq = π0q : P ×G→M .

Given a morphism (f, 1M ) : (P
q−→M)→ (P ′ q′−→M), the first component f : P → P ′ forms a morphism

of classical principal bundles as, by Definition 5.4.17 it commutes with the G-action. It is total because

f̄ = fq′ = q1M = 1P .

Conversely, given a classical principal bundle E
q−→M , then it is also a categorical principal bundle with

the αi constructed from the φi as the partial map given by the span P ←↩ q−1(Ui)
φi−→ M × G. As the

(Ui)i∈I form a covering,
∨
i∈ι āi = 1. The partial inverse α∗

i is given by the span M ×G←↩ Ui ×G
φ−1

i−−→ E.

The change of charts is given by the left-multiplication with a group element according to Lemma 5.4.3.

Principal bundles in algebraic geometry

In [1], Definition 6.1.6, a notion of principal bundle over an algebraic variety is defined through algebraic

properties instead of the local triviality condition used in Definition 5.4.1 and the differential geometry

literature. These principal bundles are not necessarily locally trivial in the Zariski-topology. However they

are locally trivial in the étale topology. Whether or not there is a join-restriction category where the

categorical principal bundles are the principal bundles defined in [1] remains an open problem.

The difficulty here is that for a general Grothendieck topology and, in particular, for the étale topology,

open subsets are described by morphisms that are not necessarily embeddings. Thus, if one follows the span

construction of [26], the restriction idempotents are not idempotent, i.e. f̄ f̄ ̸= f̄ . The resulting partial map

category is not a restriction category.

We still think it is possible to describe principal bundles in algebraic geometry in a similar way to

Definition 5.4.14, because it should be possible to describe Grothendieck topologies in the language of

restriction categories using density relations. This is a new concept which is work in progress.

5.4.4 The torsor property

Let P be a principal bundle in a restriction category X. In classical differential geometry, the group action

r : P ×G→ P coming from Theorem 5.4.15 is known to be free and proper and act transitively on fibres, as

mentioned for example in the proof of Theorem 21.18(3) in [71]. In algebraic geometry, free and transitive

group actions play such an important role that they were given a special name, torsors, in [72, Proposition

III.4.1]. In [77] principal bundles are even introduced as torsors in the slice category. Often torsors are

188



also thought of as groups without a specified unit, which is encoded as a ternary operation. In [10] these

definitions are shown to be equivalent.

While there are multiple different definitions of torsors, we will use a generalization of the definition in

[10, Section 2]. A torsor is an object with a free and transitive group action, which is described by the

morphism in the definition below being an isomorphism.

Definition 5.4.36. Given a group object G in a category, a right G-torsor is an object T with a right

G-action a : T ×G→ G such that the morphism

T ×G ⟨π0,a⟩−−−−→ T × T

is an isomorphism.

The Definition of [10] in addition requires the map from T to the terminal object to be a regular epi-

morphism in order to exclude the empty set from being a torsor. However, this would require us to make

additional conditions on colimits which would be artificial in our setup. Thus we do not require this condition.

We will adapt Definition 5.4.36 slightly in the restriction category setting and distinguish partial and total

torsors. Depending on the situation, we will either obtain partial or total torsors from principal bundles.

Definition 5.4.37. Let G be a group object in a restriction category and let T an object with a right G-action

a : T ×G→ G.

(i) Then (T, a) is a partial right G-torsor if the morphism

T ×G ⟨π0,a⟩−−−−→ T × T

is a partial isomorphism, i.e. it has a partial inverse.

(ii) Then (T, a) is a total right G-torsor if the morphism

T ×G ⟨π0,a⟩−−−−→ T × T

is a total isomorphism, i.e. it is total and has a total inverse.

Since ⟨π0, a⟩ is total, a partial right G-torsor is total if and only if the inverse T ×T → T ×G is total. We

now want to investigate if a principal bundle in a join restriction category is a torsor in some kind of slice

category. For this we define a restriction slice category. This definition stems from current work in progress

by Robin Cockett, Geoff Cruttwell, Jonathan Gallagher and Dorette Pronk.
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Definition 5.4.38. Given an objectM in a restriction category X, we define the restriction slice category

X

⇝

M as follows:

(i) objects are pairs (A, f) consisting of an object A and a morphism f : A→M ,

(ii) morphisms from (A, f) to (B, g) are morphisms φ : A→ B of X such that f ≥ φg, and

(iii) the restriction idempotent φ̄ in the restriction slice category X

⇝

M is the same as the restriction

idempotent φ̄ in the underlying category X.

Composition and identity are given by the composition and identity operations of the underlying category.

A restriction slice category is, in particular, a restriction category. In order to describe G-torsors in the

slice category the next lemma constructs a group object in the slice category X

⇝

M out of a group object in

the underlying category X.

Lemma 5.4.39. Given a group object (G,m, u, ι) in a Cartesian restriction category X, the pair (M×G, π0)

is a group object in the restriction slice category X

⇝

M . The group multiplication, unit and inverse are

1M ×m :M ×G×G ∼= (M ×G)×M (M ×G)→M ×G,

1M × u :M × 1 ∼=M →M ×G, and

1M × ι :M ×G→M ×G.

Proof. The morphisms 1M ×m, 1M × u and 1M × ι are morphisms in the slice category since they preserve

the projection to the group object,

(1M ×m)π0 = π0 , (1M × u)π0 = π0 , and (1M × ι)π0 = π0.

The fact that 1M ×m, 1M × u and 1M × ι fulfill the identities required in Definition 5.3.1 follows from the

fact that m,u and ι satisfy the same identities.

In light of Lemma 5.4.39 we will call a (G×M,π1)-torsor in the slice category X

⇝

M a G-torsor in X

⇝

M

for brevity.

With these definitions, we can now formulate the main results of this section, that principal bundles are

in fact torsors in the slice category X

⇝

M . However, we need to distinguish between the general case and the

totally fibred case. In the general case, we obtain only a partial right torsor, but in the totally fibred case,

we will obtain a total right torsor.
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In the category of sets, every group action is transitive on a certain subset, namely the orbit of a point.

Therefore, in our opinion, total torsors are more useful than partial torsors, since they can be interpreted as

group actions that are transitive, not just transitive on a subset.

Proposition 5.4.40. Let X be a Cartesian join restriction category, let G be a group object in X, let

(P,M, q, (αi)i∈I , (τij)i,j∈I) be a principal bundle in X such that P ×M P exists and let r : P ×G→ P be the

group action from Theorem 5.4.15. Then (P, q) is a partial right G-torsor in the restriction slice category

X

⇝

M . The partial inverse d∗ of

⟨π0, r⟩ : P ×G ∼= P ×M (M ×G)→ P ×M P

consists of components

P ×M P
αi×M αi−−−−−−→M ×G×G ⟨π0,π1,⟨π1ι,π2⟩⟩−−−−−−−−−−→M ×G×G α∗

i ×1G−−−−→ P ×G ∼= P ×M (M ×G).

In order to prove this we will use the following technical observations about join restriction categories:

Lemma 5.4.41.

(i) In a join restriction category, let (fi)i∈I and (gi)i∈I be families of compatible functions indexed by the

same set I, then ∨
i∈I

fi
∨
j∈I

gj ≥
∨
i∈I

figi.

(ii) In a restriction category, let fg ≥ f̄ . Then fg = f̄ .

(iii) In a restriction category, let f̄g ≤ f . Then f̄g = ḡf and therefore f ⌣ g.

Proof of Lemma 5.4.41.

(i) This follows since the join is associative and
∨
i∈I fi

∨
j∈I gj =

∨
i∈I
∨
j∈I figj is a join over I × I and∨

i∈I figi is the join over the diagonal subset {(i, i)|i ∈ I} ⊂ I × I.

(ii) This is true since fg ≥ f̄ means by definition of ≤ that f̄ = ¯̄ffg and therefore

fg = f̄fg = ¯̄ffg = f̄ .

(iii) This is true since f̄g ≤ f means by definition of ≤ that

f̄g = f̄gf = f̄ ḡf = ḡf.
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Proof of Proposition 5.4.40. In order to show that (P, q) is a partial right G-torsor in X

⇝

M we need to show

that

⟨π0, r⟩ : P ×G→ P ×M P

is a partial isomorphism in X. We do this by explicitly constructing its inverse as

d∗ =
∨
i∈I

(αi ×M αi)⟨π0, π1, ⟨π1ι, π2⟩m⟩(α∗
i × 1G)

Before we show that this join is well-defined, we first show that, if it exists, it is a partial inverse for ⟨π0, r⟩.

We expand the definition of r from Theorem 5.4.15 and rewrite it in a form more useful for this proof.

⟨π0, r⟩ =

〈
π0
∨
i∈I

αiα
∗
i ,
∨
i∈I

(αi × 1G)(1M ×m)α∗
i

〉

=
∨
i∈I

(αi × 1G)⟨⟨π0, π1⟩α∗
i , ⟨π0, ⟨π1, π2⟩m⟩α∗

i ⟩

We show that ⟨π0, r⟩d∗ = 1P×G = ⟨π0, r⟩. We expand

⟨π0, r⟩d∗ =∨
i∈I

(αi × 1G)⟨⟨π0, π1⟩α∗
i , ⟨π0, ⟨π1, π2⟩m⟩α∗

i ⟩
∨
j∈I

(αj ×M αj)⟨π0, π1, ⟨π1ι, π2⟩m⟩(α∗
j × 1G).

Applying Lemma 5.4.41(i) to the previous expansion we obtain the inequality

⟨π0, r⟩d∗ ≥∨
i∈I

(αi × 1G)⟨⟨π0, π1⟩α∗
i , ⟨π0, ⟨π1, π2⟩m⟩α∗

i ⟩(αi ×M αi)⟨π0, π1, ⟨π1ι, π2⟩m⟩(α∗
i × 1G)

=
∨
i∈I

(αi × 1G)

〈
⟨π0, π1⟩α∗

iαi,
〈
⟨π0, π1⟩α∗

iαiπ1ι, ⟨π0, ⟨π1, π2⟩m⟩α∗
iαiπ1

〉
m

〉
(α∗
i × 1G).

Since α∗
iαi = ᾱ∗

i = ei × 1G, this equals

∨
i∈I

(αi × 1G)

〈
π0ei, π1,

〈
⟨π0ei, π1⟩π1ι, ⟨π0ei, ⟨π1, π2⟩m⟩π1

〉
m

〉
(α∗
i × 1G)

=
∨
i∈I

(αi × 1G)π0ei

〈
π0, π1,

〈
π1ι, ⟨π1, π2⟩m

〉
m

〉
(α∗
i × 1G).
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By associativity of m this equals

∨
i∈I

(αi × 1G)π0ei⟨π0, π1, π2⟩(α∗
i × 1G)

and using ᾱ∗
i = ei × 1F = π0ei we obtain

∨
i∈I

(αi × 1G)(ᾱ∗
i × 1G)(α

∗
i × 1G)

=
∨
i∈I

(ᾱi × 1G)

=
∨
i∈I

π0αi = 1P×G.

This equations shows that ⟨π0, r⟩d∗ ≥ 1P×G = ⟨π0, r⟩ which implies by Lemma 5.4.41(i) that ⟨π0, r⟩d∗ =

1P×G = ⟨π0, r⟩. Next we will show that d∗⟨π0, r⟩ = d̄∗. First we simplify the left hand side into

d∗⟨π0, r⟩ =∨
j∈I

(αj ×M αj)⟨π0, π1, ⟨π1ι, π2⟩m⟩(α∗
j × 1G)

∨
i∈I

(αi × 1G)⟨⟨π0, π1⟩α∗
i , ⟨π0, ⟨π1, π2⟩m⟩α∗

i ⟩

≥
∨
i∈I

(αi ×M αi)

〈
⟨π0, π1⟩α∗

i ,
〈
π0,
〈
π1, ⟨π1ι, π2⟩m

〉
m
〉
α∗
i

〉

=
∨
i∈I

(αi ×M αi)

〈
⟨π0, π1⟩α∗

i , ⟨π0, π2⟩α∗
i

〉

=
∨
i∈I
⟨π0αiα∗

i , π1αiα
∗
i ⟩

=
∨
i∈I

π0αi π1αi.

The right hand side is simplified to

d̄∗ =
∨
i∈I

(αi ×M αi)⟨π0, π1, ⟨π1ι, π2⟩m⟩(α∗
i × 1G)

=
∨
i∈I

〈
π0αiα∗

i , (αi ×M αi)⟨π1ι, π2⟩m
〉

=
∨
i∈I

π0αi ⟨π0αi, π1αi⟩

=
∨
i∈I

π0αi π1αi.
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Therefore we showed that, assuming d∗ is defined, it is a partial inverse to ⟨π0, r⟩. It remains to show that

the join ∨
i∈I

(αi ×M αi)⟨π0, π1, ⟨π1ι, π2⟩m⟩(α∗
i × 1G)

is defined, i.e. that for

d∗i = (αi ×M αi)⟨π0, π1, ⟨π1ι, π2⟩m⟩(α∗
i × 1G)

the compatibility d∗i ⌣ d∗j holds for all i, j ∈ I. By Lemma 5.4.41(iii) this amounts to showing the inequality

d̄∗i d
∗
j ≤ d∗i .

For this we use that d̄∗i = (ᾱi ×M ᾱi). We see that

d̄∗i d
∗
j =(ᾱi ×M ᾱi)(αj ×M αj)⟨π0, π1, ⟨π1ι, π2⟩m⟩(α∗

j × 1G)

=
〈
π0ᾱiᾱj , (αiα

∗
iαj ×M αiα

∗
iαj)⟨π1ι, π2⟩m

〉
Since (P,M, q, (αi)i∈I) is a principal bundle, we know that α∗

iαjπ1 = ⟨π0τij , π1⟩m. Therefore the previous

expression equals

=

〈
π0ᾱiᾱj , (αi ×M αi)

〈
⟨π0τij , π1⟩mι, ⟨π0τij , π2⟩m

〉
m

〉

where the indices of the projections stem from the identification of (M ×G)×M (M ×G)) with M ×G×G.

The inverse of a product ⟨f, g⟩mι is the same as the reversed product of the inverses ⟨gι, fι⟩m and therefore

this equals

〈
π0ᾱiᾱj , (αi ×M αi)

〈
⟨π1ι, π0τijι⟩m, ⟨π0τij , π2⟩m

〉
m

〉

=
〈
π0ᾱiᾱj , (αi ×M αi)π0τij⟨π1ι, π2⟩m

〉
≤
〈
π0αiα

∗
i , (αi ×M αi)⟨π1ι, π2⟩m

〉
=(αi ×M αi)⟨π0, π1, ⟨π1ι, π2⟩m⟩(α∗

i × 1G) = di.

The preceding calculation shows that d̄∗i d
∗
j ≤ d∗i . Now it follows from Lemma 5.4.41(iii) that d∗i ⌣ d∗j which

concludes the proof of Theorem 5.4.40.

While Proposition 5.4.40 gives a partial isomorphism, this isomorphism is, in general, not total. In order
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to obtain a total right G-torsor, as in Definition 5.4.37(iii), we need to require (P,M, q, (αi)i∈I) to be totally

fibred, as in Definition 5.4.1(iii).

Theorem 5.4.42. Let (P,M, q, (αi)i∈I) be a totally fibred principal G-bundle in a join-restriction category

X. Then P is a total right G-torsor in the slice category X

⇝

M via the isomorphism in Proposition 5.4.40.

Proof. Since the map ⟨π0, r⟩ is total, we only need to show that

d∗ =
∨
i∈I

(αi ×M αi)⟨π0, π1, ⟨π1ι, π2⟩m⟩(α∗
i × 1G)

is total too. As we calculated in the proof of Proposition 5.4.40.

d̄∗ =
∨
i∈I

d̄∗i =
∨
i∈I

(ᾱi ×M ᾱi).

Since we assumed that (P,M, q, (αi)i∈I) is totally fibred, ᾱi = qei implies

d̄∗ =
∨
i∈I

(qei ×M qei).

Since π0q = π1q : P ×M P →M ,

d̄∗ =
∨
i∈I

π0qei =
∨
i∈I

π0ᾱi =
∨
i∈I

π0ᾱi = π0
∨
i∈I

ᾱi = π̄0 = 1P×MP .

This shows that d∗ is a partial inverse to ⟨π0, r⟩ that is total and therefore a total inverse.

5.4.5 The vertical bundle of a principal bundle

Given a group object G and a principal G-bundle P
q−→ M in a Cartesian tangent join restriction category

X, the vertical bundle T0P is defined to be the pullback

T0(P ) T (P )

M T (M).

Tq∗(0)

pq
⌟

T (q)

0

It is known, for example from Section 21.18 of [71], that in classical differential geometry the vertical bundle

is isomorphic to P × T (G)u, where T (G)u is the tangent space of G at the unit given by the (restriction)

195



pullback

T (G)u T (G)

1 G

p∗u

!
⌟

p

u

as defined in Section 5.3.1. We now prove the same in the more general setting of a tangent restriction

category.

Theorem 5.4.43. Given a group object G and a principal G-bundle P
q−→ M in a Cartesian tangent join

restriction category, if T (G)u exists, the vertical bundle exists and is isomorphic to P × T (G)u.

In local charts (i.e. when considering partial isomorphisms) P ∼=M×G and thus T (P ) ∼= T (M)×T (G) ∼=

T (M)×G× T (G)u due to Theorem 5.3.3. Thus in local charts the diagram is

M ×G× T (G)u T (M)×G× T (G)u

M T (M)

0×1G×1T (G)u

π0 π0

0

which is a pullback. This shows that the statement of Theorem 5.4.43 makes sense in local coordinates.

The result of Theorem 5.4.43 is stronger though. It states that there is a total isomorphism going globally

between T0(P ) and P × T (G)u.

Proof. We will show that the following is a pullback square:

P × T (G)u T (P )

M T (M)

(0×p∗u)T (r)

π0q T (q)

0M

The diagram commutes because the right action r preserves the basepoint (i.e. rq = π0q) and therefore

(0P × p∗(u))T (r)T (q) = (0P × p∗(u))π0T (q) = π00PT (q) = π0q0M .

Since all morphisms in the square are total we can use Lemma 5.2.8 to verify that the diagram is a pullback.

We assume there is an object Z with (not necessarily total) morphisms f : Z → T (P ) and g : Z →M such

that g0 = fT (q). We need to show that there is an unique morphism ϕ : Z → P × T (G)u such that the
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diagram

Z

P × T (G)u T (P )

M T (M)

ϕ
f

g

(0×p∗u)T (r)

π0q T (q)

0

(5.8)

commutes. We construct the morphism ϕ using maps

ξi = ⟨p, ⟨!, T (αi)π1⟨pι0, 1⟩T (m)⟩⟩ : T (P )→ P × T (G)u.

Define the morphism ϕ to be

ϕ =
∨
i∈I

fξi.

It may be surprising that we do not need to use g. However, since fT (q)p = g, f contains all the information

we need. The remainder of this proof consists of the following three steps.

(1) In order for ϕ to be well-defined we need to check that the morphisms fξi are compatible with each

other, i.e. that fξifξj = fξjfξi.

(2) The morphism ϕ must make the outer triangles of Diagram 5.8 commute, i.e. ϕ(0× p∗u)T (r) = f and

that ϕπ0q = g.

(3) The morphism ϕ must be the unique such morphism.

For step (1) we will show that fξifξj ≤ fξi which implies compatiblity by Lemma 5.4.41. We simplify and

expand fξifξj . By R.4 of Definition 5.2.1,

fξifξj =f ξ̄iξj

=fT (αi)⟨p, ⟨!, T (αj)π1⟨pι0, 1⟩T (m)⟩⟩.

Here we used ξ̄i = T (αi) and the definition of ξi in order to simplify and expand the expression. In order to

use the interaction between αi and αj we now compose

⟨fp, ⟨!, fT (αi)T (αj)π1⟨pι0, 1⟩T (m)⟩⟩

=⟨fp, ⟨!, fT (αi)T (α∗
i )T (αj)π1⟨pι0, 1⟩T (m)⟩⟩.
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Since P is a principal bundle we can rewrite T (αi)T (αj) into an expression of T (αi) using Definition 5.4.14.

Since P is a principal bundle, this equals

⟨fp, ⟨!, fT (αi)⟨π0T (τij), π1⟩T (m)π1⟨pι0, 1⟩T (m)⟩⟩

=⟨fp, ⟨!, ⟨fT (αi)π1pι0, fT (αi)π0T (τij)pι0, fT (αi)π0T (τij), fT (αi)π1⟩T (m4)⟩⟩.

Now we have an expression containing only T (αi) and we will continue by simplifying this expression. Since

αiπ0 ≤ q the previous expression produces the inequality

fξifξj ≤⟨fp, ⟨!, ⟨fT (αi)π1pι0, fT (q)p0T (τij)T (ι), fT (q)T (τij), fT (αi)π1⟩T (m4)⟩⟩.

Since fT (q)p0 = g0 = fT (q) the previous expression produces the inequality

fξifξj ≤⟨fp, ⟨!, ⟨fT (αi)π1pι0, fT (αi)π1⟩T (m)⟩⟩

=f⟨p, ⟨!, T (αi)π1⟨pι0, 1⟩T (m)⟩⟩ = fξi.

Using Lemma 5.4.41(iii) this implies that the morphisms (fξi)i∈I are compatible with each other.

For step (2) we directly show the first equation ϕ(0× p∗u)T (r) = f by calulating

ϕ(0× p∗u)T (r)

=
∨
i∈I

fξi(0× p∗u)T (r)

=
∨
i∈I

f⟨p, ⟨!, T (αi)π1⟨pι0, 1T (G)⟩T (m)⟩⟩(0× p∗u)T (r).

For every morphism h into T (G), satisfying hp =!u, the universal property of the pullback guarantees that

the equation ⟨!, h⟩p∗u = h holds. Using h = T (αi)π1⟨pι0, 1T (G)⟩T (m), the previous line equals

∨
i∈I

f⟨p0, T (αi)π1⟨pι0, 1T (G)⟩T (m)⟩T (r).
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Now, expanding the definition of r from Theorem 5.4.15 the previous line equals

∨
i∈I

∨
j∈I

f⟨p0, T (αi)π1⟨pι0, 1T (G)⟩T (m)⟩(T (αj)× 1T (G))(1T (M) × T (m))T (α∗
j )

≥
∨
i∈I

f⟨p0, T (αi)π1⟨pι0, 1T (G)⟩T (m)⟩(T (αi)× 1T (G))(1T (M) × T (m))T (α∗
i )

=
∨
i∈I

f⟨T (αi)p0, T (αi)π1⟨pι0, 1T (G)⟩T (m)⟩(1T (M) × T (m))T (α∗
i )

=
∨
i∈I

f⟨T (αi)π0p0, T (αi)π1p0, ⟨T (αi)π1pι0, T (αi)π1⟩T (m)⟩(1× T (m))T (α∗
i ).

Now due to the associativity, the inverse and the neutral property of the multiplication T (αi)π1p0 and

T (αi)π1pι0 cancel each other out. In addition αiπ0 = ᾱiq and thus the previous expression simplifies to

∨
i∈I

f⟨T (q)p0, T (αi)π1⟩T (α∗
i )

=
∨
i∈I
⟨g0p0, fT (αi)π1⟩T (α∗

i )

=
∨
i∈I
⟨g0, fT (αi)π1⟩T (α∗

i )

=f
∨
i∈I
⟨T (αi)π0, T (αi)π1⟩T (α∗

i ) = f
∨
i∈I

T (αi)T (α
∗
i ) = f

where the last equality is due to Lemma 5.2.16. Since ϕ̄ =
∨
i∈I fξi ≤ f̄ , we also have that ϕ(0× p∗u)T (r) ≤ f .

Together

ϕ(0× p∗u)T (r) ≥ f and ϕ(0× p∗u)T (r) ≤ f

imply that ϕ(0 × p∗u)T (r) = f as required. Now we use g0 = fT (q) and π0q0 = (0 × p∗u)T (r)T (q) to show

the second equation

ϕπ0q = ϕπ0q0p = ϕ(0× p∗u)T (r)T (q)p = fT (q)p = g0p = g.

Lastly, step (3), the uniqueness of ϕ, needs to be shown. Suppose there is another morphism ϕ′ : Z →

P × T (G)u making these diagrams commute, then ϕ′(0 × p∗u)T (r)ξi ⌣ ϕ′(0 × p∗u)T (r)ξj for all i, j ∈ I

because ϕ′(0× p∗u)T (r)ξi = fξi and fξi ⌣ fξj . Then we have

ϕ′ =
∨
i∈I

ϕ′(0× p∗u)T (r)ξi =
∨
i∈I

fξi = ϕ. (5.9)
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The first equality in 5.9 holds because

∨
i∈I

ϕ′(0× p∗u)T (r)ξi

=
∨
i∈I

ϕ′(0× p∗u)(T (αi)× 1T (G))(1T (M) × T (m))T (α∗
i )⟨p, ⟨!, T (αi)π1, ⟨pι0, 1T (G)⟩T (m)⟩⟩

=
∨
i∈I

ϕ′⟨Tπ00T (αi)T (π0), ⟨π00T (αi)π1, π1p∗u⟩T (m)⟩T (α∗
i )⟨p, ⟨!, T (αi)π1⟨pι0, 1T (G)⟩T (m)⟩⟩.

We will now calculate the two components of this morphism separately and show that
∨
i∈I ϕ

′(0×p∗u)T (r)ξi =

ϕ′ by showing that the first component is ϕ′π0 and the second component is ϕ′π1. The first component is

∨
i∈I

ϕ′
〈
π00T (αi)T (π0), ⟨π00T (αi)T (π1), π1p∗u⟩T (m)

〉
T (α∗

i )p.

Due to naturality of p, 0p = 1 and p∗up =!u, the previous line simplifies to

∨
i∈I

ϕ′
〈
π0αiπ0, ⟨π0αiπ1, !u⟩m

〉
α∗
i .

Since u is the unit for m this equals

∨
i∈I

ϕ′⟨π0αiπ0, π0αiπ1⟩α∗
i =

∨
i∈I

ϕ′π0αiα
∗
i = ϕ′π0.

The second component of
∨
i∈I ϕ

′(0× p∗u)T (r)ξi is

∨
i∈I

〈
π00T (αi)T (π0), ⟨π00T (αi)T (π1), π1p∗u⟩T (m)

〉
T (α∗

i )
〈
!, T (αi)π1⟨pι0, 1⟩T (m)

〉

which equals

∨
i∈I

〈
!, ϕ′

〈
π00T (αi)T (π0), ⟨π00T (αi)T (π1), π1p∗u⟩T (m)

〉
T (α∗

i )T (αi)π1⟨pι0, 1⟩T (m)

〉
.

Since α∗
iαi = ᾱ∗

i = ei × 1G and for all morphisms a and b ⟨a, b⟩π1 = āb, this equals

∨
i∈I

〈
!, ϕ′π00T (αi)T (π0)T (ei)⟨π00T (αi)T (π1), π1p∗u⟩T (m)⟨pι0, 1⟩T (m)

〉
.

200



Using naturality and totality of 0, π0ei = ᾱ∗
i π0 and αiᾱ

∗
i = αi this equals

∨
i∈I

〈
!, ϕ′π0αi

〈
⟨π00T (αi)T (π1), π1p∗u⟩T (m)pι0, ⟨π00T (αi)T (π1), π1p∗u⟩T (m)

〉
T (m)

〉
.

Using naturality of 0, that 0 is a section of p, and the fomula ⟨a, b⟩mι = ⟨bι, aι⟩m for the inverse of a product,

this becomes

∨
i∈I

〈
!, ϕ′π0αi

〈
⟨π1p∗up0T (ι), π00T (αiπ1ι)⟩T (m), ⟨π00T (αi)T (π1), π1p∗u⟩T (m)

〉
T (m)

〉
.

Due to the associativity and inverse property of m and the defining property of p∗u, p
∗
up0 =!u0 =!T (u), this

equals

∨
i∈I

〈
!, ϕ′π0αi⟨!T (u)T (ι), π1p∗u⟩T (m)

〉
.

Since
∨
i∈I ᾱi = 1P and uι = u is the unit for m this equals

⟨!, ϕ′π1p∗u⟩ = ϕ′π1⟨!, p∗u⟩ = ϕ′π1

where the last equality holds since ! and p∗u are the projections out of the pullback T (G)u and thus ⟨!, p∗u⟩ =

1T (G)u . The two components together imply that ϕ′ =
∨
i∈I ϕ

′(0 × p∗u)T (r)ξi which was missing to prove

equation 5.9 which concludes the proof by proving uniqueness of ϕ.

This proof heavily uses the map ⟨!, ⟨pι0, 1⟩T (m)⟩ : T (G) → T (G) in order to construct the ξi, thereby

using similar methods to the ones used in Section 5.3.1.

5.5 Concluding remarks

The goal of this chapter was to understand group objects and principal bundles in the general categorical

settings of tangent categories and join restriction categories. These structures have been introduced and

we have shown that many results from classical differential geometry can be recovered. In particular our

construction is a generalization of principal bundles in differential geometry and topology.

Aintablian and Blohmann have independently developed a categorical approach to Lie groupoids and
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Lie algebroids in [2] which is similar to some of our results in Section 5.3. In particular, Theorem 7.5 of

[2] is (up to small differences) equivalent to Theorem 5.3.21 in this chapter. The main focus of [2] is Lie

groupoids and their behaviour, while the main focus of our work is group objects and principal bundles in

restriction categories. In particular, in Section 4, we were primarily interested in examining the tangent

bundle of a group object. These results are not contained in [2] since it works in the more general setup of

groupoid objects, where these results may not hold. We relate the result about vector fields to the tangent

space in Theorem 5.3.21. A technical difference between the constructions of [2] and our construction is that

we do not assume that the tangent bundles have negatives (the fibres are monoids, not groups) nor scalar

multiplication, though Theorem 5.3.15 shows that the relevant negatives always exist.

In future work, we hope, in particular, to explore how the notion of group objects and principal bundles

behaves in algebraic geometry. Since there is a pre-existing notion of principal bundles in Algebraic Geometry,

for example in [1]. As we explained in more detail in the end of Section 5.4.3, the goal of this will be to find

a restriction structure for which the principal bundles of Definition 5.4.14 correspond to this pre-existing

notion.

In addition we are interested in seeing in which cases we can recover a group object from its Lie algebra.

Classically, one can recover a Lie Group from a Lie Algebra using the exponential function, a way to solve

a differential equation on a manifold. This leads to the classical result that a Lie Group is determined by

its Lie Algebra up to local isomorphism. In order to generalize this result, we need a notion of exponential

functions and differential equations, like the ones provided in [63] and [23]. We hope to adapt those methods

to our situation.

Another important continuation is the connection with differential bundles. In particular we want to

generalize the classical result that principal GLn-bundles correspond to vector bundles by showing that G-

bundles, whose fibre is a differential object, are differential bundles. While this continuation is not part of

the paper this chapter is based on, this is the main focus of Chapter 6 of this thesis.
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Chapter 6

Relating principal and differential

bundles

Figure 6.1: Given a principal bundle, one can form the associated bundle. The associated bundle is the
differential bundle which is locally a product but globally twisted according to the principal bundle as
pictured above.2

In Chapters 3 and 4 we focused on differential bundles in tangent categories. In Chapter 5 our focus

was on G-bundles and principal G-bundles in Cartesian join restriction categories (often with gluings). In

this chapter, we consider the confluence of these settings and connect principal and differential bundles

in Cartesian tangent join restriction categories with gluings. In classical differential geometry, there is a

close correspondence between differential bundles (i.e. vector bundles) and principal GLn-bundles. In this

chapter we show that every principal G-bundle together with a differential object with linear G-action has

an associated differential bundle, but the reverse correspondence does not hold.

Since this chapter heavily relies on the constructions in Chapter 5, we will keep using diagrammatic

composition order, i,e, we denote the composition of f : A→ B and g : B → C as fg : A→ C.

2Figure created using GeoGebra 3D
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In classical differential geometry, vector bundles with fibre Rn correspond to principal GLn-bundles. This

correspondence sends a principal GLn-bundle to a vector bundle utilizing the functor

BuildtotG : PBuntotG ×G−Obj→ BuntotGG

which forms part of the equivalence in Theorem 5.4.24, in the case when G = GLn. Given a principal

GLn-bundle and the standard GLn action on the vector space Rn, the Build functor produces a GLn-bundle

with fibre Rn, called the “associated bundle”. By the classical definition, a vector bundle with fiber Rn is

the same as a GLn-bundle with fiber Rn and the standard action of GLn. The converse direction of the

correspondence is formed by a construction called the “frame bundle”. In the context of tangent categories,

the notion of vector bundles is replaced by differential bundles. The generalization of vector bundles are the

differential bundles which are the main focus of Chapter 4. Principal bundles and G-bundles are a major

focus of Chapter 5, in particular in Section 5.4. The goal of this chapter is to show that (sometimes) a

G-bundle is a differential bundle.

The main setup this chapter studies is given by Cartesian tangent join restriction categories with gluings,

as defined in Definition 5.2.14 and Definition 5.2.12.

Since differential bundles E
q−→ M do not necessarily have a partial isomorphism to a Cartesian prod-

uct M × F , we do not expect the “frame bundle” direction to hold in this context. We give an explicit

counterexample in Example 6.3.13.

This chapter generalizes the “associated bundle” direction of the correspondence. Theorem 5.4.24 already

shows that the category of G-bundles is equivalent to the Cartesian product of the category of principal G-

bundles and the category of G-spaces. All that remains is to determine under which circumstances G-bundles

are differential bundles. That is the main subject of this chapter.

Section 6.1 establishes some language that we need to state and prove that certain G-bundles are differ-

ential bundles. Section 6.2 establishes some useful properties of the gluing which are required in the proofs

of Section 6.3. Section 6.2.1 focuses on how a pullback in every chart leads to a pullback of the gluings. In

Section 6.2.2, Proposition 6.2.5 proves that join restriction functors preserve gluings. The main results of

this chapter will be in Section 6.3. Proposition 6.3.7 proves that, given a differential object F and a linear

G-action on F , a G-bundle built out of the F and the action a is also a differential bundle. This resembles

the classical case that considers the group GLn and its (linear) action on Rn. In Proposition 6.3.8 we will

show that fibre bundle morphisms are also morphisms of differential bundles and that certain G-bundle

homomorphisms are linear morphisms of differential bundles.

Theorem 6.3.10 will show that the assignments of objects and morphisms defined in Propositions 6.3.7
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and 6.3.8 form a functor.

6.1 Epic fibre bundles

As we have seen in Theorem 5.4.27, classical fibre bundles over smooth manifolds correspond to totally fibred

categorical fibre bundles in ParMfld for which the projection q is an epimorphism. For any fibre bundle in

any join restriction category, if the projection q is an isomorphism, the restriction idempotents ei :M →M

fulfill
∨
i∈I ei = 1M . Since the restriction idempotents ei can be seen as the charts in which E ∼= M × F ,

this can be understood as saying that these charts cover all of M . If there is a point x : 1→ F in the fibre,

F , then
∨
i∈I ei = 1M is equivalent to the condition that q is an epimorphism.

Definition 6.1.1. Let (E,M,F, q, (αi)i∈I) be a fibre bundle (Definition 5.4.1) in a join restriction category

X. It is epic if q : E →M is an epimorphism.

Intuitively this should mean that the image of the projection q : E → M covers all of M and not just a

subset. Due to our partial isomorphisms αi, we can express this intuitive description as a formal consequence

using the restriction idempotents ei fulfilling ᾱ
∗
i = ei × 1F :M × F →M × F .

Proposition 6.1.2. Let (E,M,F, q, (αi)i∈I) be an epic fibre bundle in a join restriction category X. Let

(ei)i∈I denote the restriction idempotents from Definition 5.4.1 that fulfill ᾱ∗
i = ei × 1F . Then

∨
i∈I

ei = 1M

Proof. In order to prove this we will show that q
∨
i∈I ei = q. Since q is an epimorphism, this will imply∨

i∈I ei = 1M . We calculate

q
∨
i∈I

ei =
∨
i∈I

qei.

Since
∨
i∈I ᾱi = 1E this is equal to ∨

i,j∈I
ᾱiqej =

∨
i,j∈I

αiπ0ej .

because ᾱiq = αiπ0 due to Definition 5.4.1 Since the join is the supremum with respect to the partial

ordering, taking the join over fewer terms will produce something that is less than or equal to the original

join. Therefore,

∨
i,j∈I

αiπ0ej ≥
∨
i∈I

αiπ0ei =
∨
i∈I

αi(ei × 1F )π0 =
∨
i∈I

αiᾱ
∗
i π0 =

∨
i∈I

αiπ0 =
∨
i∈I

ᾱiq = q.
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Under very common circumstances, the implication in Proposition 6.1.2 becomes an equivalence: certain

bundles (E,M,F, q, (αi)i∈I) are epic if and only if
∨
i∈I ei = 1M . We will expand on this in the remainder

of this section.

In order for the equation
∨
i∈I ei = 1M to imply that the bundle is epic, we need one more condition.

The fibre F needs to contain some point. In classical differential geometry this excludes the case when the

fibre is the empty set.

Proposition 6.1.3. Let (E,M,F, q, (αi)i∈I) be a fibre bundle in a join restriction category X. Let (ei)i∈I

denote the restriction idempotents from Definition 5.4.1 that fulfill ᾱ∗
i = ei × 1F . Let X have a restriction

terminal object 1 and let x be a point in F , i.e. a total morphism x : 1 → F . Then
∨
i∈I ei = 1M implies

that q is an epimorphism.

Proof. Suppose
∨
i∈I ei = 1M and suppose X is an object and f, g : M → X are morphisms such that

qf = qg. Then ⟨1M , x⟩π0 = 1M and therefore

eif = ⟨1M , x⟩(ei × 1)π0 = ⟨1M , x⟩α∗
iαiπ0f = ⟨1M , x⟩α∗

i ᾱiqf.

Analogously

eig = ⟨1M , x⟩α∗
i ᾱiqf

and since qf = qg this implies that eif = eig. By assumption
∨
i∈I ei = 1M and therefore

f =
∨
i∈I

eif =
∨
i∈I

eig = g.

Since f and g were arbitrary morphisms such that qf = qg this proves that q is an epimorphism.

The two Propositions 6.1.2 and 6.1.3 provide an equivalence in cases where F has a point. We summarize

this in the following corollary.

Corollary 6.1.4. Let (E,M,F, q, (αi)i∈I) be a fibre bundle in a join restriction category X. Let (ei)i∈I

denote the restriction idempotents from Definition 5.4.1 that fulfill ᾱ∗
i = ei × 1F . Let X have a restriction

terminal object 1 and let x : 1→ F be a point in F . Then q is an epimorphism if and only if
∨
i∈I ei = 1M .

In particular, if the fibre is a group object (like for principal G-bundles), Corollary 6.1.4 applies, since

every group object has the point u : 1→ G
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6.2 Gluing pullbacks and functors

This section provides some technical results that are needed in the proof of Proposition 6.3.7. Section 6.2.1

shows that, under certain conditions, the gluing of pullbacks is the pullback of gluings. Section 6.2.1 shows

that join restriction functors preserve gluings.

6.2.1 Gluing pullbacks

We will first set up some context. Let I be a set and let

((Ui)i∈I , (uij)i,j∈I), ((U ′
i)i∈I , (u

′
ij)i,j∈I), ((U ′′

i )i∈I , (u
′′
ij)i,j∈I), ((U ′′′

i )i∈I , (u
′′′
ij )i,j∈I)

be atlases (Definition 5.2.10) in a join restriction category X. Let

(A, (bi)i∈I : Ui → A), (A′, (b′i)i∈I : U
′
i → A′), (A′′, (b′′i )i∈I : U

′′
i → A), (A′′′, (b′′′i )i∈I : U

′′′
i → A′′′)

be their gluings (Definition 5.2.12). Let

Ui U ′
i

U ′′
i U ′′′

i

hi

ki

⌟
fi

gi

be a restriction pullback with total maps fi, gi, hi, ki for all i ∈ I such that for i, j ∈ I all faces of

Uj U ′
j

Ui U ′
i

U ′′
j U ′′′

j

U ′′
i U ′′′

i

hj

kj

fj

uij

hi

ki

u′
ij

figj

u′′
ij

gi

u′′′
ij

commute.

Lemma 6.2.1. There are unique morphisms f : A′ → A′′′ , g : A′′ → A′′′, h : A→ A′ and k : A→ A′ such

that

U ′
i U ′′′

i U ′′
i U ′′′

i Ui U ′
i Ui U ′′

i

A′ A′′′ A′′ A′′′ A A′ A A′′

fi

b′i b′′′i

gi

b′′i b′′′i

hi

bi b′i

ki

bi b′′i

f g h k
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commute. The morphisms f : A′ → A′′′ , g : A′′ → A′′′, h : A→ A′ and k : A→ A′ are total.

Proof. We will show the results for f , the other ones are analogous.

The morphisms Aij := fiu
′
ij = uijfj for all i, j ∈ I form an atlas morphism from ((U ′

i)i∈I , (u
′
ij)i,j∈I) to

((U ′′′
i )i∈I , (u

′′′
ij )i,j∈I).

Thus existence and uniqueness follow from the universal property of the gluingA′. Totality follows from

f̄ =
∨
i∈I

b′∗i b
′
if =

∨
i∈I

b′∗i fib
′′′
i =

∨
i∈I

b′∗i fib
′′′
i ≥

∨
i∈I

b′∗i fib
′′′
i b

′′′∗
i =

∨
i∈I

b′∗i fiu
′′′∗
ij

=
∨
i∈I

b′∗i u
′∗
ijfi =

∨
i∈I

b′∗i b
′
ib

′∗
i fi =

∨
i∈I

b′∗i b
′∗
i =

∨
i∈I

b′∗i = 1A′

which concludes the proof.

Proposition 6.2.2. Under the circumstances described above,

A A′

A′′ A′′′

h

k
⌟

f

g

is a restriction pullback.

Proof. The square commutes because the induced map out of the gluing A is unique. In order to show that

it is a restriction pullback, we will use the characterization of restriction pullbacks in Lemma 5.2.8. Let X

be an object. Let φ : X → A′ and ψ : X → A′′ be total morphisms such that φf = ψg, i.e.

X

A A′

A′′ A′′′

φ

ψ

h

k f

g

commutes. Then φb′∗i : X → U ′
i and ψb

′′∗
i : X → U ′′

i fulfill that

φb′∗i fi = φfb′′∗i = ψgb′′′∗i = ψb′′∗i gi.

Thus there is an induced map

⟨φb′∗i , ψb′′∗i ⟩ : X → Ui
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into the pullback

Ui U ′
i

U ′′
i U ′′′

i .

hi

ki

⌟
fi

gi

In order to glue the morphisms X → Ui together for all i ∈ I and obtain a morphism X → A, we now

show that they form an atlas morphism from At(1X) to ((Ui)i∈I , (uij)i,j∈I), The map ⟨φb′∗i , ψb′′∗i ⟩uij into

the pullback Uj is determined by its components and

⟨φb′∗i , ψb′′∗i ⟩uijhj = ⟨φb′∗i , ψb′′∗i ⟩hiu′ij = ψb′′∗i φb
′∗
i u

′
ij = ψb′′∗i φb

′∗
i b

′
ib

′∗
j

= ψb′′∗i φb̄
′∗
i b

′∗
j = ψb′′∗i φb′∗i φb

′∗
j = ⟨φb′∗i , ψb′′∗i ⟩φb

′∗
j

and analogously ⟨φb′∗i , ψb′′∗i ⟩uijkj = ⟨φb′∗i , ψb′′∗i ⟩ψb′′j ∗. Therefore

⟨φb′∗i , ψb′′∗i ⟩uij = ⟨φb′∗i , ψb′′∗i ⟩⟨φb
′∗
j , ψb

′′∗
j ⟩

proving condition 5 of Definition 5.2.11 of an atlas morphism. Conditions 2 and 4 follow from condition 5.

Conditions 1 and 3 are trivial since the domain is the atlas At(1X). Thus ⟨φb′∗i , ψb′′∗i ⟩ is an atlas morphism

from At(1X) to ((Ui)i∈I , (uij)i,j∈I). By composition of atlas morphisms,

θφ,ψ =
∨
i∈I
⟨φb′∗i , ψb′′∗i ⟩bi : X → A

is defined. We will now show that it fulfills the required equations to be the induced map into a pullback.

Since φ̄ = ψ̄, we calculate

θφ,ψh =
∨
i∈I
⟨φb′∗i , ψb′′∗i ⟩bih =

∨
i∈I
⟨φb′∗i , ψb′′∗i ⟩hib′i =

∨
i∈I

ψb′′∗i φb
′∗
i b

′
i

=
∨
i∈I

ψb′′∗i
∨
i∈I

φb̄′∗i = ψ
∨
i∈I

b̄′′∗i φ
∨
i∈I

b̄′∗i = ψ̄φ = φ

and analogously also θφ,ψk = ψ.

Therefore it only remains to show that θφ,ψ is the only morphism such that θφ,ψh = φ and θφ,ψk = ψ.

Let ηφ,ψ : X → A be any morphism fulilling ηφ,ψh = φ and ηφ,ψk = ψ. Then

ηφ,ψb
∗
i hi = ηφ,ψhb

′∗
i = φb′∗i

and analogously ηφ,ψki = ψb′′∗i . Since morphisms into the pullback Ui are given by their components, this
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implies

ηφ,ψb
∗
i = ⟨φb′∗i , ψb′′∗i ⟩ = θφ,ψb

∗
i .

Thus

ηφ,ψ =
∨
i∈I

ηφ,ψb
∗
i bi =

∨
i∈I

θφ,ψb
∗
i bi = θφ,ψ,

which concludes the proof.

6.2.2 Gluing functors

In this section we will investigate how functors, in particular join restriction functors, preserve gluings. First

we define join restriction functors. While all join restriction functors are restriction functors, Example 6.2.4

will showcase a restriction functor that is not a join restriction functor, proving that not all restriction

functors are join restriction functors. Then we will continue proving that join restriction functors preserve

gluings. While these results seem to be well known to experts in the theory of restriction categories, we were

unable able to find any proof of them in the literature, so a proof is included here.

Definition 6.2.3. [47, Section 3.1.2] For join restriction categories X and Y, a restriction functor F : X→ Y

is called a join restriction functor, if for any ⌣-compatible subset S, F (
∨
s∈S s) =

∨
s∈S F (s).

Many restriction functors between join restriction categories happen to be join restriction functors. In the

following we will give a combinatorial example of a restriction functor that is not a join restriction functor.

Example 6.2.4. Given a set X, let the join restriction category XX be defined as follows.

• Its single object is the set X.

• The set of morphisms is the power set Hom(X,X) = {f ⊆ X}.

• Composition is given by intersection of subsets.

• Identity is given by the entire set X ⊆ X.

• Any morphism is a restriction idempotent f̄ = f .

• The join is given by union of subsets.

In fact, the category XX is a subcategory of the category ParSet of sets and partial functions. For the sets

[1] := {0, 1} and [2] := {0, 1, 2}, define the functor F : X[1] → X[2] as follows

• It sends the unique object [1] := {0, 1} to the unique object [2] := {0, 1, 2}.
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• It sends a morphism f ⊆ [1] to its embedding in [2], unless it is the identity. It sends the identity to

the identity, i.e.

F (f) =

 f if f ̸= [1]

[2] if f = [1]

It preserves identity by definition. It preserves composition (intersection) of non-identities, since it is just

the embedding with them. It preserves composition with the identity since it sends the identity to the identity.

It preserves restrictions, since in both the source and target the restriction operation is the identity.

However, it does not preserve the join since

F ({0} ∨ {1}) = F ({0, 1}) = {0, 1, 2} ̸= {0, 1} = {0} ∨ {1} = F ({0}) ∨ F ({1}).

This example shows that the notions of restriction functors and join restriction functors are indeed

distinct. There are other examples of restriction functors in the literature which are not join restriction

functors, but this example is simpler than others which we are aware of.

Proposition 6.2.5. Let X and Y be join restriction categories. Let ((Ui)i∈I , (uij)i,j∈I) be an atlas in X

whose gluing is (E, gi). Let F : X → Y be a join restriction functor. Then ((F (Ui))i∈I , (F (uij))i,j∈I) is an

atlas whose gluing is (F (E), F (gi)).

Proof. It follows immediately from the definition of an atlas and functoriality that ((F (Ui))i∈I , (F (uij))i,j∈I)

is an atlas.

In ordert to show that (F (E), F (gi)) is its gluing, we use the characterization of gluings in Remark 5.2.13

as an object E with a family of partial isomorphisms gi : Ui → E (with partial inverses g∗i ) such that

(a) uijgj ≤ gi,

(b) uij = gig
∗
j , and

(c) 1E =
∨
i g

∗
i gi.

Applying the restriction functor T preserves inequalities: For any parallel morphisms f, g of X, f ≤ g implies

F (f) ≤ F (g). Therefore

F (uij)F (gj) ≤ F (gi).

Since F (gi)F (g
∗
i ) = F (gig

∗
i ) = F (ḡi) = F (gi) and analogously F (g∗i )F (gi) = F (g∗i ), the the partial inverse

of F (gi) is F (g
∗
i ) = F (gi)

∗. Thus the second equation

F (uij) = F (gi)F (g
∗
j )
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follows from functoriality. Since F preserves joins

1F (E) = F (1E) = F

(∨
i

g∗i gi

)
=
∨
i

F (g∗i )F (gi),

which was the remaining property (c) to show that F (GU ) is the gluing.

The most important application for the next section is that the tangent bundle endofunctor preserves

gluings.

Corollary 6.2.6. Let (X, T, p, 0,+, ℓ, c) be a tangent join restriction category. Let ((Ui)i∈I , (uij)i,j∈I) be

an atlas in X whose gluing is (E, gi). Then ((T (Ui))i∈I , (T (uij))i,j∈I) is an atlas in X whose gluing is

(T (E), T (gi)).

Proof. In [20, Proposition 6.15] Cockett and Cruttwell show that the tangent bundle endofunctor T preserves

joins. Thus we can apply Proposition 6.2.5 to obtain the result.

6.3 Constructing differential bundles from (principal) G-bundles

In classical differential geometry, there is an equivalence between principal GLn-bundles and vector bundles

with n-dimensional fibre. In this section we will generalize the construction that turns (principal) G-bundles

(Definition 5.4.14 and the main topic of Section 5.4) into differential bundles (Definition 2.3.1 and the main

topic of Chapter 4) in the more abstract setting of tangent join restriction categories.

Differential bundles and differential objects in split restriction categories were defined by Lanfranchi in

[58, Definition 4.26]. We will use the same definition for all restriction categories here. It closely resembles

Definition 2.3.1 of differential bundles in tangent categories, except that the structure morphisms are required

to be total and that strict limits are replaced by restriction limits.

Definition 6.3.1. [58, Definition 4.26] Let (X, T, p, 0,+, ℓ, c) be a tangent restriction category. Then a

restriction differential bundle consists of two objects M and E and four total morphisms

q : E →M , ζ :M → E , σ : E2 → E , λ : E → T (E)

where En is the restriction n-fold pullback of q along itself. The total morphisms q, ζ, σ and λ satisfy the
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equational axioms (4) and (5) in Definition 2.3.1. In addition, the diagram

E2 T (E)

M T (M)

⟨π0λ,π10⟩T (σ)

π0q T (q)

0

(6.1)

is required to be a restriction pullback diagram whose universal property is preserved by the tangent bundle

functor.

If M is a restriction terminal object, the differential bundle is called a restriction differential object.

Note that Diagram 6.1 replaces the universality of the vertical lift diagram in Definition 2.3.1. Instead of

requiring Diagram 6.1 to be a strict pullback as in Definition 2.3.1, we require it to be a restriction pullback

here. For the following definition recall the definition of Cartesian tangent restriction categories in Definition

5.2.14.

Definition 6.3.2. Let (E,M, q, ζ, σ, λ) and (E′,M ′, q′, ζ ′, σ′, λ′) be restriction differential bundles in a

Cartesian tangent restriction category (X, T, p, 0,+, ℓ, c). A pair (Φ, ϕ) of total morphisms Φ : E → E′,

ϕ :M →M ′ is a morphism of restriction differential bundles, if

Φq′ = qϕ.

It is called linear if

Φλ′ = λT (Φ)

These definitions of differential bundles and their morphisms are completely analogous to Definitions 2.3.1

and 2.3.5. A choice that we made when defining them is that we only consider total morphisms, both for

the structure morphisms q, ζ, σ, λ of a differential bundle and the components of a morphism of differential

bundles.

Like in the tangent category case, a linear morphism of restriction differential bundles also preserves the

addition and the zero section.

Proposition 6.3.3. Let (E,M, q, ζ, σ, λ) and (E′,M ′, q′, ζ ′, σ′, λ′) be restriction differential bundles in a

Cartesian tangent restriction category (X, T, p, 0,+, ℓ, c). For a linear morphism of differential bundles

(Φ, ϕ) : (E,M, q, ζ, σ, λ)→ (E′,M ′, q′, ζ ′, σ′, λ′),
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the diagrams

M M ′ E2 E′
2

E E′ E E

ϕ

ζ ζ′

Φ2

σ σ′

Φ Φ

commute, where Φ2 : E2 = E ×M E → E′
2 = E′ ×M ′ E′ is the map into the pullback induced by Φ : E → E

and ϕ : E → E.

Proof. The proof follows the exactly same strategy as in [29, Proposition 2.16], where the analogous statement

for differential bundles in tangent categories is shown. The proof is summarized below.

Using the restriction pullback diagram 6.1 and the uniqueness of morphisms into the pullback from

Lemma 5.2.8, we can show that λ and λ′ are monomorphisms. Since q and q′ are retractions, they are

epimorphisms.

Now some elementary chains of equations which can be found in the proof of [29, Proposition 2.16] show

that σΦλ′ = Φ2σ
′λ′ and qζΦ = qϕζ ′. Since λ′ was monic and q was epic, the required equations follow.

Before turning G-bundles into differential bundles, we first consider the case of products. This case is

relevant, since restricted to a chart, a G-bundle is isomorphic to a product.

Let (F, ζ, σ, λ) be a differential object and X be an object in a Cartesian tangent join restriction category

(X, T, p, 0,+, ℓ, c). Then X × F is a differential bundle over X ∼= X × 1 (where 1 is the restriction terminal

object of X) with structure maps

π0 : X × F → X

1X × ζ : X × 1→ X × F

1X × σ : X × F × F ∼= (X × F )×X (X × F )→ X × F

0X × λ : X × F → T (X)× T (F ) ∼= T (X × F )

All the properties follow from the fact that (F, ζ, σ, λ) was a differential object.

Definition 6.3.4. Let (G,m, u, i) be a group object (Definition 5.3.1) and (F, σ, ζ, λ) be a differential object in

a Cartesian tangent join restriction category (X, T, p, 0,+, ℓ, c). A linear action of (G,m, u, i) on (F, σ, ζ, λ)

is a total morphism a : G × F → F that is an action (in the sense of Definition 5.4.10) such that (a, !) :

(G× F,G)→ (F, 1) is a linear morphism of differential bundles.

Before we will use that definition, we will first give an overview over the consequences of this definition, in

particular the following commutative diagrams. Diagram 6.2 commutes since this is the linearity demanded
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in Definition 6.3.4, expressed using Definition 6.3.2. Diagrams 6.3 and 6.4 commute because of Proposition

6.3.3.

G× F F

T (G)× T (F ) T (F )

a

0×λ λ

T (a)

(6.2)

G× F × F F × F

G× F F

⟨⟨π0,π1⟩a,⟨π0,π2⟩a⟩

1G×σ σ

a

(6.3)

G 1

G× F F

!

⟨1G,!ζ⟩ ζ

a

(6.4)

These diagrams appear in equivalent ways of characterizing the action a as a linear action, as we point

out in the following Lemma.

Lemma 6.3.5. Let (F, ζ, σ, λ) be a differential object and (G,m, u, i) be a group object in a Cartesian tangent

join restriction category (X, T, p, 0,+, ℓ, c). Let a : G×F → F be an action in the sense of Definition 5.4.10.

Then the the following are equivalent.

(a) The action a is linear.

(b) Diagram 6.2 commutes.

(c) Diagrams 6.2, 6.3 and 6.4 commute.

Proof. All of the equivalences follow from Definition 6.3.2 of additive and linear morphisms between differ-

ential bundles. The equivalence (a)⇔ (b) holds, because Diagram 6.2 is just the linearity condition for the

morphism (a, !). The implication (c) ⇒ (b) is true as a tautology. The implication (b) ⇒ (c) holds because

Proposition 6.3.3 shows that every linear morphism of differential bundles is additive.

Next we point out some technical lemma that shows how we can form the pullback power E2 of a fibre

bundle E.

Lemma 6.3.6. Let (E,M,F, q, (αi)i∈I) be a fibre bundle with fibre F in a Cartesian join restriction category

with gluings. Then the restriction pullback

E2 E

E M

π0

π1 q

q
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is the gluing of (M × F × F, (uij ×M uij)i,j∈I) where the morphisms uij ×M uij are the composition

M × F × F
∼=−→ (M × F )×M (M × F )

uij×1M
uij−−−−−−−→ (M × F )×M (M × F )

∼=−→M × F × F.

Proof. This is a direct consequence of Proposition 6.2.2, applied to Definition 5.4.1.

Proposition 6.3.7. Let (F, ζ, σ, λ) be a differential object and (G,m, u, i) be a group object in a Cartesian

tangent join restriction category (X, T, p, 0,+, ℓ, c) with gluings. Let a : G × F → F be a linear action of

(G,m, u, i) on (F, ζ, σ, λ). Let (E,M, q, (αi)i∈I) be a totally fibred epic G-bundle with fibre F with the action

a. Then E
q−→M is a differential bundle.

The proof is lengthy because we need to construct the differential bundle structure for E
q−→M from the

differential object structure on F . This proceeds by constructing the total morphisms

q : E →M, ζE :M → E, σE : E2 → E and λE : E → T (E)

out of ζ, σ, λ using gluings. In the end, we will show that Diagram 6.1 is a restriction pullback.

Proof. We first define all the structure we need. The projection q : E → M is already defined. For the

remaining structure we will use the property from Theorem 5.4.9 that E is a gluing of (M × F, (uij)) with

uij = α∗
iαj and the inclusion morphisms α∗

i :M × F → E.

The zero section ζE : M → E is induced by the morphisms 1M × ζ : M × 1→ M × F . Concretely it

is given by

ζE =
∨
i∈I
⟨1M , !ζ⟩α∗

i .

Intuitively, this is well-defined (i.e. ⟨1M , !ζ⟩α∗
i ⌣ ⟨1M , !ζ⟩α∗

j ) because the partial isomorphisms uij = α∗
iαj

(corresponding to the changes of charts in classical differential geometry) are given by group actions and

Diagram 6.4 commutes. Concretely ⟨1M , !ζ⟩α∗
i ⌣ ⟨1M , !ζ⟩α∗

j can be verified as follows.

Using standard properties of restriction categories in Definition 5.2.1, the definitions of the partial iso-

morphisms αi in Definition 5.4.1 and the definition of the restriction idempotents ei through ᾱ
∗
i = ei × 1F

in Definition 5.4.1, we derive

ūji = α∗
jαi = α∗

j ᾱi = α∗
jqei = α∗

jqei = α∗
j ᾱjqei = ᾱ∗

jπ0ei = π0ejei.
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Using the equation above, we observe that

⟨1M , !ζ⟩α∗
i ⟨1M , !ζ⟩α

∗
j = ⟨1M , !ζ⟩(ei × 1F )⟨1M , !ζ⟩α∗

j by Definition 5.4.1(i)

= ⟨ei, !ζ⟩α∗
j

= ⟨1M , !ζ⟩π0eiα∗
j by Definition 5.2.6

= ⟨1M , !ζ⟩ūjiα∗
j since ūji = π0ejei.

Since the (α∗
i )i∈I are a gluing, ujiα

∗
i = ujiα∗

iα
∗
j = ūijα

∗
j and therefore the previous line is equal to

⟨1M , !ζ⟩ujiα∗
i

= ⟨1M , !ζ⟩⟨π0, π0τji, π1⟩(1M × a)α∗
i by Definition 5.4.14

= ⟨1M , τji⟨1G, !ζ⟩a⟩α∗
i

= τ̄ji⟨1M , !ζ⟩α∗
i by Diagram 6.4

≤ ⟨1M , !ζ⟩α∗
i .

and thus ⟨1M , !ζ⟩α∗
i ⌣ ⟨1M , !ζ⟩α∗

j . This shows that ζE : M → E is well-defined. Next we will prove that it

is total by calculating

ζ̄E =
∨
i∈I
⟨1M , !ζ⟩α∗

i = ⟨1M , !ζ⟩
∨
i∈I

ᾱ∗
i = ⟨1M , !ζ⟩

∨
i∈I

(ei × 1F ) = ⟨1M , !ζ⟩
∨
i∈I

(ei × 1F )

using Property (iii) of Lemma 5.2.2. Since q was assumed to be an epimorphism, Proposition 6.1.2 shows

that
∨
i∈I ei = 1. This shows that the previous line is equal to

⟨1M , !ζ⟩ = 1M

proving that ζE is total.

The addition σE : E2 → E is induced by the addition σ : F × F → F as

σE :=
∨
i∈I

(αi ×M αi)(σ/1M )α∗
i .

where σ/1M : (M × F )×M (M × F )→M × F is given by the composition

(M × F )×M (M × F ) ⟨π0π0,π0π1,π1π1⟩−−−−−−−−−−−→∼=
M × F × F 1M×σ−−−−→M × F.

217



Intuitively, this is well-defined (i.e. (αi×Mαi)(1M×σ)α∗
i ⌣ (αj×Mαj)(1M×σ)α∗

j ) since partial isomorphisms

uij = α∗
iαj (corresponding to the changes of charts in classical differential geometry) are given by the group

action a (Definition 5.4.14) and Diagram 6.3 commutes. Concretely we calculate

(αj ×M αj)(σ/1M )α∗
j (αi ×M αi)(σ/1M )α∗

i

≤ (αj ×M αj)(αi ×M αi)(σ/1M )α∗
i

= (ᾱjαi ×M ᾱjαi)(σ/1M )α∗
i

= (αjα
∗
jαi ×M αjα

∗
jαi)(σ/1M )α∗

i

= (αj ×M αj)(uji ×M uji)(σ/1M )α∗
i since uji = α∗

jαi

= (αj ×M αj)(⟨π0, ⟨π0τji, π1⟩a⟩ ×M ⟨π0, ⟨π0τji, π1⟩a⟩)(σ/1M )α∗
i by Definition 5.4.14

= (αj ×M αj)⟨π0π0, ⟨⟨π0π0τji, π0π1⟩a, ⟨π0π0τji, π1π1⟩a⟩σα∗
i by Definition of σ/1M

= (αj ×M αj)
〈
π0π0, ⟨π0π0τji, π0π1, π1π1⟩⟨⟨π0, π1⟩a, ⟨π0, π2⟩a⟩σ

〉
α∗
i

=(αj ×M αj)
〈
π0π0, ⟨π0π0τji, π0π1, π1π1⟩(1G × σ)a

〉
α∗
i by Diagram 6.3

= (αj ×M αj)(σ/1M )⟨π0, ⟨π0τji, π1⟩a⟩α∗
i by Definition of σ/1M

= (αj ×M αj)(σ/1M )ujiα
∗
i by Definition 5.4.14

= (αj ×M αj)(σ/1M )α∗
jαiα

∗
i

= (αj ×M αj)(σ/1M )α∗
j ᾱi

≤ (αj ×M αj)(σ/1M )α∗
j .

Thus, due to Lemma 5.2.2(v) and the Definition of compatibility in Definition 5.2.1(ii),

(αi ×M αi)(1M × σ)α∗
i ⌣ (αj ×M αj)(1M × σ)α∗

j ,

proving that σE is well-defined.
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In order to show that σE is total, we calculate

σ̄E =
∨
i∈I

(αi ×M αi)(σ/1M )α∗
i

=
∨
i∈I

(αi ×M αi)(σ/1M )ᾱ∗
i

=
∨
i∈I

(αi ×M αi)⟨π0π0, π0π1, π1π1⟩(1M × σ)(ei × 1F )

=
∨
i∈I

(αi ×M αi)⟨π0π0, π0π1, π1π1⟩(ei × σ).

Since σ is total this equals

∨
i∈I

(αi ×M αi)π0π0ei

=
∨
i∈I

π1αiπ0αiπ0ei

=
∨
i∈I

π1αiπ0αiπ0ei.

Since ᾱ∗
i = ei × 1 = π0ei this can be simplified into

∨
i∈I

π1αiπ0αiᾱ∗
i

=
∨
i∈I

π1αiπ0αi.

Since (E,M,F, q, (αi)i∈I) is totally fibred, ᾱi = qei and therefore this equals

∨
i∈I

π0qei π0qei.

Since the domain is the pullback E2 = E ×M E, π0q = π1q and therefore we obtain

∨
i∈I

π0qei = π0
∨
i∈I

ᾱi = π̄0 = 1E2 .

This shows that σE : E2 → E is total.

219



The vertical lift λE : E → T (E) is induced by the lift λ : F → T (F ) as

∨
i∈I

αi(0M × λ)T (α∗
i ).

It is well-defined (i.e. αi(0M × λ)T (α∗
i )⌣ αj(0M × λ)T (α∗

j )) since Diagram 6.2 commutes. Concretely,

ᾱjαi(0× λ)T (α∗
i ) = αjuji(0× λ)T (α∗

i ) since ᾱj = αjα
∗
j

= αj⟨π0, ⟨π0τji, π1⟩a⟩(0× λ)T (α∗
i )

= αj⟨π00, ⟨π0τji, π1⟩aλ⟩T (α∗
i )

= αj⟨π00, ⟨π0τji0, π1λ⟩T (a)⟩T (α∗
i ) by Diagram 6.2

= αj(0× λ)⟨π0, ⟨π0T (τji), π1⟩T (a)⟩T (α∗
i )

= αj(0× λ)T (uij)T (α∗
i ) by Definition 5.4.14

= αj(0× λ)T (αj)T (ᾱj)

≤ αj(0× λ)T (αj)

and therefore αi(0M × λ)T (α∗
i ) ⌣ αj(0M × λ)T (α∗

j ) showing that λE : E → T (E) is well-defined. In order

to show that λE is total we use naturality of 0 and totality of 0 and λ. Concretely we calculate

λ̄E =
∨
i∈I

αi(0M × λ)T (α∗
i )

=
∨
i∈I

αi(0M × λ)T (ᾱ∗
i )

=
∨
i∈I

αi(0M × λ)T (ei × 1F ) by Definition 5.4.1

=
∨
i∈I

αi(ei × 1F )(0TM × λ) since 0 is natural

=
∨
i∈I

αiᾱ∗
i (0TM × λ)

=
∨
i∈I

αi = 1E since 0 and λ are total.

This proves that λE : E → T (E) is total. All equations for q, ζE , σE and λE in Definition 6.3.1 follow from

the fact that (M × F,M, π0, ⟨1M , !ζ⟩, σ/1M , 0M × λ) is a differential bundle.

It remains to show the universality of the vertical lift. In order to show the universality of the vertical

lift, we will use Proposition 6.2.2. As usually we denote α∗
iαj by uij . Due to Lemma 6.3.6, (E2, α

∗
i × α∗

i )
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is the gluing of ((M × F ) ×M (M×F ), uij ×M uij). Due to Corollary 6.2.6, (T (E), T (α∗
i )) is the gluing

of (T (M × F ), T (uij)). Since
∨
i∈I ei = 1M , (M, (ei)i∈I) is the gluing of (M, (eiej)i,j∈I) and analogously

(T (M), (T (ei))i∈I) is the gluing of (T (M), (T (eiej))i,j∈I).

In each chart, the diagram

(M × F )×M (M × F ) T (M × F )

M T (M)

⟨π0(0×λ),π10⟩T (σ/1M )

π0π0 T (π0)

0

is a pullback because (M × F,M, π0, ⟨1M , !ζ⟩, σ/1M , 0M × λ) is a differential bundle. In order to apply

Proposition 6.2.2, we additionally need to show that

(M × F ) ×M (M × F ) T (M × F )

(M × F ) ×M (M × F ) T (M × F )

M T (M)

M T (M)

⟨π0(0×λ),π10⟩T (σ/1M )

π0π0
T (π0)

uij×Muij
⟨π0(0×λ),π10⟩T (σ/1M )

π0π0

T (uij)

T (π0)

0
eiej

0

T (eiej)

(6.5)

commutes. The front and back squares commute and is even a pullback. The bottom square commutes

because of naturality of 0. The left square commutes because

(uij ×M uij)π0π0 = π1uijπ0uijπ0 = π1α∗
iαjπ0α

∗
iαjπ0.

We observe that αjπ0 = ᾱjq. Since (E,M,F, q, (αi)i∈I) is totally fibred, ᾱj = qej and thus the previous line

is equal to

π1α∗
i qejπ0α

∗
i qejq = π1α∗

i qejπ0α
∗
i qej .

Since α∗
i q = ᾱ∗

i π0 = π0ei, this equals

π1π0eiejπ0π0eiej .

Since the domain is the pullback (M ×F )×M (M ×F ), the equation π0π0 = π1π0 has to hold and therefore

the previous line equals

π0π0eiejπ0π0eiej = π0π0eiej

which proves that the left square in Diagram 6.5 commutes.
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The right square in Diagram 6.5 commutes since

T (uij)T (π0) = T (α∗
iαjπ0) = T (α∗

i ᾱjq) = T (α∗
i qejq) = T (α∗

i qej)

= T (ᾱ∗
i π0ej) = T ((ei × 1)π0ej) = T (π0)T (eiej)

For showing that the top square commutes, we first expand

⟨π0(0× λ), π10⟩T (σ/1M ) = ⟨π0(0× λ), π10⟩T (⟨π0π0, π0π1, π1π1⟩(1M × σ))

= ⟨π0π00, π0π1λ, π1π10⟩T (1M × σ)

= ⟨π0π00, ⟨π0π1λ, π1π10⟩T (σ)⟩.

Using this expansion we now calculate

(uij ×M uij)⟨π0(0× λ), π10⟩T (σ/1M ) = ⟨π0uijπ00, ⟨π0uijπ1λ, π1uijπ10⟩T (σ)⟩.

Since uij = ⟨π0, ⟨π0τij , π1⟩a⟩ and π0π0 = π0π1, this is equal to

〈
π0π00,

〈
⟨π0π0τij , π0π1⟩aλ, ⟨π0π0τij , π1π1⟩a0

〉
T (σ)

〉
.

Using Diagram 6.2 of Definition 6.3.4 and the naturality of 0, we can rewrite this as

〈
π0π00,

〈
⟨π0π00T (τij), π0π1λ⟩T (a), ⟨π0π00T (τij), π1π10⟩T (a)

〉
T (σ)

〉
.

Next we use Diagram 6.3 of Definition 6.3.4 to rewrite the previous expression into

〈
π0π00,

〈
π0π00T (τij), ⟨π0π1λ, π1π10⟩T (σ)

〉
T (a)

〉
.

Since uij = ⟨π0, ⟨π0τij , π1⟩a⟩, this is equal to

〈
π0π00, ⟨π0π1λ, π1π10⟩T (σ)

〉
T (uij) = ⟨π0(0× λ), π10⟩T (σ/1F )T (uij),

which shows that the top square of Diagram 6.5 commutes.
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This proves that Diagram 6.5 commutes. Now Proposition 6.2.2 shows that

E2 TE

M TM

π0q

0

T (q)

⟨π0λE ,π10⟩T (σE)

⌟

is a restriction pullback and thereby the universality of the vertical lift holds. Since this was the last part of

Definition 6.3.1, this concludes the proof of Proposition 6.3.7

Next we show that that morpisms of G-bundles are morphisms of differential bundles.

Proposition 6.3.8. Let (G,m, u, i) be a group object and (F, ζ, σ, λ), (F ′, ζ ′, σ′, λ′) be differential objects in

a Cartesian tangent join restriction category (X, T, p, 0,+, ℓ, c). Let a : G×F → F, a′ : G×F ′ → F ′ be linear

actions. Let (E,M, q, (αi)i∈I), (E
′,M ′, q′, (α′

i)i∈I) be totally fibred epic G-bundles with fibres F and F ′ and

actions a and a′ respectively. Let (E,M, q, ζE , σE , λE) and (E′,M ′, q′, ζE′ , σE′ , λE′) be the corresponding

differential bundles from Proposition 6.3.7 Let Φ : E → E′ and ϕ :M →M ′ be total morphisms in X.

(a) Then the pair (Φ, ϕ) is a morphism of fibre bundles if and only if is a morphism of differential bundles.

(b) Given a total linear morphism ψ : F → F ′ of differential objects, if the triple (Φ, ϕ, ψ) is part of a

morphism of G-bundles, then (Φ, ϕ) is a linear morphism of differential bundles.

Proof. Due to Definition 5.4.1, (Φ, ϕ) is a morphism of fibre bundles if and only if Φq′ = qϕ. Due to Definition

6.3.2, it is a morphism of differential bundles if and only if Φq′ = qϕ. Since these definitions coincide, (a)

holds.

Due to Definition 5.4.19, if (Φ, ϕ) is a morphism of G-bundles, then there is a morphism ψ : F → F ′

such that (ψ × 1G)a
′ = aψ and a collection of morphisms Tik : M → G such that Tik ≥ (Tjk, τij)m,

Tik ≥ (ϕτ ′lk, Til)m, and T̄ikTih = (ϕτkh, Tik)m and such that

M × F M ′ × F ′

E E′

⟨π0ϕ, (Tik × ψ)a′⟩

Φ

α∗
i α′

k

commutes. This means in particular that

Φ =
∨
i∈I

∨
k∈I′

αi⟨π0ϕ, (Tik × ψ)a′⟩α′
k
∗
.
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The equation qϕ = Φq′ holds since qϕ ≥ Φq′ and both are total. Due to the construction of λ and λ′,

λE =
∨
i∈I

αi(0M × λ)T (α∗
i ) and λE′ =

∨
k∈I′

α′
k(0M ′ × λ′)T (α′

k
∗
).

Due to Definition 6.3.2, the pair (Φ, ϕ) is a linear morphism of differential bundles if and only if ΦλE′ =

λET (Φ).

In order to check this equation, we substitute the formulas we have for Φ, λE and λE′ . Due to naturality

of 0 and the fact that ᾱ′
k

∗
= e′k × 1F ′ , the inequality

ΦλE =
∨
i∈I

∨
k∈I′

∨
l∈I′

αi⟨π0ϕ, (Tik × ψ)a′⟩α∗
kα

′
l(0× λ′)T (α′

k
∗
)

≥
∨
i∈I

∨
k∈I′

αi⟨π0ϕ, (Tik × ψ)a′⟩(0× λ′)T (α′
k
∗
)

=
∨
i∈I

∨
k∈I′

αi⟨π0ϕ0, (Tik × ψ)a′λ′⟩T (α′
k
∗
)

holds. In fact, since both sides of the inequality are total, equality

ΦλE =
∨
i∈I

∨
k∈I′

αi⟨π0ϕ0, (Tik × ψ)a′λ′⟩T (α′
k
∗
)

holds. Due to Diagram 6.2 and naturality of zero this is equal to

ΦλE =
∨
i∈I

∨
k∈I′

αi⟨π00T (ϕ), (Tik × ψ)(0× λ′)T (a′)⟩T (α′
k
∗
).

Since ψ is linear and 0 is natural this is equal to

ΦλE =
∨
i∈I

∨
k∈I′

αi⟨π00T (ϕ), (0× λ)(T (Tik)× T (ψ))T (a′)⟩T (α′
k
∗
)

=
∨
i∈I

∨
k∈I′

αi(0× λ)T (⟨π0ϕ, (Tik × ψ)a′⟩)T (α′
k
∗
).

Since for ᾱ∗
i = ei × 1F and due to naturality of 0, this is equal to

ΦλE =
∨
i∈I

∨
k∈I′

αi(0× λ)T (α∗
i )T (αi)T (⟨π0ϕ, (Tik × ψ)a′⟩)T (α′

k
∗
)
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which implies the inequality

ΦλE ≥
∨
i∈I

∨
j∈I

∨
k∈I′

αi(0× λ)T (α∗
i )T (αj)T (⟨π0ϕ, (Tik × ψ)a′⟩)T (α′

k
∗
) = λET (Φ).

Since both sides of the inequality are total, equality ΦλE = λET (Φ) holds, proving (b).

While Proposition 6.3.7 assigns differential bundles to G-bundles, Proposition 6.3.8 sends morphisms of

G-bundles to morphisms of differential bundles. In order to express these results of Propositions 6.3.7 and

6.3.8 as functors, we first define certain subcategories of fibre bundles and G-bundles.

Recall from Definition 5.4.14 that a G-bundle (E,M,F, (αi)i∈I , τij) contains a designated action a :

G×F → F of G on the fibre F . Further recall from Definition 5.4.19, that a morphism of G-bundles comes

equipped with a morphism ψ : F → F ′ of between the fibres. Together G-bundles and G-bundle morphisms

form the category BunG.

Definition 6.3.9. Let G be a group object in a Cartesian join restriction category.

(a) Let FibBundiffG denote the full subcategory of FibBun consisting of G-bundles where the fibre F is a

differential object and where the action a : G× F → F is linear morphism of differential objects.

(b) Let G−Objlin denote the subcategory of G−Obj consisting of

• (objects) G-objects where the underlying object F is a differential object and where the action

a : G× F → F is linear morphism of differential objects, and

• (morphisms) G-object morphisms where the underlying morphism ψ : F → F ′ is a linear morphism

of differential objects.

(c) Analogously let BunlinG denote the subcategory of BunG consisting of

• (objects) G-bundles where the fibre F is a differential object and where the action a : G× F → F

is linear morphism of differential objects, and

• (morphisms) G-bundle morphisms where the morphism ψ : F → F ′ is a linear morphism of

differential objects.

(d) Let PBunep,totG ,Bunlin,ep,totG and FibBundiff,ep,totG denote the full subcategories of PBunG, BunlinG and

FibBundiffG respectively, consisting of all totally fibred epic bundles.

Since differential objects always contain a point (zero), every object of Bunlin,ep,totG is totally G-fibred due

to Lemma 5.4.22(iv).
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The category PBunep,totG is the full subcategory of classical principal bundles. As shown in Proposition

5.4.31, they are exactly the principal bundles defined in differential geometry.

Propositions 6.3.7 and 6.3.8 define assignments of objects and morphisms

IsDifferential : Tot(FibBundiff,ep,totG )→ DBun

IsDifferentiallin : Tot(Bunlin,ep,totG )→ DBunlin,

which send a G-bundle E
q−→ M to the differential bundle E

q−→ M . The functor IsDifferential sends

a total morphism (Φ, ϕ) of fibre bundles to the morphism (Φ, ϕ) of differential bundles. The functor

IsDifferentiallin sends as total morphism (ϕ, (Tik)i∈I,k∈J , ψ,Φ) of G-bundles to the linear morphism

(Φ, ϕ) of differential bundles.

Theorem 6.3.10. Let (X, T, p, 0,+, ℓ, c) be a Cartesian tangent join restriction category. The assignments

IsDifferential : Tot(FibBundiff,ep,totG )→ DBun

IsDifferentiallin : Tot(Bunlin,ep,totG )→ DBunlin,

described above, are functors. The functor IsDifferential : Tot(FibBundiffG )→ DBun is fully faithful.

Proof. The assignments are well-defined due to Propositions 6.3.7 and 6.3.8. Since they send morphisms of

fibre bundles to the morphism of differential bundles given by the same data, functoriality is immediate. For

the same reason IsDifferential is faithful.

The functor IsDifferential is full because in Proposition 6.3.8, a pair (Φ, ϕ) is a differential bundle

morphism if and only if it is a fibre bundle morphism.

This shows that Tot(FibBundiffG ) is a full subcategory of DBun. In Theorem 5.4.24, we proved the

equivalence

BuildtotG : PBuntotG ×G−Obj
∼=−→ BuntotGG

We will now restrict this equivalence to the subcategory of linear G-objects and the subcategory of epic and

totally fibred principal bundles. As shown in Theorem 5.4.27, the totally fibred epic bundles in ParMfld are

exactly the bundles that are considered principal bundles in classical differential geometry. Classically, the

linearity condition for G−Objlin means that its objects are vector spaces and its morphisms are linear maps.

The linearity condition for Bunlin,ep,totG ensures that each object in Bunlin,ep,totG is a vector bundle.

Lemma 6.3.11. Let X be a Cartesian tangent join restriction category with gluings and G be a group object
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in X. Let (P,M, q, (αi)i∈I , (τij)i,j∈I) be a totally fibred principal G-bundle in X. Let (F, a) be a G-object in

X.

(a) The G-bundle BuildtotG((P,M, q, (αi)i∈I , (τij)i,j∈I), (F, a)) is epic if and only if the principal G-bundle

(P,M, q, (αi)i∈I , (τij)i,j∈I) is epic.

(b) There is an equivalence of categories

Buildlin,ep,tot : PBunep,totG ×G−Objlin
∼=−→ Bunlin,ep,totG .

(c) There is an equivalence of categories

Tot(Buildlin,ep,tot) : Tot(PBunep,totG )× Tot(G−Objlin)
∼=−→ Tot(Bunlin,ep,totG ).

Proof. (a) Recall from Definition 5.4.23(iii), that the total space E of the G-bundle

BuildtotG((P,M, q, (αi)i∈I , (τij)i,j∈I), (F, a))

is constructed as the gluing of

uij := ((1M , τij)× 1F )(1M × a) :M × F →M × F.

The local trivializations α′
i : E →M × F are the partial inverses of the partial isomorphisms into the

gluing, as characterized in Remark 5.2.13. Since it follows from Definition 5.4.14, that τ̄ii = ei, the

equation

ᾱ′∗
i = α′∗

i α
′
i = ūii = π0τii = π0ei,

holds. Since ᾱ′∗
i is of the form 1× e′i (Definition 5.4.1), the restriction idempotent e′i :M →M of the

G-bundle Build((P,M, q, (αi)i∈I , (τij)i,j∈I), (F, a)) equals the restriction idempotent ei of the input

principal bundle(P,M, q, (αi)i∈I , (τij)i,j∈I).

Now we can apply Corollary 6.1.4 to show that q′ is epic if and only if
∨
i∈I e

′
i = 1 which happens if

and only if
∨
i∈I ei = 1. In turn, this happens if and only if q is epic.

(b) We will prove that the object / morphism the functor

BuildtotG : PBuntotG ×G−Obj
∼=−→ BuntotGG
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produces lies in Bunlin,ep,totG if and only if BuildtotG is evaluated on an object / morphism of PBunep,totG ×

G−Objlin. We will first focus on objects and then on morphisms.

Let ((P,M, q, (αi)i∈I , (τij)i,j∈I), (F, a)) be an object of PBuntotG ×G−Obj. Denote the G-bundle from

Definition 5.4.23,

BuildtotG((P,M, q, (αi)i∈I , (τij)i,j∈I), (F, a)) = (E,M,F, q′, (α′
i)i∈I).

Inspecting Definition 5.4.23, we see that the fibre of BuildtotG((P,M, q, (αi)i∈I , (τij)i,j∈I), (F, a)) is

exactly the G-object (F, a) which the functor BuildtotG was applied to.

Thus the fibre F of the G-bundle BuildtotG((P,M, q, (αi)i∈I , (τij)i,j∈I), (F, a)) is a differential object

with a linear G-action a if and only if (F, a) was a differential object with linear G-action to begin

with, i.e. an object of G−Objlin.

Together with part (a) this shows that the object BuildtotG((P,M, q, (αi)i∈I , (τij)i,j∈I), (F, a) is in

Bunlin,ep,totG if and only if (P,M, q, (αi)i∈I , (τij)i,j∈I) is an object of PBunep,totG and (F, a) is an object

of G−Objlin.

Let

((ϕ,Φ, Tik), ψ) : ((P,M, q, (αi)i∈I , (τij)i,j∈I), (F, a))→ ((P ′,M ′, q′, (α′
k)k∈J , (τkl)k,l∈J), (F

′, a′))

be a morphism of PBuntotG ×G−Obj where (F, a) and (F ′, a′) are objects of G−Objlin. Recall that,

as explained in Definition 5.4.23,

BuildtotG((ϕ, Tik), ψ) = (ϕ, ψ, Tik,Φ),

where Φ is constructed from Tik. The ψ component is exactly the same as the ψ which the functor

BuildtotG was applied to. Thus BuildtotG((ϕ, Tik), ψ) is linear if and only if ψ was linear to start with,

i.e. ((ϕ, Tik), ψ) was a morphism of PBunep,totG ×G−Objlin.

(c) The subcategory of total morphisms contains all isomorphisms. Thus it suffices to show that the func-

tors BuildtotG and ⟨PrincipaltotG , Fibre⟩ produce total morphisms when evaluated on total mor-

phisms. Let ((ϕ, Tik), ψ) be a total morphism in PBunep,totG × G − Objlin. Due to Proposition 5.4.18,

this means that ϕ̄ = 1M and ψ̄ = 1F . So in order to show that BuildtotG((ϕ, Tik), ψ) = (ϕ, ψ, Tik,Φ)

is total, it only remains to show that Φ is total. We use the commutative diagram in Definition 5.4.19
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to calculate

Φ̄ ≥
∨
i,k

αi⟨π0ϕ, (Tik × ψ)a′⟩α∗
k

=
∨
i,k

αi⟨π0ϕ, (Tik × ψ)a′⟩(ek × 1F )

=
∨
i,k

αi⟨π0ϕek, (Tik × ψ)a′⟩

=
∨
i,k

αiπ0ϕek π0Tik

=
∨
i,k

αiπ0ϕek π0eiϕek since T̄ik = eiϕek

=
∨
i,k

αiπ0eiϕek

=
∨
i,k

ᾱiqeiϕek

=
∨
i,k

qeiqeiϕek totally fibred

= q
∨
i

eiϕ
∨
k

ek

= qϕ = 1E since the bundles are epic.

Conversely, let (ϕ, ψ, Tik,Φ) be a total morphism in Bunlin,ep,totG . Then ϕ, ψ and Φ are total and

therefore ⟨PrincipaltotG , Fibre⟩(ϕ, ψ, Tik,Φ) = ((ϕ, Tik), ψ) is total.

Composing the component Tot(Buildlin,ep,tot) : Tot(PBunep,totG ) × Tot(G − Objlin) → Tot(Bunlin,ep,totG )

of this equivalence with the functor IsDifferentiallin : Bunlin,ep,totG → DBunlin from Theorem 6.3.10, we

obtain a functor of bundle categories.

Theorem 6.3.12. There is a functor

Tot(Buildlin,ep,tot); IsDifferentiallin : PBunep,totG ×G−Objlin → DBunlin.

This shows how we can construct a differential bundle out of a principal bundle.

In the join restriction category of smooth manifolds and partial maps, we can choose the group object G

to be the Lie group GLn and the differential object with a linear G-action to be Rn with the usual action of

GLn on Rn. Classically, every principal bundle can be constructed this way. However, in a general restriction
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category, not every differential bundle is in the image of Tot(Buildlin,ep,tot); IsDifferentiallin, as we show

in the example below.

Example 6.3.13. Let TotMfld be the restriction category of smooth manifolds and smooth total maps where

the restriction idempotents are all identity, i.e. for f : A → B, f̄ = 1A. The restriction category TotMfld

is a join restriction category, since f ⌣ g is equivalent to f = g and thus for
∨
i∈I fi to be defined, all fi

are the same and thus equal to their join. The join restriction category TotMfld has all gluings, since any

partial isomorphism uij : Ui → Uj is a total isomorphism and therefore any atlas is isomorphic to a trivial

one.

The standard Cartesian tangent structure on smooth manifolds makes TotMfld into a Cartesian tangent

join restriction category with gluings.

Let now E
q−→ M be any vector bundle of smooth manifolds that is not globally trivial E ≇ M × F (for

example the tangent bundle of the sphere S2, see the “hairy ball theorem” in [71, Section III.11.10]). Since all

partial isomorphisms in TotMfld are total isomorphisms, there can be no partial isomoprhism αi : E →M ×

F , thus it can not be a G-bundle and in particular not be in the image of Buildlin,ep,tot; IsDifferentiallin.

Thus TotMfld is an example of a Cartesian tangent join restriction category with gluings where not all

differential bundles come from a principal bundle.

The functor of Theorem 6.3.12 is only defined on the category of total morphisms. The main reason is

that morphisms of differential bundles were defined to be total in Definition 6.3.2. A possible generalization

in the future could be to define partial morphisms of restriction differential bundles and construct a functor

similar to the one in Theorem 6.3.12.
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Chapter 7

Conclusions and future work
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This thesis focused on further developing our understanding of tangent bundles, differential bundles and

principal bundles in category-theoretical contexts.

7.1 Summary

We developed a categorical notion of dimension that generalizes the dimension of vector spaces and smooth

manifolds and which givens an interpretation for the universality of the vertical lift which tangent bundles and

differential bundles need to fulfill. We characterized differential bundles as functors, thereby connecting the

axiomatic definition of differential bundles in [29] with the functorial characterization of tangent categories

in [64] and [44]. Furthermore, we showcased that group objects have many desirable properties in tangent

categories, in particular their tangent bundle is a product of the group object with a tangent space. We

defined fibre bundles, G-bundles and principal G-bundles and used the properties of group objects to show

that these bundles are well-behaved.

For the categorical dimension, tangent structures and differential bundles need to fulfill the dimension

equations of Theorems 3.2.7 and 3.2.8. Therefore we can use dimensions to show that an endofunctor is not

a tangent structure, which can lead to results classifying all tangent structures on an underlying category.

In addition, one can use Theorems 3.2.13 and 3.2.14 to show that something is not a differential bundle.

Since we characterized differential bundles as functors, this provides a new way to show that something is

differential bundle. We envision this can be particularly useful in order to combine differential bundles with

other categorical constructions like Kleisli categories and opposites. In addition the functorial perspective is

easier to generalize to higher categories, for example the tangent infinity categories of [6] and some bicategory

related to [7].

The properties of group objects can be used for many purposes, since group objects frequently appear.

One example of such a usage is the definition and properties of principal bundles. Principal bundles now

allow us to unify approaches from different perspectives on geometry. Additionally, the principal bundles in

restriction categories can be used to encode symmetries in categories that are not traditionally considered

parts of geometry.

In Chapter 6, we showed a relation between these concepts, generalizing a well-established equivalence

from differential geometry. We now know how to construct a differential bundle from a principal bundle and

that this construction is a functor, though in general not an equivalence.
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7.2 Future work

Due to the structure of this thesis, many approaches to continue this work have been already proposed in

Sections 3.8, 4.6 and 5.5. Each of them discusses the future developments following each of the papers.

In addition, we would like to highlight that the collection of these projects will enables us to generalize

methods from classical physical systems based on smooth manifolds to other systems that are not based on

smooth manifolds.

Two major characteristics of physical systems are their dynamics and the symmetries the system admits.

Classically, the dynamics is governed by vector fields, i.e. sections of vector bundles. Classical dynamics often

is described by vector fields on the phase space, the space consisting of positions and momenta. These vector

fields determine the differential equations governing classical dynamics. Symmetries are often described

by group actions on the phase space. Gauge symmetries (redundancies in the descriptions of the physical

system) are encoded by principal bundles. Group actions and principal bundles have been central themes in

this thesis.

We can apply our bundle constructions in order to describe symmetries and dynamics of systems that do

not necessarily admit a description in classical geometry, like networks. Networks are particularly relevant,

since many systems that are important for real-life applications are given by networks, for example power

grids and neural networks. Category theory has already been used to describe the dynamics of many

important real-life systems [5],[86] and combining these approaches with categorical geometry promises to

be a useful extension.
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Appendix A

When the pushout is not the double

mapping cylinder

The purpose of this appendix is to prove the statements made in Example 3.7.7. Concretely, this appendix

is a proof of Proposition A.0.2. The goal of this is to show that, while they form a dimension on the category

of CW complexes and cellular maps, our proof does not work for the Betti numbers as a dimension on the

category of Hausdorff spaces and continuous maps.

First we will recall some definitions used in the statements.

Definition A.0.1. Let X,Y be topological spaces and f, f ′ : X → Y be continuous maps. Let I = [0, 1] ⊂ R

denote the closed unit interval.

(a) The maps f and f ′ are homotopic, if there is a continous map h : I×X → Y such that h(0, x) = f(x)

and h(1, x) = f ′(x) for all x ∈ X. Such a map h is called a homotopy.

(b) A homotopy equivalence between X and Y consists of continuous maps g : X → Y and g′ : Y → X

and homotopies h between g ◦ g′ and the identity 1Y and h′ between g′ ◦ g and the identity 1X .

(c) Two points x, y ∈ X are path-connected if there is a path between them, i.e. a continuous map

γ : I → X such that γ(0) = x and γ(1) = y. A path-component of X is a maximal path-connected

subset.

(d) Given a span X
f←− Y g−→ Z of topological spaces, the double mapping cylinder XMZ is defined as

XMZ = (X ⊔ (Y × I) ⊔ Z)/ ∼, where (y, 0) ∼ f(y) and (y, 1) ∼ g(y), ∀y ∈ Y.
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The following proposition is the central result of this appendix.

Proposition A.0.2. For the Hausdorff spaces

A′ =

{
x ∈ R|x =

1

n
for some n ∈ N>0

}
,

B′ =

{
(x, y, z) ∈ R3|(x, y, z) =

(
1

n
,
1

n
sin(φ),

1

n
cos(φ)

)
for some n ∈ N>0 , φ ∈ [0, 2π]

}
,

A ={0} ∪A′, and

B ={(0, 0, 0)} ∪B′

and the pushout diagram

∗ A

B P

i0

i(0,0,0)

⌟

there is no homotopy equivalence between P and the double mapping cylinder AMB

Before we prove this result, we will state the intuition that homotopy-equivalences preserve path compo-

nents.

Lemma A.0.3. Let A,B be topological spaces and let there be a homotopy equivalence between A and B

consisting of f : A→ B, g : B → A, h : A× I → A and k : B × I → B.

(i) If a, a′ ∈ A can be connected by a path I → A, f(a) and f(a′) can be connected by a path I → B.

(ii) If a, a′ can not be connected by a path I → A, f(a) and f(a′) can not be connected by a path I → B.

(iii) Let X ⊂ A be a path component of A and Y ⊂ B a path component of B and let for some x ∈ X

the image f(x) be in Y . Then the restrictions (f |X , g|Y , h|X×I , k|Y×I) form a homotopy equivalence

between X and Y .

Proof. Part (i) is immediate using the the post-composition of the path with f .

For part (ii), suppose that f(a) and f(a′) are connected by a path γ : I → B. Then g ◦ γ : I → A is

a path in A connecting g(f(a)) with g(f(a′)). The homotopy h between g ◦ f and 1A now provides paths

h(a,−) : I → A and h(a′,−) connecting a with g(f(a)) and a′ with g(f(a′)). Composing these paths gives

a path from a to a′ proving part (ii).

For part (iii), we need to show that the image of the restrictions f |X and g|Y is within Y and X

respectively.
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Given a x′ within the same path component X as x, part (i) shows that f(x′) will be within the same

path component as f(x) which is Y . For any t ∈ I, h(x′, t) has a path connecting it to h(x′, 1) = x′, so it is

within the same path component X as x′.

Since h(x,−) : I → A is a path between g(f(x)) and x, the element f(x) ∈ Y is sent to the connected

component of x. Thus we can use the same argument as in the previous paragraph to obtain that the images

of g|Y and k|Y×I land in X and Y respectively.

Now since we showed that the restrictions have the types f |X : X → Y , g|Y : Y → X, h|X×I : X×I → X

and k|Y×I : Y × I → Y , they form a homotopy equivalence between X and Y , since (f, g, h, k) formed a

homotopy equivalence between A and B.

Equipped with this Lemma we now can prove Proposition A.0.2.

Proof of Proposition A.0.2. We use the explicit descriptions

P =

{
(− 1

n
, 0, 0)|n ∈ N>0

}
∪ {(0, 0, 0)} ∪

{
(
1

n
,
1

n
sin(φ),

1

n
cos(φ))|n ∈ N>0, φ ∈ [0, 2π]

}
⊂ R3 and

AMB
∼=
{
(− 1

n
, 0, 0)|n ∈ N>0

}
∪ [0, 1]×{(0, 0)} ∪

{
(1 +

1

n
,
1

n
sin(φ),

1

n
cos(φ))|n∈N>0, φ∈ [0, 2π]

}
⊂ R3.

These explicit descriptions are visualized in Figure 3.3. This proof proceeds by contradiction. Suppose there

is a homotopy equivalence (f, g, h, k) between P and AMB . Then for 0⃗ = (0, 0, 0) we consider the point

p0 = f (⃗0) ∈ AMB and a small open neighbourhood U0 around it. Since f is continuous f−1(U0) is an open

neighbourhood around 0⃗. Thus for any open neighbourhood U0 of p0, f
−1(U0) contains infinitely many points

of the form (−1/n, 0, 0) and infinitely many circles of the form {(1/n, 1/n sin(φ), 1/n cos(φ))|φ ∈ [0, 2π]}.

We will now distinguish different cases where p0 could be, showing that each of them leads to a contradiction

• If p0 = (−1/n, 0, 0) ∈ AMB for some n ∈ N>0, U0 can be chosen to be just the set U0 = {p0} which

is open in subset topology as an open ball of radius 1/n − 1/(n + 1). Since f−1(U0) contains infinity

many path components, f sends infinity many path components to one path component. By Lemma

A.0.3(ii) this contradicts the assumption that (f, g, h, k) was a homotopy-equivalence.

• If p0 = (1 + 1/n, 1/n sin(φ), 1/n cos(φ)) ∈ AMB for some n ∈ N>0 and some φ ∈ [0, 2π], U0 can be

chosen to be the open set {(1 + 1/n, 1/n sin(φ), 1/n cos(φ))|φ ∈ [0, 2π]} (open in subspace topology).

Since f−1(U0) contains infinity many path components, f sends infinity many path components to one

path component. By Lemma A.0.3(ii) this contradicts the assumption that (f, g, h, k) was a homotopy-

equivalence.
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• If p0 = (x, 0, 0) ∈ AMB for some x ∈ (0, 1), U0 can be chosen to be (0, 1)× {(0, 0)} (open in subspace

topology). Since f−1(U0) contains infinity many path components, f sends infinity many path com-

ponents to one path component. By Lemma A.0.3(ii) this contradicts the assumption that (f, g, h, k)

was a homotopy-equivalence.

• If p0 = (0, 0, 0) ∈ AMB , U0 can be chosen to have a first coordinate below 1/2. Since f−1(U0) contains

a circle of the form {(1/n, 1/n sin(φ), 1/n cos(φ))|φ ∈ [0, 2π]} and these circles are in a different path

component than 0⃗, Lemma A.0.3(ii) implies that this circle is sent to a point of the form (−1/m, 0, 0).

Due to Lemma A.0.3(i) and the fact that all these point are path-disconnected, the entire circle is sent

to one point. By Lemma A.0.3(iii) this implies that (f, g, h, k) restricts to a homotopy equivalence

between a circle and a point. It is a classical result that such a homotopy equivalence does not

exist (proven for example by observing that their fundamental groups differ) leading to the required

contradiction.

• If p0 = (1, 0, 0) ∈ AMB , U0 can be chosen to have a first coordinate above 1/2. Since f−1(U0) contains

a isolated point of the form (−1/n, 0, 0), Lemma A.0.3(ii) implies that this point is sent to one of the

circles of the form {(1 + 1/m, 1/m sin(φ), 1/m cos(φ))|φ ∈ [0, 2π]}. By Lemma A.0.3(iii) this implies

that (f, g, h, k) restricts to a homotopy equivalence between a circle and a point. Again, this leads to

the required contradiction.

This shows that our proof strategy of Proposition 3.7.4 does not work in the more general setup of all

Hausdorff spaces. It still remains open, if the generalized version for all Hausdorff spaces holds true, though

we doubt it.
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Appendix B

Naturality diagrams for Ind(E)

In this appendix we will check that the functor Ind(E) : N• to X defined in Proposition 4.4.9 with components

(FE , α̂), the α̂ : FE ◦D• → T• ◦ (1× FE) is natural. The functors FE ◦D• and T• ◦ (1× FE) both go from

Weil× N• to X.

The following Lemma is a summary of some of Leung’s observations about generators of Weil in [64].

Lemma B.0.1. [64, Proposition 9.5] In the category Weil every map is inductively generated by p, 0, +, ℓ, c

and the projections πi using compositions, coproducts and foundational pullbacks, i.e. pullbacks of the form

A⊗ (B × C) A⊗B

A⊗ C A.

⌟

Recall from Definition 4.4.8 that the transformation α̂ : FE ◦D• → T• ◦ FE is defined inductively from

the W,N1 component:

α̂W,N1 := T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩ : E2 → TE α̂W,Nk := (α̂W,N)k :

(
E2

M

)k
→
(
T (E)

T (M)

)k
= T (Ek).

This is the map in the diagram for the universality of the vertical lift in Definition 2.3.1. In particular, for

k = 0, we define α̂W,N0 = 0M :M → T (M). For a product Wn, we define

α̂Wn,N1 := (α̂W,N1)n : (E2)n → Tn(E) α̂Wn,Nk := (α̂Wn,N1)k : (E2n)k → (Tn(E))k

In particular for the case n = 0, we define α̂N,Nk := 1Ek
. Now, for coproducts A ⊗ B ∈ Obj(Weil), we

define α̂A⊗B,− using the commuting diagrams in Definition 2.2.14. Concretely, for A,B ∈ Obj(Weil) and
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X ∈ Obj(N•), define

α̂A⊗B,X := TAα̂B,X ◦ α̂A,TBX : F ◦ TA ◦ TB(X)→ TA ◦ TB ◦ F (X)

and

αN,X = 1FE(X) : FE(DNX) = FE(X)→ FE(X) = TN(FE(X)).

Proposition B.0.2. This transformation α̂ : FE ◦D• → T• ◦ (1× FE) is a natural transformation between

functors Weil× N• → X

Recall from Theorem 4.2.11 that for any tangent actegory (X, T•), the morphisms of Weil produce the

tangent structures in X via the functor T• and the equality (X, T, p, 0,+, ℓ, c) = (X, TW , Tp, T0, T+, Tℓ, Tc).

Thus the symbols (p, 0,+, ℓ, c) are used both for the morphisms inWeil from Remark 4.2.9 and the morphisms

in X that come from the tangent structure.

Analogously, FE sends the morphisms (ζ : N0 → N1, σ : N2 → N1) of N• to the additive bundle structure

(ζ :M → E, σ : E2 → E) underlying the differential bundle (E,M, q, ζ, σ, λ). Thus the symbols σ and ζ are

used both for the maps in N• and their image in X.

Proof. We need to show that α̂ is natural in N• and Weil. We will accomplish this by proving that it is

natural in the morphisms generating N• and Weil.

First we show it is natural in N•.

Since αA,− is built as a composition of pullbacks of αW,− it suffices to check naturality of αW,− in N•.

Let f : Nk → Nn be a morphism in N•. As shown in Lemma 4.2.22, its components (fi : Nk → N)i=1,...,n

are given by

fn = σf1
n+...+f

k
n
◦ (∆f1

n
×M ...×M ∆fk

n
).

The diagonal is the map induced by the identity. Therefore this can be rewritten into

fn = σNn
◦ ⟨π1, ..., π1, ..., πk, ..., πk⟩

where Nn = f1n + ... + fkn and the projection πi appears f
i
n times. For the case f in = 0, the zero-fold sum

is the zero map σ0 = ζ : N0 → N1 and the zero-fold diagonal is the unique map to the terminal object

∆0 =! : N1 → N0 .

The k-fold summation σk can be written as a composition of pullbacks over the terminal object of the

binary summation σ : N2 → N and T• ◦ FE preserve these pullbacks. As we saw above, f can be expressed

in terms of σk and projections. Thus we only need to show that α is natural with respect to the addition
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σ : N2 → N1, the zero ζ : N0 → N1 (zero-fold addition), the pullback-projections πi : Nk → N1 and the

unique map ! : N1 → N0 into the terminal object (zero-fold diagonal). In what follows, we check naturality

for each of them in turn. Here we extensively use that the morphisms

σ : E2 → E , ζ :M → E , πi : Ek → E , q : E →M

are given by the functor FE : N• → X evaluated on the corresponding morphisms

σ : N2 → N1 , ζ : N0 → N1 , πi : Nk → N1 , ! : N1 → N0

of N•:

σ = FE(σ) , ζ = FE(ζ) , πi = FE(πi) , q = FE(!).

Additionally we use the correspondence between the tangent bundle endofunctors T : X→ X and D : N• →

N• with the Weil-actions T• and D• by T = TW and D = DW .

Naturality for the addition σ : N2 → N is given by the following square:

E4 = FE ◦D•(W,N2) FE ◦D•(W,N) = E2

T (E2) = T•(W,FE(N2)) T•(W,FE(N)) = T (E)

FE◦DW (σ)

α̂W,N2 α̂W,N

TW (FE(σ))

Since α̂W,N2 =
(
αW,N
αW,N0

)
, the composition along the left path through the diagram is

T (σ) ◦ (T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩ ×TM T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩).

Since F ◦ DW (σ) is given by the pullback σ ×E σ = ⟨σ ◦ ⟨π0, π2⟩, σ ◦ ⟨π1, π2⟩⟩, the right path through the

square amounts to

T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩ ◦ ⟨σ ◦ ⟨π0, π2⟩, σ ◦ ⟨π1, π3⟩⟩.

Using the naturality of 0 and that (λ, 0) is an additive bundle morphism the right path is equal to

= T (σ) ◦ ⟨T (σ) ◦ ⟨0 ◦ π0, 0 ◦ π2⟩, T (σ) ◦ ⟨λ ◦ π1, λ ◦ π3⟩⟩.

By commutativity and associativity of σ this is equal to the left path.
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Naturality for the zero map ζ : N0 → N1 is given by the following square:

M = FE ◦D•(W,N0) FE ◦D•(W,N1) = E2

T (M) = T•(W,FE(N0)) T•(W,FE(N1)) = T (E)

FE◦D•(1W ,ζ)

α̂W,N0 α̂W,N1

T•(1W ,FE(ζ))

Since αW,N0 = 0 : M → T (M) and FE(ζ) = ζ, the composition along the left path through the diagram

amounts to T (ζ) ◦ 0. The composition along the right path is

T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩ ◦ ⟨ζ ◦ π0, ζ ◦ π1⟩.

Since, 0 ◦ ζ = λ ◦ ζ, this equals

T (σ) ◦ (0 ◦ ζ ×T (E) 0 ◦ ζ)

and since 0 : 1X → T is a natural transformation, this equals

T (σ) ◦ (T (ζ) ◦ 0×T (E) T (ζ) ◦ 0)

which equals T (ζ) ◦ 0 because ζ is the zero for the addition σ.

Naturality for the projections πi : Nk → N is given by the following square:

E2k = FE ◦D•(W,Nk) FE ◦D•(W,N) = E2

T (Ek) = T•(W,FE(Nk)) T•(W,FE(N)) = T (E)

FE◦DW (πi)

α̂
W,Nk α̂W,N

TW (F (πi))

The composition along the left path is πi ◦ (T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩)k, the composition along the right path is

T (σ) ◦ (0×λ) ◦ ⟨π2i, π2i+1⟩ and they are equal as projecting to the sum of the i-th pair is the same as taking

the sum of the pair in indices 2i and 2i+ 1.

Naturality for the unique morphism to the terminal object, ! : N1 → N0 is given by the following

square:

E2 = FE ◦D•(W,N1) FE ◦D•(W,N0) =M

T (E) = T•(W,FE(N1)) T•(W,FE(N0)) = T (M)

FE◦D•(1W ,!)

α̂W,N1 α̂W,N0

T•(1W ,FE(!))
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The composition along the left path in the diagram gives

T (q) ◦ T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩

which equals q ◦π0 = q ◦π1 by the commutativity of the diagram for the universality of the vertical lift. The

composition along the right path in the diagram is

0 ◦ ⟨q, q⟩

where ⟨q, q⟩ = q ◦ π0 = q ◦ π1 is the morphism E ×M E →M ×M M =M .

Since every morphism in N• is generated by σ, ζ, πi and !, this concludes the proof that α̂ is natural in

N•.

Now we show α̂ is natural in Weil. Since α̂−,Nk is a pullback power of α̂−,N1 we only need to check the

naturality of α̂−,N1 .

By Lemma B.0.1 (Proposition 9.5 in [64]) every morphism in Weil can be constructed from 0, p, ℓ,+, c

using composition, tensors and foundational pullbacks.

We first prove that α̂ is natural with respect to the generating morphisms 0, p, ℓ,+, c and then prove that

the naturality diagrams are preserved under tensors and foundational pullbacks.

Naturality with respect to 0 : N→W amounts to the following square:

E = FE ◦D•(N,N1) FE ◦D•(W,N1) = E2

E = T•(N, FE(N1)) T•(W,FE(N1)) = T (E)

FE◦D•(0,1N1 )

α̂N,N1 α̂W,N1

T•(0,1FE(N1))

Since α̂N,N is the identity map (the empty pullback), the left path is just the zero-map 0 : E → T (E). Due

to the explicit formula in Example 2.2.11, we have that D•(0, 1N1) = ⟨1, 0⟩ : N1 → N2 where the zero in

⟨1, 0⟩ is the zero matrix and thus can be described by ζ◦!. Therefore, the composition along the right path

of the diagram is

T (σ) ◦ (0×T (M) λ) ◦ ⟨1, ζ ◦ q⟩.

Since (λ, 0) is an additive bundle morphism from (E,M) to (T (E), T (M)), this is equal to

T (σ) ◦ ⟨0, T (ζ) ◦ 0 ◦ q⟩ = 0

which is the zero-map because ζ is the neutral element with respect to the addition σ.
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Naturality with respect to p :W → N amounts to the following square:

E2 = FE ◦D•(W,N1) FE ◦D•(N,N1) = E

T (E) = T•(W,FE(N1)) T•(N, FE(N1)) = E

FE◦D•(p,1N1 )

α̂W,N1 α̂N,N1=1F (N)

T•(p,1FE(N1))

It commutes since the composition of the left path is p ◦ T (σ) ◦ ◦(0× λ) which by naturality of p euqals to

σ ◦ (p ◦ 0× p ◦ λ). Since (λ, ζ) is an additive bundle morphism this is equal to σ ◦ (1× ζ ◦ q). This equals π0

because ζ is zero with respect to the addition σ.

Naturality with respect to + :W 2 →W amounts to the following square:

E3 =
(
E2

E

)2
= FE ◦D•(W

2,N1) FE ◦D•(W,N1) = E2

T2(E) = T•(W
2, FE(N1)) T•(W,FE(N1)) = T (E)

FE◦D•(+,1N1 )

(α̂W,N1 )2 α̂W,N1

T•(+,1FE(N1))

Because α̂W,N = T (σ) ◦ (0×TM λ), the map (α̂W,N)2 : E3 → T2E is given by

(α̂W,N)2 = ⟨T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩, T (σ) ◦ ⟨0 ◦ π0, λ ◦ π2⟩⟩.

The composition along the left path gives

+ ◦ ⟨T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩, T (σ) ◦ ⟨0 ◦ π0, λ ◦ π2⟩⟩.

By naturality of + this equals

T (σ) ◦+E2
◦ ⟨⟨0 ◦ π0, λ ◦ π1⟩, ⟨0 ◦ π0, λ ◦ π2⟩⟩

=T (σ) ◦ ⟨+ ◦ ⟨0 ◦ π0, 0 ◦ π0⟩,+ ◦ ⟨λ ◦ π1, λ ◦ π2⟩⟩.

Since 0 is the zero with respect to the addition + and (λ, ζ) is an additive bundle morphism, this equals

T (σ) ◦ ⟨0 ◦ π0, λ ◦ σ ◦ ⟨π1, π2⟩⟩ = T (σ) ◦ (0×TM λ) ◦ (1E ×M σ)

which is the composition along the right path in the square.
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Naturality with respect to ℓ :W →W ⊗W amounts to the following square:

E2 = FE ◦D•(W,N) FE ◦D•(W ⊗W,N) = E4

T (E) = T•(W,FE(N)) T•(W ⊗W,FE(N)) = T 2(E)

FE◦D•(ℓ,1N)

α̂W,N T•(1W ,α̂W,N)◦α̂W,N2

T•(ℓ,1FE(N))

The composition along the right path gives

T 2(σ) ◦ ⟨T (0) ◦π0, T (λ) ◦π1⟩ ◦ (T (σ) ◦ ⟨0 ◦π0, λ ◦π1⟩×TM T (σ) ◦ ⟨0 ◦π0, λ ◦π1⟩) ◦ ⟨π0, ζ ◦ q ◦π0, ζ ◦ q ◦π1, π1⟩

which equals

T 2(σ) ◦ ⟨T (0) ◦ T (σ) ◦ ⟨0 ◦ π0, λ ◦ ζ ◦ q ◦ π0⟩, T (λ) ◦ T (σ) ◦ ⟨0 ◦ ζ ◦ q ◦ π1, λ ◦ π1⟩⟩.

In the last part of the composition we used the fact that

ζ ◦ q ◦ π1 = ζ ◦ q ◦ π0 : E2 → E.

Due to the additive bundle morphism properties λ ◦ ζ = 0 ◦ ζ = T (ζ) ◦ 0 and therefore the right path gives

T 2(σ) ◦ ⟨T (0) ◦ T (σ) ◦ ⟨0 ◦ π0, T (ζ) ◦ 0 ◦ q ◦ π0⟩, T (λ) ◦ T (σ) ◦ ⟨T (ζ) ◦ 0 ◦ π1, λ ◦ π1⟩⟩.

Since ζ is the zero of the addition σ this equals

T 2(σ) ◦ ⟨T (0) ◦ 0 ◦ π0, T (λ) ◦ λ ◦ π1⟩ = ℓ ◦ T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩

which is the composition along the left path.

Naturality with respect to c :W ⊗W →W ⊗W amounts to the following square:

E4 = FE ◦D•(W ⊗W,N) FE ◦D•(W ⊗W,N) = E4

T 2(E) = T•(W ⊗W,FE(N)) T•(W ⊗W,FE(N)) = T 2(E)

FE◦D•(c,1N)

T•(1W ,α̂W,N)◦α̂W,N2 T•(1W ,α̂W,N)◦α̂W,N2

T•(c,1FE(N))
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The composition along the left path gives

c ◦ T 2(σ) ◦ ⟨T (0) ◦ π0, T (λ) ◦ π1⟩ ◦ (T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩ ×TM T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩)

=c ◦ T 2(σ) ◦ ⟨T (0) ◦ T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩, T (λ) ◦ T (σ) ◦ ⟨0 ◦ π2, λ ◦ π3⟩⟩.

Due to naturality of the canonical flip of the tangent structure c : T 2 ⇒ T 2, since c ◦T (0E) = 0TE and since

(λ, ζ) is an additive bundle morphism this is equal to

T 2(σ) ◦ ⟨0TE ◦ T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩, c ◦ T 2(σ) ◦ ⟨T (λ) ◦ 0 ◦ π2, T (λ) ◦ λ ◦ π3⟩⟩.

By naturality of c and since c ◦ T (λ) ◦ λ = c ◦ ℓ ◦ λ = ℓ ◦ λ = T (λ) ◦ λ this is equal to

T 2(σ) ◦ ⟨T 2(σ) ◦ ⟨0TE ◦ 0 ◦ π0, 0TE ◦ λ ◦ π1⟩, T 2(σ) ◦ ⟨c ◦ T (λ) ◦ 0 ◦ π2, T (λ) ◦ λ ◦ π3⟩⟩.

By naturality of zero and since c ◦ 0TE = T (0E) this is equal to

T 2(σ) ◦ ⟨T 2(σ) ◦ ⟨T (0) ◦ 0 ◦ π0, T (λ) ◦ 0 ◦ π1⟩, T 2(σ) ◦ ⟨T (0) ◦ λ ◦ π2, T (λ) ◦ λ ◦ π3⟩⟩.

Now using associativity and commutativity of σ we can rearrange the terms to obtain

T 2(σ) ◦ ⟨T 2(σ) ◦ ⟨T (0) ◦ 0 ◦ π0, T (0) ◦ λ ◦ π2⟩, T 2(σ) ◦ ⟨T (λ) ◦ 0 ◦ π1, T (λ) ◦ λ ◦ π3⟩⟩.

By naturality of 0 and since (λ, 0) is an additive bundle morphism, this is equal to

T 2(σ) ◦ ⟨T (0) ◦ T (σ) ◦ ⟨0 ◦ π0, λ ◦ π2⟩, T (λ) ◦ T (σ) ◦ ⟨0 ◦ π1, λ ◦ π3⟩⟩

=T 2(σ) ◦ ⟨T (0) ◦ π0, T (λ) ◦ π1⟩ ◦ (T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩ ×TM T (σ) ◦ ⟨0 ◦ π0, λ ◦ π1⟩) ◦ ⟨π0, π2, π1, π3⟩

which is the composition along the right path in the square.

This shows that α̂ is natural with respect to the building blocks p,+, 0, ℓ, c and projections out of products.

In order to show that α̂ is natural with respect to all morphisms in Weil, we show next that α̂ is compatible

with coproducts (tensor products) and pullbacks of the form A⊗ (B×C) from Lemma B.0.1 (which include

products).

For tensor products f1⊗f2 : A⊗B → A′⊗B′ in Weil, α̂ is natural since α̂A⊗B is defined as TA(α̂B)◦ α̂A.

For pullbacks of the form A ⊗ (B × C), suppose α̂−,Nk is natural with respect to the Weil-morphisms
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f1 : K → A⊗B and f2 : K → A⊗ C.

From the tangent category axioms, the following diagram is a pullback in the tangent category (X, T•):

TA ◦ TB×C ◦ FE TA ◦ TC ◦ FE

TA ◦ TB ◦ FE TA ◦ FE

TA◦Tπ1
◦FE

TA◦Tπ0◦FE TA◦T!◦FE

TA◦̂T!◦F

⌟

Therefore, due to the universal property of the pullback, the naturality diagram

FE ◦DK FE ◦DA⊗(B×C)

TK ◦ FE TA⊗(B×C) ◦ FE

FE◦D⟨f1,f2⟩=FE◦⟨Df1
,Df2

⟩

α̂K α̂A⊗(B×C)

T⟨f1,f2⟩◦FE=⟨Tf1
,Tf2

⟩◦FE

commutes if and only if the naturality diagrams

FE ◦DK FE ◦DA⊗B FE ◦DK FE ◦DA⊗C

TK ◦ FE TA⊗B ◦ FE TK ◦ FE TA⊗C ◦ FE

FE◦Df1

α̂K α̂A⊗B

FE◦Df2

α̂K α̂A⊗C

Tf1
◦FE

Tf2
◦FE

for the components f1 and f2 commute (which we assumed).

This concludes the proof that α̂ is natural in Weil. Thus α̂ is natural in N• and in Weil and therefore

natural in N• ×Weil.
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