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Abstract

Haskell’s type system is based on the Hindley—Milner type system, which supports only rank-1 types.
As functional languages have evolved, higher-rank types have been recognized as being useful for
expressing more general abstract functions. Peyton Jones et al. introduced a type inference algorithm
for universally quantified types in Haskell. Full type inference for higher-ranked types is undecidable
and consequently it often requires explicit type annotations to facilitate type inference. In this work,
we propose a new algorithm for inferring these types. Our approach is demonstrated using a minimal
programming language syntax and provides a modular method for inferring higher-ranked types. The
inference process is organized into two distinct steps: generating type equations and then solving
them. By separating the collection of equations from their resolution, this thesis gives a more modular
inference algorithm, which is slightly more general than the bidirectional system introduced by Peyton

Jones.
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Chapter 1

Introduction

Haskell’s type system is derived from the Hindley-Milner type system [1, 2]. In the original Hind-
ley-Milner system, type variables may be universally quantified only at the outermost level: these are
called rank-1 types (see Section 1.4) [3]. In these types, universal quantifiers cannot appear within func-
tion arguments or return types. While rank-1 types suffice for most practical programming purposes,
arbitrary ranked types allow the expression of more sophisticated abstractions.

In roughly 2007, Haskell’s type system was extended to support universally quantified types within
function arguments and return types [3]. However, the algorithm used for Haskell’s typing, which is
based on a bidirectional system, is not straightforward. The aim of this thesis is to propose a simpler
and more comprehensible type inference system. The inference algorithm we propose proceeds in two
distinct stages: generating type equations and then solving them. We claim that breaking the process
into two steps results in a more transparent algorithm.

Another aspect of the algorithm developed in this thesis is that it has been developed with proofs,
based on the type system of System E The algorithm we present here is slightly stronger than Haskell’s:
it can type check everything Haskell can, and it also handles some minor cases that Haskell cannot.
The basic ideas for supporting universally quantified types came from System E However, to make
System F compatible with practical programming languages, a modified version has been introduced,
which we call system S. Type checking and inference for this modified system is known to be undecidable
[4]. As a result, a complete type inference algorithm for higher-rank types cannot be achieved, and,

indeed, the type inference system for Haskell often needs hints in the form of annotations [5] in order
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to complete type inference tasks.
Several use cases for higher rank types which cannot be typed without type annotations are presented

in [3]. One simple example for which Haskell cannot infer the type is:

g x = (x [True, False], x "abc")

However, if type annotations are used, the function can be typed, by Haskell:

g :: (forall a. [a] -> [a]) -> ([Bool], [Char])

g x = (x [True, Falsel, x "abc")

Higher rank types are also useful in the implementation of folds and unfolds, where recursion schemes
involve functions that must operate uniformly over polymorphic structures (see [6], [7]).

The function foldr "(fold right)", which is defined in Haskell, is a higher-order function that recursively
processes a list from the right. For finite lists, foldr guarantees termination, provided its arguments
terminate. Foldr takes a function, an initial accumulator value, and a list. For each element, it applies

the function to the element and the result of folding the rest of the list.

foldr :: (a ->b ->b) ->b -> [a] -> b
foldr _z []1 = z

foldr f z (x:xs) = f x (foldr f z xs)

The function append, which takes two lists and returns a single list containing all the elements of the

first list followed by all the elements of the second list, can be defined using foldr as follows:

append :: [a] -> [a] -> [a]
append xs ys = foldr (:) ys xs

-- append [1,2,3] [4,5] = [1,2,3,4,5]

The term for the fold that appends two lists can be represented by a circular proof box.
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VX f:X — L(A) — L(A)

f:X—>LA) - LA ():A—> LA — LA
u:1—- L(A) - L(A) f():AxX — L(A) — L(A)
1+Ax X — L(A) — L(A)

append : L(A) — L(A) — L(A)

This equivalently says that

append_box :: forall X. ( X -> L(A) -> L(A)) -> ((1+ A x X) -> L(A) -> L(A))
append_box = \f x y. case x of nil -> y

a:as -> a: (f as y)

with this formulation, one can define the usual append function as

append =
append_box append = \x y. case x of nil -> y

a:as -> a: (append as y)

which uses recursion and is guaranteed to terminate provided the list x is finite.

1.1 Thesis outline

A brief summary of each chapter of the thesis is provided below to give an overview of the thesis.

In Chapter 2, we introduce the simply typed A-calculus and then discuss the Hindley—Milner type
system, which extends the simply typed A-calculus with restricted forms of universal quantification.
Our goal is to design a system that is more expressive than Hindley—Milner and capable of supporting
higher-ranked types. We compare the Hindley—Milner type system with the CaMPL type inference
system. Although the expressive power of the two inference systems are the same, our approach to type
inference follows CaMPLs. CaMPL separates the tasks into two steps: first collecting type equations that

the term implies, and then solving the type equations to obtain a type of the term.
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To provide a foundation for generating equations, the System F type checking rules are presented in
Chapter 3. This serves as the basis for type checking, with universal quantificatons. We then adapt
system F to obtain System S, a system which is more suitable for typing programs. In designing a
higher-ranked type system for System S, we observe that some terms can be assigned more than one
type. To capture this, we define a relation called subsumption (denoted <). A type T subsumes a
type S, written T < S, if whenever a term ¢ can be typed with type T, it can also be typed with type S.
These subsumption relations establish the foundation for specification and generalization in our type
inference system. We show that subsumptions can be used to augment system S with coercions.

In Chapter 4, we generalize subsumptions to define type equations and show how to manipulate these
type equations. We then define the rules for collecting such equations from a given term, and prove
that if, a term can be type-checked in System F with a type, then that type is a solution to the generated
equations for that term.

In Chapter 5, we discuss the notion of a candidate solution to type equations and define the verification
rules to determine whether a candidate solution is valid.

Finally, in Chapter 6, we introduce a small-step type inference system, which applies small simplifica-
tions to the equations at each step, and prove that this small-step inference is sound. We then use this
system to define a big-step inference system, which simplifies the type equations using multiple small
steps. Since the big-step system is still non-deterministic, we finally refine that into a deterministic

algorithm for type inference.

1.2 Contributions

This thesis makes several contributions to the study and implementation of type inference for higher-
rank types. First, it introduces a novel algorithm capable of inferring types in systems where universal
quantifiers may appear nested within function arguments or return types. The algorithm separates
the inference process into an equation generation phase and an equation solving phase, providing a
sound, deterministic, and implementable approach despite the undecidability of the general problem.
Second, the thesis presents a formal development of the underlying type system, System S, based on
System E incorporating a subsumption relation T < S to handle terms with multiple valid types and

formalizing these as coercions. Third, it provides rules for generating type equations from terms and
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verifying candidate solutions, ensuring that any type derivable in System F corresponds to a solution
of the generated equations. Finally, the proposed algorithm is at least as powerful as Haskell’s type
system, being able to type check all terms that Haskell can, as well as additional minor cases, while
simplifying the bidirectional inference process by generating equations which are subsequently solved.
Together, these contributions advance both the theoretical understanding and practical implementation

of higher-rank type inference.

1.3 Related work

There are several papers on quantified type systems that support higher-ranked types [8, 3, 9, 5]. All of
these systems introduce a notion of subsumption, which allows a term to be assigned more than one
type. Most of them define inference rules to determine the type of a term. However, interestingly, Zhao
et al. [5] use a different approach: they express type inference as a sequence of reductions ' — I”.
In their system, I' is handled like a stack, where each step removes the first judgment for processing.
Most of these systems generate the type of a term inductively as they traverse it. However, the system
presented by Serrano et al.[9] first generates type constraints and then solves them, a method influenced
by ML type inference [10] and originally introduced by Fuh and Mishra in 1980 [11]. The difference
between Serrano et al.’s system [9] and ours is that, unlike our system, they employ a bidirectional type
inference approach, similar to that of Peyton Jones et al. The bidirectional technique is described in
detail by Dunfield and Krishnaswami [12] (see Section 1.3.1).

In the remainder of this section, we compare our algorithm with Peyton Jones’s approach to the design
of the Haskell type inference system, emphasizing the techniques they employ and how they differ from

those used in our method.

1.3.1 Bidirectional system

A key aspect of the type inference system of Haskell is its use of a bidirectional type inference. Bidirec-
tional type inference combines top-down (checking) and bottom-up (synthesis) inference modes [12].
In this system, if the type of an expression is already known, the algorithm switches to type checking

mode to verify that the expression matches the expected type; if the type is not known, it switches to
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synthesis mode to infer the type from the expression itself. While this approach is effective, it makes
type inference more complex to understand due to the switching between inference modes.
In the algorithm we develop bidirectional inference system is absorbed into a uniform process of

generating and solving equations.

1.3.2 Implicit quantification

Haskell uses implicit quantification [13], meaning that even if a user does not explicitly intend to
universally quantify type variables, Haskell enforces this automatically. This means that if a user writes

the following function:

Example 1.3: using the identity function in Haskell

id :: a -> a
id x = x

f=(id1, id 'c")

This enforces the type of id to be Ya.a — a, making the function f typeable. While this implicit
approach simplifies type annotations, it might not align with the user’s intent. In this work, we employ
an alternative approach in which V quantifiers must be made explicit, respecting the user’s specifications
regarding type variables that are not universally quantified.

Therefore, Example 1.3.2 cannot be typed in our system unless the user defines id with the type Va.a —

a, as follows:

id :: forall a. a -> a
id x = x

f=(d1, id 'c")

1.3.3 Cases beyond Haskell’s type inference

There are cases where Haskell cannot infer the type of a term, but our algorithm can. The following

example demonstrates this:
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\x -> (x :: Int -> Int, x :: forall A. A -> A)

where the inferred type for x will be YA.A — A.

There are cases, however, where our type inference algorithm, like Haskell’s, is unable to infer the type

of the term.

Consider the following example:

\x -> (x :: Int -> Int, x :: Bool -> Bool, x)

If the context provided x : YVA.A — A, this expression would be typeable, since A could be instantiated
as both Int and Bool.
1.4 Rank of a type

Types can be classified based on their ranks, which indicates the depth at which universal quantifiers

appear within a type. The rank r(T) of a type T is defined recursively as follows [13]:
(1) Base Case: If A is a type variable or a primitive type (such as Int or Char), then:
r(A) =0.
(2) Function Types: For function types T — U,

r(U), ifr(T) =0,

max(r(T)+1,r(U)), otherwise.
(3) Universal Quantification: For universally quantified types VA.T,

r(YA.T) = max(1,r(T)).

The following examples illustrate how the rank is computed:
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Example 1.4.1 (Rank of Int). Since Int is a base type and does not involve any function or quantifica-
tion:

r(Int) = 0.

Example 1.4.2 (Rank of VA. A — Int). First compute the rank of A — Int:

r(A— Int) =r(Int) =0 (sincer(A) =0).

Then apply the universal quantification rule:

r(YA.A — Int) = max(1,0) = 1.

Example 1.4.3 (Rank of (VA.A — Int) — Int). From the previous example, we know r(VA.A —

Int) = 1. Applying the function rule:

r((VA.A — Int) — Int) = max(1+1,0) = 2.

Example 1.4.4 (Rank of (((VA.A — Int) — Int) — Int)). Using the result from the previous example:

r((((YA.A — Int) — Int) — Int)) = max(2+1,0) = 3.

In the following, we contrast Rank-1 and Rank-2 types, providing examples in Haskell

Example 1.4.5 (Map Function). The map function is a Rank-1 example. Its implicit type is:

map :: (a -> b) -> [a] -> [b]
map _ [1 = [1

map f (x:xs) = f x : map f xs

This is equivalent to the explicitly quantified version:

map :: forall a b. (a -> b) -> [a] -> [b]
map _ [1 =[]

map f (x:xs) = f x : map f xs
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Rank-2 types allow functions to take polymorphic functions as arguments. That is, the argument itself

can have a type like Va.a — a.

Example 1.4.6 (a Rank-2 Function). Here, in order to apply the function x to both the type Bool and

Char, its type must be Va.a — a.

f :: (forall a. a -> a) -> (Bool, Char)

f x = (x True, x 'A'")




Chapter 2

From Simply Typed 1-Calculus to CaMPL

This chapter develops the basic algorithms used to assign types to expressions in functional program-
ming languages. We begin with the simply typed A-calculus, and the basic type theory for checking the
types of terms. We then describe the Hindley—Milner system [1], which extends the simply typed lambda
calculus with limited universal quantification. This leads to a discussion of Algorithm W introduced by
Damas and Milner [1], which was developed for type inference in the Hindley-Milner system.

Finally, we present the type inference algorithm used in the Categorical Message Passing Language
(CaMPL). In CaMPL, type inference is separated into two phases: it first generates type equations from
the program and then it solves the type equations [14]. This is the basic approach which will be used in

the thesis to describe universally quantified type inference.

2.1 Simply typed A-calculus

AsequentsuchasT r ¢ : T is called a type judgment. Each type judgment consists of a type context ',
and a term ¢ with its type T, written as ¢ : T. A type context is a list of non-repeating variables with their
types:

F''=x1:T, xo: D, ..., Xp: Tj
The order of these variable-type associations does not matter [15]. In simply typed A-calculus, types are
either type variables (i.e., T') or arrow types (i.e., T} — T3).
If a type judgment can be derived using the rules of the simply typed A-calculus (see Figure 2.1.1), we

call it a valid type judgment.

10
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The rules of simply typed A-calculus can be used as a type checking system. These rules will be applied
to a type judgment, to verify that a given term has a specific type. Each rule in this system describes a
method of constructing a term. The projection rule (prj) looks up the type of a variable from the context,
the application rule (app) forms a function application by applying a function to an argument, and the
abstraction rule (abs) forms a function by abstracting over a variable with a given type [15, 16, 17, 18].

Figure 2.1.1 shows the inference rules for the simply typed A-calculus.

x:PeTl .
I'kx:P Pl

T'trf:P—>Q Trt:P
Ie(fo):Q

app

ILLx:Prt:Q
F'rAx.t: P —Q

abs

Figure 2.1.1. Simply typed A-calculus rules

The following basic examples show how simply typed A-calculus rules can be applied to construct a

valid type judgement:

Example 2.1.2. The identity function Ax. x can be typed as A — A:

X:Aex:A .
X:Arx:A pflb
FAx.x:A— A P8

Example 2.1.3. The curried first projection Ax y. x has the type A — B — A:

x:Aex:Ay:B

x:A,y:Bl—x:AprJ
x:Ak/ly.x:B—>AabS
|—)ny.x:A—>B—>Aabs

2.2 Hindley-Milner

The Hindley-Milner (HM) system is a type system for the A-calculus that supports a restricted form of
universal quantification, where the quantifier appears only at the outermost level of a type (known as a

rank-1 type; see Section 1.4). It was originally described by Damas and Milner [1]. It is also explained in

11
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[19], to which I shall refer. Hindley-Milner only supports universal quantification (V) at the outermost
level of a type (rank-1 types), but does not allow nested or higher-rank quantification. For example, the
identity function in Example 2.1.2 can be typed as VX. X — X, which means that identity function can
take a value of any type X and returns a value of the same type. The function works uniformly for all

types, such as Int, Bool, or even lists [1, 19].

2.2.1 Hindley-Milner types

Figure 2.2.1 defines the syntax of types used in the Hindley-Milner system. A type T, referred to as a
monomorphic type, is either a type variable or a function type. The extended type syntax T, known as
a polymorphic type, includes universally quantified types of the form VX. T’, where the quantifier VX
has scope over the entire type. Thus, such quantifiers are permitted only at the outermost level and

cannot appear within function types [1, 19].

T:= X (type variable)
T—>T (function type)
T"@:= T (monomorphic type)
VX. T’ (quantified type)

Figure 2.2.1. Hindley-Milner system types

2.2.2 Hindley-Milner type checking and type assignment system

The Hindley-Milner type checking rules extend the simply typed A-calculus by adding the let rule, which
corresponds to the cut rule', as well as the inst and gen rules to allow universal quantifiers only at the
outermost level, called rank-1 type (see Figure 2.2.2).

The inst rule allows a rank-1 type to be instantiated to a more specific type (see Definition 2.2.3), while
the gen rule generalizes a monomorphic type, which is either a type variable or a function type, to
produce a rank-1 polymorphic type [19].

In Figure 2.2.2, FV(T') denotes the set of free type variables in I, and the relation C is defined in Defini-

tion 2.2.3.

1In sequent calculus, the cut rule can be written as: if A - Band B + C, then A + C.

12
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F'rt:P T,x:P'rs:Q

F'tletx=trins:Q let

'+x:P P'CP.
Trx:P nst

Trx:T" X ¢FV(I)
'rx:VX.T

gen

Figure 2.2.2. Hindley-Milner type checking system

Definition 2.2.3. The phrase “P’ is more general than T’”, written as P’ £ T’, means that we can

instantiate type variables in P’ to obtain T”. (see [19])

Example 2.2.4. The following examples demonstrates examples in which the relation C between two

types is valid or invalid.

(1) Instantiating X := int:

VX.X —» X Cint — int

(2) Instantiating X := bool:
VX.X — X C bool — bool

(3) The following does not hold:
V¥X.X — X I bool — int

Example 2.2.5. Given the typing context' = n : int, id : VX.X — X, we can type checkid » : int

using the following derivation:

id:\7’X.X—>XeI“prj
Frid:vX.X — X VX.X - X Cint — int . n:intel .
— - nst —————— P1j
I'+id : int — int F»—n:lntapp

I'+id n :int

Example 2.2.6. We can type checklet f =Ax.xinff: X - X

x:XeF,x:Xprj
Nx: XrFx: X
TFAxx:X — X Xsél“algrsl m I .
FFAxx:VX. X - X 8 F,f:VX.X—>X|—ff:X—>X1I?[p
e

Frletf=Axxinff: X > X

13
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with IT; being:

[iVXXSXel[iVXX X
VXX 5 Xrf VXXX P vx X sXoc(XoX) = (X =X)
TF VXX 5 XFf:(X=X) > (X —X) inst

with I1, being:

fiVXX o XEDfivX XX
LF VXX oXrf VX XoxP) wxxoxcxox
I[f:VX.X->X+f:X—>X

inst

Given a context I and a term ¢, the Hindley—Milner type checking system does not provide a direct
method for determining a type T’ such that ' + ¢ : T’. Thus, the Algorithm W is used to find the
type T’. Given T and ¢, if Algorithm W succeeds, it produces a substitution S and a type T’ such that
STrt:T'[1,20].

The key difference between this type assignment algorithm and the one used in CaMPL, which will be
discussed in the next sections, is that in CaMPL there are two distinct stages of generating type equations
and solving them. Algorithm W does not explicitly generate equations; instead, it proceeds inductively

through the structure of the term inferring the principal type of each subterm.

2.3 CaMPL

CaMPL is a concurrent functional programming language that supports rank-1 types [14]. While CaMPL
includes many sequential and concurrent constructs, we focus on a small subset of its sequential
constructs, specifically variables, abstractions, applications, and let bindings, because these are the
terms considered in the Hindley-Milner type system. We refer to this fragment as Basic sequential
CaMPL, which omits the more complex sequential constructs, making it easier to compare CaMPLs

type inference rules with those of Hindley-Milner.

2.3.1 Basicsequential CaMPL types

The basic sequential types in CaMPL are presented in Figure 2.3.1. CaMPL does not support explicit
universal quantifiers (i.e., (VA.A) — (VB.B)). However, once the type of a function is determined, it can

be called elsewhere in the program and its existential type variables are treated as universally quantified

14
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(corresponding to the gen rule in the Figure 2.2.1). Each time the function is called, fresh type variables
are instantiated in place of these universally quantified types (corresponding to the inst rule in the

Figure 2.2.1).

T:= X (type variable)
T—>T (function type)

Figure 2.3.1. Basic sequential CaMPL types

2.3.2 Type inference in CaMPL

The type checking rules for Basic Sequential CaMPL are the same as the Hindley—Milner system (see
Figure 2.2.2), but exclude the inst and gen rules that are used to support explicit rank-1 types. Therefore,
itincludes the prj, abs, and app rules from the simply typed A-calculus and the let rule.

The type inference process used by CaMPL consists of two distinct phases [14].

1. Generating type equations: During this phase, type equations are generated to capture the constraints
imposed on the types by the structure of the term being analyzed. To generate type equations for a term,
we perform the rules in Figure 2.3.2. At each step, fresh type variables may be introduced, along with

constraints that relate them to previously introduced types. We express this with the following form:
3Xy,...,. X, h =1, ..., Tn=T,,

where the freshly introduced type variables are listed on the left and the type constraints they participate
in are on the right. In Figure 2.3.2, the type checking rules for the basic sequential CaMPL are modified
to derive a list of type equations that any valid typing judgment must satisfy [15]. The algorithm used to

solve these type equations is described in the next section.

15



2. From Simply Typed A-Calculus to CaMPL

Tt:Arc:B (A=B) PV

x:ATvrt:B(E)
F'rAx.t:Q (3A,B.Q=A— B,E;)

abs

F'rt:A(E)) Tru:B(E)
F'ttu:Q (3A,BA=B — Q,E, E)

app

ILx:Avrt:B(E)) Tru:C(E)
Iltletx=uint:Q (3A,B,C.A=C,B=Q, Ey, E)

let

Figure 2.3.2. Type equation generation for basic sequential CaMPL

Example 2.3.3. Consider the term Axy.x that has the following derivation:

X:Ay:Crx:D E=(A=Dy"Y
X:ArAyx:B E =(3C,DB=C — D, E)
FAxy.x:Q (3A,B.Q=A — B,E})

abs

abs
The resulting type equation is:
JdA,B.Q =A — B,(3C,D.B=C — D,(A = D))

2. Solving type equations: The collected type equations are then solved to compute the most general
type for the term. We may express what must be done to solve type equations by giving a set of rules for

simplifying type equations:

Matching: An occurrence of an equation of the form F(z,..., ;) = F(t],..., ;) can be replaced by
the equations , = ¢/, ..., f; = t,. Repeatedly apply this reduction until one argument is a variable.

The result is a formula of the form:

x,.... X Xi=0,...,. Xy, =1,

Eliminating existentials: Existentially bound variables for which there is a substitution can be elimi-

nated by substitution: 3X.(X = T, E) can be rewritten as E[T /X]. Keep repeating until there are

16



2. From Simply Typed A-Calculus to CaMPL

no more opportunities for elimination. If successful, this results is an equation of the form:
X, .. X, 1 =0Q,..T,=Q
In this step one may also manipulate the scopes as follows:
dx.3y.E = y.3x.E

Ey,3y.Ep =3y.(E1, E2) ify ¢ E

It is important to note that this step might fail in the case of the occurs check, i.e., when there is

an equation of the form X =T with X € T.

When the solving process starts, all variables except the principal variable Q should be quantified. The
variable Q is intended to hold the most general type. After solving and eliminating all bound variables,
it is possible to end up with multiple substitutions for Q (e.g., 3A,B,C.Q =T}, Q =T, ..., Q =Tp,).
In this case, one must keep only a single substitution for Q. A common approach is to select the first
substitution Q = T; and use it to replace all other occurrences of Q, yielding 3A,B,C. Q = T;, T) =
1>, ..., T = T,,. The process then continues, typically involving further variable elimination, until only

one equation for Q remains [15].

2.4 Substitution lists

In the eliminating existentials step described above, if we accumulate the substitutions applied to
eliminate each existential variable, we obtain a list of substitutions as the result. This list of substitutions
we obtain after applying this algorithm has certain properties, which we describe below.

Consider a list of substitutions of the form [S; /X3, ..., S, /X,].

Non-circularity: This list of substitutions is non-circular, meaning that X; does not occur in S; for

ied{l,...,n}.

Left-linearized: This substitution list is left-linearized, meaning that it can be applied sequentially
(with the first substitution applied first). This means that later substitutions in the list may affect

the results of earlier ones, but not vice versa.

17



2. From Simply Typed A-Calculus to CaMPL

Parallelized: It can be transformed into a parallel substitution by replacing each substitution term

with all later substitutions [21]. Formally [S;/Xj, ..., S,/X},| parallelizes to:

[S1/X1[S2/Xz2, ..., Su/Xul, S2/Xa[S3/ Xz, ..., Sn/Xnls -.oy Sn-1/Xn-1[Sn/Xul, Sn/Xu]

Example 2.4.1. Consider the following equation:
3A,B.Q =A— B, (3C,D.B=C — D, (A= D))

which is generated for the term Axy.x (see Example 2.3.3). In the process of solving this equation: First,
eliminate D:

3JA,B.Q=A— B, (3C.B=C — A)

Manipulate the scopes:

dA,B,C.Q=A—B, B=C—->A

Then, eliminate B:

JA,C.Q=A— (C - A)
Now, if this was a function named fstproj, we would save its type as

VA,C. A — (C - A)

in the symbol table, corresponding to the gen rule in the Hindley-Milner type system. Whenever we
want to call fstproj, we can instantiate A and C with fresh type variables, corresponding to the inst

rule in Hindley-Milner.

Example 2.4.2. Consider fstproj to have type VA, C. A —» (C — A) and to be present in the symbol

table. We want to perform type inference for the term (fstproj 1 ‘c’).

II; 1:Int ‘c’:Chart+ (‘c’): B E, = (B = Char) P
1:1Int,‘c’: Char + (fstproj 1‘c) : Q (3A,B.A=B — Q, Ey, E)

app

with IT; being:

I, II3 a
1:Int, ‘c’: Char + (fstproj 1) : A(3C,D.C =D — A, E3, Ey)

pp

with IT, being:

18



2. From Simply Typed A-Calculus to CaMPL

1:1nt, ¢ : Char r fstpro] : C B3 = (3E, F.C = E — (F — E)) D)

with I13 being:

1:Int,’c*: Char+1: D E; = (D = Int) Py

After collecting and solving the equations, the type of the term (fstproj 1 ‘c‘) is Int. This example

illustrates how fresh type variables are introduced when calling a function from the symbol table.

2.5 Summary

In this chapter, we saw that the Hindley—Milner type checking system does not provide an algorithm
for inferring types. To handle this, Algorithm W was introduced for type assignment. CaMPL has the
same expressiveness as Hindley-Milner, but unlike Algorithm W, its type inference is organized into two

distinct steps: collecting and solving type equations.
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Chapter 3

System F and Subsumption

In this chapter, we introduce system F which is a basic system for working with higher rank types. We
then adapt system F to make it compatible with programming, which gives us system S. We introduce
the notion of subsumption, which plays a vital role in defining the rules of type checking and inference.
We also show how subsumptions may be used to augment system S with coercion rules. Finally, we

prove that coercion rules are valid in system S.

3.1 System F

System F, also known as the second-order lambda calculus, is an explicitly typed extension of the
simply typed lambda calculus that introduces support for higher-rank types. This system serves as a
theoretical foundation for polymorphic type systems, where universal quantifiers can appear inside

function arguments or return types [22].

3.1.1 System F syntax

Figure 3.1.1 shows the types of system F.

T:= X (type variable)
T—>T (function type)
VX.T (universal type)

Figure 3.1.1. System F types
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3. System F and Subsumption

Figure 3.1.2 illustrates the terms of system F. These extend the simply typed A-calculus with a type

abstraction and type application.

ro= x (variable)
Ax:T.t (abstraction)
tt (application)
AX.t (type abstraction)
t[T] (type application)

Figure 3.1.2. System F terms

In system F a type abstraction AX. f can be applied to a type T, written as (AX.t)[T], and forms a redex
that evaluates to t[T/X]. This is the B-reduction for type application. Thus, applying a type abstraction
AX.t to atype T substitutes all occurrences of X in ¢ with T. This is analogous to the § reduction for
terms, written as (Ax : T.t)s, which evaluates to t[s/x]. Thus, applying a lambda abstraction Ax : T.f to

a term s can be reduced by substituting all occurrences of x in ¢ with s [17].
Example 3.1.3. Consider the polymorphic identity function
id=AX.(Ax : X.x).
Applying this function to the type Nat:
id[Nat] = (AX.(Ax : X.x))[Nat],
reduces, using the 8 reduction for type application, to
Ax : Nat.x.

Thus, id[Nat] specializes the polymorphic identity function to the identity function on natural numbers.

3.1.2 Context in system F

A context, denoted by T, is constructed by adding new type variables or term variable bindings.
A type variable can be added at any point in the context, written as I', T. To add a term variable binding,

writtenas ' :=T, x : T, the type T must be constructed from the type variables already declared inT'.
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3. System F and Subsumption

The formal rules for forming contexts are presented in Figure 3.1.4.

- ot -
XTrypeX 0 X,Trx:x o™
I' context I Fype X
I''X context padd I''x:X context termadd
X+ T 'k T T+ T’
2 forall _type ; ape arrow
I biype VX. T IL(x:T —>T’) context
I',X,Y, I, context I'n,x:T,X, T, context

exchepp

eXChtermtp

I,Y, X, I, context I',X,x:T,I', context

Lx:X,y:Yre:T h I,Y,x: X, I context I Fiype X
ILy:Y,x:Xvre:T eXChtermterm I,x:X,Y, [, context

eXChtpterm

Figure 3.1.4. System F context formation, type construction and exchange rules

There are three types of judgments used in Figure 3.1.4:
e Context judgment (I' context) : this says I is a context.
* Type judgment (T Fiype T) : this says type T can be constructed from the context I'.
e Term judgment (T + x : T) : this associates a term variable to a type.

The context formation rules shown in Figure 3.1.4 are discussed in detail below.

Context extension: The context can be extended by a type or a term variable :

(1) "tpadd": adds a type variable to the context.

I" context
I''X context tpadd

(2) "termadd": adds a term variable with its type to the context. The type assigned to a term
must be constructed from the type variables already declared in T [23].

T bype T

I'x:T context termadd
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3. System F and Subsumption

Type construction: Universally quantified types and arrow types can be constructed using the existing

types in the context:

0y

)

"forall": introduces a universally quantified type (V) into a derivation. The forall rule imposes
a condition: the quantified type variable must not appear free in the context outside of its

binding. This ensures that the following derivation is valid:

T, X Fype T

T rgpe vX. T 07l

In contrast, the "forall" rule cannot be applied to
[X,x: X bype T,

because in this case the context contains a term variable binding x : X that depends on the
type variable X. As a result, X cannot appear last in the context: the type X assigned to x

must be constructible from the existing context I".

"arrow": constructs a function type (A — B) from two types, A and B.

Fhgpe T T bype T
I[L(x:T—>T’) context

arrow

It is important to note that in this chapter we only consider arrow types. In the next chapters,
when defining type equations, we use a more general form of type constructors that includes

arrow types.

Exchange: The rules "exchtpl”, "exchtp2", "exchterm1", and "exchterm2" allow reordering of type

and term variables in the context, while ensuring that term variable declarations only use types

derivable from the context in which they are introduced.

After presenting the context formation rules, we now state that the following substitution properties

also hold for System F contexts [23].

(1) cut: eliminates a term variable from the context by substituting another term.

'vy:T T,z:Tvrt:T
Tretly/z]: T

cut
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3. System F and Subsumption

(2) cutype: eliminates a type variable by substituting another type.

Fhgpe S T T byype TY
T Fype T'[S/T]

Cutiype

(3) cutiprerm: replaces a type inside the type of a term variable with another type.

r "tpterm S I X¢rrt: T’
Tre[S/X]: T'[S/X]

cut

Example 3.1.5. The following shows how one may apply context formation rules:
(1) In the following context:
'=Z,x:YVAA-SAY,y:Y—>Z,z:Z,

the exchange rule exchpeerm cannot be applied to reorder Y and y : Y — Z, because the type
Y — Z depends on Y being in the context before y is added. Moving y before Y would make the

context ill-formed, since the type Y — Z would no longer be derivable.

However, the rule exchyerm can be applied to reorder Z and x : VA. A — A, because the type

VA.A — A does not depend on Z. The following inference is valid:

Z,x :NYAA—AY,y:Y - Z,z:Z context exch
X:VAA—AZY,y:Y —>Z,z:Z context tpterm

(2) T :=x:VA. Ais avalid context. The following derivation shows the formation of this context:

p

— t
Al A
ype forall

Feype VA. A
x :VA.A context

termadd

(3) T:=Y,x:Y - Y,z:VX. X isavalid context. The following demonstrates how this context can

be constructed:
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3. System F and Subsumption

t t
Yrype Y 0 Vrgpe ¥
arrow
Y, x:Y —>Y context tpadd
Y, x:Y ->Y,X context P
V,x:Y =Y, X Fype X
Y,x:Y > Y Fype VX. X
Y,x: Y -Y,z:¥X. X context

forall
termadd

4 Tr:=2x:YAA—> AY,y:Y — Z,z: Z.isavalid context. This context can be derived as

follows:

Z Atgpe A P Z Argpe A P
Z,Argpe A — A arrow
Z Fype VA.A — A
Z,x :YA.A—> A context
Z,x :YA.A— A'Y context
Z,x :NA.A > AY bype Y P Z,x :YA.A—> AY bype Z
Z,x:YA.A—-AY,y:Y - Z context

forall

termadd
tpadd

tPp
arrow

3.1.3 System F typing rules

Figure 3.1.6 defines the typing rules of System F. The rules T-Varg, T-Absp, and T-Appr correspond to
the typing rules for variables, lambda abstractions, and applications in the simply typed A-calculus. The
rules T-TAbsg and T-TAppr extend this system with type abstraction and type application, enabling the

construction and use of polymorphic functions [24].
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3. System F and Subsumption

x:TeTl

Fi—x:TT_VarF
Lx:Trt:T

't Ax:Tat:T —>T

T-Abs F

v f:T—>T Tret:T
F'rft:T1

T-Appp

LXvet:T
I'- AX.t :VX.T

T-TAbsg

TFit:VX.T
T-TA
TreT']:T[T/X]  PPr

Figure 3.1.6. System F typing rules

Example 3.1.7. The polymorphic identity function id = AX. (Ax : X.x), discussed in Example 3.1.3,

can be derived using the typing rules of System F, as shown below:

x: XeX, x: X

X, x: Xrx:X
XrAx: X.x: X - X
FAX Ax: X. x:VX. X - X

T-Varg
T-Abs F
T-TAbsp

Figure 3.1.8 adds two typing rules to the main rules of System F, resulting in System F;,annotation- The
first rule, Annotg, introduces type annotations for terms. Since system F does not support annotations,
this rule allows writing terms of the form (¢ :: T'), which enforce ¢ to be of type T'. The following is an
example of Annotr rule:

Ax:Arx:A

A t
Ax:Ar(xz:A):A nnote

The second rule is, the 7 rule, g [25]. This rules captures the fact that when a variable x does not occur
free in a term ¢, the function Ax.t x behaves identically to ¢, and so should be regarded as equal to ¢.
Explicitly, we have:

(Axtx)s=(tx)[s/x] =ts

That is, applying Ax.f x to any term s yields the same result as applying ¢ to s. As aresult, Ax.t x and ¢

behave in the same way, and therefore they have the same type.
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3. System F and Subsumption

FTrAx:Tiax:T > T x¢FV(t) 0
Tre:T > 1 g

IF'ex:T

—— A t
F'r(x:=T):T nhotr

Figure 3.1.8. System Fj;;annotation

The reverse of nr rule is also provable in this system as follows:

t:T>T et:T->T
T,T7,t:T >T ,x:Tv+t:T—>T
T, Tt :T—>T,x:Tvrtx:T
T, 7t :T 5T+ Ax:Tatx: T ->T

Tex:T

T-V: X T-V:

arr T,T’,x:Tl—x:TT[;;l)rliD
- F

T-Abs F

Making the nr rule a two-way rule.

3.2 System S

System F does not align directly with programming language syntax, because it requires explicit type
abstractions (AX.t) and type applications (¢[T]) in the term syntax. In contrast, most languages support
implicit polymorphism with type inference, so programmers do not write type-level constructs directly.
By removing explicit types from system F while keeping its polymorphic power, we get a new sys-
tem which we will refer to as system S. Type inference and type checking in system S is proved to be

undecidable [25].

3.2.1 System S syntax

The types in System S are identical to those in System F, as shown in Figure 3.2.1.

T:= X type variable
T—>T function type
VX.T universal type

Figure 3.2.1. System S types
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3. System F and Subsumption

Figure 3.2.2 presents the terms of system S, which, unlike those of system F, omit type quantification

and type application but allow type annotations.

tu= X variable
Ax.t abstraction
rt application
t: T annotation

Figure 3.2.2. System S terms

The context formation rules in system S are identical to those in system F, and therefore are not discussed
further in this section (see Figure 3.1.4).
3.2.2 System S typing rules

Figure 3.2.3 shows the transformation of system Fy,annotation typing rules into system S, a form compati-

ble with programming languages by removing explicit type application and type abstraction at the term

level.
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x:Tel

Trx:T | VaTF
Ox:Trt:T

TrAxTt:T—>T

T-Abs F

v f:T—>T Tret:T
Frft:T

T-Appp

LXvre:T
' AX7T :VX.T

T-TAbsg

F+t:VX.T T type
T e[P]:T[T"/X]

T+ AxTuax:T—>T x¢&FV(r) -

T-TAppp

F'rt:T—>T
F'ex:T

—— A t

F'r(x=T):T nhotE

Figure 3.2.3. System F;;annotation t0 System S transformation

Definition 3.2.4 (Erasure of term-level type quantification and application). If ¢ is a term in sys-
tem Fy annotation, then the term 7 in system S is obtained by removing the explicit type quantifications

and application at the term level from ¢, as illustrated in Figure 3.2.3.

The typing rules of system S are presented in Figure 3.2.5. Unlike the T-TApp rule in system F, type
substitution in system S is implicit in the T-TApp rule, rather than being made explicit at the level of
terms.

Another key distinction between the two systems is the removal of AX from the rules T-Abs and T-TAbs
in System S. This modification eliminates type dependencies from the term syntax.

System S also includes type annotation and the n-rule. These are inherited from system F;;annotation

(see Figure 3.1.8).
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x:TeTl

I‘|—x:TT_Var
Lx:Trt:T
F'tAxt:T > T’

T-Abs

v f:T—>T Tret:T

v ft:T T-App

LXvrh: T,

Tron:VX.T, 1Abs

'rq:vVXTh T Ftype T,
Lrn:Q[L/X]

T-TApp

FrAxtx:T —> T x¢FV(t) 0
Frrt:T—>T

I'rx:T

Fr(x=T):T Annot

Figure 3.2.5. System S typing rules

The reverse of n rule is also provable in this system as following:

T, 7, x:Tvrt:T—->T T, T,x:Trx:T
T, T, x:Tvrtx: T
T, T+ Axtx:T —> T’

T-App

T-Abs

Example 3.2.6. The polymorphic identity function in system S can be written as (1x. x :: YA.A — A),

and the following derivation shows how this term can be derived in system S.

x:Aex:A
Ax:Arx:A
Ardx.x:A— A T;XTbAsbs
FAx.x:VA.A—> A
F(Ax.x 2 YVAA—> A):YVAA—- A

T-Var

Annot
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3. System F and Subsumption

3.3 Subsumption in system S

Definition 3.3.1. Subsumption. We say that a type A subsumes another type A’ in system S, written
A X A’, if we have the following implication:

_ o _ Tlaxa

'rt:A = Tp<a bt A
That is, whenever there is a valid proof that ¢ : A, this proof can be transformed into a valid proof that
t : A’. Such a transformation may require an algorithmic adjustment of the context and derivation,
denoted with A <X A’. In particular, this adjustment may consist of adding a type variable to the context

or substituting type variables within the context, as discussed below.

3.3.1 Substitutions are subsumption

The most basic subsumption rule is given by a type substitution: A < A[X]. In this case, the transforma-

tion is simply a type substitution:

11 [Z]
Trei:A = T[Z]rr:A[Z]

This relation corresponds to the use of C in the Hindley-Milner system. (see Definition 2.2.3)

Theorem 3.3.2 (Substitution is an example of Subsumption). The following holds for all terms in system

S:
I 1[Z]
Trei:A = T[Z]rr:A[Z]

Proof. To verify that Theorem 3.3.2 holds for all terms in system S, we proceed by structural induction
on the proof of the terms in system S, where the structure of terms corresponds to the typing rules of

the system.

T-Var: The following should hold:

If x : T isvalid, x : T[X] is also valid.

(ie, T < T[Z])

The corresponding proof transformation is:
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3. System F and Subsumption

x:Tel x:T[Z] e T[Z]
L= TV .
Trx:T % =2 T[Erx:T[z] V&

which is the base case of induction.

T-Abs: The following should hold:

If Ax.t : (T — S)isvalid, Ax.t : (T — S)[Z] is also valid.

(ie, (T = S) < (T - 9)[Z])

The corresponding proof transformation is:

I I[Z]
ILx:Tret:S T[Z],x:T[Z]+t:S[Z]
T-Ab = ’ ]
FrAx.t: (T —S) S T[Z]+Ax.t: (T — S)[Z] T-Abs
and I1[Z] inductively holds.
T-App: The following should hold:
If ft : Tisvalid, ft : T[Z] is also valid.
(ie, T <T[Z])
The corresponding proof transformation is:
301 I IL [X] I [X]
Trf:(S—T) rkt:ST—App = T[Z]+rf:(S>T)[Z] T[Z]rr:S[Z] T-App
Trft:T [[Z]+ ft:T[Z]

and IT; [X], TT[X] inductively hold.

T-TAbs: The following should hold:

Ifr : VX.Tisvalid, t : VX.T[Z] is also valid.

(ie, (VX.T) < (VX.T)[Z])
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The corresponding proof transformation is:

I1 [[X]
ILLXrt:T [Z],Xret:T[Z]
————————— T-TAb = ’ :
Tri:(VX.T) S T[Z]r: (VX.T)[z] L TAbs

and TT[Z] holds inductively. In the substitution set X, the type variable X will not be substituted,

as this type variable does not appear in T (see Figure 3.1.6).

T-TApp: The following should hold:

Iftr: T[S/X]isvalid, r : T [S/X][ZX] is also valid.
(ie,T[S/X]XT[S/X][Z])

The corresponding proof transformation is:

I1 I[x]
Fre:(VX.T) N C[Z]Ft:(VX.T)[Z]
Trr:(T[S/X]) & APP T=]rr: (T[S/XD=] = PP

and I1[XZ] inductively holds.

3.3.2 Instantiating quantified types are subsumptions

The other subsumption rule we consider is given by eliminating V bindings: VA.T < T

I I
Trt:VAT = [LArt:T

Theorem 3.3.3 (Eliminating forall bindings gives Subsumption). The following holds for all the terms

of system S:

Ift : VA.T isvalid, ¢ : T is also valid.

(e, VAT < T)
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Proof. T’ is a valid proof for ¢ : T, if the type variable A is added into the context.

L H/
LAvet: T - —
T+ VAT LIAbs LArL:T

3.4 Coercion in system S

The subsumption rules discussed in the previous section can be used to introduce coercions into type

system S:
X:Arx: A
As two forms of subsumptions have been considered, the coercion rules can occur in two forms in a

proof:

(1) coercion for substitution:

T <T[Z] b
x:Trx:T[Z] coetcesu

Note that for each substitution S/X in X, the type variable X does not occur in S.
(2) coercion for eliminating foralls:

VX.T T
x:VXTvrx:T

coerceall

A simple example of cutting with a coercion is as follows:

A=XB
I'rt:A x:Arx:B
I'+rt:B

coerce
cut

In a proof, cutting with a coercion causes a translation of the proof and context of the coerced term.
The introduction of coercions hides the proof transformations, which is convenient but, perhaps, not

completely transparent. However, using coercions in system S is proved to be valid in Theorem 3.4.1.

Theorem 3.4.1. Any judgment that can be derived using the coerceall and coercesub rules can also be

derived without using them.
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Proof. We proceed in the following stages.

First, we show that if a judgment involves a single occurrence of the coercesub rule, then that judgment
can also be derived without using coercesub (Lemma 3.4.2). Next, we establish the same result for a
single occurrence of the coerceall rule (Lemma 3.4.3).

We then observe that when multiple coercions are present, the order in which they are removed becomes
significant (Example 3.4.4). To handle this, we first remove all coerceall steps. We explain how these can
be eliminated in an order that ensures they do not interfere with one another. Finally, once all coerceall
rules are eliminated, we prove in Theorem 3.4.5 that the remaining coercesub rules can be removed in

any order. O

Lemma 3.4.2. Any judgment that can be derived using a single coercesub rule can also be derived

without using it.

Proof. We assume that there is a valid proof of [ s : T’ in system S using a single coercesub. We then
show that there will be a valid proof for the term s without the use of coercesub.

A coercesub can occur on the left or right of a proof:

coercesub (right): If the coercesub rule cut into the proof from right:

II A=A
F'rt:A T,x:Arx:A coercesub
Trea o
I"Fs:T

where A’ = A[Z]. It needs to be shown that s will still be a valid term, if one does not use the

coercesub rule.

I[X]
T[Z]rt:A[Z]
T[Z]Ft:A[Z]

'[Z]Fs:T'[Z]

cat
IT[Z]

Since A’ = A[Z] = A’[Z], this proofis valid.

coercesub (left): If the coercesub rule cut into the proof from left:
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A=A I
T,x:Arx:A CO€rcesub =m0 T
Ix:Avrt:T _| cut
I'rs: T

where A’ = A[Z]. It needs to be shown that s will still be a valid term, if one does not use the

coercesub rule.

Since A’ = A[Z] = A’[Z], this proofis valid.

Lemma 3.4.3. Any judgment that can be derived using a single coerceall rule can also be derived

without using them.

Proof. A coerceall can occur on the left or right of a proof:

coerceall (right): If the coerceall rule cut into the proof from left:

I 1 VX.T <T
Trer:vx.T ol T VX Trx:T .
Cre:T cu

I'rs: T

It needs to be shown that s will still be a valid term, if one does not use the coerceall rule.

If one consider cut to be the T-TApp rule:

o
Tri:VXT
TXt+¢:vxr Padd
T-TApp
T,X rt:T[X/X]
I'Xrs: T

s will still be a valid term.

coerceall (left): if the coerceall rule cut into the proof from right:
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VX.T <T I
T x:VXTrx:T coerceal g
T,x:VXTFri:S _ cut
I'rs: T

It needs to be shown that s will still be a valid term, if one does not use the coerceall rule.
If we consider the proof to be as following:
I1

Ix:VX.T¢rt:S
I'rs: T’

cut

’

One only needs to modify the proof IT when the variable x is pulled from the context. The following
derivation shows that it is possible to reconstruct the judgment x : VX.T by reasoning from x : T,
provided that the type variable X is available in the context. This is achieved by reconstructing the
type YX.T through applying context formation rules (see Figure 3.1.4). Therefore, even without

using a cut, we may equivalently assume x : T in the context used in IT.

E:Ttirpm
[,x:VX.TFx:VX.T Mfmall
Lx:VXTre:s 1 Dhype VXTI 0 4d
s 1 Lx:VXTrx:VXT O
ILx:VXTrt:S |
I'rs: T

Example 3.4.4. This example demonstrates that eliminating coercesubs before coercealls may fail,
whereas eliminating coercealls before coercesubs (the reverse ordering) succeeds.

Consider a proof involving two coercions, a coercesub and a coerceall:

I VXT <T "
Tri:VX.T T,x:VX.Tkx:TEEtercea T<S b
Trt:T 2 I—"X:TFX:SCOGI'CGSU
I'rt:S cuty

If one attempts to eliminate the coercesub rule first, the substitution Z, such that S = T[X], must be

applied to the proof, resulting in
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T[] VX.T[Z] = S[Z]
T[] Ft:VX.T[Z] T[Z],x:VX.T[Z]F x:S[Z]
T[Z]Fr:T[2]
[z v o[z S0

coerceall
cuty

This fails because the subtyping judgment VX.T'[Z] X S[Z] is not derivable under the defined coercion
rules.

If instead the coerceall rule is eliminated first:

I
T,X+t:VX.T tpﬁ%i r<s )
LXreTIX/X] 7P Tx:Trx:s cosreest
ILXrt:S 1
Now, we can eliminate the coercesub rule as follows:
H[Z]
T[Z]F¢:VX.T[Z]
: tpadd
(T,X)[Z] Ft:VX.T[Z TTApp

]
(T, X)[Z] F ¢ : T[X/X][Z]
T, X)[Z] Ft:S[2]

cuty

This yields a valid derivation, demonstrating the order that coercion rules are eliminated matters.

Now that we know all coerceall rules must be eliminated before the coercesub rules, the next question
is whether we should eliminate the coerceall rules occurring on the left first or those occurring on the
right.

Coerceall rules may appear in different positions within the proof:

coerceall (right)

coerceall (left)

proof

Removing a left coerceall alters the proof above it and only when the cut variable must be pulled out
from the context. In contrast, a right coerceall only affects the prooflocally : the corresponding cut is

replaced by a T-TApp step. In both cases, any coercesub steps in the proof remain unaffected.
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3. System F and Subsumption

Therefore, to avoid interference between multiple coerceall instances, one must eliminate them starting
from the leaves of the proof and proceed upward toward the root. This ensures that each removed
coerceall does not affect other coerceall instances that have yet to be eliminated.

Once all coerceall rules have been removed, the remaining coercions in the proof are all of the form

coercesub. These can then be eliminated in any order, which is proved in Lemma 3.4.5.
Lemma 3.4.5. Coercesubs can be eliminated in any order.

Proof. We prove this, by induction on the number of coercesub steps. For the base case, a single
coercesub can be eliminated directly, as proved in Lemma 3.4.2. For the inductive step, assume that any
proof containing k coercesub steps can be transformed into a coercion-free proof. Consider a proof
with k + 1 coercesub steps. Removing one coercesub introduces a substitution into the remaining proof.
The remaining k coercions are preserved under this substitution, and by the inductive hypothesis, the
resulting proof with k substitutions can be transformed into a coercion-free derivation. Therefore, by
induction, any proof containing coercesub steps can be rewritten into a valid coercion-free proof.

O

Remark 3.4.6. Given a subsumption A < A’, a typing derivationT,x : A’ + ¢t : T, and a term s such that

'+ s: A, thejudgment

F+t[s/x]:T
is derivable using a coercion from A to A”:
(1) By coercing the variable:
Aﬁijy coerce #
T X:Arx: A ILx:Avt:T ‘
Trs:A Lx:Avi:T i
F+t[s/x]:T
(2) By coercing the term:
Ir A A coerce
F'rs:A Fl—s:A’Cut I
IF'kts:A F,x:A’kt:Tcut
F+t(s/x]:T

This way of interpreting coercions provides an important guarantee: when A < A’, it is safe to substitute

a term s of type A into a variable of type A’ [3].

39
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Next, we discuss how to manipulate coercion rules. This is important because type equations, discussed
in the next chapter, are more general forms of coercions introduced in this chapter. In particular, coer-
cions have so far only involved arrow types, whereas type equations use more general type constructors

that include arrow types as a special case.

Lemma 3.4.7. The following holds for subsumptions:

(i) Every type subsumes itself (Reflexivity):

A=A
(ii) Subsumptions are closed under transitivity (Transitivity):

Al X Ay, Ay <X As
Al X Az

cut

(iii) The subsumption relation is not anti-symmetric (Non-antisymmetry):

If A} X Ay and A, < Ay, it does not necessarily follow that A; = A,.

(iv) The contravariant rule for the arrow type [26]:

A <A T=XT
A->T=<A >T

arrow

Proof. Each case of the rules above can be verified, as follows.
(i) The reflexitivity is immediate.

(ii) This can be proved by the following derivation, which shows that the subsumption A; < Az can

be mimicked using the premises A; < A; and A, < As.

Al XA A 2 A
Al 2 As 122 coerce ——>—2> _ coerce
AL Al coerce SN t:Art:A y:AskFy:A;s cut
o T t:A+t: A3

(iii) Asa counterexample to anti-symmetry, consider
VA.(A — Char) < (YA.A) — Char, (VA.A) — Char < YA.(A — Char)

although

VA.(A — Char) # (VA.A) — Char.
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3. System F and Subsumption

(iv) The subsumption A — T < A” — T’ means (see Definition 3.3.1):

I | S o mwo
Fr+t:A—>T = Trt: A>T

If one proves this using the assumptions A’ < Aand T < T’, then the rule arrow can be derived.

The derivation proceeds as follows:

I'rt:A—>T n
't Axtx:A—>T T=<T
A <A coerce I'x:Avrtx:T abs y:Try:T’ CO(EI‘CB
XA Fx:A Lx:Artx:l cu

Ix:Avrtx: T b
F'rAxtx: A>T % S
IF'rt:A—>T

To illustrate how a subsumption relation between two arrow types (i.e., A — B < C — D) can be broken
we used the n-rule (see Lemma 3.4.7).

In Haskell’s main compiler (GHC), this rule does not generally hold, since Ax. t x and r may behave
differently in the presence of side effects. However, the n-rule can be enabled explicitly by using the
-XDeepSubsumption language extension [27].

Here is an example of when Ax. ¢ x behaves differently from ¢, in Haskell:

f1, £f2 :: Int -> Int
f1 = error "urk"

f2 = \x -> f1 x

main = do
print (f1 “seq” True) -- calls error "urk”

print (£2 “seq” True) -- returns True

Here, evaluating f1 ‘seq‘ True immediately triggers the error, whereas 2 ‘seq‘ True returns True
because £2 is a lambda abstraction and already in weak head normal form.
When the n-rule is not valid, the proofs showing how the subsumption relation between arrow types

can be decomposed no longer hold (see Lemma 3.4.7).
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3. System F and Subsumption

3.5 Summary

In this chapter, we modified system F to obtain a version more suitable for programming languages,
which we call system S. We introduced subsumption and showed how it can be incorporated as coercion
rules within system S. We then proved that any derivation using coercions remains a valid proof in
system S, if coercions are removed. Finally, we discussed the implied coercion rules, such as reflexivity,

transitivity, non-antisymmetry, and contravariance for function types.
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Chapter 4

Type Equations

In this chapter, a general system of type equations is introduced with the rules for manipulating them.
Type equations are built up from the types used within these equations. We then show how to generate
equations from terms, and how to collect these equations. To show this equation generation makes
sense, we prove that if a term can be type-checked in system F;;annotation With a given type, then this

type provides a solution that solves the generated type equations for that term.

4.1 Type equations

To define the general syntax of type equations, the syntax of types used in the system is specified. We
then define the syntax of equations, and include a discussion of quantifiers. Finally, we describe how to

reason about these equations.

4.1.1 Type equation syntax

Let Q is a set of type constructors with arity : Q — [{+, —}], where the arity assigns to each type
constructor a list of variances indicating how it behaves with respect to its arguments. Thus, arity(F) =
[v1,...,V,], where each v; € {+, -} indicates the variance of the i!" argument: + denotes that the
argument is covariant, while — denotes that it is contravariant. This arity list, in particular, tells us how
subsumption relations between argument types affect the subsumption of the entire type constructed
with F.

The types of our system are defined inductively by:
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4. Type Equations

T:= X (type variable)
F(Ty,...,T,),F € Q (type constructor)
VX.T (universal type)

Figure 4.1.1. Type(Q, arity)

Welet VX, Y. T as usual denote VX. (VY. T).

Based on the definition for Type(Q, arity) (see Figure 4.1.1), we can define the type equations inductively:

Equ := Equ, Equ (conjuction)
3X.Equ (existentials)
VX.Equ (foralls)
T=S (equality)
TS (subsumption)

Figure 4.1.2. Type equation, Eqn (Q, arity)

In the above inductive definition, T and S are types, and X is a type variables.
We use the contravariant rule (see Lemma 3.4.7), in a general form, for type constructors F € Q:

arity(F) = [v1, ..., Un] L2 T, ..., Th=y, T,
F(h,...,T,) 2 F(T},...,T))

n

cons

where <,==, <_=k.
This means that F is monotone with respect to variance. The assumption that type constructors are

jointly monic with respect to variance, gives the following two way rule:

arity(F) = [v1, ..., Un] L=, T, ...

F(T,...,T,) S F(T/,...,T})

n

Tw =0, T,

cons

Example 4.1.3. The following examples show the application of the cons rule:
(1) The function type constructor — has arity (—) = [—, +], as it is contravariant in its first argument
(the input type) and covariant in its second argument (the output type). This implies that:

arity(—) = [—, +] B=<AA <B
A—A"<XB—> B

cons
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which is the arrow rule (see Lemma 3.4.7).

(2) The list type constructor List has arity (List) = [+], meaning it is covariant in its single argument.

arity(List) = [+] AXA
List(A) = List(A’)

cons

Example 4.1.4. Assume Q = {F, G} with arities arity(F) = [+, —, +] and arity(G) = [—]. Below are type

equations, constructed using the rules in Figure 4.1.2.
1) X=Y
(2) F(X,Y,Z) =G(Y)
(3) ¥VX,Y,Z. (X = F(X,Y, 2))
(4) 3y, Y, Y. F(Y,Y,Y") 2 G(Y)
(5) ¥X.3.Y. (X = F(X,Y,Z), G(X) 2 X)

An equation is closed, if all of its type variables are bound. In the examples above, equations (3) and (4)
are closed.

We may represent the structure of equations diagrammatically as trees. The nodes correspond to
conjunctions (‘,*, which have two children), underlined quantifiers used in equations (Y and 3, each
with one child), relations (such as equality and subsumption, each with two children), type constructors
(with the number of children determined by their arity), and the standard V quantifier used in types
(which has one child), while the leaves represent type variables.

The following is the syntax tree presentation for equation (5) in Example 4.1.4 :
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4.1.2 Quantifiers

In the system of equations described above, three kinds of quantifiers are used: the basic universal
quantifier V, which appears in type construction, and the underlined quantifiers ¥V and 3, which are
used in the formation of equations.

The standard rules for manipulating quantified equations, from predicate logic, holds in this system:

(i) VA.E(A), E'(A) = VA.E(A), YA.E'(A)

(i) YA.E = E ifA¢fv(E)

(ili) VA.VB.E(A,B) = VB.YA.E(A, B)

(iv) 3X.(E(X),F) = (3X.E(X)),F ifX ¢ fv(F)
(v) 3X.E = E ifX ¢ fv(E)

(vi) JA.JB.E(A,B) = JdB.JA.E(A,B)
Note that, when we write an expression like E(A), we are indicating that the variable A may appear in E.
Rule (iii), states that underlined quantifiers Y can be reordered only if variable bindings are preserved.
For example:

VB.VA. (B = Char, A=B) = YA.YB.(B = Char, A= B)
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but

VB. (B = Char, VA.A=B) # VA.(B = Char, YB.A = B)

since the binding of B changes.
Similarly, rule (vi) applies to 3: reordering is valid only when variable bindings are preserved.
The V quantifiers cannot be moved across 3 quantifiers, since this may change the meaning of the

equation: existential variables may depend on universally quantified variables.

Thus,

VB.3A.(E(B), E'(A,B)) # 3JA.YB.(E(B), E'(A B))

4.1.3 Manipulating type equations

We now describe how type equations can be manipulated.
Definition 4.1.5. The inference rules for manipulating equations are defined as follows:

(i) Rule for conjunction:

’
)

conj

(ii) Type constructors:

arity(F) = [v1, ..., Un] L=, .... Th=, T,
F(T,...,T,) < F(T/,...,T)

n

For type constructors, the rule is a general form of the contravariant rule for arrows, which was

discussed in Lemma 3.4.7: the assumption of being monomorphic makes it a two way rule.
(iii) Pulling out V on the left side of a subsumption relation:

AX(T =T

—— — ~ spec
(VX.T) =T’

Here, the notation 3 indicates that the variable X may be instantiated. The rule is justified by
interpreting < as entailment r; under this interpretation, a universally quantified type on the left

can only be introduced by instantiating the bound variable [28].
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(iv) Pulling out Y on the right side of a subsumption relation:

VX(T 2T

= — " gen
T < (VX.T)

Here, the notation V indicates that the variable X is not allowed to be instantiated. The rule is
justified, by interpreting < as entailment I-; under this interpretation, a universally quantified type
on the right can only be introduced by moving the bound variable from the context (i.e., left of

entailment) [28]. Thus, it is a variable in the context which cannot be substituted.

4.2 Generating equations

The syntax of the source language we are working with is shown in Figure 4.2.1. This syntax is based
on system S. Figure 4.2.1 defines the syntax of terms (¢) and types (T) in the language. Terms include
variables, lambda abstractions, applications, type annotations, and let-bindings. Types consist of type

variables, type constructors which can be applied to multiple types, and universally quantified types.

ti= x (variable)
Ax.t (abstraction)
tt (application)
taT (annotation)
letx=uint (1et)
Tu= X (type variable)
F(L,...,T,),FeQ (type constructor)
VX.T (universal type)

Figure 4.2.1. Syntax of the source language

In Figure 4.2.2, which shows the generating equations system, each judgment is annotated with type
equations between types. During type inference, these equations are collected and later solved.
Before the solving stage, the generated equations must be a—renamed to prevent name conflicts between

bound variables.
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At each node in the proof tree, fresh type variables are introduced together with equations relating them

to existing type variables. We record this as
3X,...,Xn. E1,..., Em,

where the newly introduced variables X;, i € 1,..., n, are bound on the left, and the equations E;,
j € 1,...,n, are listed on the right. The type assigned to the term at each step is called that term’s
principal type. This type is represented by a free type variable, Q, in the collected equations from that
point onward. This ensures that the only free type variable when collecting equations for a term is that
term’s principal type.

Note that, to ensure we always obtain some type T < Q, the first equation we collect is:

Hi:Q(E)
Fr:Q (3Q.Q'2Q Ey)

where Q’ is the principal type as it corresponds to a term, while Q is called the wrapper type and is the
actual type of the term. After collecting this first equation we continue to apply the rules in Figure 4.2.2
to generate the equations of a term. By successively collecting the equations throughout the derivation,
and then eliminating the existentially bound variables by substitution, one obtains the principal type of
the entire term. In the proof of theorem 4.3.1, we rely on the basic rules for solving equations, namely
thatT = T and T < T always hold. However, equation solving in general is more complex, and a detailed

description of the solving procedure is given in Chapter 5.
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I[Lx:Arx:Q (A=ZQ) vat

x:ATrt:B (Ep)
'rAx.t:Q (JA, B.Q=A— B,Ey)

abs

Trt:A (B) Tru:B (B)
Trtu:Q (JABA=B- Q FE,E)

app

Lx:Avrt:B (E)) Tcru:C (E) 1
Trletx=uins:Q (3A B, CA=C,B=Q,E,E) ©

t

Trt:B (E)
F'r(t::A):Q (IB.B=Q,A=Q,E)

annotation

Figure 4.2.2. Generating equations system

4.3 Correspondence to system F,+annotation

Since type assignment in system S is undecidable [4], type inference for higher-rank types using the
rules in Figure 4.2.2 is also undecidable. However, if a term with a known type can be type checked in

system Fy,annotation, then that type must satisfy all of the generated type equations for that term.

Theorem 4.3.1. If t : A can be proved in system F; annotation, the type equations generated for 7 (see
Definition 3.2.2) in system S using the rules in Fig 4.2.2 can be solved, with the type of ¢ substituted with

A.

Proof. To verify that Theorem 4.3.1 holds for every rule, we perform structural induction over the
system Fy,annotation type checking rules given in Figure 3.1.8.
The system F annotation type checking rules are placed in parallel with the generating equations system:

I'rthh:A TTrHh:A
'rt:A

Trf:Qi{E) T+ QuE,)
| A Q(E,El,E2>

System F, i . .
Y n+annotation generating equations system

Therefore, at each step of the induction, we assume that E;[A;/Q:] and E>[A2/Q:] are valid, and we

need to show that E[Ay/Q, A1/Q1, A2/Q-] is also valid.
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T-Varp: If y : A type checks in system F annotation:

y:Ael var
Try.A LVar Ty:Ary:Q (A3Q)

System Fn+annotation generating equations system

we need to show that (A < Q)[A/Q] holds:

A=2Q)[A/Q] = (A= 4)

The equation (A < A) is trivially satisfied, so this case serves as the base case in the inductive

argument.

T-Annotg: If system Fy annotation type checks A for the term £ :: A:

A T'+t:B (E) _
Tr(rzA) A o F+(t:A) :Q (3IB.B=Q,A=Q,E) annotation
System Fi+annotation generating equations system

inductively E; [A/B] is solvable, so we need to show (3B.B = Q, A = Q)[A/B, A/Q] holds:

(3B.B=Q,A=Q)[A/Q,A/B] = (A=A A=A)

The equation (A = A) is trivially satisfied, so this case holds.

T-Absp: If system F annotation type checks Ax : A.f : A — A”:

x:ATvrt:B(E)
T-Absp TrAx.t:Q
(3A,B.Q = A — B, E,)

x:ATrt: A
FtAx:At:A— A

abs

System Fn+annotati0n . .
generatlng equatlons SyStem

inductively E; [A’/B] is solvable, then we need to show (34, B.Q = A — B)[A’/B, (A — A")/Q]
holds:

(3A,B.Q =A —> B)[A'/B,(A—> A)/Q] = (A—-> A=A A)
The equation (A — A’ = A — A’) is trivially satisfied, so this case holds.
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T-App;: Ift u : Q' can get type checked in system F using the T-App. rule:

Lrt:A > A Tru:A ppp Tre:B(E) Tru:B (B .,

Frtu:A F'rtu:Q

3dB,B’.B=B" — Q, E, E
System F, n+annotation & Q b Ez)

generating equations system
inductively E; [A” — A/B], E;[A’/B’] issolvable, sowe need to show (3B, B’.B = B’ — Q)[A/Q, A’ —
A/B,A’/B’] holds:
(3B,B'.B=B — Q)[A/Q,A" - A/B,A'/B'| = (A’ 5> A=A" — A)
The equation (A’ — A = A’ — A) is trivially satisfied, so this case holds.

T-TAppy: If£[A] : T[A/X] can get type-checked in system Fy,annotation, then :

Tht:VXT T hype A Trt:VX.T (E)

T (Al T[A/X] & APPr Trt:T[A/X]
((VX.T) < T[A/X], E)

SYStem F, n+annotation
generating equations system

inductively E; [VX.T /VX.T] is solvable, so we need to show ((VX.T) < T[A/X]) holds:

VX.T < T[A/X]
F'rt:VX.T x:VX.Trx:T[A/X]
Frt:T[A/X]

coerce

cut

T-TAbsy: If AX.t : VX.A can be type-checked in System F:

ILX+t:A ()
T-TAbsg THi:VX.A
(A X VX.A Ep)

LXriet:A
' AX.t:VX.A

System F, n+annotation . i
generating equations system

inductively E; [A/A] is solvable, so we need to show (A < VX.A) holds, using definition 4.1.5:

VX.(A < A)

A < (VX.A)
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and VX.(A < A) holds because (A < A) is valid. Consequently, we obtain VX.(), which is trivially true.

]
Example 4.3.2. Consider the following term:
id : VX.X — X + (id True, id ‘A")
Collecting the equations using the generating equation rules:
var var var var
id: VX.X > X +id: 4 id: VX.X > X ‘A5 id:VX.X > Xrid: 6 id: VX.X - X + True : 7
(VXX > X =4) (Bool = 5) (VX.X > X 26) (Char X 7)
: : app . . app
id: VX.X —» X +id True : 2 id: VX3.X3 —» X3 +id ‘A“: 3
(34,54=5—2) (36,7.6 =7 — 3)
tuple

id: VX.X — X + (id True, id ‘A*) : 1
(32,3.1=(2,3))
id: VX.X — X + (id True, id ‘A%) : 0
(31.1 2 0)

The collected equations are:

(31.1 <0,
(32,3.1=(2,3),
(34,5.4=5—>2, (¥X.X > X 24, Bool £5),

(36,7.6=7—>3, (YX.X > X 26, Char<7)

)

As mentioned before, we must a-rename the bound variables in this equation to avoid variable name

clashes. Thus, we rename X to X; and Xj in the corresponding quantified expressions.

(31.1 <0,
(32,3.1=(2,3),
(34,5.4=5—>2, (VXo. Xo > Xo 24, Bool <5),

(36,7.6=7—>3, (¥X;. X; > X; <6, Char <7)
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4. Type Equations

4.4 Summary

In this chapter, we discussed how to manipulate type equations, which sets the foundations for defining
the rules of type inference. We also established an important guarantee: the equations generated for
any term are sound with respect to system Fy annotation- That is, terms that can be type-checked in

system Fj;annotation have types that provide a solution to the equations they generate.
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Chapter 5

Valid Quantified Substitutions

A solution for the generated equations from a term is given by a list of quantified substitutions which
must be valid. In this chapter, we define how such lists of substitutions are constructed and what it
means for them to be valid. To set this up, we define context with a hole and for such a hole we show how
to track varity and determine which variables are visible. Finally, we show that a valid substitution, which
solves the equations generated by a term, can be used to build a derivation in system S for that term.
This is achieved by substituting each step of the equation generation to reconstitute the corresponding

rule being used from system S.

5.1 Tracking varity

Varity describes whether a type or equation occurs in a covariant/positive or contravariant/negative
quantification. We compute varity by applying the varity annotation rules to the structure of the equation,
starting with a positive varity (+) at the top and propagating it through the constructors according to
the rules defined in Figure 5.1.2 and Figure 5.1.3. Although varity is conceptually simple, it takes some
effort to formalize it precisely.

Figure 5.1.2 shows how varity is propagated through type expressions, based on the type formation rules
in Figure 4.1.1. The universal quantifier V passes its varity unchanged to its body. For type constructors,
each argument position has a fixed arity (covariant or contravariant). The varity at the constructor node
is multiplied by these arities to determine the varity of each argument. That is, if the constructor has

varity v and the i-th argument position has varity v;, then the i-th argument is annotated with v - v;,
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5. Valid Quantified Substitutions

based on the Figure 5.1.1:

Figure 5.1.1. Sign multiplication table

(F(Tl! LI ] Tn))v

X, .
= type variable

(VX.T),

universal type
T,

arity(F) = [vy, ..., Uy

type constructor

()4,

(Tn)v.,

Figure 5.1.2. Varity annotation based on type formation rules - proof search direction

Figure 5.1.3 shows how varity is propagated through equations. For compound equations, such as

conjunctions and quantifiers, the

same varity is passed down to each sub-equation. For subsumption,

the left-hand side is treated contravariantly (the varity is flipped), and the right-hand side is treated

covariantly (the varity is preserved). Note that equality is not present because A = B is treated as

A=XB,B=A.

Equ, Equ’ . .
qiqu conjunction
Equ, Equ),

(3X.Equ), )

W existentials

(YX.Equ),
T‘ly foralls

(T =98), .
—————— subsumption
(D-v (S)rw P

Figure 5.1.3. Varity annotat

Example 5.1.4. If we apply the v.

ion based on equation formation rules - proof search direction

arity annotation rules to the following equation:
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5. Valid Quantified Substitutions

IX. X <VA.A— A

the varities are determined as follows:

(3X. X VA A— A),
(X 2 VA.A—- A),
(X)- (VA.A — A),
(A—> A), arity(—)=[-,+]
(A)_ (4),

existentials

subsumption

universal type
type constructor

type variable type variable

The following is the syntax tree presentation of the equation above:

E)

(=).(+) = (= )J(+)(+)(+)

5.2 Context with holes

A type context with a hole is a type expression containing a single hole where one can insert a type. A

type context with a hole is denoted as (C[_] Type). When a type, T, is inserted into this position, we
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5. Valid Quantified Substitutions

write (C[T] Type).

Figure 5.2.1 presents the rules for constructing type contexts within type expressions. The hole type
rule is the basic case, where the context is just the hole. The universal type rule extends a context by
wrapping it with a universal quantifier VX. The type constructor rule places the context as an argument

of the type constructor.

m hole type

C t
M universal type

arity(F) = [v1,...,va]  (C[] type)
F(...,C[],...) type

type constructor

Figure 5.2.1. Context formation rules for types

Similarly, an equation context with a hole is an equation with a single hole where one can insert an
equation. This hole is denoted as (C[_] eqn). When an equation Equ is inserted into the hole, we
write (C[Equ] eqn). The rules for constructing equation contexts are presented in Figure 5.2.2. The
equation rule include the base case of an empty context, the conjunction rule adds another equation
with a comma, the existentials and foralls rules wrap the context in an underlined quantifier. The
Isubsumption rule places a type context on the left side of a subsumption, while the rsubsumption rule

places it on the right, with both forming an equation context.
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5. Valid Quantified Substitutions

C[L] eqn
C[_] eqn

equation

Equ, C[_]

CLLT

C[_] eq

m existentials

VX.C[_] eqn

C[_] type

CLI=T eqn Isubsumption

CL] type

——————— 1sub ti
T<C[] eqn rsubsumption

conjunction

foralls

Figure 5.2.2. Context formation rules for equations

Example 5.2.3. Consider the following type:

C[(¥B.B)] = (YA.A) — (VB.B) < (¥C.C) — (VD.D)

where VB. B is in the hole of a type context. That is, we consider the type context:

(VA.A) - [ _] 2 (¥C.C) — (VD.D)

Then, applying the context formation rules yields the following derivation:

[-]

hole type

(VA.A) - ([_])

type constructor

(VA.A) > [_] = (¥C.C) = (VD.D)

Isubsumption

Following is the syntax tree presentation of YA.A — [ _] X VC.C — VD. D:
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5. Valid Quantified Substitutions

The context formation rules can be used to track different aspects of type and equation structures. In the
following sections, we use it to track visible variables (see Section 5.2.1) and varity (see Section 5.2.3).
The following notation will be used to represent how visibility and varities are tracked within a type

context:

v = visible variables in the hole
X = varity of the type

_ :fole l

C [ - ]]71) > Type

T

n = varity of the hole

Figure 5.2.4. Notation for holes in types

The following notation shows how we track visibility and varity in equation contexts. Since the varity of

equations is always +, we do not need to track it explicitly:

v = visible variables in the hole

_=hole

(E, [ - [, Equation

T

n = varity of the hole
Figure 5.2.5. Notation for holes in equations
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5. Valid Quantified Substitutions

5.2.1 Visibility for holes

The type context may provide variables that are visible to the term in the hole, thus the term in the hole
can use the variables that are visible to it. We indicate the visible variables by subscripting the context
(Cy[T], Type) to indicate that the variables in the set v are visible in the hole, and the hole has varity
71 . The rules for constructing type contexts are presented in Figure 5.2.6.

Figure 5.2.6 shows the rules for constructing context types while tracking the visible variables to the
hole. We define context types only for types whose varities are negative. The hole typey;s rule handles
the simplest case: a context with only a hole and no visible variables. The universal typey;s rule extends
the visible variable set by adding the bound variable X in YX. The type constructor,;s rule shows how
the context’s visibility is updated to include universal variables from the arguments 7y, .. ., T,, of type
constructor F. In particular, the univ(F(Ty,...Ty,)) is added to the set of visible variables in the context.
Therefore, we require a set of rules that extract the universal quantifiers in types, which are defined in

Section 5.2.2.

hole type,;
e

o]~ type
Co[]- type .
universal type, ;
VX .Cox LI o \ typey;s
Go[]- type type constructor,,
F(T,..., C,,,univ(F(Tl,...,Tn)) [[—]]—’ o Tn)  type

Figure 5.2.6. Visibility based on type formation rules

Like type contexts, an equation context also provides visible variables to the equation filling the hole,
which we indicate with the subscript notation (C,[Equ] eqn). The rules for constructing equation
contexts are presented in Figure 5.2.7. As before, these rules formalize how a context determines the
visible variables to the hole. The equation,;s rule handles the base case of an empty context. The
conjunctiony;s rule shows how the context propagates through conjunctions, adding the universal
quantified types in the conjuncted equation to the visible variable set. As with types, the rules for
extracting variables in universal quantifications from an equation are defined in Section 5.2.2. The

existentialy;s and forall,;s rule extend the visible variable set by adding the newly bound variable. The
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5. Valid Quantified Substitutions

lsubsumptiony;s and rsubsumption,;s rules define how a type context can form an equation context by

appearing in a subsumption, adding variables that occur in universal quantifications on the left or right

side, respectively.

———— equation,;
o] eqn oM

C
vl-] eqn conjunction, g
Equ’ Cv,univE(Equ) [[_H eqn

C,J_] eqn
AX.Cox[_] eqn

CJ_] eqn
VX.Cpx[_]

existentialsy;s

forallsy;s

Il t
v[_] ype Isubsumption,;
Cv,univ(T)[[—]] 2T eqn

C _ ¢
v[] ybe rsubsumptiong
T =< Cv,uniV(T) [[— ]] eqn

Figure 5.2.7. Visibility based on equation formation rules

Example 5.2.8. Consider the following type:

C[(¥B.B)] = (YA.A) — (VB.B) = (VC.C) — (VD. D)

whereVB. B is in the hole of a type context. That is, we consider the type context:

(VA.A) - [_] 2 (VC.C) — (VD.D)
Applying the visibility rules then yields the following derivation:

hole type,;,
ol -1- type constructor,;,
(VA.A) — (a[ _]-) .
lsubsumption
(VA.A) = acpl _]- 2 (VC.C) — (VD.D)

vis

The corresponding syntax tree shown below illustrates which quantifiers are visible in the hole in the
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5. Valid Quantified Substitutions

equation:

(VA.A) > [_] < (¥C.C) = (¥D.D)

A C D
(=) || )

All universally quantified types are visible to a hole, which is acceptable because all universally quantified
types can turn into underlined universally or existentially quantified types outside an equation. However,

it is crucial that substitutions based on this visibility do not introduce cyclic dependencies.

5.2.2 Extract universal quantifications

The following figure defines how universal quantifications are extracted for types. Type variables do
not contribute any quantifications and return the empty set when reached. For universal types, the
universally quantified variable is added. For a type constructor, the universal quantifications are the

union of the universal quantification of its arguments.
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5. Valid Quantified Substitutions

m type variable

univ(T) = P
univ(VX.T) ={X}UP

universal type

univ(Ty) =P, ... univ(T,) =P,
univ(F(Ty,...,Ty)) =PLU---UP,

type constructor

Figure 5.2.9. Universal quantifications in types

The following figure defines how universal quantifications are extracted from equations. Similar to types,

we track where types are universally quantified. In a conjunction, the universal quantification are the

union of those from both sides. For existential and universal quantifiers, we first add the quantified type

to the variables, and then recursively inspect their bodies. For subsumptions, we extract the universal

quantifiers from the types on both sides of the relation using univ, as defined in Figure 5.2.9.

univE(Equ) = P; univE(Equ’) = P, contunction
univE(Equ, Equ’) = P, U P, )
univE(Equ) = P i -
univE(3X.Equ) = (X} U p cXistentia
univE(Equ) = P ) i
univE(VX.Equ) = {X} U P universa
univ(7T) = P; univ(S) = P, )
b t
univE(T < S) = P,U P, -opstmphon

Figure 5.2.10. Universal quantifications in equations

5.2.3 Varity of context holes

The type context defined in Section 5.2 can be used to track how the type inserted into the hole gets a

variance, written as ((C[[ _],) w type), which denotes a context into which a type with variance v can

be inserted when the entire outer type has variance w. When a type T is inserted into the hole, we write

((C[ T ]v) w type) to denote the resulting type.
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5. Valid Quantified Substitutions

Figure 5.2.11 presents the rules for building type contexts that track variance. These rules are based on
the type context formation rules defined in Figure 5.2.1, and the variance rules defined in Figure 5.1.2.

The hole type rule is the base case, where the context is just a hole annotated with variance v. The

varity

universal typeyarity rule allows the context to appear under a universal quantifier VX. C[ _ ], which does

not affect the variance, so the hole retains variance v. The type constructoryiry rule applies when the

context appears in the ith argument of a type constructor F(fy, ..., ;). If that position has declared arity
v;, i.e., arity(F) = [vy, ..., Uy], then the overall variance at the hole becomes v; - v, where - is defined in
Figure 5.1.1.
— holetype,,,;
[[ B ]]v v ty‘pe Val'lty
C w type .
[-1. YP€  niversal tYPeyarity

VX.C[_], w type

(C[_]» wtype) arity(F) = [vy,...,Vn]

type constructor
(F(Th,..., Cl _lwjwy» ---»Tn)  w type)

varity

Figure 5.2.11. Varity propagation rules (type formations)

Example 5.2.12. Consider the following type:
C[VA.A— A]=(VA.A— A) — (VB.B — B)

where (VA. A — A) is in the hole of a type context. That is, we consider the type context:

[_]— (VYB.B— B)

By applying the varity propagation rules, we can determine the variance at the hole as follows:

([_1+ + type) arity(—)=[-+]
([_]- = (YB.B— B) + type)

type Constructor,, .,

Here, the variance at the hole is initially +, and since it appears in the left (contravariant) position of the
function type constructor —, the variance at the hole becomes —.

The following is the syntax tree presentation of the type above:
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5. Valid Quantified Substitutions

(+)
VB
hole
(+).(+) = (+)
(+)
B B

()5 =))|H-(H =)

The varity propagation rules for equation formation follow a structure similar to those for type contexts.
We write (E[_], Equation) to denote an equation context with a hole that has varity v. Note that, the
outer varity of all equations is always +, therefore there is no need to track the outer varity of an equation.
Figure 5.2.13 presents the rules for constructing equation contexts that track varity. The equationyaity
rule is the base case where the context is just a hole. The conjunctiony,,ity rule adds another equation
using a comma. The existentialSy,yiry and forallsy,iry rules wrap the context with 3 or V, respectively.
The rsubsumptionyasity rule builds a subsumption relation with the hole in a contravariant position.

The Isubsumptionyasity rule builds a subsumption relation with the hole in a covariant position.
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equation

(EH — ]]V eqn) ConjunC'[iOI’l
(Equ, E[_]» eqn)
E
(Eg( [[E—[[]]V]] eq:()ln) eXiStentiaISvarity
dA. — v
E
(E[_]v eqn) forallsyarity

(YX.E[_]v eqn)

(S[_]» + type) T type

rsubsumption,, ;
(S[[ — ﬂ(—.y) <T eqgn) p varity
(S[_]o + type) T type Isubsumption,, ;.
(T 2 S[[ — ﬂv eqn)

Figure 5.2.13. Varity propagation rules (equation formations)

Example 5.2.14. Consider the equation:

C[VB.B] = (VA.A) — (VB.B) < (YC.C) — (YD.D)

where VB. B is in a hole, then applying the varity rules gives the following derivation:

hole type iy
(-1 + type? type constructor .,
(VA.LA—>[_]+ + type) arity(—) =[-,+] lsub .
subsumption, .,
((VA.A) > [_]- 2 (¥C.C) - (VD.D) eqn)

The corresponding syntax tree shown below illustrates the varity of the hole:

(VA.A) - [_]- 2 (¥VC.C) — (VD.D)
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VA

(+)

A C D
(+) =)&)

The varity of the hole can determine how to pull out a universal quantification inside types, as discussed

hole

in Proposition 5.2.15. The following two-way rule is used in its proof.

W < F(S1,...,5)
An,..., T, W =F(Ty,...,Ty),W 2 E(S1,...,Sn)

cong
which means a type constructor can only match another type with the same constructor.

Proposition 5.2.15. Universal quantifications nested in the subsumption relation can be pulled out, as

follows:
_ (W 2 W'[VA.S]+) eqn . (W[VA.S]- = W’) eqn
O AW WS, e W AW W) e
(W[VA.S]+ 2 W’) eqn (W 2 W'[VA.S]-) eqn
(iii) (iv)
JA. (W[S]+ 2 W’) eqn JA.(W 2 W'[S]-) eqn

Proof. The proofis by a mutual structural induction:

(i) We proceed by structural induction on the type context W’, which is formed using the rules in

Figure 5.2.11.
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hole type: In this case, the context is simply a hole:
(W'[VA.S]+ type) =VA.S

Therefore, we need to prove:
((W 2 VA.S) eqn)
(YA.(W <X S) eqn)

which holds based on the gen rule defined in Definition 4.1.5 and serves as the base case of

the structural induction.

universal type: In this case, the context consists of a universal type:
(W'[VA.S]+ type) = (VY.C[VA.S]+ type)

Therefore, we need to prove:

W X VY.C[VA.S]+
VAW 2 VY.C[S]+)
which is proved by the following derivation:
(W 2 VY.C[VA.S]+ eqn)

(VY (W < C[VA.S],) eqn)

(VY (YA(W = C[S]+) eqn)

(VA(YY (W < C[S]L)) eqn) ~ e

(YA(W 2 VY.C[S]+) eqn) .

type constructor: In this case, the context consists of a type constructor:

en

induction hypothesis (i)

(W'[VA.S]+ type) = (F(Si,...,C[VA.S]4, ..., Sp)type)

Therefore, we need to prove:
(W 2 F(Sy,...,C[VAS]+,...,Sn) eqn)
(YA(WW =2 F(S1,...,C[S]+,---,Sn)) eqn)

which is proved by the following derivation:

cons<

substitution

cons

induction hypothesis (i)

V-rescope

(3T, Ty W = F(T1, ..., Tu)), (YA(TT Zup Str-e o 7 S0 CISTreees Tn Zup Su) eqn)  arity(F) = (01, 4y, U]

cons

(3T, Ty W = F(Ti, .., T0)), YA(F(Ty, -, Tiy ey Tn) 2 (St C[STar -+, Sn))  eqn)
YA(QTy, Ty W = F(Ti, ..., T0)), (F(Tiy vy T s Tn) 2 F(S1, 0, C[ST4r- -2, Sn)) eqn))

V-distr

resubstitute

YA((3T, . Tu.W = F(Ti, ..., Ty)), (W 2 F(S1,...,C[S]+,...,S0)) eqn))

ns<

(YA(W 2 F(Sy,..., C[S]+)---» Sn)) eqn)
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(ii) We proceed by structural induction on the type context W, which is formed using the rules in

Figure 5.2.11. This is a mutual case with (i), and the base case comes from (i).
hole type: This case does not arise because the type VA. S, appearing on the left of a subsumption,
cannot have negative variance.

universal type: In this case, the context consists of a universal type:
(W[VA.S]- type) = (VY.C[VA.S]- type)

Therefore, we need to prove:

(VY.C[VA.S]- = W’ eqn)
(YVA(VY.C[S]- 2 W’) eqn)

which is proved by the following derivation:

((VY.C[VA.S])- = W’ eqn)
(VY (C[VA.S]-) = W’ eqn)
(VY (VA(C[S[D) 2 W) eqn)
Y-commute
(YA(YY(C[S]- = W’)) eqn) . .
induction hypothesis (ii)
(YA(VY.C[S]- 2 W’) eqn)

type constructor: In this case, the context consists of a type constructor:

induction hypothesis (ii)

induction hypothesis (ii)

(W[VA.S]- type) = (F(Sy,...,C[VAS]-,...,S,) type)

Therefore, we need to prove:

F(S1,...,C[VA.S]-,...,Sp) = W’
VA(F(S1,...,C[S]=,...,Sp) = W)

which is proved by the following derivation (assuming W’ = F(Ti,..., T,), otherwise the

entire subsumption is invalid. This corresponds to using the consz.):

W’ =F(Ti,...,Tp), (F(S1,...,C[VAS]_,...,Sp) < W’ eqn)
W’ =F(1L,..., Tn), (F(Sy,..., C[VA.S]-,..., Sn) 2 F(T,..., Tiy..os T,) eqn) arity(F) = [y - vn]

..........

W’ =F(L,..., Tn), (S1 2y, Tyt T; 2y; C[VAS]4, ..., Sn 2, Tn  eqn)

substitution

cons

induction hypothesis (i)

V-rescope
W’ =F(T,..., Tn), (YA(S1 24y T, ., T; Zv; C[S]+ .-, Sp 2, Tn) eqn) arity(F) = [v1,..., — e v,
cons
W’ =F(1L,..., Tn), (YA(F(S1, ..., C[S]-,---, Sn) 2 F(1,..., T ..., T,)) eqn)
resubstitute
W’ =F(Ty,..., Tn), (YA(F(Sy, .-, C[s]-, ..., Sn) = W) eqn)
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(iii) We proceed by structural induction on the type context W, which is formed using the rules in

Figure 5.2.11.

hole type: In this case, the context is simply a hole:

(W[VA.S]; type) = VA.S

Therefore, we need to prove:

((VA.S = W’) eqn)
(FA(S W) eqn)

which holds based on the spec rule defined in Definition 4.1.5 and serves as the base case of

the structural induction.

universal type: In this case, the context consists of a universal type.
(W[VA.S]+ type) = (VY.C[VA.S]+ type)

Therefore, we need to prove:

(VY.C[VA.S]+ 2 W’ eqn)
(FAVY.C[S]+ 2 W’) eqn)

which is proved by the following derivation:

((VY.C[VA.S])+ = W’ eqn)
(FY(C[VA.S]4) =W’ eqn)
(Y (JA(C[S]+) = W’) eqn)
(FAFY(C[S]+ = W’)) eqn)
(FA(VY.C[S]+ 2 W’) eqn)

induction hypothesis (iii)

J-commute

type constructor: In this case, the context consists of a type constructor:

(W[VA.S], type) = (F(Sy,...,C[VAS],...,Sn) type)

Therefore, we need to prove:

F(Sy,...,C[VAS]4,...,Sp) 2 W’
EA(F(SI, ey C[[S]]+, ey Sn) j W,)

which is proved by the following derivation (assuming W’ = F(Tj, ..., T,), otherwise the

entire subsumption is invalid. This corresponds to using the cons.):
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W' =F(Ti,...,Ty), (E(Sy,...,C[VAS]+,...,Sn) < W' eqn)
W’ =F(TL,..., Tw), (F(S1,.-., C[VAS]+, ..., Sn) 2 F(Th,..., Tiy...s T,) eqn) arity(F) = [vy,..., +eens vn]
W’ =F(Ty,..., Tp), (S1 2y, Th,..-s CIVAS]s =y, T, ..., Sp 2, Tn  eqn)
W' =F(Ty, ..., Tn), (Ti =, S1,---, BAC[ST+ Zu; T:), - Tu Zop Su€qn)
W’ =F(Ty,..., Tn), (3A(S1 24y T, ... CIS]+ 2v; T, ..., Sp 2, Tn) eqn) arity(F) = [v1,..., +. v,

substitution

cons

induction hypothesis (iii)

V-rescope

cons

resubstitute

(iv) We proceed by structural induction on the type context W’, which is formed using the rules in

Figure 5.2.11. This is a mutual case with (iii), and the base case comes from (iii).
hole type: This case does not arise because the type VA. S, appearing on the right of a subsump-
tion, cannot have negative variance.

universal type: In this case, the context consists of a universal type:
(W’'[VA.S]- type) = (VY.C[VA.S]- type)

Therefore, we need to prove:

W < YY.C[VA.S]_
JAW = VY.C[S]-)

which is proved by the following derivation:

(W X VY.C[VA.S]- eqn)
(Y (W < C[VA.S]-) eqn)
3V (@AW = C[s].) eqn)
(BA@Y (W = C[S]) eqn)
(FA(W 2 VY.C[S]-) eqn)

type constructor: In this case, the context consists of a type constructor:

induction hypothesis (iv)

induction hypothesis (iv)

3J-commute

induction hypothesis (iv)

(W'[VA.S]-  type) = (F(Sy,...,C[VAS]-,...,S,) type)

Therefore, we need to prove:

(W < F(Sy,...,C[VAS]_,...,Sn) eqn)
(FA(W X F(Sy,...,C[S]-,...,Sn)) eqn)

which is proved by the following derivation (assuming W = F(Ty,..., T,), otherwise the

entire subsumption is invalid. This corresponds to using the cons.):
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W=F(T,...,T), (W < F(S1,...,C[VAS]_,...,Sp) eqn)
W=F(,...,Ty), (F(T,...,Ti,...,Tn) X F(S1,...,C[VAS]-,...,Sn) eqn) arity(F)=[vi,...,+...,Un]
W =F(T,..., Tn), (T 2 S1,..., C[[VA.S]]+ 2y T ..., Th 20, Sn eqn)

substitution

cons

induction hypothesis (iii)
W =F(Ty,...,Ty), (Ty 2, S1,-.., 3A(C[SI+ Zu; Ti), -+, T v, Su eqn)

3-rescope
W =F(TL,..., Tp), (3A(Ty 2v, S1,---, C[S]+ =u; Tiy oo, Tn S0, Sn)  eqn)  arity(F) = [vy,...,—, ..., vn]
cons
W =F(Ty,...,T), GA(F(Ti, ..., Ty, .., Tn) 2 F(S1,...,C[S]-,...,Su)) eqn)
resubstitute
W=F(N,...,Ty), (AW 2 F(S1,...,C[S]-,.-.,Sn)) eqn)
O

5.3 Quantified Substitution

When substituting types, non-quantified substitutions, replaces the variable directly:

X—-X [D/X] = D—-D

However, when substituting with a universally quantified type, bound variable names can be a-renamed,
and it is convenient to arrange that they remain distinct in each position where they appear. For example,
consider:

X—>X [VAA->A/X] = (VAg. Ay — Ay) — (VAL A — A))

In the above, the bound variable A in each Y-quantified type is renamed (to Ay and A;) to ensure correct
bindings and to avoid name clashes. One systematic way to achieve such a-renaming, in quantified
substitution, is to assign indices from left to right to the occurrences of the substituted variable, and to
reindex the bound variables by this index.

First, we define how to rename quantified variables in a type using an index:
Definition 5.3.1. (7”);: For a type term T”, the indexed version (T"’); is defined inductively as follows:

1. If T’ is a type variable X, then

(X)i =X.
2. If T’ is of the form F(Ty, ..., Ty), then
(F(Th, ..., Ty); = F((T)i, ..., (Tn)i).

3. If T’ is of the form VX.S, then

(VX.S), = VXi.(S[Xi/X]) .
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Next, we define how to traverse a type from left to right, applying indices systematically to all quantified

variables using definition 5.3.1.

Definition 5.3.2. Quantified substitution for types: Let T and T’ be type terms, and let A be a type
variable. The quantified substitution T'[; T’ /A];.4,(r) replaces each occurrence of the variable Ain T
with the type term T”. To track the position of substitution in the term, we subscript the left bracket

with i and the right bracket with i + #4(T), where #4(T) denotes the number of occurrences of Ain T.
1. If T is a variable:
a) If X # A, then the substitution does not affect X:
X[iT'/A]; = X.

b) If X = A, then the substitution replaces A with T” and shifts the index of the right bracket by

one:

AT [Alin = (T');.
2. If T is of the form F(Tj, ..., T,), then the substitution proceeds component-wise. Let
p-1
ip=i+ ) #a(Ty),
g=1
forl1 <p <n.Letj=i+#4(F(Ty,...,T;)). Then we have:
F(Th,....T)iT"/Alj = F(To T [ Alivetactiys - - o Tnlin T Alipeta (1)) -
3. If T is of the form VX .S:
a) If X # A, then the substitution does not affect the quantifier variable:
(VX.S)[;T'/A)j = VX.(S[;T’/A];).
b) If X = A, then substitution does not affect the term because A is bound:
(VA.S)[;T"/A]; = VA.S.

Next, we define how to traverse an equatin from left to right, applying indices systematically to all

quantified variables using definition 5.3.1.
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Definition 5.3.3. Quantified substitution for equations: Let Equ be equation and T’ be a type,
respectively, and let A be a type variable. The higher-order substitution Equ[;T"/A] 44, (Equ) replaces
each occurrence of the variable A in Equ with the type term T’. As with types, we track the substitution’s

position using the subscripts i and i + #4(Equ).
1. If Equis a conjunction Equ,;, Equ,:
(Equy, Equ,) [iT’/Al; = (Equ, [;T"/Alk, Equ,[xT"/Al}),
where k =i +#4(Equ,), j=i+#a(Equ,)+#a(Equ,).
2. IfEqu s of the form VX.Equ’:
a) If X # A, then substitution proceeds under the quantifier:
(YX.Equ')[;T"/Al; = YX.(Equ'[;T"/A];),

where j = i + #4(Equ’).

b) If X = A, then substitution stops because A is bound:
(YA.Equ')[;T"/A]; = YA.Equ'.
3. If Equ is of the form 3X.Equ’, the rules are the same as for YX.Equ’:

a) If X # A:
(3X.Equ')[;T'/A]; = 3X.(Equ'[;T'/Al;), j=1i+#a(Equ’).

b) IfX = A:
(FAEqu')[;T’/A]; = 3A.Equ’.

4. If Equis of the form T = S (equality):
(T =S)[;T'/A]l; = (T[;T'/Alx = S[kT'/Al}),
where k = i + #4(T), j = i+#a(T) + #4(S).
5. If Equ is of the form T' X S (subsumption):
(T 2 S)[iT'JAl; = (TLT' /Al 2 S[xT'/Al}),
where k = i +#4(T), j=i+#a(T)+#a(S).
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Example 5.3.4. Quantified substitution examples

(1) Consider the type, T = VA.(A — B), and the substitution, T'[¢C/A]+#,(r), where C is fresh type
variable. We compute, #4(YA.(A — B)) = #4(A — B) = #4(A) + #4(B) = 1 + 0 = 1, therefore,
#4(T) = 1 and the substitutionis T'[(C/A];. Since T is of the form YA.S and X = A, the substitution

stops because A is bound:

(VA.(A — B))[oC/A]o = YA.(A — B).

(2) Next, consider the type, T = VX.(A — X), and the substitution, T'[(C/A]g#,(r). In this case,
#4(VX.(A > X)) = #4(A — X) = 1+ 0 = 1, therefore the quantified substitution is T[(C/A];.
Since X # A, substitution proceeds under the quantifier: (VX.(A — X))[(C/A]; = VX.((A —
X)[0C/A] ), and for the inner type A — X [oC/A], asitisatype constructor, on domain: A[(C/A]; =

(C)p = C and on the codomain X[;C/A]; = X .Thus,

(VX.(A = X))[oC/A]; = VX.(C — X).

5.3.1 Candidate solution

To give a solution for a set of equations, one must provide a list of non-circular quantified substitutions,

which will then be verified for correctness. Consider the equation:
(VA.A —> A) 2 (VB.B— B) — (YC.C —> C).
A candidate solution could be:
[VD.D — D/A, Dy/B, C/Di],

We apply the substitution list one by one using the following two inference rules:

Cy[3X.E] eqn v kype T’
GELT'/X];] ean

3-Elim

Cy[VAT] eqn v kype T’
GT[:T’/Al;]  eqn

V-Elim

Figure 5.3.5. Elimination rules by substitution into quantified equations - proof search direction
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Each substitution in the list is applied using one of these rules, depending on whether we are eliminating
an existential variable or instantiating a universal quantifier. These rules ensure that the type being
substituted is visible at the hole where the substitution occurs. Once all substitutions have been applied,

the resulting equation can be checked for correctness.
Example 5.3.6. Consider the equation:

(VA.A—> A) 2 (VB.B— B) — (VC.C — C)

and the substitution list:

[VD.D — D/A, Do/B, C/D].

1. First substitution: VD.D — D/A

- We apply the V-Elim rule:

Cy[VA. (A — A)] < (VB.B — B) = (VC.C — C) v Fyype ¥D.D — D
Cy[(A — A)[o(VYD.D — D)/A]2] 2 (VB.B — B) — (VC.C — C)

V-Elim

- Compute the substitution:

A — A[o(VD.D — D)/A], = (VD.D — D)y — (VD.D — D),

- using the definition for (T'); as defined in Definition 5.3.1:

= (VD()DO - DO) i (VDlDl — Dl)

- Resulting equation:

2. Second substitution: Dy/B

- Apply the V-Elim rule:

(VDy. Dy — Dy) — (¥Dy1. Dy — Dy) < G,[VB. (B — B)] = (VC.C — C) v Fype Do

(VDy. Dy — Dy) — (YDy.D; — Dy) = C,[(B — B)[oDo/B]2] — (YC.C — C) V-Elim
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- Compute the substitution:

(B — B)loDo/Bl1 = Dy — Dy
- Resulting equation:

(VD().D() — Do) — (VDl.Dl — Dl) =< (Do — D()) — (VCC — C)

3. Third substitution: C/D,

- Apply the V-Elim rule:

(VDy. Dy — Dy) — CU[[VDl. (D — Dl)]] <X (Dyg —» Dy) — (VC.C > C) v Feype C
(VDy. Dy — Dy) — C,[(D1 — D1)[oC/D1]2] 2 (Dy — Dy) — (YVC.C — C)

Y-Elim

- Compute the substitution:

(D1 = Dy)[oC/D1]: =C = C
- Final equation:

(VDo. Dy — Dg) — (C — C) 2 (Dg — Do) — (YVC.C — C)

In the absence of quantifications, a non-circular substitution list can be transformed into a parallel
substitution by replacing each substitution term with all later substitutions (see Section 2.4) [21].

However, if a list of substitutions contains quantified substitutions, a substitution may introduce new
universally quantified variables, and these new variables might be used in a later substitution. Therefore,

the order of the substitutions matter and in general they cannot be reduced to a parallel substitution.

5.3.2 Valid solution

To verify that a candidate solution is valid, we ensure that the equation obtained after applying the

substitution list can be verified using the rules in Figure 5.3.7. The rules are explained in detail below.

V-Elim,: Eliminates a universal quantifier appearing in a positive (covariant) position by introduc-
ing it into the scope of the judgment using VA, thus making the variable A available for future

instantiation within the subsumption. (see Proposition 5.2.15)
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match.: Reduces a subsumption between two constructed types according to the variance specified

by the constructor’s arity, to subsumptions between the arguments.
Elim.: Recognizesthatavariable is trivially equal to itself and leaves the rest of the equation unchanged.

V-Elim, 3-Elim: Eliminate quantifiers when their bound variables do not occur free in the body of the

equation.
E[VA.S]+ equ v-Elim,
VA.(E[ST, equ)
arity(F) = {vy,...,vn}, F(Ty,...,Ty) 2 F(T{,...,T))
, , match«
L=y T, T 20, Ty
VAE A¢ftv(E JAE Ag¢fv(E
AijEA’ E Elims — E¢ (E) V-Elim = EGE () 3-Elim

Figure 5.3.7. Verifying solution rules - proof search direction

Example 5.3.8. In Example 5.3.6, we applied the following substitution list:
[VD.D — D/A, Dy/B, C/D].

on the equation:

(VA.A — A) < (VB.B — B) — (VC.C — C)

which resulted in:
(VDy. Dy — Dy) — (C — C) 2 (Dg — Dy) — (VC.C — C)

Now we want to verify this equation using the rules defined in Figure 5.3.7:

(VDy. Dy — Dy) — (C — C) 2 (Dyg — Dy) — (YVC.C — C)

matchy
D() — D() =< VD() DO — D() V-Elim, C->CVC.C—-C V-Elim,
VDy. Dy — Dy X Dy — Dy — vC.C—->C=<2C—>C
— match match<
YDy. Dy < Dy - YC.C <C )
= " FElimg ———— Elimg
VDy. = YC.
= V-Elim ——— Y-Elim

Therefore, this substitution list is valid and can be verified based on the rules in Figure 5.3.7.
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5.4 From valid solutions to system S derivations

We want to prove that the solutions obtained for the generated equations of a term can be used to

construct a derivation in the type-checking rules of System S.

Theorem 5.4.1. If the generated type equations for a closed term ¢ has a solution o, then ¢ can be typed

insystemSasT[ag] Ft:Q[o].

Proof. To verify that Theorem 5.4.1 holds for every rule, we perform structural induction over the
generating equation system rules given in Figure 4.2.2.
At each step, the generating equations rules are placed in parallel with the system S type checking rules:

I'rg: Ql<E1> F'r1: Q2<E2>
I'+t:Q(E)

generating equation rule

[lolrn:Q1[o] Tlo]l+rn:Q o]
T[o]rf:0 [o]

system S

We assume that F;[o] and E;[o] are valid, and that there is a valid proof of T [o] + #; : Q; [o] and
I [o] F £ : Q2 [o] in the type-checking rules of System S. We then need to show that if E[ o] holds, this

substitution justifies a valid use of the corresponding rule in the type-checking rules of System S for

I'[o]+t:Q [o].

var: If the equation (A < Q)[ o] holds, then we must show that the following application of the T-Var

rule is valid:(see Definition 5.3.1)

y:Ary:Q (AjQ)Var (A2 Q)[o]
y:Alo]lry:Qlo]

system S

T-Var
generating equation rule

(A 2 Q)[ o] holds, therefore T-Var is valid, and the base case holds.

annotation: By assumption E;[o] holds, andT [o] F ¢ : A [o] is valid in system S. We need to show
that if the equation (3B.B = Q, A = Q, E;1)[ o] holds, then the following application of the T-Annot

rule is valid:
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I'+t:B (Ey)
annotation I'[o]+1:A 0]
F'r(t:A) :Q (IB.B=Q,A=Q,E) [ o]F (t=A) :Q o] T-Annot
generating equation rule system S

In order for o to solve the equation (3B.B = Q,A = Q, E;), it must contain the substitution

A/Q, A/B. This ensures that the corresponding rule in System S takes the form

I'ret:A

F'r(t:A):A T-Annot

and therefore this case holds.

abs: By assumption E;[o] holds, and x : A,Tg[c] + ¢ : B[o] is valid in system S. We need to show that
if the equation (dA, B.Q = A — B, E}) [o] holds, then the following application of the T-Abs rule

is valid:

x:ATgrt:B(E)

. — abs x:ATg[o]rt:B[0o]
'rAxt:Q (3A B.Q=A—> B,Ep) TrAxt: Qo] T-Abs
generating equation rule system S

In order for o to solve the equation Q = A — B, it must contain the substitution (A — B/Q). This
ensures that the corresponding rule in System S takes the form

x:Alo],Tz+t:Blo]
'+ Ax.t : Alo] — B[o]

T-Abs

and therefore this case holds.

app: By assumption E;[o], Ez[o] hold, andT4[o] + ¢ : A[o],Tg[o] + u : B[o] are valid in system S.
We need to show that if the equation (34, B.A = B — Q, Ej, E»)[ o] holds, then the following

application of the T-App rule is valid:

IF'rt:A(E)) Tru:B(E)
F'rtu:Q <§A,B.A=B—>Q,E1,E2>

app I'[oy|+t:Aloy] Tlo2]+u: Blos]
I'[ oy, 01, 02] +t u : Q[ oy, 01, 03]

T-App

generating equation rule system S
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For o to solve the equation A = B — Q, we require o to contain (B’ — Q’/A, B’/B,Q’/Q). This
guarantees that the corresponding rule in System S is

IF'rt: (B > Q)|[o] Tru:B|o]
F'rtu:Q’'[o]

T-App

and thus the case holds.

let: The expression let x = u in t is equivalent to (Ax. ¢) u. Since the cases for abstraction and applica-

tion have already been established, this case follows directly.

Example 5.4.2. We consider the term discussed in Example 4.3.2:

id : VX.X — X + (id True, id ‘AY)
The equations collected for this term, as described in Example 4.3.2, are as follows:

(31.1=0,
(32,3.1=(2,3),
(34,5.4=5—>2, (VXs. X4 > X4 =4, Bool <5),

(36,7.6=7—>3, (VXs. X > X6 <6, Char < 7)

)

We assume that every universally quantified type in I" is renamed with an index determined by its
corresponding principal variable, which is unique at each step of the inference. This ensures consistent
handling of quantifiers throughout the inference process and takes care of the a-renaming step prior to
the solving equation stage.

a valid substitution list which can be verified for this is:
[5—2/4,7 — 3/6,(2,3)/1,Bool/5, Char/7, Bool/ X, Char/Xg, Bool/2, Char/3, (Bool,Char)/0]

We want to show that this substitution list if applied to the principle types at each step give a valid

derivation in system S :
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UOTJBALIDP § UIAISAS

(reyD ‘1009) : (L, Pt ‘OniL pr) + 0x « 0x"Ox A : pI

(reyD ‘1009) : (v, Pt ‘OniL pr) 4 Ix « X" Ty A : pr

ordm
TeyD :,V, Pl - €X « EX"EXA 1 PI [00g : 9NIL PI 4 2Y « X "TYA : Pl
dde dde
IeyD :,V, 4 &X « LX'LXA 1 Pl TeyD « IeyD : pId 9x « I 9IXA : pI [00g : dniy, 4 SX « SY"SXA : pI [00g « [00g : pI 4 ¥X « VX"¥X A : pI
JTeA — IeA IeA — IeA —
TeyDd > Ieyp ;YD « YD &= 9Y « Y IYA [oog > [oog [00g « [00g = VX « VX'VYX A

suonenbs unerouad

(0 ¥ T'TE)
0:(,v, pr ‘oniy, p1) - 0y « 0x"0xA : pI

((€2) =T'€CE)
1: (v, pt oniy p1) 4 Iy « Ix"IxA : pr

ordmy
(€~ L=9L9E) (T~ S=¥SYE)
€1V, Pl EX « EXEXA 1 PI C 1 ONIL PIH 2Y « X 'TYA 1Pl
dde dde
(reyp =2) (9 ¥ 9 « 9Y'IXA) (¢ = [009) (¥ = VX <« WX'VXA)
LV, A — &XIXA DT 9:PrH9X « 9IX9YA 1 pI G 1 onIL 4 SY « SX"SXA Pl ¥ ipr4¥X « VXVYA Pl
JTeA JIeA JTeA IeA
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5.5 Summary

In this chapter, we proved that a valid list of substitutions for the equations generated by a term yields a
type for which there exists a valid judgement in the System S. This establishes a key connection between
the process of generating equations and System S: any valid substitution that satisfies the equations

generated for a term, using the verifying rules defined in Figure 5.3.2, yields a derivation in system S.
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Chapter 6

Type Inference

Given a set of generated equations from a term, we are looking for a type inference algorithm that
uses the equations to generate a valid solution and thus a type of the term. The chapter, begins by
introducing a small-step type inference system and proving that it is type inference sound, meaning
that the solution to each simplified equation at any step also serves as a solution to the corresponding
original equation prior to simplification. Furthermore, we prove that the small-step system, when it
produces a solution, produces a valid one.

Building on the structure of the small-step system, we define a big-step type inference system, in which
several small-step rules are applied in sequence. In order to show the relation to the Hindley—Milner
system, we introduce a big-step system restricted to handling equalities, using the big-step type inference
system.

Since the big-step system is derived from the small-step system, its type inference soundness follows
immediately. The rules presented in the big-step inference are non-deterministic, therefore we define a
deterministic algorithm for the type inference. Finally, as a sanity check, we prove that the type inference
algorithm we present is capable of typing all terms that can be typed by CaMPLs type inference algorithm,

which is equivalent to Hindley-Milner type system.

6.1 Small-step type inference system

The rules in Figure 6.1.2 define the small-step system for reasoning about type inequalities. In this system,

each rule application constitutes a single small step. For example, at each step only one occurrence of a
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type variable X is replaced, rather than all occurrences at once. Each step is annotated with a list of
universal quantifiers, Q, recording the variables that cannot be substituted, and a solution [¢], given as
a list of substitutions, which is gradually accumulated as the rules are applied and, if the proof succeeds,

can be used to solve the corresponding equation. In the following, these rules are explained in detail.

V-Elim,: This rule refers to the rules for verifying solutions defined in Figure 5.3.7. It applies when
a universal quantifier appears in a positive quantification. It removes the quantifier VA.S and
continues the subsumption using the body S. To ensure that the quantified variable A remains fixed
(i.e., cannot be instantiated), the entire subsumption is placed under the scope of an underlined

quantifier VA, and A is added to the universal types.

C[VA.S];. eqn (A Q.o)

VA.(C[S]+ eqn) (Q.o) V-Elim,

Y-Elim_: This rule applies when a universal quantifier appears in a negative quantification. It removes
the quantifier VA.S and proceeds with the body S in the subsumption. To allow the variable A
to be instantiated during this process, the entire subsumption is placed under the scope of an
existential quantifier JA. The context E’ indicates that we might use quantified variables outside
the inner context C with which to instantiate A.

(E'[C[VA.S]-] eqn) (Q.o) .

(E'[3A.C[S]-] eqn) (Q.0) V-Elim

3-Elim_,: This rule applies when a variable X appears in a positive (covariant) quantification within a
larger equation E, and we know that T < X. In this case, we replace the positive occurrence of X

in E with T, yielding the new equation E[T].

(CI3X.(T 2 X, E[X])] eqn) (Q.0)
(CEXAT 2 X,E[T[)] eqn) (Q.0)

E-Elim5+

3-Elim__: This rule applies when a variable X appears in a negative (contravariant) quantification
within a larger equation E, and we know that X < T. In this case, we replace the negative

occurrences of X in E with T, yielding the new equation E[T]_.
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(C[2X.(X = T,E[X]-)] eqn) (Q.o) 3.Elim
(C[3X.(X X T,E[T].)] eqn) {(Q.o) — ==

3-Elim__: This rule applies when a variable X appears in a positive (covariant) position inside a larger

equation E, and we already have X < T. Thenwe alsoadd T < X toforce X = T.

(C[3X.(X = T,E[X]+)] eqn) (Q.o) 2-Elim
(C[3X.(T = X,X <T,E[T]:)] eqn) (Q.o) ~ =

3-Elim._: : This rule applies when a variable X appears in a negative (contravariant) position inside a

larger equation E, and we already have T' < X. Then we also add X < T to force X =T.

(C[2X (T 2 X,E[X]-)] eqn) (Q.o) 3.Elim
(C[3X(T X X,X X T,E[T].)] eqn) (Q.o)= =
match<: Thisrule handles subsumption between two type expressions of the form F(Tj, ..., T,;), where
F is a type constructor of arity n. The rule applies if both types have the same outer constructor
F, and when the arity of F is [vy, ..., V5], where each v; € {+, —}, subsumption is then checked

componentwise, taking the variance into account:
Ti 2y, Tf

Here, <, denotes standard subsumption 7; =< Tl.’, and <_ denotes contravariant subsumption
T/ < T;. This ensures that the overall subsumption respects the variance declared for each

parameter position of F.

arity(F) = [vy,...,vy] (C[F(T,...,T,) 2 F(T},...,T,)] eqn) (Q.o)
(C[h 2y, T/,..., Ty 20, )] eqn) (Q.0)

matchx

If the main subsumption (i.e., F(Ty, ..., T,) 2 F(T},...,T,)) is bounded with quantifiers like V
or 3, and the variable introduced by the quantifier does not appear in some of the decomposed
subsumption (i.e., T; =<, T/), then the quantifier only needs to apply to the parts where the

variable actually occurs.

However, it is important that if the bound variable appears in more than one decomposed sub-

sumption, then the quantifier must be applied to all of those relations together.
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Example 6.1.1. This example shows that a bound variable must be quantified over all subsump-

tions where it appears. We apply match to the equation

(VX.B < X), A<C,

as follows:
arity(F) = [-,+] (¥X.X 5A<B—C) X¢AB,C

(VX.B<X,A=<C)
(VYXB=<X),A<C

match«

Y-rescope

TheninVX. (B < X, A < C), as X does not occur in A, B, or C, the quantifier V¥ can be applied
onlyon B =X X, so we get

(VX.B<X), A<C

3-Elim., : This rule says thatifwe have T < X and X < T’, and X ¢ fv(E), then we can conclude

T<T.

(C[3X. (T <X, X <T', E)] eqn) X ¢fv(E) (Q.I/X,0)
(C[T 2 T',E)] eqn) (Q.o)

Q—Elimﬁ -
In this rule, the induced substitution [T /X] is added to the list of substitutions that form the
solution.

Elim.: A type always subsumes itself. This rule removes the trivial constraint A < A, as it is always

valid. The rest of the constraint set E remains unchanged.

(C[AZ A E] eqn) (Q.o) Elim
(C[E] eqn) (Q.o) =

3-Elim, : : If X only appears on the right side of T < X and not in E, we can remove X.

(C[3X.(T 2 X,E)] eqn) X ¢fv(E) (Q.T/X,0)
(C[E] eqn) (Q.o)

Q-Elimt

In this rule, the induced substitution [T /X] is added to the list of substitutions that form the

solution.
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3J-Elim: : If X only appears on the left side of X < T and notin E, we can remove X.

(C[3X.(X 2 T,E)] eqn) X ¢fv(E) (Q.T/X,0)
(C[E] eqn) (Q.0)

3-Elim

In this rule, the induced substitution [T /X] is added to the list of substitutions that form the

solution.

V-Elim, 3-Elim : If a quantified variable does not occur free in an equation, then the quantifier can be

removed.

C[VA.S]+ eqn (A,Q.U)VEhm
+

(E’[C[VA.S]-] eqn) (Q.o) .
VA.(C[S]+ eqn) (Q.0) ~ V-Elim

(E'[2AC[S]-] ean) (Q.o) —

(C[32X (T = X,E[X]+)] eqn) (Q.o) 3-Elim.

(C[2X.(X = T,E[X]-)] eqn) (Q.o) 3.Elim
(CIEXT 2 X, E[T])] eqn) (@) = -

(C[3X.(X < T,E[T].)] eqn) (Q.c) = <

(C[3X.(X = T,E[X]+)] eqn) (Q.o) 2-Elim
(C[3X.(T £ X,X < T,E[T],)] eqn) (Q.0) = =
(C[3X (T = X,E[X]-)] eqn) (Q.o)
(C[3X(T = X,X X T,E[T]-)] eqn) (Q.o)

i'Elimj_

arity(F) = [vy,...,vy] (C[F(T,...,T,) X F(T},...,T,)] eqn) (Q.o)

C[h =2, T,...., Ty 2, T,] eqn) (Q.0) matchs
(CIEX(T=X, XT", E)] eqn) X¢W(E) @QT/X,0) .
(C[T =T, E] eqn) (Q.0) -
CIEXT=X,E)] eqn) X¢fv(E) QT/X,0) .
(C[E] eqn) (Q.o) B -
(CIEX.(X T, E)] ean) X¢fv(E) (QT/X,0) .
(CIE] eqn) (Q.0) =0
(CI[AZ A E] eqn) (Q.o) _.
CIE] ean) @a)
A¢fv(E) CIVAE] Qo) ..~ Aéfv(E) C[3AE] (Qo) _ .
CIE] (Q.0) - CIE] (Q.0) B

Figure 6.1.2. Small-step inference rules - proof search direction

Definition 6.1.3. Type inference soundness. A general rule in a type inference system looks like:
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E (Q.T/X, o)
E' (Q.0)

A type inference system is type inference sound if it can be proved that, for every rule, whenever o
can solve the antecedent, [T /X, o] can solve the conclusion of the rule (as we are in the proof search

direction, the antecedent is at the bottom and the conclusion is at the top of each rule).
Theorem 6.1.4. The small-step inference system is type inference sound.

Proof. We must prove that, for every rule, a solution to the antecedent of that rule is also a solution to

the conclusion of that rule:

V-Elim,: In the following inference rule:

CIVAS], eqn (AQo) . .
YA(C[[S]]+ eqn) <Q0’> Y‘Ellm_'_

If there exists a solution ¢ that solves the antecedent of the inference rule, ¢ may include variables
bound by a V quantifier, in particular A. However, in the conclusion, A is assumed to have the

largest possible scope, which ensures that ¢ remains a valid solution for the conclusion as well.

V-Elim_: In the following inference rule:

(E’'[C[VA.S]-] eqn) (Q.o)
(E’'[3A.C[S]-] eqn) (Q.o)

V-Elim_

If there exists a solution ¢ that solves the antecedent of the inference rule, ¢ may include variables
that are available in the outer context E’. However, in the conclusion, these variables are also

available in the context E’, which ensures that o remains a valid solution for the conclusion as

well.

3-Elim,: If there exists a solution o to the antecedent of this inference rule, o is also a solution to the

conclusion:
(C[3X (T 2 X,E[X]+)] eqn) (Q.o) N
(C[3X.(T 2 X,E[T]))] eqn) (Q.o) = =
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In the solution o, the existential variable X is replaced by some type S. Thus, we need to show

that:
T < S, E[[T]]+[iS/X]i+#XE

T 2 S, E[S]+[iS/X]i+#cE

The top results from applying the substitution S for X in the antecedent. The bottom results from
applying the same substitution in the conclusion. Since T < S appears on both sides, it is enough

to show:
T XS, E[T]4[iS/X]isyE

E[S]+[:S/X1isyE

Since the substitution [;S/X];#, £ is the same on both sides, it suffices to show:

T %S, E[T],
E[S].

which is proved in Lemma 6.1.6.

Therefore, if the rest of the substitutions in o solve the antecedent, they will also solve the conclu-

sion, since we are solving E[;S/X ]+, in both cases.

J-Elim__: This rule can be justified using the same reasoning as for the 3-Elim, rule.
(CI3X.(X 2 T,E[X])] ean) (Qo) _ .
(CEX.(X XT,E[T])] ean) (@o) = =

3-Elim ot If there exists a solution o to the antecedent of this inference rule, o is also a solution to the

conclusion:
(CIBX.(X X T,E[X])] eqn) (Qo) ..

(C[3X.(T = X,X <T,E[T].)] eqn) (Q.c) = =

In the solution o, the existential variable X is replaced by some type S. We need to show that:

T 28,8 2T, E[T]+[;S/X]is.r
ST, E[S]+[iS/X)is#yE

The top results from applying the substitution S for X in the antecedent. The bottom results from
applying the same substitution in the conclusion. Since S < T appears on both sides, it is enough

to show:
T XS, E[T]4[iS/X]isxE

E[S]+[iS/Xlis#xE
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Since the substitution [;S/X];.4, £ is the same on both sides, it suffices to show:
T XS, E[T],
E[S]+
which is proved in Lemma 6.1.6.
Therefore, if the rest of the substitutions in o solve the antecedent, they will also solve the conclu-

sion, since we are solving E[;S/X];.#,r in both cases.

J-Elim_: This rule can be justified using the same reasoning as for the 3-Elim__ rule.

(C[3X (T <= X,E[X]-)] eqn) (Q.o)
(C[3X(T = X,X XT,E[T]-)] eqn) (Q.o)

E-Elimi

match.: In the following rule:

arity(F) = [vy,...,vy] (C[F(T,...,T,) 2 F(T},...,T,)] eqn) (Q.o)
Clh =, T/,..., Ty 24, T;] eqn) (Q.0)

matchy

n

If there is a list of substitutions ¢ that solves the antecedent of this rule, then by part 2 of Defini-
tion 5.3.2 (quantified substitution for constructor types), each substitution is applied component-
wise to the arguments of the constructor. Therefore, if a list of substitutions works for the an-

tecedent, it must also work for the arguments of the constructor, which form the conclusion.

..........

Let
p-1 p-1
ip=i+ Z #a(Ty), i)y = i +#4(F(Th, ..., T) + Z #a(T))
q=1 gq=1
the following holds:

arity(F) = [v1,...,vn]l  F(Lh,..., Tn) 2 F(T), ..., T)[iS/Alista(r(,... 1) < F (17, T7))

match«
Tl [lls/A] i1+#4(Th) jl/] Tll [l{S/A] l'{+#A(T1/)» L)

Tulin S/ ALiy 40Ty Svn Tolin STALiz st (1)

3-Elim., : In the following rule:

(C[3X. (T <X, X <T', E)] eqn) X ¢f(E (QT/X,0)
(C[T 2 T",E] eqn) (Q.o)

E-Elimﬁt
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If (T X T’,E) [o] holds, then we need to prove that (T < X, X < T’, E) [T /X, o] also holds.

(T<X,X<T,E)[T/X, o]
(T T, T<T,E) [o]

Then, (T X T’, E) [o] holds by assumption and T < T'[o] trivially holds.

Elim.: In the following rule:
(C[A< A E] eqn) (Q.o) __.

(C[E] eqn) (Q.o) Elim

If a solution o solves the antecedent E, then it also solves the conclusion (A < A, E), since
the added equation A < A is trivially valid for any substitution o. Therefore, o that solves the

antecedent also solves the conclusion.

3J-Elim, : In the following rule:

CIEXT=X,B)] eqn) X¢fv(E) (QT/X,0) .
(C[E] eqn) (Q.0) S

If E [o] holds, then we need to prove that (T < X, E) [T/X, o] also holds.

(T <X, E)[T/X, o]
(T < T,E) o]

Then, E [o] holds by assumption and T < T'[ o] trivially holds.

3J-Elim: In the following rule:

(C[3X.(X X T,E)] eqn) X ¢fv(E) (Q.T/X, o)
(C[E] eqn) (Q.o)

Q'Elimj

If a solution o solves the antecedent E, then the solution [T /X, o] can solve X < T, E, in the

conclusion.

Lemma 6.1.5.
ST (C[]vtype)
(C[S] = CIT]) eqn

Proof. We proceed by structural induction on the context C, which is formed using the rules in Fig-

ure 5.2.11.
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hole type: In this case, the context is simply a hole:

Cl_lv=[-1v
Therefore, we need to prove:
ST
ST

which holds and serves as the base case of the structural induction.
universal type: By the induction hypothesis, we assume that from S < T and (C[_], type),
(C[S] = C[T]) eqn

is derivable.

The universal quantifier VX. is simply added on top of both sides. Since it does not affect the

varity v of the context, the result follows directly from the rule.

ST (C[_], type)
(C[S] = C[T]) eqn
(VX. C[S] 2, VX.C[T]) eqn

induction hypothesis

universal type

Thus, the lemma holds in this case.

type constructor: We need to prove the following derivation is valid.
§2T (C[]vtype)

arity(F) = [v1,...,vn] (C[S] 2, C[T]) eqn
(F(Ty,...,C[S],..., Ty) 2py; F(T4,...,C[T],...,T)) eqn

induction hypothesis

cons-context

Using how the arity of a type constructor affects the subsumption of the arguments and the entire

type:
arity(F) = [v,...,vn] ST T; Type

F(Ty,...,S,...,Ty) =y F(Th,...,T,..., Tp)

match

is derivable. The cons-context rule generalizes match by allowing the types (i.e., S) to appear
inside a type context C[_] that has a variance v. In this case, the variance at the constructor

argument position becomes v - v;, where v; is the variance assigned to that position by the
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constructor’s arity. As a result, v - v; determines how the overall subsumption between the two

type constructors is affected.

arity(F) = [v1,..,val (C[S] 2 C[T]) (T; Type)
(F(T,...,C[S],..., Tn) 2pw, F(Ly,...,C[T],...,Ty)) eqn

cons-context

Therefore, the cons-context can be proved, and the lemma holds in this case.

Thus, in all cases, the lemma holds by structural induction on the context. ]

Lemma 6.1.6. The following holds:
T XS, E[T],

E[S]+
Proof. To prove this, we proceed by structural induction on E using the rules in Figure 5.2.13.

empty equation: The base case is when E is empty, for which

T <, E[T]4
E[S]+

holds trivially.

Isubsumption: Suppose E[T], = (W 2 W’[T].)

T =S (E[T],) eqn
TS (W=2W[T]:) eqn

E[T], := (W 2 W[T],)

lsubsumptionVarity
T<XS (W’[[T]]+) type (W < W/[[T]]+) eqn
(W = W'[T],) W] = W's]) Lemma 6.1.5 (v = +)
= +) eqn = eqn Isubsumption, i,

(W 2 W’[S]+) eqn
(E[ST+) ean

E[S]+ := (W < W’[S]4+)

rsubsumption: Suppose E[T], = (W[T], 2 W)

T<S (E[T],) eqn
TS (W[T]+ = W’)eqn

E[7], = (WT], < W)

rsubsumption,, .,
TS (W[T]-) type (W[T]+=W’)eqn
(W[S] = W[T]) (W[TT: = W) Lemma 6.1.5 (v = —)
I eqn + 2 eqn Isubsumptionvarity

(W[S[. < W) eqn
(E[S]+) eqn

E[S]. = (W[S]. = W)
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conjunction: Suppose E[T], = E"”,E'[T]+

By induction hypothesis we know:
T XS, E'[T]+

E'TS],

holds. Therefore:

T<S (E[T]y) eqn
T =S (E”,E'[T]+) eqn
(7, E'[S].) eqn

(E[S]-) eqn

E[[Tﬂ.'. = E”, E, IIT:[I.'.
induction hypothesis

conjunction

forall: Suppose E[T], =VX.E'[T]+
By induction hypothesis we know:
T =S, E'[T]+
E'[S]+
holds. Therefore:

T<S (E[T])) eqn
T 2SS (VX.E'[T]+) eqn

E[T], = VX.E'[T]4

(VX.E'[S].) eqn f 1ilndu(:tion hypothesis
(E[S]s) eqn ™
existentials: Suppose E[T], = 3X.E'[T]+
By induction hypothesis we know
T <S, E'[l].
E'[S]+

holds. Therefore:

T =S (E[T]+)eqn
T =S (3X.E'[T]+) eqn
(3X.E’[S]+) eqn
(E[S]+) ean

E[T]+ :==3X.E'[T]+
induction hypothesis

existentials

Lemma 6.1.7. The following holds:
T <SS, E[S]-

E[T]-
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This lemma can be proved in the same way as Lemma 6.1.6 is proved.

Theorem 6.1.8. The substitution list obtained from a proof in the small-step inference system is always

valid.

Proof. The small-step inference system contains the verification rules of Figure 5.3.7 with additional
rules that produce substitutions. Thus, the verification of a solution is always performed using the same
rules. This means, if the small-step inference system produces a solution, this solution is valid because

it has been verified using the rules of Figure 5.3.7. ]

Remark 6.1.9. If an inference system is type inference sound, this does not mean that every solution to
the original equations is necessarily a solution to the simplified equations. For example, consider the
following:

IX. (VAA) <X, X 5 X <X >X {
IX. (VA A) <X, X 5 X <X — (VA.A) ()

Q-Elimﬂ

Then, o = [Char/X] will be a solution to the conclusion of the above example, but it is definitely not a

solution to the antecedent. Applying o = [Char/X] to the antecedent:

3X. (VA. A) % Char, Char — Char < Char — (VA.A) ()
(YA.A) < Char, Char < Char, Char < (YA.A) ()

3-Unused

Since Char < (YA. A) does not hold, the solution that works for the conclusion does not work for the

antecedent.

Remark 6.1.10. Note that V-Elim_ converts negatively quantified type variables into existential ones.
While V-Elim, pulls universal quantifiers outward, bringing their positive quantified bound variables
into scope.

In some cases, both types of rules may be applicable. However, applying V-Elim, firstis usually preferable,
as it introduces variables that can be used in the instantiation of existential variables.

IfV-Elim_ are applied before bringing the foralls into scope, type inference may fail due to lack of access
to universaly quantified type variables needed for instantiation.

Consider the equation:

VA;.VB;.A; — (B; — By) < (VA2.A2) — (VB2.B, — By)
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If we apply the V-Elim_ rule directly, without checking whether the V-Elim, rule is applicable, the

derivation proceeds as follows:

VALYB1. Ay > (Bi > B1) 3 (YA Ap) = (VB2 By > By) (A1/As) o
3A1. (VB1. A1 — (B1 — Bi) X (VA2. Az) = (VB2 B, — Bp))  (Ai/42) V-Elim
3A1.3B1. (A1 = (BL = Bi) X (VA 4) > (VB2. B, = By)) (AifA) =~

match
JA;. (VA2. Ay 2 A1) (A1 /Az) V-Elim 3B;.(By — By X VB2.B, — B) () V-Elimﬁ
JA1.34. (A 2 A1) (AfAy) Z ~  3BLYB,.(Bi—> B 2B, —>By) () — "
3-Elim match
dA;. 3B,.VB,. (B2 2 By, B 2 B) ()
—— 3-Unused Fal
ails

This derivation fails because the subsumption becomes guarded by a universal quantifier YB,, which
prevents substitution for B,. As a result, the system is unable to resolve the judgment, even though a

correct derivation exists. The correct approach is to apply the V-Elim, rule first, as shown below:

VAl.VBl.Al d (Bl i Bl) =< (VAzAg) - (VBzBZ e Bz) <Bz.A1/A2,Bz/Bl>

V-Elim
VB,.(VA1.VB1. A1 — (B1 — B1) 2 (VA2. A2) — (B2 — Bz))  (A1/Az, B2/B1) \;—EliInJr
VBy. 3A1. (VB1. A1 = (Bi = B1) X (V. 4) > (B, = By))  (Ai/40, B/B1) | o -
YB.3A1.3B1. (A1 = (B1 = B1) X (VA2 ) = (B, > By)) (A/A2, Bp/B1) —
A1 (VA A 2 A1) (A/A) VB,.3By. (B — B1 2 B, = By) (.By/By) matchj
3A1.34. (A 2 A) (AJA) Z o~ ¥B.3Bi.(B,XBi, B1XBy) (By/Bi) _ . -
Q-Ehmﬁ E-Ellmj -
J4;. () VB,. (B, X By) () ..
————— 3-Unused Elim«
VB,. () T
—— " V-Elim

This example demonstrates the importance of pulling out positively quantified Vs before turning nega-
tively quantified variables into 3.
6.2 Big-step type inference system

Each rule of the big-step inference system can be derived by applying multiple steps of the small-step
inference system. We now introduce the rules of the big-step inference system (see Figure 6.2.1) and

discuss how each rule is derived from the small-step inference rules:

V-Elim,: This rule comes from the small-step inference system. It removes a universal quantifier when

the type appears in a positive position by putting the variable in scope.
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V-Elim_: This rule comes from the small-step inference system. It replaces a universally quantified

type in a negative position with an existential variable to continue solving the equation.

3-Elim, : This rule results from applying the 3-Elim., rule (defined in Figure 6.1.2) repeatedly until all
positive occurrences of the variable X in E have been substituted. We denote this substitution

sequence by E([;T /X, ]i+#, ), which ensures that all positively occurring Xs in E are replaced by

T.

Once this is done, we apply the 3-Elim_ rule to start substituting the remaining negative occur-
rences of X. This step may also require multiple applications. After all occurrences of X, both
positive and negative, have been substituted, we apply the 3-Elim«, rule from the small-step

inference system to remove the existential quantifier and complete the substitution.

(C[3X.(T 2 X, E)] eqn) (Q.T/X, o) 3-Elim._ *
(C[EX AT 2 X, E([iT/X:)isty,£))] eqn) (QT/X,0) ~ H-E_lzm
(CI3X.(T 2 X, X 2T, E([iT/Xslissy,e)] eqn) (QT/X,0) = ;_Ehm_*
(CIAX (T 2X, X 2T, E(iT/X¢livty, eliT/X-1isty £))] eqn) (Q.T/X,0) E-Elim;
(CT 2T, E(iT/X+)iv#, 6[iT/X-lis#_£))] €qn) (Q.T/X,0) - o
(C[T =T, E([iT/X]i+sxe)] eqn) (Q.o)

AS E([;T /Xy )iv#y, £[iT /X 1i+#y_E) is equivalent to E([;T /X ];4#,£), this entire process justifies the

following derived rule:

(C[3X.(T 2 X, E)] eqn) (Q.T/X, o)
(CI(T 2 X, E)([iT/X]i+1+#4¢8)] eqn) (Q.o)

E-Elimt

which adds the induced substitution ,[T /X, to the substitution list.

3J-Elim<: This rule can be justified using the same reasoning as 3-Elim,, and when applying it, the

substitution list will be updated and [T /X ] will be added to it.

guess<: While applying 3-Elim_, defined in Figure 6.1.2, allows choosing any T, this rule ensures that
the chosen Tj is subsumed by all others, making it a valid substitution. The derivation using the

small-step inference system is as follows:
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3k e{q,..., n}.Vie{l,..., n}. T 2 T;)

(C[3X.X =T, ..., X < Ty, E] eqn) (Q.I};/X,0) L
CIEX.Ti 2T, oo Te X, ooy Tn 2 Ty B) (iTk/Xelint.£)] €an) (QTic/X, o) E'El;l?sl;m
CIEX-T1 2T, oo Te SX,X 2 Tky vy Tn 2Tk B) ([Tk/Xelint, )] €an) (QTk/X,0) _§-E11m<_*
ClEAX T 2T, oo, e 2 X, X 2Ty -, Tn 2 Tpy E) (iTk/ X livtry, ELi T/ X=livx_p)] ean) (Q.Ti/X, o) ;-Elim;>
ClN™ 2Ty ooy Te 2 Tgy ooy Tn 2 Tiey E) (i Tk /X linty, ELi Tk /X-1i+#y_B)] eqn) (Q.0) - -
(CI(Q 2T, +-vy Tn 2 Ti, E) ([iTk/X]istxp)] eqn) (Q.0)

This justifies the following rule:

3ke{l,...,n}.Vie{l,...,n}. T 2T
(C[3X. X 21, ..., X 2Ty, E] eqn) (Q.TIi/X,0)

(CIX =21, ..., X 2Ty, E) (iTe/X]ivnxe)] eqn) (Q.0)

guess

Applying this rule adds [T} /X] to the substitution list.

guess, : This rule can be justified using the same reasoning as guess<, and when applying it, the

substitution list will be updated and [T/ X] will be added to it.

V-Elim: This rule comes from the small-step inference system. The same holds for 3-Elim, Elim«, and

matchx.

100



6. Type Inference

(E’'[C[VA.S]-] eqn) (Q.o)
(E’'[3A.C[S]-] eqn) (Q.o)

C[VA.S]; eqn (A Q.o) ) .
VA(CIS, eqn) (@) » Hims ¥-Elim.-
(C[3X.(T 2 X, E)] eqn) (Q.T/X, o) 2-Elim

(CI(T 2 X, E)(LT/X)in1erxe)] eaqn) (Qo)y = =
(C[2X.(X 2T, E)] eqn) (Q.T/X,o) 2-Elim

(CI(X 2T, E)(iT/Xinstxp)] eqn) (Qo) =

(ke{l,...,n}.Yie{l,...,n}. T, < T¢)
(C[3X.Ty =X, ..., T, < X, E] eqn) (QTi/X,0)
(CI(h 2 X, ..., Ty 2 X, E) ([iTc/X]i+n+sxe)] eqn) (Q.o)

guessy

(Fk e{1,...,n}.Vie{l,...,n}. T X T)
(C3X.X <T,, ..., X < Ty, E] eqn) (Q.Ti/X,0)

guess
(CI(X 2T, ..., X 2Ty, E) ([iTk/X)isn+#xe)] eqn) (Q.o)

arity(F) = [v1,...,v,] (C[F(Ty,...,Ty) 2 F(T},...,T;)] eqn) (Q.0)

match
(C[Ty 20, T}, ..., Ty %0, T;] eqn) (Q.0) 8

(C[A=X A, E] eqn) (Q.o) Elim.
(CIE] ean) (@) :
A¢fv(E) C[YA.E] (Q.o) v-Elim A¢fv(E) C[3A.E] (Q.o)
C[E] (Q.o) - Cl[E] (Q.o)

3-Elim

Figure 6.2.1. Big-step inference rules - proof search direction

Theorem 6.2.2. The big step type inference system is type inference sound.

Proof. The small-step inference rules are type inference sound (see Theorem 6.1.4). Since the big-

step inference rules can be derived from the small-step inference rules, big-step inference is also type

inference sound. m]

Theorem 6.2.3. The substitution list obtained from a proof in the big-step inference system is always

Proof. The verification rules in Figure 5.3.7 are part of the big-step inference system. In the big-step

inference system some rules are responsible for generating substitutions, but the verification itself is

always performed using the same rules as defined in Figure 5.3.7. This means, if the big-step infer-
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ence system produces a solution, this solution is always valid because it is verified using the rules of

Figure 5.3.7. o

Example 6.2.4. We aim to perform type inference for the following subsumption:
VA.A— A <X (VB.B— B) — (YC.C — C)

The corresponding derivation is as follows:

VA.A—> A< (VB.B— B) —» (VC.C - C) (CVB.B— B/A,By/B,C/By)

(YC.(VA.A — A) < (YB.B — B) — (C — C))(VB.B — B/A, Bo/B, C/B1) 5;1:
(VC.3A.(A — A < (VB.B — B) — (C — C))(VB.B — B/A, Bo/B,C/B1) ~
(YCIA((VB.B—B) <A, A< (C—C)) (VB.B— BJA By/B,C/B1) "

(YC.((VB.B — B) < (VBo. By — Bo), (YB1. B; — By) < (C > C)) (Bo/B,C/By) ~ ™ )
(VBB — B) < (Bo. By — Bo) (Bo/B) .~ (VC.(VBi.Bi = B) < (C—>C) (C/B1) ;Eia:c’c
¥B) (VBB —B) = (By—>By) (Bo/B) | "VC3Br. (Bi—>B)3(C—C) (C/By)
VBo3B. (B — B) X (Bo— Bo) (Bo/B) - YC3B1. (CXB), (B <C) (C/B) _ :
VB.3B. (Bo < B), (B= Bo) (Bo/B) _ """ ¥C.(C2C),(C=2C) O
VBy. (By < By), (Bo < By) () Elim: ) VC.(C<C) o -
VBo. (Bo < Bo) () _ ; ve (
Elim< — — — V-Elim
VBy . -
— — V-Elim

Hence, the solution obtained by applying this type inference will be [VB.B — B/A, By/B, C/B]
To verify this solution, we apply the substitution rules in Figure 5.3.5 to the equation using the substitu-

tion list:

1. First substitution: YB.B — B/A

- We apply the V-Elim rule (see Figure 5.3.5):

Cy[VA. (A — A)] < (YB.B — B) = (YC.C = C) U Fype (VB.B — B)

Cy[(A — A)[o(VB.B — B)/A],] < (VB.B — B) — (YC.C — C) V-Elim

- Compute the substitution:

A — A[o(VB.B — B)/A]2 = (VB.B — B)y — (VB.B — B);
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6. Type Inference

- Using the definition for (T); as defined in Definition 7.2:

= (VB().BO —d B()) g (VBI.Bl - Bl)

- Resulting equation:

(VBy. By — By) — (VB1.B;y —» By) 2 (VB.B—> B) —» (VC.C — C)

2. Second substitution: By/B

- Apply the V-Elim rule:

(VB().B() - B()) - (VBlBl e Bl) =< Cy[[VB (B - B)]] - (VCC e C) v "type By

(VBo. By — Bo) — (VB1. By — B1) = G[(B — B)oBo/Bl2] —» (VC.C>C) ™
- Compute the substitution:
(B — B)[oBo/B]1 = By — By
- Resulting equation:
(VBo.B() — B()) — (VBlBl — Bl) =< (B() — Bo) — (VCC - C)
3. Third substitution: C/B;
- Apply the V-Elim rule:
(VB().B() g Bo) e CU[[VBl (Bl bl B])]] < (B() e Bo) ad (VC C — C) 14 "type C v 1
-Elim

(VBy. By — By) — Cy[[(By — B1)[0C/B1]2] = (By — By) — (YVC.C — C)

- Compute the substitution:

(By — B1)[oC/B1]2=C — C

- Final equation:

This equation can be verified using the rules defined in Figure 5.3.7, as follows:
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(VBy. By = By) = (C — C) 2 (By = By) = (VC.C — C)

match
By — By X VBgy. By — By v-Elim, C—-C=<VC.C—>C V-Elim,
VBo. By — By < By — By VC.CSC=CoC
— match< match<
VBy. By X By - vC.C2C
————— FElimx ———— Elimg
VBy. N vC. )
— Y-Elim V-Elim

6.3 The big-step system for equalities

To show the relation to Hindley-Milner type system, we use the big-step inference system rules, which
handle inequalities, to define the big-step system for equalities, which handles type equalities by
interpreting an equality T = S as the pair of inequalities T < S and S <X T. Each rule of the big-steps

system for equalities is obtained by applying multiple steps of the big-step inference rules.

3-Elim.: This rule can be derived as follows:

(C[3X.(X =T, E(X))] eqn) (Q.T/X,0o)
(CI3X.(X 2T, T3 X, EX)]_eqn) (@T/X,0) oo
(CIX =T, T=X, EX)([iT/X])is2esx)] eqn) (Q.o) ~ -
(CHT =T, T 2T, EX))([;T/X)issxe)] eqn) (Q.o) Elim.
EX)([iT/X])ir#cE) -

match._ : This rule can be derived as follows:

(CIF(T,...,T) = F(T},...,T)] eqn) (Q.0)

(C[F(Ti,...,Ty) < F(T/,...,T)) F(I/,...,T)) X F(Ty,...,T,)] eqn) (Q.0) arity(F)=[vy,...,0n]

C[nh 2, T,.... Ty 20, T, F(T{,...,T;) 2 F(Ty,...,T,)] eqn) (Q.o) arity(F) = [vy,...,V,]
C[h 2, T/,....Tw 20, T, T/ 2, Th,...,T; 24, T,] eqn) (Q.0)
(CI(h =T/,...,T, =T,)] eqn) (Q.o) arity(F) = [vy,...,v,]
(C[F(Ty,...,T,) = F(T{,...,T;)] eqn) (Q.o)

Hence, the equality between two constructed types is derived using match rule.

V=: The rule V- is based on the idea that two types are equal if they are subtypes of each other. Thus,
VA.S =T holds whenbothVA.S < T and T < VA.S are true.

(C[VA.S=T] eqn) (Q.o)
(C[VA.S X T,T 2 VA.S] eqn) (Q.o)
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(C[3X.(X =T, E)] eqn) (Q.T/X,0)
(CIELiT/X])i+#xe] eqn) (Q.o)

3-Elim-

(Cl eqn)F(Ty,...,T,) = F(T{,...,T;)] eqn) (Q.o)

Clh=17 ... T,=T;] eqn) (Q.o0) match-

(C[YAS=T] eqn) (Q.o)
(C[VA.S XT T <VAS] eqn) (Q.o0) ~

Figure 6.3.1. Big-step system for equalities - proof search direction

6.4 Type inference algorithm

In this section, we present a partial algorithm for type inference. The rules in Figure 6.2.1 are non-
deterministic. The algorithm determines precisely which rules should be applied at each step.

The type inference algorithm has the following steps:

1. If an equality formula contains a universal quantifier, we rewrite the equality as two inequalities

using the V- rule from Figure 6.3.1

2. Remove all the positive universal quantifiers from the type inequalities (see Y-Elim, in Figure 6.2.1).

This results in an equation of the form:
VXi, .. Xy L 2T, Ty =T,
where each T; < T, only has negative universal quantifications.

3. Remove all the negative universal quantifiers from the type inequalities (see VY-Elim_ in Fig-

ure 6.2.1). This results in a formula of the form:
VX1, .., X 3N, .. Y 0 2T, .. T, =T,

where each T; X T, only has negative universal quantifications. Note that the order of existential
quantifications is not fixed. (The eventual dependencies will require reordering in a compatible

manner, to ensure non-circular substitution)

4. Given an equality or inequality between two terms, we match equalities using match= and in-
equalities using match=. Repeatedly applying the matching rules to reduce the inequalities and

equalities to the case in which one argument is a variable. The result is a formula of the form:
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6. Type Inference

VXi,.. X 3N, Y 2y T\ L 2 2., 2, =T,

n

where Z; € X1,..., X, 1,..., Y.

5. Eliminate existentials using 3-Elim, , 3-Elim«, guess<, guess;, or 3-Elim, depending on whether
the variable occurs in a single inequality, multiple inequalities, or an equality. This step may
result in terms which can be matched. Keep repeating until there are no more opportunities for

elimination. This, if successful, results in an equation of the form:

VX1, ., X, 3V, ., Y T 2 Q

6. As the final step rebind the variables to obtain a type. For example:
JA.A—- A=< Q becomes (VAA—A)XQ

VXY X - Y XQ becomes (VX.X)— (VY.Y)=Q.

6.5 Comparing type inference for S and basic CaMPLs type inference

We must prove that the type inference algorithm defined in section 6.4 properly extends the basic CaMPL
inference system. In particular, we want to ensure that any term which is typable in CaMPLSs type system
remains typable with respect to the algorithm described above, so that the system we have introduced
is stronger.

The rules in Figure 2.3.2 show the equation inference rules for a small sequential subset of the CaMPL

language, and the rules in Figure 4.2.2 show the generating equation rules for system S.

Theorem 6.5.1. LetI' be a context of closed types, and let # be a term. If ¢ is typable in CaMPLs inference
system, suppose Q and Q’ are the principal types of ¢ assigned in CaMPL5s inference and inference rules

for system S, respectively. Then Q < Q’ holds.

Proof. To verify that Theorem 6.5.1 holds for all terms in the system, we proceed by structural induction

on the terms, where the structure of terms corresponds to the typing rules of the system.
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6. Type Inference

var: when t is a variable, say x, we use the variable rule in generating equations for both system S and

CaMPLs:

Ix:Arx:Q (A=<Q") vat [Lx:Arx:Q (A=Q) var
system S CaMPL

In system S, the rule introduces a subsumption A < Q’. In CaMPLs5s, the type Q is set equal to A.

Therefore:

A=Q (fromCaMPL) = Q < A (since =implies <)
A< Q" (from system S)
Q=A A<ZQ = Q=Q" (transitivity)
Therefore Q < Q’ holds.

Hence, Theorem 6.5.1 holds in this case, which is the base case of the induction.

abs: When the term is an abstraction Ax. ¢, we apply the abstraction rule:

x:A Trt:B (E) b x:A Trt:B (E) b
TrAx.t:Q (3AB.Q =A— B, E) 2 TrAx.t:Q (3AB.Q=A— B, E) 2
system S CaMPL

By the inductive hypothesis, B < B’, therefore:

3A,B'.Q'=A— B ,B=<B
3A.Q' =A— B

2_ Ehmt

Q=A—B (fromCaMPL)= Q' =Q

Q' =Q=Q =2 Q" (since=implies <)

app: When the term is an application f ¢, we apply the application rule:
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T'rf:A (E) IT'rt:B (E) app T'rf:A (E) I'rt:B (E) app
F'rft:Q" (FA,B'.A =B —-Q, £,E) F'rft:Q (3AB.A=B—Q, E,E)
system S CaMPL

By inductive hypothesis A < A’, B < B’, therefore:

JA,B'.A’=B" - Q' ,B=<B A< A
JA A =B—->Q A=A
A=B—Q

3- Elim -
3 -Elim >

A=B— Q (fromCaMPL)= Q' =Q

Q' =Q=Q =2 Q" (since=implies <)

Let: When the term is a let-bindingletx =uin¢t, B < B’,C < C’

ILx:Avrt:B (Ep) F'ru:C’ <E2>lt ILx:Avrt:B (Ep) Frru:C <E2>lt
e e
Frletx=uint:Q F'rletx=uint:Q
(3A,B’,C’.A=C’, B =Q’, Ej, E) (3A,B,C.A=C, B=Q, Ej, E)
system S CaMPL

By inductive hypothesis B < B’, C < C’, therefore:

3JA,B',C’.A=C",B'=Q,B<B,C=<C’
JA,C.A=C,B=Q’,C < C’
JAA=C,B=Q

E—Elimt
3- Ellmt

B=Q (fromCaMPL)= Q' =Q
Q' =Q=0Q =2 Q" (since=implies <)
which confirms Theorem 6.5.1.

build-V: This rule handles universally quantified types in system S, and such types are not typable in

CaMPLs, therefore there is no corresponding rule in CaMPL to build-V rule in system S.

108



6. Type Inference

Example 6.5.2. We consider the term discussed in Example 4.3.2:

id : VX.X — X + (id True, id ‘A")

The equations collected for this term, as described in Example 4.3.2, are as follows:

(31.1 <0,
(32,3.1=(2,3),
(34,5.4=5—>2, (VXo. Xo > Xo =4, Bool <5),

(36,7.6=7—>3, (VX;.X; > X; =6, Char <7)

Yy (5—>2/4)
The process for solving this equation, first by applying the rules in Figure 6.3.1 and then using the rules

in Figure 6.2.1, proceeds as follows:
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(1.1 <0,
(32,3.1=(2,3),
(34,5.4=5—>2, (VXo. Xo > Xo =4, Bool <5),

(36,7.6=7—>3, (¥X;. X; > X; <6, Char <7)

)
)
(5 —2/4,7 — 3/6,(2,3)/1,Bool/5, Char/7, Bool/ Xy, Char/X;, Bool/2, Char/3)
V-Elim_
(3.1 =0,
(32,3.1=(2,3),

(34,5, X%.4=5—->2, (Xo —> Xp 24, Bool 25),

(36,7.6=7—>3, (VX;.X; > X; =6, Char <7)

)

(5—2/4,7 — 3/6,(2,3)/1,Bool/5, Char/7, Bool/ Xy, Char/X;, Bool/2, Char/3)
V-Elim_

(31.1 <0,
(32,3.1=(2,3),
(34,5, X0.4=5->2, (X9 > Xp =4, Bool = 5),

(36,7,X.6=7—3, (X > X; 6, Char=7)

)

(5—2/4,7 — 3/6,(2,3)/1,Bool/5, Char/7, Bool/ Xy, Char/X;, Bool/2, Char/3)
3-Elim-
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(31.1 <0,
(32,3.1=(2,3),
(35, X0. Xo — Xo 25— 2, Bool 25),

(36,7,X.6=7—->3, (X > X; 26, Char=x7)

)
)
(.7 — 3/6,(2,3)/1,Bool/5, Char/7, Bool/ Xy, Char/X;, Bool/2, Char/3)
3-Elim=
(3.1 =0,
(32,3.1=(2,3),
(35, X0. Xo > Xo 25— 2, Bool 25),
(37, X%. X, > X1 27—>3, Char=7)
)
)
(.(2,3)/1,Bool/5, Char/7, Bool/ Xy, Char/X;, Bool/2, Char/3) .
-Elim_

(32,3.(2,3) 20,
(35, X. Xo — Xo 25— 2, Bool <5),
(37, X. X, > X1 27—3, Char=7)

)

(.Bool/5, Char/7, Bool/Xj, Char/X;, Bool/2, Char/3)

3-Elim,.
(32,3.(2,3) 0,
(3Xo. Xo — Xo < Bool — 2},
(37,X1. X1 > X1 27—3, Char=7)
)
(.Char/7, Bool/ Xy, Char/X;, Bool/2, Char/3)
E-Ehmt
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(32,3, (2,3) =0,
(3Xo. (Xo > Xo = Bool —> 2), 3X;. (X; — X; < Char — 3))

)

(.Bool/Xp, Char/X;, Bool/2, Char/3)

match«
(32,3.(2,3) 20,

(3Xo. (Bool % Xo,Xp = 2), 3IXi. (X3 — X < Char — 3))

)

(.Bool/Xp, Char/X;, Bool/2, Char/3)

3-Elim>
(32,3.(2,3) 20,

(Bool < Bool,Bool < 2), 3X;. (X; — Xj < Char — 3)>

)

(.Char/Xi, Bool/2, Char/3)

Ellmﬁ
(32,3.(2,3) 20,

((Bool = 2), 3X;.(X; — X; = Char — 3))

Y (.Char/Xj, Bool/2, Char/3)
matchy

(32,3.(2,3) <0,
((Bool = 2), 3X;.(Char = X;,X; = 3))

Y (.Char/X;, Bool/2, Char/3)
3-Ehm>

(32,3, (2,3) =0,
{((Bool = 2), (Char =< Char, Char < 3))

»  (.Bool/2, Char/3)

Ellmi
(32,3.(2,3) 20, (Bool < 2), (Char <3)) (.Bool/2, Char/3)

3-E1im>

(33, (Bool,3) <0, (Char < 3)) (.Char/3)

Q-Elimt
((Bool, Char) = 0) ()
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We get the list of substitutions out which is:
[5—2/4,7 — 3/6,(2,3)/1,Bool/5, Char/7, Bool/ Xy, Char/X;, Bool/2, Char/3, (Bool, Char)/0]

Therefore, the final type of the term (id True, id ‘A‘) is (Bool, Char).

6.6 Summary

In this chapter, we introduced a type inference algorithm that produces substitutions which are guaran-
teed to be valid under the verification rules introduced in the previous chapter. Furthermore, we proved
that the inference system we introduced is at least as powerful as CaMPL’s inference system, ensuring

that any type derivable in CaMPLs system remains derivable within ours.
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Chapter 7

Conclusion

This thesis provides a novel algorithm for type inference for higher rank types, where universal quantifiers
may appear nested within function arguments or return types. The proposed algorithm separates the
inference process into two steps: first, it collects type equations for a given term, and then it attempts to
solve these equations. Since type inference for this system is undecidable, our inference algorithm may
fail to find a solution on some inputs, even when a valid solution exists. Nonetheless, the algorithm
presented in this thesis is at least as powerful as existing algorithms in its ability to infer types.

This thesis presents a formal development of the type inference system, on which the algorithm is based.
The thesis begins by presenting System F and modifies it to define "System S", which is compatible with
programming. In designing a higher-rank type system based on System S, we observe that some terms
can be assigned more than one type. To formalize this, we define a subsumption relation, T < S, where
atype T subsumes a type S if every term typable as T is also typable as S. These subsumption relations
can be added to system S as coercions.

The thesis generalizes subsumptions to introduce type equations. It presents the rules for generating
such type equations from a given term. It shows that if a term can be type-checked in System F with a
particular type, then that type serves as a solution to the equations generated for the term. The thesis
also discusses candidate solutions to type equations and formulates verification rules to determine
their validity.

The type inference algorithm in this thesis is introduced in several stages. First, a small-step inference

system is defined to simplify type equations, and its soundness is proven. This small-step inference
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system is then used to construct a non-deterministic big-step inference system. This big-step inference
is ultimately refined into a deterministic, yet necessarily partial, algorithm for type inference.

The algorithm presented in this thesis is slightly stronger than Haskell’s: everything that can be type-
checked in Haskell can also be type-checked by this algorithm, and some additional minor cases that
Haskell cannot handle are also supported. The algorithm is simpler, as the bidirectional system has

been absorbed into a uniform process of generating equations.
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