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Abstract

In finite-dimensional categorical quantum mechanics, a crucial result is

that orthonormal bases correspond precisely to the copyable elements of

commutative dagger special Frobenius algebras. This thesis examines an

extension of this correspondence into the infinite-dimensional setting of

Lefschetz spaces.

Richard Blute conjectured that, by analogy, the copyable elements of

a coalgebra on a reflexive Lefschetz space would similarly span the space.

This would imply an equivalence between the category of finiteness spaces

with functions and the category of dagger coalgebras in (reflexive) Lefschetz

spaces with homomorphisms. Ehrhard has given a construction of a reflex-

ive Lefschetz space from a finiteness space. To these reflexive spaces, we

gave a coalgebra structure. However, we notice that if the coalgebra has

a counit, then the underlying Lefschetz space must be discrete. However,

spaces arising out of Ehrhard’s construction were, in general, not discrete.

Thus, to recapture the correspondence, necessitated dropping the counit

and working with the broader category of dagger linear cosemigroups.

Finally, this thesis shows that one can construct a coreflection between

the category of finiteness spaces with functions and dagger cosemigroups

with homomorphisms – in reflexive Lefschetz spaces. However, a class
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of examples of cosemigroups is given whose copyables do not span the

underlying space. Thus, contrary to the conjecture, this coreflection fails to

be an equivalence.
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Chapter 1

Introduction

Quantummechanics is a resource sensitive theory. Unlike classical mechan-

ics, where one can freely copy a resource, quantum mechanics does not

allow one to clone (or delete) an arbitrary quantum state [32, 42].

The no-cloning theorem (and the no-deletion theorem) underpins the

interpretation of quantummechanics as a resource sensitive logic. Linear

logic [20] is a refinement of classical logic, which emphasises the role of

propositions as resources. Thus, onedoesnot have, for any arbitrary formula

𝐴, rules of the form,

Γ, 𝐴, 𝐴 ⊢ Δ
Contraction

Γ, 𝐴 ⊢ Δ
Γ ⊢ Δ Weakening

Γ, 𝐴 ⊢ Δ

That is, one can not duplicate or delete assumptions.

Linear logic also has an involutive negation (_)⊥, which allows one to

move a resource from the succedent to the antecedent, or vice versa.

Γ ⊢ 𝐴,Δ
(_)⊥ (𝐿)

Γ, 𝐴⊥ ⊢ Δ
Γ, 𝐴 ⊢ Δ

(_)⊥ (𝑅)
Γ ⊢ Δ, 𝐴⊥

Linear logic also has two connectives, called the multiplicatives, given

by tensor ⊗ and par ⊕. The tensor models two resources being available

1



1. Introduction

at the same time, whereas the par is the De-Morgan dual to the tensor,

𝐴 ⊕ 𝐵 = (𝐴⊥ ⊗ 𝐵⊥)⊥. The units for ⊗ and ⊕ are denoted by⊤,⊥ respectively.

A category is said to provide a semantics for a formal system if the propo-

sitions and proofs can be modelled as objects andmorphisms within that

category. The program of categorical quantummechanics [1] was initiated

to capture the resource sensitive nature of quantummechanics. The cate-

gorical semantics for finite-dimensional quantummechanics is provided

by dagger compact closed categories [37], which are a proof theory for com-

pact linear logic (where ⊗ = ⊕ and⊤ = ⊥) with negation. The dagger is an

abstraction of the notion of adjoint, given by the inner product in Hilbert

spaces, which allows us to talk about observables (i.e. self-adjoint operators)

and unitary operators (operators whose inverse is given by their adjoint).

However, compact closed categories can provide a model only for finite-

dimensional quantummechanics, as compactness breaks beyond the finite

dimension [21]. Compact closed categories are the proof theory for the

compact fragment of linear logic with negation. A natural generalisation

of a compact closed category is, thus, a star (∗)- autonomous category,

where the tensor and par are not isomorphic. A further generalisation of ∗-

autonomous category is a dagger (†-) linearly distributive category (LDC),

where the dagger need not necessarily come from the dualising functor. A

semantics for arbitrary-dimensional quantummechanics was proposed in

[40]; given by mixed unitary categories (MUC). The main appeal of MUCs is

that they still preserve compactness in the unitary core, which provides the

finite-dimensional fragment of the theory. The core extends to a full †- LDC,

giving the structure of a MUC.

While an arbitrary quantum state can not be cloned, one can always

2



1. Introduction

clone the vectors of an orthonormal basis. Thus, a choice of orthonormal

basis can be thought of as the classical structure sitting within the quan-

tum realm. A central result in categorical quantummechanics is that the

orthonormal bases correspond precisely to the copyable elements of com-

mutative dagger special Frobenius algebras [16]. A Frobenius algebra in

a monoidal category is an algebra and a coalgebra that interact via the

Frobenius axiom (See Chapter 6).

Richard Blute conjectured that a similar correspondence between bases

and copyable elements of coalgebras holds in the mixed unitary category of

reflexive Lefschetz spaces. This conjecture, if true, wouldmean that one can

extend the correspondence between bases and algebras beyond the finite

dimensions.

A reflexive Lefschetz space is a linear topological vector space for which

the canonical evaluation map is an isomorphism. The term linear here

means that open neighbourhood bases around the origin are linear sub-

spaces. The category of reflexive Lefschetz spaces with continuous linear

maps forms a ∗- autonomous category [4], and the unitary core of these

spaces is exactly finite-dimensional vector spaces.

Just as one can construct a finite-dimensional Hilbert space from a finite

set of basis elements, one can similarly construct a reflexive Lefschetz space

on what is called a finiteness space. Ehrhard provided a construction of

a reflexive Lefschetz space on a finiteness space, whose basis is given by

the web of the finiteness space. This basis, however, is not a basis in the

usual algebraic sense. That is to say, taking just finite linear combinations

over this basis, does not span the Lefschetz space Ehrhard constructed.

However, we have access to the Lefschetz topology and, therefore, we can

3



1. Introduction

take arbitrary convergent linear combinations – whichmakes the web, in

Ehrhard’s construction, a basis in this stronger sense. And the convergent

nets over this basis are exactly those that have finitary support.

Conversely, the finitary sets are encoded in the basis of a Lefschetz space

as the support of convergent nets of finite sums over the basis. We use this

encoding to provide a functor from coalgebras in reflexive Lefschetz spaces

to finiteness spaces (with functions) by studying the support of convergent

nets over the copyable elements.

The basis vectors of a reflexive Lefschetz space arising out of Ehrhard’s

construction are copyable, and give a coalgebra structure on the space.

We noticed that, if the coalgebra has a counit, then the underlying space

must be discrete. However, the reflexive Lefschetz spaces arising out of

Ehrhard’s construction are not, in general, discrete. Thus, to capture the

correspondence, necessitates dropping the counit and working with the

broader category of dagger linear cosemigroups.

Finally, this thesis does establish a coreflection between the category of

finiteness spaces with functions and the category of cosemigroups with ho-

momorphisms – in reflexive Lefschetz spaces. However, a class of examples

of cosemigroups is given whose copyables do not span the underlying space.

Thus, contrary to the conjecture, this coreflection fails to be an equivalence.

1.1 Outline and contributions

Chapter 2: This chapter introduces the background from category theory

and basic topology needed in this thesis. All definitions and results in

this chapter are from the literature.

4



1. Introduction

Chapter 3: This chapter develops the theory of mixed unitary categories.

This chapter is almost entirely based on [40], except for Proposition

3.2.9, where wemade a small observation that in a unitary category,

the construction of a stationary dagger defined in [40] canbe extended

functorially.

Chapter 4: This chapter develops the theory of Lefschetz spaces, showing

it is a model of a mixed unitary category. Here, we first show that a

full subcategory of Lefschetz spaces forms a ∗- autonomous category.

We follow the development in [4] up to Section 4.2. Then we use

the equivalence between the notion of an LDC with duals and of ∗-

autonomous category [14] to develop the theory of reflexive Lefschetz

space within the framework of a linearly distributive category. The

material from Section 4.3 to Section 4.5 is novel. Notably, this includes

developing the notion of a basis for a Lefschetz space in Section 4.4.

We conclude this chapter showing that the reflexive Lefschetz spaces

form amixed unitary category and give a complete characterisation

of unitary isomorphisms in this category (Proposition 4.5.3).

Chapter 5: This chapter describes two constructions, one from a finite-

ness space to a reflexive Lefschetz space, due to Ehrhard [19], and a

second construction from a reflexive Lefschetz space to a finiteness

space. The construction in Section 5.3 is based on [19]. Weprovemany

novel propositions about Lefschetz spaces arising out of Ehrhard’s

construction. Proposition 5.3.10 to Corollary 5.3.19 are novel, with

the exception of Proposition 5.3.11 [5], of which we provide an alter-

native proof. An alternative proof of Lemma 9 from [19] is provided

5



1. Introduction

in Lemma 5.3.20. Notably, we observe scalar invariant convergence

over basis in Lefschetz spaces arising out of Ehrhard’s construction

(Proposition 5.3.12). This is the key observation which allows us to

construct a finiteness space on a reflexive Lefschetz space (with a

given basis) in Section 5.4, which we prove to be functorial in Section

5.5. We also prove that Ehrhard’s construction, on objects, is inverse

to the construction of a finiteness space from a reflexive Lefschetz

space given in Section 5.4. This allows us to show that any reflexive

Lefschetz space’s topology arises as a finiteness topology, allowing

us to characterise topology on reflexive Lefschetz spaces (Corollary

5.4.10, 5.4.8) due to Ehrhard’s classification [19].

Chapter 6: This chapter first gives the correspondence between bases of

finite- dimensional Hilbert spaces and (commutative dagger special)

Frobenius algebras as in [16]. This is from Section 6.2 to Section 6.7.

Then we introduce our categories of interest in Section 6.8, where we

recall the category of finiteness spaces and functions FinF and define

the category of commutative dagger linear (co) semigroups in reflexive

Lefschetz spaces with (co)algebra morphisms CDLS(RLef). Then we

define a functor𝐹 : FinF → CDLS(RLef) in Section 6.9 using Ehrhard’s

construction, followed by copying the basis vectors. Then in Section

6.10 we first take the subspace generated by copyables and then apply

the support functor to get a functor 𝐺 : CDLS(RLef) → FinF. We

show in Section 6.11 that this pair of functors gives an adjunction

(𝜂, 𝜀) : 𝐹 ⊣ 𝐺 : FinF → CDLS(RLef). We finish this chapter by giving

a class of examples showing that this pair of functors does not lead

6



1. Introduction

to an equivalence, as there exist cosemigroup structures on reflexive

Lefschetz spaces whose copyables do not span the underlying space.

Chapter 7 This chapter provides a conclusion for this thesis and discusses

avenues for future work.

1.2 Notation

Composition is written in the diagrammatic order: 𝑓 𝑔 means that we apply

𝑓 followed by 𝑔 . Note that the opposite is the usual applicative order, where

the composition of 𝑓 : 𝑋 → 𝑌 and 𝑔 : 𝑌 → 𝑍 is written as 𝑔 ◦ 𝑓 . String

diagrams in this thesis are to be read from top to bottom.

7



Chapter 2

Background

In this chapter, we recall the definitions and theorems of category theory

and basic topology needed in this thesis. All definitions and theorems in

this chapter are from the literature. For further reading, see [11, 26, 30, 34].

2.1 Elementary category theory

Definition 2.1.1. A category 𝕏 consists of

• a collection of objects𝕏0, whose elements are denoted by 𝑋 ,𝑌 , 𝑍 , ...

• a collectionofmorphisms𝕏1, whoseelements aredenotedby 𝑓 , 𝑔 , ℎ, ...

such that

• each morphism 𝑓 ∈ 𝕏1 has a specified domain object dom( 𝑓 ), and a

codomain object cod( 𝑓 ); amorphism 𝑓 with domain𝑋 and codomain

𝑌 is denoted as 𝑓 : 𝑋 → 𝑌 ;

• Each object𝑋 ∈ 𝕏0 has a designated identity morphism id𝑋 : 𝑋 → 𝑋 ;

8



2. Background

• For 𝑓 , 𝑔 ∈ 𝕏1 such that cod( 𝑓 ) = dom(𝑔 ), we have a specified

composite morphism 𝑓 𝑔 ∈ 𝕏1 such that dom( 𝑓 𝑔 ) = dom( 𝑓 ) and

cod( 𝑓 𝑔 ) = cod(𝑔 ). Note that the composition is written in the dia-

grammatic order.

This data is subject to the following conditions:

• Unitality : For any 𝑓 : 𝑋 → 𝑌 , id𝑋 𝑓 = 𝑓 = 𝑓 id𝑌 ;

• Associativity : For any 𝑓 : 𝑋 → 𝑌 , 𝑔 : 𝑌 → 𝑍 , ℎ : 𝑍 →𝑊 , ( 𝑓 𝑔 )ℎ =

𝑓 (𝑔ℎ).

When the context is clear, we will simply say 𝑋 ∈ 𝕏 and 𝑓 : 𝑋 → 𝑌 ∈ 𝕏

to denote that 𝑋 is an object of 𝕏 and 𝑓 : 𝑋 → 𝑌 is a morphism in 𝕏.

The collection of all the maps between two objects 𝑋 ,𝑌 in a category𝕏 is

denoted by𝕏(𝑋 ,𝑌 ). When this is a set (and not a proper class), the category

is said to be locally small. All the examples we consider in this thesis are

locally small.

Example 2.1.2.

• Set

Objects: Sets;

Morphisms: functions;

Composition: usual composition of functions;

Identity: identity function id𝑋 : 𝑋 → 𝑋 , id(𝑥) := 𝑥 for any 𝑥 ∈ 𝑋 .

• Rel

Objects: Sets;

9



2. Background

Morphisms: a relation 𝑅 : 𝑋 → 𝑌 is a subset 𝑅 ⊆ 𝑋 ×𝑌 ;

Composition: the composition of relations 𝑅 : 𝑋 → 𝑌 , 𝑆 : 𝑌 → 𝑍 is

given by 𝑥𝑅𝑆𝑧 if and only if there exists 𝑦 ∈ 𝑌 such that 𝑥𝑅𝑦 and

𝑦𝑆𝑍 ;

Identity: the identity relation 𝑅 : 𝑋 → 𝑋 is given by the diagonal

id𝑋 := {(𝑥, 𝑥) : 𝑥 ∈ 𝑋 }.

• FdHilb

Objects: Finite-dimensional Hilbert spaces over a field 𝕂. In this

thesis, the base field in all our examples will beℂ.

Morphisms: linear transformation, or equivalently,matrices, by choos-

ing a basis;

Composition: composition of (underlying) functions or equivalently

matrix multiplication, when the basis is fixed;

identity: identity linear transformation.

Definition 2.1.3. For any category𝕏, we can define a dual category 𝕏op

which has the same object as 𝕏 and 𝑓 op : 𝑌 → 𝑋 ∈ 𝕏
op
1 if and only if

𝑓 : 𝑋 → 𝑌 ∈ 𝕏1, the composition in𝕏op is defined by 𝑔 op•𝕏op 𝑓 op := 𝑓 •𝕏 𝑔 .

Next, we define some important classes of maps in a category.

Definition 2.1.4. Let𝕏 be a category.

• A morphism 𝑓 : 𝑋 → 𝑌 is calledmonic in case whenever 𝑘1 𝑓 = 𝑘2 𝑓 ,

we have 𝑘1 = 𝑘2.

• A morphism 𝑓 : 𝑋 → 𝑌 is called epic in case whenever 𝑓 ℎ1 = 𝑓 ℎ2, we

have ℎ1 = ℎ2.

10



2. Background

• A morphism 𝑓 : 𝑋 → 𝑌 is called a section if there exists a morphism

𝑓 ′ : 𝑌 → 𝑋 such that 𝑓 𝑓 ′ = id𝑋 . In this case, 𝑓 ′ is called a right

inverse of 𝑓 .

• A morphism 𝑓 : 𝑋 → 𝑌 is called a retraction if there exists a mor-

phism 𝑓 ′ : 𝑌 → 𝑋 such that 𝑓 ′𝑓 = id𝑌 . In this case, 𝑓 ′ is called a left

inverse of 𝑓 .

• Amorphism 𝑓 : 𝑋 → 𝑌 is called an isomorphism if it is both a section

and a retraction.

Note that in above 𝑘1, 𝑘2 are arbitrary morphisms in𝕏 such that cod(𝑘1) =

dom( 𝑓 ) = cod(𝑘2). Similarly, ℎ1, ℎ2 are arbitrary morphisms in𝕏 such that

dom(ℎ1) = cod( 𝑓 ) = dom(ℎ2). When the context is clear, we will not be

explicit in this quantification.

In Set, the monic maps are exactly the injective functions, and dually,

the epic maps are exactly the surjective functions.

We note some basic observations:

Lemma 2.1.5. The following are equivalent

(i) 𝑓 is an isomorphism;

(ii) 𝑓 is an epic section;

(iii) 𝑓 is a monic retraction;

Proof. If f is an isomorphism, then 𝑓 𝑘1 = 𝑓 𝑘2 implies 𝑔 𝑓 𝑘1 = 𝑔 𝑓 𝑘2, where

𝑔 is the left inverse of 𝑓 . Then we have 𝑘1 = 𝑘2. So 𝑓 is epic and 𝑓 is a

section by definition. The proof that 𝑓 is a monic retraction is similar. Now,

11



2. Background

as these statements are dual, it suffices to show that 𝑓 , an epic section, is an

isomorphism. It suffices to show that 𝑓 is a retraction. For that, let 𝑔 be the

right inverse of 𝑓 , then 𝑓 𝑔 𝑓 = 𝑓 = 𝑓 id. Now, as 𝑓 is epic, so 𝑔 𝑓 = id and

hence 𝑓 is a retraction. □

A functor 𝐹 : 𝕏 → 𝕐 is a structure-preserving map between categories.

More precisely,

Definition 2.1.6. A functor 𝐹 : 𝕏 → 𝕐 between two categories𝕏 and 𝕐

consists of the following data:

• An object 𝐹𝑋 ∈ 𝕐 for every 𝑋 ∈ 𝕏;

• A morphism 𝐹 𝑓 : 𝐹𝑋 → 𝐹𝑌 ∈ 𝕐 for every 𝑓 : 𝑋 → 𝑌 ∈ 𝕏.

such that,

• For any composable pair 𝑓 : 𝑋 → 𝑌 , 𝑔 : 𝑌 → 𝑍 ∈ 𝕏, 𝐹 ( 𝑓 •𝕏 𝑔 ) =

𝐹 ( 𝑓 ) •𝕐 𝐹 (𝑔 );

• And 𝐹 (id𝑋 ) = id𝐹 (𝑋 ) .

Sometimes a functor 𝐹 : 𝕏 → 𝕐 is called covariant functor to distinguish it

from its contravariant counterpart, which is a functor 𝐹 : 𝕏op → 𝕐 .

A functor 𝐹 : 𝕏 → 𝕐 is said to be faithful if for every object 𝑋 ,𝑌 ∈ 𝕏,

the map𝕏(𝑋 ,𝑌 ) → 𝕐 (𝐹𝑋 , 𝐹𝑌 ); 𝑓 ↦→ 𝐹 𝑓 is injective. The functor is said to

be full if this map is surjective, and fully faithful if this is a bijection.

On every category𝕏, we can define an identity functor, which is identity

on objects andmorphisms. Moreover, functors compose, so we have that

the category of locally small categories and functors forms a category Cat.

12
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A subcategory of a category 𝕏 is a sub-collection of objects and mor-

phisms from𝕏 such that it is a category in its own right. More precisely,

Definition 2.1.7. A sub-category 𝕐 of a category 𝕏 is a subcollection of

objects and morphisms of𝕏, such that

• if 𝑓 : 𝑋 → 𝑌 ∈ 𝕐 , then 𝑋 ,𝑌 ∈ 𝕐 ;

• for every 𝑋 ∈ 𝕐 , id𝑋 ∈ 𝕐 ;

• if 𝑓 : 𝑋 → 𝑌 , 𝑔 : 𝑌 → 𝑍 ∈ 𝕐 , then 𝑓 𝑔 : 𝑋 → 𝑍 ∈ 𝕐 .

The inclusion 𝐼 : 𝕐 ↩→ 𝕏 is easily seen to be a functor. The subcategory

𝕐 is said to be a full subcategory if the inclusion functor is full.

One of themost important notions in category theory is that of a natural

transformation,

Definition 2.1.8. Given two functors 𝐹 ,𝐺 : 𝕏 → 𝕐 , a natural transforma-

tion 𝛼 : 𝐹 ⇒ 𝐺 is an indexed family of morphisms {𝛼𝑋 : 𝐹𝑋 → 𝐺𝑋 }𝑋 ∈𝕏

in 𝕐 such that for any morphism 𝑓 : 𝑋 → 𝑌 in 𝕏, the following diagram

commutes:
𝐹𝑋 𝐹𝑌

𝐺𝑋 𝐺𝑌

𝐹 𝑓

𝛼𝑋 𝛼𝑌

𝐺 𝑓

A natural transformation is said to be a natural isomorphism if for each

𝑋 ∈ 𝕏, 𝛼𝑋 : 𝐹𝑋 → 𝐺𝑋 is an isomorphism in 𝕐 .

For example, the canonical evaluation map ev𝑉 : 𝑉 → 𝑉 ∗∗ is always a

natural transformation for any vector space𝑉 , and it is a natural isomor-

phism when𝑉 is finite-dimensional. However, the isomorphism between a

finite-dimensional space and its dual is not natural, as it is basis-dependent.

13
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Definition 2.1.9. In a category𝕏 , the product of two objects 𝑋 and𝑌 (if

it exists) is a tuple (𝑋 ×𝑌 , 𝜋1 : 𝑋 ×𝑌 → 𝑋 ,𝜋2 : 𝑋 ×𝑌 → 𝑌 ) such that for

any object 𝑍 and a pair of morphisms 𝑓 : 𝑍 → 𝑋 , 𝑔 : 𝑍 → 𝑌 , there exists

a unique morphism ⟨𝑓 , 𝑔 ⟩ : 𝑍 → 𝑋 × 𝑌 such that the following diagram

commutes:
𝑍

𝑋 𝑋 ×𝑌 𝑌

𝑓
⟨𝑓 ,𝑔 ⟩

𝑔

𝜋1 𝜋2

For example, in Set, the product of two sets is their Cartesian product

with the usual projection map to each factor.

Definition 2.1.10. In a category𝕏 , the co-product of two objects 𝑋 and𝑌

(if it exists) is a tuple (𝑋 +𝑌 , 𝑖1 : 𝑋 → 𝑋 +𝑌 , 𝑖2 : 𝑌 → 𝑋 +𝑌 ) such that for

any object 𝑍 and a pair of morphisms 𝑓 : 𝑋 → 𝑍 , 𝑔 : 𝑋 → 𝑍 , there exists

a unique morphism 𝑓 + 𝑔 : 𝑋 + 𝑌 → 𝑍 such that the following diagram

commutes:
𝑍

𝑋 𝑋 +𝑌 𝑌

𝑓

𝑖1

𝑓 +𝑔
𝑖2

𝑔

For example, in Set, the coproduct is given by the disjoint union of two

sets with the usual injection maps.

Definition 2.1.11. Let𝐺 : 𝕐 → 𝕏 be a functor. Then for an object 𝑋 ∈ 𝕏,

(𝑈 ∈ 𝕐 ,𝜂𝑋 : 𝑋 → 𝐺 (𝑈 )) is said to be a universal pair for the functor

𝐺 at the object 𝑋 if for any 𝑓 : 𝑋 → 𝐺 (𝑌 ) ∈ 𝕏, there exists a unique

14
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𝑓 # :𝑈 → 𝑌 ∈ 𝕐 such that the following triangle commutes:

𝑋 𝐺 (𝑈 )

𝐺 (𝑌 )

𝜂𝑋

𝑓
𝐺 ( 𝑓 #)

When it is the case that a functor𝐺 : 𝕐 → 𝕏 has a universal pair for

every object 𝑋 ∈ 𝕏, then we have,

Proposition 2.1.12. (Proposition 2.2.2 in [11]) Let𝐺 : 𝕐 → 𝕏 be a functor

such that for each 𝑋 ∈ 𝕏, there is a universal pair (𝐹 (𝑋 ),𝜂𝑋 ). Then,

• 𝐹 : 𝕏 → 𝕐 is a functor with 𝐹 (𝑔 ) := (𝑔𝜂𝑌 )# for 𝑔 : 𝑋 → 𝑌 ∈ 𝕏;

• 𝜂𝑋 : 𝑋 → 𝐺 (𝐹 (𝑋 )) is a natural transformation𝜂 : id𝕏 ⇒ 𝐹𝐺 ;

• 𝜀𝑌 := (id𝐺 (𝑌 ))# : 𝐹 (𝐺 (𝑌 )) → 𝑌 is a natural transformation 𝜀 : 𝐺𝐹 ⇒

id𝕐 ;

• The triangle equalities𝜂𝐺 (𝑌 )𝐺 (𝜀𝑌 ) = id𝐺 (𝑌 ) and 𝐹 (𝜂𝑋 )𝜀𝐹 (𝑋 ) = id𝐹 (𝑋 )

hold for all 𝑋 ∈ 𝕏 and𝑌 ∈ 𝕐 .

Conversely given functor 𝐹 : 𝕏 → 𝕐 and𝐺 : 𝕐 → 𝕏 and natural transfor-

mations𝜂 : id𝕏 ⇒ 𝐹𝐺 , 𝜀 : 𝐺𝐹 ⇒ id𝕐 , which satisfy the triangle identity,

then each (𝐹 (𝑋 ),𝜂𝑋 : 𝑋 → 𝐺 (𝐹 (𝑋 ))) is a universal pair for𝐺 at 𝑋 .

Definition 2.1.13. We say 𝐹 : 𝕏 → 𝕐 is left adjoint to 𝐺 : 𝕐 → 𝕏 (or

equivalently𝐺 is right adjoint to 𝐹 ) if there are natural transformations

𝜂 : id𝕏 ⇒ 𝐹𝐺 , 𝜀 : 𝐺𝐹 ⇒ id𝕐 satisfying the triangle identities as above. We

denote this situation by

(𝜂, 𝜀) : 𝐹 ⊣ 𝐺 : 𝕏 → 𝕐

15
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The free group construction over a set is a left adjoint to the forgetful

functor from the category of groups, which sends a group to its underlying

set and a group homomorphism to its underlying set function.

We also have,

Proposition 2.1.14. (Proposition 2.2.6 in [11]) If (𝜂, 𝜀) : 𝐹 ⊣ 𝐺 : 𝕏 → 𝕐 is

an adjunction, then

(i) Each𝜂𝑋 is monic if and only if 𝐹 is faithful.

(ii) Each 𝜀𝑌 is epic if and only if𝐺 is faithful.

(iii) Each𝜂𝑋 is a retraction if and only if 𝐹 is full.

(iv) Each 𝜀𝑌 is a section if and only if𝐺 is faithful.

(v) Each𝜂𝑋 is an isomorphism if and only if 𝐹 is fully faithful.

(vi) Each 𝜀𝑌 is an isomorphism if and only if𝐺 is fully faithful.

We say a full and faithful functor 𝐹 : 𝕏 → 𝕐 is a reflection, in case it is

a right adjoint, and a co-reflection in case it is a left adjoint. By the above

proposition, this means that for a reflection, each 𝜀𝑋 is an isomorphism,

and dually for a coreflection each𝜂𝑋 is an isomorphism. A full and faithful

functor 𝐹 : 𝕏 → 𝕐 is said to be an equivalence of categories in case it has

a left or right adjoint, which is also full and faithful. This means that both

the unit and counit maps of the adjunction are isomorphisms.
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2.2 Monoidal category theory

In this section, we recall some definitions frommonoidal category theory

that will be used throughout this thesis.

Definition2.2.1. Theproduct of two categories𝕏 and𝕐 is a category𝕏×𝕐

whose objects are pairs (𝑋 ,𝑌 ) where 𝑋 ∈ 𝕏0,𝑌 ∈ 𝕐0 and morphisms are

pairs ( 𝑓 , 𝑔 ) : 𝑓 ∈ 𝕏1, 𝑔 ∈ 𝕐1. The composition is defined component-wise.

Definition 2.2.2. A bifunctor is a functor whose domain is a product cate-

gory.

Definition 2.2.3. Amonoidal category is a category𝕏 equipped with

• A bifunctor ⊗ : 𝕏 ×𝕏 → 𝕏, called the tensor;

• A designated object 𝐼 ∈ 𝕏, called the unit;

• A natural isomorphism (indexed here by objects), 𝛼𝑋 ,𝑌 ,𝑍⊗ : (𝑋 ⊗ 𝑌 ) ⊗

𝑍 → 𝑋 ⊗ (𝑌 ⊗ 𝑍 ), called the associator. When the context is clear,

we will suppress the indexing on the structure maps.

• A natural isomorphism 𝑙⊗ : 𝐼 ⊗ 𝑋 → 𝑋 , called the left unitor;

• A natural isomorphism 𝑟⊗ : 𝑋 ⊗ 𝐼 → 𝑋 , called the right unitor.

such that the following diagrams commute for all 𝑋 ,𝑌 , 𝑍 ,𝑊 ∈ 𝕏:

(MC 1)

(𝑊 ⊗ 𝑋 ) ⊗ (𝑌 ⊗ 𝑍 )

((𝑊 ⊗ 𝑋 ) ⊗ 𝑌 ) ⊗ 𝑍 𝑊 ⊗ (𝑋 ⊗ (𝑌 ⊗ 𝑍 ))

(𝑊 ⊗ (𝑋 ⊗ 𝑌 )) ⊗ 𝑍 𝑊 ⊗ ((𝑋 ⊗ 𝑌 ) ⊗ 𝑍 )

𝛼𝛼

𝛼⊗id

𝛼

id ⊗𝛼
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(MC2)
(𝑋 ⊗ 𝐼 ) ⊗ 𝑌 𝑋 ⊗ (𝐼 ⊗ 𝑌 )

𝑋 ⊗ 𝑌

𝛼

𝑟⊗⊗id id ⊗𝑙⊗

These identities are called the pentagon and triangle identities, respectively.

We also use 𝑢𝐿⊗, 𝑢
𝑅
⊗ interchangeably with 𝑙⊗, 𝑟⊗, for left and right unitors,

respectively. Also for commuting diagrams (or while proving equations

involving commuting diagrams), it is standard to skip the quantification

over all objects of a category. Unless explicitly mentioned otherwise, the

quantification in commuting diagrams is over all objects of the category in

context.

A monoidal category can be thought of as a "categorified" version of

a monoid, where the (bi-) functor ⊗ : 𝕏 × 𝕏 → 𝕏 is the multiplication.

The category Set is an example of a monoidal category where the tensor

product is theCartesianproduct. A braidedmonoidal category is amonoidal

category equipped with an isomorphism, which lets us "switch" objects.

More precisely,

Definition 2.2.4. A braidedmonoidal category is a monoidal category𝕏

equipped with a natural isomorphism 𝐵𝑋 ,𝑌 : 𝑋 ⊗ 𝑌 → 𝑌 ⊗ 𝑋 such that the

following diagrams commute:

(BMC 1)

(𝑋 ⊗ 𝑌 ) ⊗ 𝑍 𝑋 ⊗ (𝑌 ⊗ 𝑍 ) (𝑌 ⊗ 𝑍 ) ⊗ 𝑋

(𝑌 ⊗ 𝑋 ) ⊗ 𝑍 𝑌 ⊗ (𝑋 ⊗ 𝑍 ) 𝑌 ⊗ (𝑍 ⊗ 𝑋 )

𝛼

𝐵⊗id

𝐵

𝛼

𝛼 id ⊗𝐵
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(BMC 2)

𝑋 ⊗ (𝑌 ⊗ 𝑍 ) (𝑋 ⊗ 𝑌 ) ⊗ 𝑍 𝑍 ⊗ (𝑋 ⊗ 𝑌 )

𝑋 ⊗ (𝑍 ⊗ 𝑌 ) (𝑋 ⊗ 𝑍 ) ⊗ 𝑌 (𝑍 ⊗ 𝑋 ) ⊗ 𝑌

𝛼−1

id ⊗𝐵

𝐵

𝛼−1

𝛼−1 𝐵⊗id

A braidedmonoidal category is said to be symmetric if 𝐵𝑋 ,𝑌 𝐵𝑌 ,𝑋 = id𝑋 ⊗𝑌 .

In the symmetric case, we will denote the braiding map by 𝑐⊗.

In Set, whenever we have a function of two variables, 𝑓 : 𝑋 × 𝑌 →

𝑍 ; (𝑥, 𝑦 ) ↦→ 𝑓 (𝑥, 𝑦 ), we can equivalently see it as a function of one variable,

with values in function of the other variable 𝑥 ↦→ (𝑦 ↦→ 𝑓 (𝑥, 𝑦 )). This gives

Set the structure of amonoidal closed category. Thismotivates the following

definition:

Definition 2.2.5. A monoidal closed category is a monoidal category

(𝕏, ⊗, 𝐼 ) such that for every 𝑋 ∈ 𝕏0, the functor (_) ⊗ 𝑋 : 𝕏 → 𝕏 has

a right adjoint 𝑋 ⊸ (_) : 𝕏 → 𝕏.

Now in Set, given a function 𝑓 : 𝑋 → 𝑌 , there is not always a natural

way to get a function 𝑓 ′ : 𝑌 → 𝑋 , unless 𝑓 is surjective. But in FdHilb, given

any linear map 𝑓 : 𝐻1 → 𝐻2, we can always get a map 𝑓 † : 𝐻2 → 𝐻1,

called the adjoint of 𝑓 , even when 𝑓 is not invertible. The adjoint of a map

𝑓 : 𝐻1 → 𝐻2 between two finite- dimensional Hilbert spaces is the unique

map 𝑓 † : 𝐻2 → 𝐻1 such that for for all 𝑣 ∈ 𝐻1, and𝑤 ∈ 𝐻2, the following

equation holds:

⟨𝑓 (𝑣 ),𝑤⟩ = ⟨𝑣, 𝑓 †(𝑤 )⟩
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Moreover, thinking in terms of matrices, it is not hard to see that ( 𝑓 ⊗

𝑔 )† = 𝑓 † ⊗ 𝑔 †. This is to say that the tensor product structure is compatible

with the adjoint structure. This motivates the following definitions:

Definition 2.2.6. [1] A category 𝕏 is said to be a dagger category if it is

equipped with an endofunctor (_)† : 𝕏op → 𝕏 such that it is identity on

objects and is involutive, that is for every 𝑋 ∈ 𝕏0, 𝑋
† = 𝑋 and for every

𝑓 : 𝑋 → 𝑌 ∈ 𝕏1, ( 𝑓 )†† = 𝑓 .

Definition 2.2.7. [22] A (symmetric) monoidal category (𝕏, ⊗, 𝐼 ) equipped

with a dagger (_)† : 𝕏op → 𝕏 is said to be a (symmetric) dagger monoidal

category if (𝕏, (_)†) is a dagger category and the following holds:

• For any 𝑓 ∈ 𝕏(𝑋 ,𝑌 ), 𝑔 ∈ 𝕏(𝑍 ,𝑊 ), ( 𝑓 ⊗ 𝑔 )† = 𝑓 † ⊗ 𝑔 †

• Every structure map is a unitary isomorphism, that is, 𝛼−1
⊗ = 𝛼†

⊗, 𝑙
−1
⊗ =

𝑙†⊗, 𝑟
−1
⊗ = 𝑟 †⊗, and 𝑐

−1
⊗ = 𝑐†⊗ in the symmetric case.

In FdHilb, to each Hilbert space𝐻 , there is a dual space of linear func-

tionals𝐻 ∗, with maps𝜂 : ℂ → 𝐻 ⊗ 𝐻 ∗ and 𝜀𝐻 : 𝐻 ∗ ⊗ 𝐻 → ℂwhich satisfy

some coherence properties. This motivates the following definitions:

Definition 2.2.8. [22] A symmetric monoidal category (𝕏, ⊗, 𝐼 ) is said to

be a compact closed category if every object is dualizable, that is for any

𝑋 ∈ 𝕏0, there exists an object𝑋 ∗ ∈ 𝕏0, called the dual of𝑋 withmorphisms

𝜂𝑋 : 𝐼 → 𝑋 ⊗ 𝑋 ∗ and 𝜀𝑋 : 𝑋 ∗ ⊗ 𝑋 → 𝐼 such that the following diagrams

commute:
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(KCC 1)

𝑋 ∗ ⊗ (𝑋 ⊗ 𝑋 ∗) 𝑋 ∗ ⊗ 𝐼

(𝑋 ∗ ⊗ 𝑋 ) ⊗ 𝑋 ∗ 𝐼 ⊗ 𝑋 ∗

𝛼−1
⊗

id ⊗𝜂𝑋

𝑐⊗

𝜀𝑋 ⊗id

(KCC 2)

(𝑋 ⊗ 𝑋 ∗) ⊗ 𝑋 𝐼 ⊗ 𝑋

𝑋 ⊗ (𝑋 ∗ ⊗ 𝑋 ) 𝑋 ⊗ 𝐼

𝛼⊗

𝜂𝑋 ⊗id

𝑐⊗

id ⊗𝜀𝑋

They are also sometimes called the snake equations because of their shape

in string diagrams.

𝜂𝑋

𝑋 𝑋 ∗ 𝑋

𝜀𝑋

=

=

𝜀𝑋

𝑋 ∗ 𝑋 𝑋 ∗

𝑋 ∗

𝑋

𝜂𝑋

(2.1)

A compact closed category𝕏 is a symmetric monoidal closed category

if we define 𝑋 ⊸ 𝑌 := 𝑌 ⊗ 𝑋 ∗ for any 𝑋 ,𝑌 ∈ 𝕏.

Definition 2.2.9. [37] A dagger compact closed category 𝕏 is a dagger

symmetric monoidal category that is also compact closed, and for any 𝑋 ∈
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𝕏, the following diagram commutes:

𝐼 𝑋 ∗ ⊗ 𝑋

𝑋 ⊗ 𝑋 ∗

𝜀†
𝑋

𝜂𝑋
𝑐⊗

where the unit𝜂𝑋 : 𝐼 → 𝑋 ⊗ 𝑋 ∗ and the counit map 𝜀𝑋 : 𝑋 ∗ ⊗ 𝑋 → 𝐼 are

coming from the data of the compact closed category.

FdHilb, the prototypical category in which finite-dimensional quantum

mechanics is modeled, is an example of a dagger compact closed cate-

gory, where the monoidal structure is given by the usual tensor product

of matrices, the dagger is given by the adjoint, and the compact structure

is given by the unit and counit map defined by 𝜂𝐻 : ℂ → 𝐻 ⊗ 𝐻 ∗ :=∑𝑛=dim(𝐻 )
𝑖=1 |𝑖 ⟩ ⊗ |𝑖 ⟩ , 𝜀𝐻 : 𝐻 ∗ ⊗ 𝐻 → ℂ :=

∑𝑛=dim(𝐻 )
𝑖=1 ⟨𝑖 | ⊗ ⟨𝑖 |. Here we have

picked an orthonormal basis {|𝑖 ⟩} for𝐻 and have used the same notation

for the corresponding basis of𝐻 ∗. Note that the unit and the counit maps

are bounded if and only if the dimension of the Hilbert space is finite; thus,

the category of all Hilbert spaces (including the infinite-dimensional) is not

compact.

There is a notion of a star autonomous category inwhich duals of objects

exist, but in a weaker sense than in a compact closed category.

Definition 2.2.10. A star autonomous category is a symmetric monoidal

closed category (𝕏, ⊗, 𝐼 ,⊸) with a global dualizing object⊥ such that the

canonical morphism 𝑑𝑋 : 𝑋 → (𝑋 ⊸ ⊥) ⊸ ⊥, which is the adjoint of

the evaluation map ev𝑋 ,⊥ : (𝑋 ⊸ ⊥) ⊗ 𝑋 → ⊥, is an isomorphism for all

𝑋 ∈ 𝕏.

There is an equivalent definition of a star autonomous category which
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captures the fact that the star of the star autonomous category is indeed a

(full and faithful) functor.

Definition 2.2.11. A star autonomous category is a symmetric monoidal

category (𝕏, ⊗, 𝐼 ) equipped with a fully faithful functor (_)∗ : 𝕏op → 𝕏

such that for any𝑋 ,𝑌 , 𝑍 ∈ 𝕏 there is a natural isomorphism𝕏(𝑋 ⊗𝑌 , 𝑍 ∗) �

𝕏(𝑋 , (𝑌 ⊗ 𝑍 )∗).

To see that these definitions are equivalent, first given amonoidal closed

category, we define the dualizing functor (_)∗ := (_) ⊸ ⊥. Then the mor-

phism 𝑑𝑋 is natural in 𝑋 , so we have that there is a natural isomorphism

𝑑 : id𝕏 ⇒ (_)∗∗. Moreover, we have,

𝕏(𝑋 ⊗ 𝑌 , 𝑍 ∗) � 𝕏(𝑋 ⊗ 𝑌 , 𝑍 ⊸ ⊥),by definition of (_)∗

� 𝕏((𝑋 ⊗ 𝑌 ) ⊗ 𝑍 ,⊥), as𝕏 is monoidal closed

� 𝕏(𝑋 ⊗ (𝑌 ⊗ 𝑍 ),⊥), associativity natural isomorphism

� 𝕏(𝑋 , (𝑌 ⊗ 𝑍 ) ⊸ ⊥, as𝕏 is monoidal closed

� 𝕏(𝑋 , (𝑌 ⊗ 𝑍 )∗),by definition of (_)∗.

Conversely, given the dualizing functor, we define the internal hom 𝐴 ⊸

𝐵 := 𝐴∗ ⊕ 𝐵 := (𝐴∗∗ ⊗ 𝐵∗)∗.

Next, we discuss the notion of a symmetric linearly distributive category,

which, as we shall see, coincides with the notion of a star autonomous

category precisely when the linearly distributive category also has duals.

The notion of a linearly distributive category was introduced in [13].

Definition 2.2.12. A linearly distributive category (LDC) consists of the

following data:
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2. Background

• Amonoidal category (𝕏, ⊗,⊤, 𝛼⊗, 𝑙⊗, 𝑟⊗)- called the tensormonoidal

category .

• A monoidal category (𝕏, ⊕,⊥, 𝛼⊕, 𝑙⊕, 𝑟⊕)- called the par monoidal

category .

• Two natural transformations 𝛿𝐿 : 𝐴 ⊗ (𝐵 ⊕ 𝐶 ) → (𝐴 ⊗ 𝐵) ⊕ 𝐶 , 𝛿𝑅 :

(𝐵⊕𝐶 )⊗𝐴 → 𝐵⊕(𝐶 ⊗𝐴), called the left and right linear distributors.

This data is subjected to the following coherence conditions:

(LDC 1) Pentagon and triangle identities for (𝕏, ⊗,⊤, 𝛼⊗, 𝑙⊗, 𝑟⊗) and

(𝕏, ⊕,⊥, 𝛼⊕, 𝑙⊕, 𝑟⊕) to be monoidal categories. See Definition 2.2.3.

(LDC 2)
⊤ ⊗ (𝐴 ⊕ 𝐵)

(⊤ ⊗ 𝐴) ⊕ 𝐵 𝐴 ⊕ 𝐵

𝛿𝐿
𝑙𝐴⊕𝐵⊗

𝑙𝐴⊗⊕id

(LDC 3)

(𝐴 ⊗ 𝐵) ⊗ (𝐶 ⊕ 𝐷) 𝐴 ⊗ (𝐵 ⊗ (𝐶 ⊕ 𝐷))

𝐴 ⊗ ((𝐵 ⊗ 𝐶 ) ⊕ 𝐷)

((𝐴 ⊗ 𝐵) ⊗ 𝐶 ) ⊕ 𝐷 (𝐴 ⊗ (𝐵 ⊗ 𝐶 )) ⊕ 𝐷

𝛼⊗

𝛿𝐿

id ⊗𝛿𝐿

𝛿𝐿

𝛼⊗⊕id
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2. Background

(LDC 4)

(𝐴 ⊕ 𝐵) ⊗ (𝐶 ⊕ 𝐷)

((𝐴 ⊕ 𝐵) ⊗ 𝐶 ) ⊕ 𝐷) 𝐴 ⊕ (𝐵 ⊗ (𝐶 ⊗ 𝐷))

(𝐴 ⊕ (𝐵 ⊗ 𝐶 )) ⊕ 𝐷 𝐴 ⊕ ((𝐵 ⊗ 𝐶 ) ⊕ 𝐷)

𝛿𝐿 𝛿𝑅

𝛿𝑅⊕id id ⊕𝛿𝐿

𝛼⊕

The above set of generating equations produces further coherence con-

ditions under the following symmetries of the notion of an LDC.

• swap the arrows, swap ⊗ and ⊕, swap⊤ and⊥

• reverse the tensor and par 𝐴 ⊗rev 𝐵 := 𝐵 ⊗ 𝐴, 𝐴 ⊕rev 𝐵 := 𝐵 ⊕ 𝐴

For example, LDC1 under the symmetry will generate further coherence

conditions such as 𝑟⊗ = 𝛿𝑅 (id ⊕𝑙⊗), 𝛿𝑅𝑙⊕ = 𝑙⊕ ⊗ id, and id ⊗𝑟⊕ = 𝛿𝐿𝑙⊕.

An LDC is said to be symmetric if both underlying monoidal structures

are symmetric and the following diagram commutes:

(𝐵 ⊕ 𝐶 ) ⊗ 𝐴 𝐴 ⊗ (𝐵 ⊕ 𝐶 )

𝐴 ⊗ (𝐶 ⊕ 𝐵)

(𝐴 ⊗ 𝐶 ) ⊕ 𝐵

𝐵 ⊕ (𝐴 ⊗ 𝐶 )

𝐵 ⊕ (𝐶 ⊗ 𝐴)

𝑐⊗

𝛿𝑅

id ⊗𝑐⊕

𝛿𝐿

𝑐⊕

id ⊕𝑐⊗

Note that by the symmetries of the data, this means that in a symmetric

LDC, the left and right distributors determine each other.

25



2. Background

Example 2.2.13.

(i) Every (symmetric) monoidal category is a (symmetric) linearly dis-

tributive category (with ⊗ = ⊕), with distributors as the associators.

(ii) A shift monoid (regarded as a discrete category, with only identity mor-

phisms) is a commutative monoid (𝐴,+, 0) with a designated element

𝑎 which has an inverse. This induces a second operation 𝑏 × 𝑐 :=

(𝑏 + 𝑐 ) − 𝑎 . The unit for × will be 𝑎 . The distributor is then given by

following equality:

𝑥 × (𝑦 + 𝑧) = (𝑥 + (𝑦 + 𝑧)) − 𝑎 = ((𝑥 + 𝑦 ) − 𝑎) + 𝑧 = (𝑥 × 𝑦 ) + 𝑧

(iii) Every ∗- autonomous category is a LDCwith duals. See below.

Definition 2.2.14. Suppose𝕏 is a LDC and 𝐴, 𝐵 ∈ 𝕏, then 𝐵 is said to be

left linear dual to 𝐴 (or equivalently, 𝐴 is said to be right linear dual to 𝐵),

written as (𝜂, 𝜀) : 𝐵 ∥ 𝐴 if there exist maps𝜂 : ⊤ → 𝐵 ⊕ 𝐴, 𝜀 : 𝐴 ⊗ 𝐵 → ⊥

such that the following diagrams commute:

(Dual 1)

𝐵 ⊤ ⊗ 𝐵 (𝐵 ⊕ 𝐴) ⊗ 𝐵

𝐵 𝐵 ⊕ ⊥ 𝐵 ⊕ (𝐴 ⊗ 𝐵)

𝑙−1⊗

id

𝜂⊗id

𝛿𝑅

𝑟⊕ id ⊕𝜀

(Dual 2)

𝐴 𝐴 ⊗ ⊤ 𝐴 ⊗ (𝐵 ⊕ 𝐴)

𝐴 ⊥ ⊕ 𝐴 (𝐴 ⊗ 𝐵) ⊕ 𝐵

𝑟 −1⊗

id

id ⊗𝜂

𝛿𝐿

𝑙⊗ 𝜀⊕id
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2. Background

The above equations encode the triangle identities of the adjunction when

the duals exist in a weaker sense than in a compact closed category. It is

not difficult to see that in a symmetric LDC, (𝜂, 𝜀) : 𝐵 ∥ 𝐴 if and only if

(𝜂𝑐⊕, 𝑐⊗𝜀) : 𝐴 ∥ 𝐵 .

Definition 2.2.15. A homomorphism of duals ( 𝑓 , 𝑓 ′) : ((𝜂, 𝜀) : (𝐴 ∥

𝐵) → (𝜏,𝛾 ) : (𝐴′ ∥ 𝐵′)) is a pair of maps 𝑓 : 𝐴 → 𝐴′ and 𝑓 ′ : 𝐵′ → 𝐵 such

that the following holds:

𝑓 ′

𝜏

𝐴′
𝐵

𝐵′

= 𝑓

𝜂

𝐵

𝐴

𝐴′

𝑓
𝐴

𝐴′

𝛾

𝐵′ = 𝑓 ′𝐴
𝐵′

𝐵

𝜀

(2.2)

Note that in the string diagram language [38], the wires represent the

type of the objects, and themorphisms between the objects are represented

by boxes. Sequential composition is to drawnby stacking the boxes vertically

(top to bottom) and the parallel composition is drawn by stacking the boxes

horizontally (left to right).

In [14] (Theorem 4.3), Cockett and Seely proved that a symmetric LDC

with duals is the same notion as a star autonomous category. We shall show

how we can derive the left linear distributor coming from the data of a star

autonomous category. First, we define the par on the LDC as 𝐴 ⊕ 𝐵 := 𝐴∗ ⊸

𝐵 � (𝐴∗ ⊗ 𝐵∗)∗. Then the left distributor is derived as follows:
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2. Background

(𝐴 ⊗ 𝐵)∗ ⊢ (𝐴 ⊗ 𝐵)∗
𝐴 ⊗ (𝐴 ⊗ 𝐵)∗ ⊢ 𝐵∗

𝐵∗ ⊸ 𝐶 ⊢ 𝐵∗ ⊸ 𝐶
𝐵∗ ⊗ (𝐵∗ ⊸ 𝐶 ) ⊢ 𝐶
𝐵∗ ⊢ (𝐵∗ ⊸ 𝐶 ) ⊸ 𝐶

𝐴 ⊗ (𝐴 ⊗ 𝐵)∗ ⊢ 𝐵∗ 𝐵∗ ⊢ (𝐵∗ ⊸ 𝐶 ) ⊸ 𝐶

𝐴 ⊗ (𝐴 ⊗ 𝐵)∗ ⊢ (𝐵∗ ⊸ 𝐶 ) ⊸ 𝐶

Finally, we use the natural bijection between𝑋 ⊗𝑌 → 𝑍 ⊸𝑊 and𝑋 ⊗𝑍 →

𝑌 ⊸𝑊 to derive derive the distributor 𝛿𝐿 : 𝐴 ⊗ (𝐵 ⊕ 𝐶 ) → (𝐴 ⊗ 𝐵) ⊕ 𝐶 .

This theorem allows us to switch between the notions of an LDCwith

duals and that of a ∗- autonomous category. This will be important when

we develop the theory of Lefschetz spaces.

2.3 Elementary topology

In this section, we recall some definitions from elementary topology.

Definition 2.3.1. A non-empty set 𝐴 together with a binary relation ≤ is

called a directed setwhen:

• (𝐴, ≤) is a preorder

• (Directed) For any 𝑎, 𝑏 ∈ 𝐴, there exists 𝑐 ∈ 𝐴 such that 𝑎 ≤ 𝑐 , 𝑏 ≤ 𝑐 .

Example 2.3.2. An important example of a directed set, and one that will

be crucial to us is (Fin(𝐼 ), ⊆,∪), where 𝐼 is any indexing set, and Fin(𝐼 ) :=

{𝐽 ⊆ 𝐼 : | 𝐽 | < ∞}, that is Fin(𝐼 ) is just the collection of finite subsets of 𝐼 .

The ordering is given by inclusion, and the direction is provided by taking

the union of two sets.

Definition 2.3.3.
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2. Background

(a) A net in a topological space𝑉 is a function 𝑣• : 𝐴 → 𝑉 , where 𝐴 is a

directed set.

(b) A net in a topological space𝑉 , 𝑣• = (𝑣𝑎 )𝑎∈𝐴 is said to be eventually in a

set 𝑆 ⊆ 𝑉 , if there exists 𝑎 ∈ 𝐴 such that 𝑣𝑏 ∈ 𝑆 for all 𝑏 ≥ 𝑎 .

(c) A point𝑣 in a topological space is called a limit point of the net𝑣• in𝑉 if

for every open neighborhood U of 𝑣 , the net 𝑣• is eventually in U. When

a limit point for a net 𝑣• exists in𝑉 , the net is said to be convergent (to

some 𝑣 ∈ 𝑉 ).

Definition 2.3.4. Let (𝑋 ,𝜆1 ⊆ P(𝑋 )) and (𝑌 , 𝜆2 ⊆ P(𝑌 )) be topological

spaces, then a function 𝑓 : 𝑋 → 𝑌 is called continuous if it pulls back open

sets to open sets, i.e. for any 𝑡 ∈ 𝜆2, 𝑓 −1(𝑡 ) ∈ 𝜆1.

An equivalent characterisation of continuous functions can be given as

functions that preserve convergent nets. It should be noted that the reason

we consider nets, and not just sequences, is that this equivalent characteri-

sation might fail if we consider just sequences. That is to say, a 𝑓 : 𝑋 → 𝑌

taking every convergent sequence 𝑥𝑛 → 𝑥 in 𝑋 to a convergent sequence

𝑓 (𝑥𝑛) → 𝑓 (𝑥) in𝑌 might fail to be continuous. For Spaces where sequences

suffice to capture continuity are called sequential spaces. Though a large

class of topological spaces (including spaces where topology is induced by

a metric) is sequential, we do not know if Lefschetz spaces, which we will

be studying in this thesis, are sequential. Lefschetz spaces have not been

studied very thoroughly in the literature, so we could not locate a reference

that proves or disproves that Lefschtez spaces are sequential. In this thesis,
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2. Background

we will not assume that Lefschtez spaces are sequential, and hence our

results works in greater generality.

Lemma 2.3.5. [26] Let (𝑋 ,𝜆1) and (𝑌 , 𝜆2) be topological spaces, then a

function 𝑓 : 𝑋 → 𝑌 is continuous if and only if for every convergent net

𝑥• → 𝑥 in 𝑋 , the net 𝑓 (𝑥•) converges to 𝑓 (𝑥) in𝑌 .

We next discuss neighborhoods and notions of basis for a topological

space.

Definition 2.3.6.

(a) Let (𝑋 ,𝜆) be a topological space. Then for 𝑥 ∈ 𝑋 , 𝑁 (𝑥) := {𝑈 ⊆ 𝑋 :

𝑈 ∈ 𝜆 and 𝑥 ∈ 𝑈 } is called the open neighborhood system of 𝑥 .

(b) 𝐵𝑥 ⊆ 𝑁 (𝑥) is called a local basis at 𝑥 if for every𝑈 ∈ 𝜆 such that 𝑥 ∈ 𝑈 ,

there exists 𝐵 ∈ 𝐵𝑥 , such that 𝑥 ∈ 𝐵 and 𝐵 ⊆ 𝑈 .

Definition 2.3.7.

(a) Let 𝑋 be a set and let B be a collection of subsets of X such that

• 𝑋 = ∪𝑉 ∈B𝑉 and

• for any𝑉1,𝑉2 ∈ B and for any 𝑥 ∈ 𝑉1 ∩𝑉2, there exists𝑊 ∈ B such

that 𝑥 ∈𝑊 and𝑊 ⊆ 𝑉1 ∩𝑉2.

Then B is called a basis for the topology on 𝑋 , where the topology is

generated by taking arbitrary unions of the sets in B.

(b) Let 𝑋 be a set and let S be a collection of subsets of 𝑋 such that 𝑋 =

∪𝑇 ∈S𝑇 .
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Then S is called a subbasis for the topology on 𝑋 , where the topology

is generated by

• taking finite intersections of the sets in S

• taking arbitrary unions of the sets obtained in the step above.

When we have the notion of a (sub)-basis for a topology, we can give

another equivalent condition to check the continuity of a function.

Lemma 2.3.8. [31] Let (𝑋 ,𝜆), (𝑌 , 𝜃 ) be two topological spaces and let T

denote a (sub) basis for𝑌 . Then a function 𝑓 : 𝑋 → 𝑌 is continuous if and

only if for any 𝑡 ∈ T , 𝑓 −1(𝑡 ) ∈ 𝜆.

Definition2.3.9. A topological vector space (TVS) is a vector space (𝑉 ,+, •)

(over a field say ℂ) endowed with a topology 𝜆 such that the vector space

operations + : 𝑉 ×𝑉 → 𝑉 , • : ℂ ×𝑉 → 𝑉 are continuous. Note that the

topology on the product space is the product topology, and the topology on

the field is discrete.

The morphisms in the category of topological vector spaces are continu-

ous linear maps. In any TVS 𝑋 , translations 𝑥 → 𝑥 + 𝑥′ (by any 𝑥′ ∈ 𝑋 ), and

scaling by a non-zero scalar 𝑥 → 𝛼 • 𝑥 are isomorphisms in the category

of topological vector spaces [39]. So, for a linear map between topological

vector spaces, continuity at the origin (additive identity of the vector space

structure) implies continuity everywhere. In terms of local bases, it has the

following form:

Lemma 2.3.10. [36] Let 𝑋 and𝑌 be two topological vector spaces, and let

𝐵0𝑋 and 𝐶0𝑌 be their respective local basis at their origins (which always

exist; for example they could be just the neighbourhood basis at the origin).
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Then a function 𝑓 : 𝑋 → 𝑌 is continuous if and only if for any 𝑐 ∈ 𝐶0𝑌 , there

exists 𝑏 ∈ 𝐵0𝑋 such that 𝑏 ⊆ 𝑓 −1(𝑐 ).

To talk about completeness in topological vector spaces, we introduce

the notion of a uniform space. Uniform space is the general context inwhich

the notion of completenessmakes sense. A uniform space is simply a space

endowed with a uniform structure. There are many equivalent definitions;

wewill adopt the entourage one. The definitions and results here onuniform

spaces can be found in standard references on uniform spaces [9, 24].

Definition 2.3.11. Let 𝑋 be a set. An entourage on 𝑋 ,𝛾 , is a non-empty

collection of relations on 𝑋 , that is,𝛾 ⊆ P(𝑋 × 𝑋 ) such that

• For every𝑈 ∈ 𝛾 , id𝑋 := {(𝑥, 𝑥) : 𝑥 ∈ 𝑋 } ⊆ 𝑈 .

• 𝛾 is upward closed, that is if𝑈 ,𝑉 ∈ P(𝑋 × 𝑋 ) such that𝑈 ⊆ 𝑉 and

𝑈 ∈ 𝛾 , then𝑉 ∈ 𝛾 .

• 𝛾 is closed to finite intersections, that is, if𝑈 ,𝑉 ∈ 𝛾 , then𝑈 ∩𝑉 ∈ 𝛾

• 𝛾 is closed to the (unary) operation of taking relational transpose, that

is, if𝑈 ∈ 𝛾 , then𝑈 𝑡 ∈ 𝛾 , where𝑈 𝑡 := {(𝑥, 𝑦 ) ∈ 𝑋 × 𝑋 : (𝑦 , 𝑥) ∈ 𝑈 }.

• For every𝑈 ∈ 𝛾 , there exists𝑉 ∈ 𝛾 , such that𝑉 ◦𝑉 ⊆ 𝑈 , where ′◦′ is

relational composition (see the second example in Example 2.1.2).

Every topological vector space 𝑋 comes equipped with a canonical uni-

form structure where we declare𝑀 ⊆ 𝑋 × 𝑋 to be an element of the en-

tourage if there exists an open neighborhood around the origin,𝑈 , such

that for any (𝑥, 𝑦 ) ∈ 𝑀 , 𝑥 − 𝑦 ∈ 𝑈 . Henceforth, whenever we talk about
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notions such as Cauchy nets and completeness in a topological vector space,

we will be talking in context to this canonical uniform structure.

Moreover, a uniform structure (𝑋 ,𝛾 ) induces a topology on 𝑋 by declar-

ing a non-empty set𝑂 ⊆ 𝑋 to be open if and only if for any 𝑜 ∈ 𝑂 , there

exists a𝑉 ∈ 𝛾 , such that𝑉 [𝑜] := {𝑡 : (𝑜, 𝑡 ) ∈ 𝑉 } ⊆ 𝑂 . For any topological

vector space, the induced topology by its canonical uniform structure agrees

with the original topology.

The nice thing about isomorphisms of uniform spaces (see below) is

that they preserve uniform properties such as completeness in addition to

topological properties such as Hausdorff-ness, connectedness, etc.

Definition2.3.12. Givenuniformspaces (𝑋 ,𝛾 ), (𝑌 , 𝛿 ), a function 𝑓 : (𝑋 ,𝛾 ) →

(𝑌 , 𝛿 ) is said to be uniformly continuous if for any entourage 𝑉 ∈ 𝛿 ,

( 𝑓 × 𝑓 )−1(𝑉 ) ∈ 𝛾 . Note that uniformly continuous functions are always

continuous functions with respect to the induced topology by the uniform

structure.

Lemma 2.3.13. Any linear continuousmap 𝑓 : 𝑋 → 𝑌 between topological

vector spaces𝑋 and𝑌 is uniformly continuous (with respect to the canonical

uniformity).

Proof. By definition of canonical uniformity on topological vector spaces,

any entourage on𝑌 is of the form 𝐸𝑊 = {(𝑦1, 𝑦2) ∈ 𝑌 × 𝑌 : 𝑦1 − 𝑦2 ∈ 𝑊 },

where𝑊 is an open neighbourhood around 0𝑌 . Now, by continuity, we have

that there exists an open neighbourhood𝑉 around 0𝑋 such that 𝑓 (𝑉 ) ⊆𝑊 .

Now we define 𝐸𝑉 := {(𝑥1, 𝑥2) ∈ 𝑋 × 𝑋 : 𝑥1 − 𝑥2 ∈ 𝑉 }. Clearly, 𝐸𝑉 is an
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entourage on 𝑋 . Then, by linearity, we have,

𝑓 (𝑥1) − 𝑓 (𝑥2) = 𝑓 (𝑥1 − 𝑥2) ∈ 𝑓 (𝑉 ) ⊆𝑊 .

Sowe have that ( 𝑓 (𝑥1), 𝑓 (𝑥2)) ∈ 𝐸𝑊 and hence ( 𝑓 × 𝑓 ) (𝐸𝑉 ) ⊆ 𝐸𝑊 or equiva-

lently, 𝐸𝑉 ⊆ ( 𝑓 × 𝑓 )−1(𝐸𝑊 ). Then, since 𝐸𝑉 is an entourage on 𝑋 , by upward

closedness ( 𝑓 × 𝑓 )−1(𝐸𝑊 ) is an entourage on 𝑌 . Thus, 𝑓 is a uniformly

continuous function. □

Definition 2.3.14.

(a) Let𝑋 be a TVS. And let 𝑥• : 𝐼 → 𝑋 be a net in𝑋 , where I is some directed

set. Then the net is said to be Cauchy if for any open neighborhood

U around the origin, there exists 𝑖𝑜 ∈ 𝐼 , such that 𝑥𝑖 − 𝑥𝑗 ∈ 𝑈 for all

𝑖 , 𝑗 ≥ 𝑖𝑜 .

(b) A topological vector space 𝑋 is said to be complete if and only if every

Cauchy net 𝑥• : 𝐼 → 𝑋 converges to some point 𝑥 ∈ 𝑋 .
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Chapter 3

Mixed unitary categories

Having developed the background on basic category theory and topology,

we define the notion of a mixed unitary category (MUC) in this chapter.

The main mathematical objects of our study, that is finiteness spaces and

reflexive Lefschetz spaces, are examples of mixed unitary categories. MUC

were proposed in [40] as a categorical semantics for arbitrary-dimensional

quantummechanics. A MUC is a (†)- linearly distributive category (LDC)

(read as “dagger LDC”) with a unitary core. The unitary core is equivalent to

the compact fragment of the theory. This core then extends to a full †- LDC,

yielding the structure of a MUC. Thus, a MUC can be seen as capturing the

idea of a finite-dimensional theory sitting within the larger setting of a †-

LDC.

It is well known that dagger compact closed categories give a semantics

for finite-dimensional quantummechanics [1]. Compact closed categories

are the proof theory for the compact fragment of linear logic with nega-

tion. A natural generalisation of a compact closed category is, thus, a ∗-

autonomous category, where the tensor and par are not isomorphic. A
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3. Mixed unitary categories

further generalisation of ∗- autonomous category is a dagger (†-) linearly

distributive category (LDC), where the dagger need not necessarily come

from the dualising functor.

The dagger structure also allows us to talk about unitary operators (in

the core), which are of central importance in quantummechanics.

The definitions and results in this chapter are taken from [40].

3.1 Dagger linearly distributive categories

The notion of a MUC will be developed in the setting of dagger isomix

LDCs, where the unitary core is contained in the class of objects for which

𝐴 ⊗ 𝐵 � 𝐴 ⊕ 𝐵 , called the core of the category. This map between the tensor

and the par is induced by having a map between the units of the par and

the tensor.

Definition 3.1.1. A LDC 𝕏 is said to be amix LDC, if there exists a map

𝑚 : ⊥ → ⊤, called themixmap, such that the following diagram commutes

for all objects 𝐴, 𝐵 ∈ 𝕏:

𝐴 ⊗ 𝐵 𝐴 ⊗ (⊥ ⊕ 𝐵) 𝐴 ⊗ (⊤ ⊕ 𝐵)

(𝐴 ⊕ ⊥) ⊗ 𝐵 (𝐴 ⊗ ⊤) ⊕ 𝐵

𝐴 ⊕ (⊥ ⊗ 𝐵) 𝐴 ⊕ (⊤ ⊗ 𝐵) 𝐴 ⊕ 𝐵

id ⊗𝑢𝐿−1⊕

𝑢𝑅
−1

⊕ ⊗id
𝑚𝑥𝐴,𝐵

id ⊗(𝑚⊕id)

𝛿𝐿

𝛿𝑅 𝑢𝑅⊗

id ⊕(𝑚⊗id) id ⊕𝑢𝐿⊗

The map thus obtained,𝑚𝑥𝐴,𝐵 : 𝐴 ⊗ 𝐵 → 𝐴 ⊕ 𝐵 , is called themixor. It is a

natural transformation as it is a composition of natural transformations.
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Definition 3.1.2. Amix LDC is said to be an isomix LDC if and only if the

mix map𝑚 : ⊥ → ⊤ is an isomorphism.

We note that themixmap being an isomorphism does not entail that the

mixor is an isomorphism. However, when the mix map is an isomorphism,

the coherence required of the mixor is automatically satisfied [13]. When

each mixor is an isomorphism, the LDC is said to be compact.

Definition 3.1.3. A compact LDC𝕏 is an isomix categorywhere eachmixor,

𝑚𝑥𝐴,𝐵 : 𝐴 ⊗ 𝐵 → 𝐴 ⊕ 𝐵 is an isomorphism for all 𝐴,𝐵 ∈ 𝕏.

We will not always be explicit in this quantification over objects. Unless

further conditions are mentioned, the choice of objects is meant to be

generic.

One of the ways in which compact LDCs arise is via the core of a mix

category.

Definition 3.1.4. An object𝑈 is in the core of a mix category if and only if

𝑚𝑥𝑈 ,− and𝑚𝑥−,𝑈 are isomorphisms.

Thus, we can consider Core(𝕏) to be a full subcategory of𝕏 which will

be compact. We also have that the core is closed under tensor and par in a

mix category, and if the category is isomix, then the units are in the core.

Proposition 3.1.5. [7] If𝕏 is amix-LDC and𝐴,𝐵 ∈ Core(𝕏), then𝐴⊕𝐵, 𝐴⊗

𝐵 ∈ Core(𝕏). If𝕏 is an isomix- LDC, then⊥,⊤ ∈ Core(𝕏).

We next need higher-dimensional cells of an LDC before we canmake

the notion of a †- LDC precise. For that, we first recall the definition of a

monoidal functor.
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Definition 3.1.6. Let (𝕏, ⊗, 𝐼 ), (𝕐 , ⊗, 𝐼 ) be twomonoidal categories. Then

amonoidal functor between them is a functor 𝐹 : 𝕏 → 𝕐 equipped with

two natural transformations𝑚⊗ : 𝐹 (𝐴) ⊗ 𝐹 (𝐵) → 𝐹 (𝐴 ⊗ 𝐵),𝑚𝐼 : 𝐼 → 𝐹 (𝐼 )

such that the following diagrams commute:

(MF 1)

(𝐹 (𝐴) ⊗ 𝐹 (𝐵)) ⊗ 𝐹 (𝐶 ) 𝐹 (𝐴 ⊗ 𝐵) ⊗ 𝐹 (𝐶 ) 𝐹 ((𝐴 ⊗ 𝐵) ⊗ 𝐶 )

𝐹 (𝐴) ⊗ (𝐹 (𝐵) ⊗ 𝐹 (𝐶 )) 𝐹 (𝐴) ⊗ 𝐹 (𝐵 ⊗ 𝐶 ) 𝐹 (𝐴 ⊗ (𝐵 ⊗ 𝐶 ))

𝑚⊗⊗id

𝛼⊗

𝑚⊗

𝐹 (𝛼⊗)

id ⊗𝑚⊗ 𝑚⊗

(MF 2)
𝐹 (𝐴) ⊗ 𝐼

𝐹 (𝐴) ⊗ 𝐹 (𝐼 ) 𝐹 (𝐴 ⊗ 𝐼 ) 𝐹 (𝐴)

id ⊗𝑚𝐼

𝑢𝑅⊗

𝑚⊗ 𝐹 (𝑢𝑅⊗)

(MF 3)
𝐼 ⊗ 𝐹 (𝐴)

𝐹 (𝐼 ) ⊗ 𝐹 (𝐴) 𝐹 (𝐼 ⊗ 𝐴) 𝐹 (𝐴)

𝑚𝐼 ⊗id
𝑢𝐿⊗

𝑚⊗ 𝐹 (𝑢𝐿⊗)

A functor𝐹 : 𝕏 → 𝕐 between twomonoidal categories is called comonoidal

if 𝐹 : 𝕏op → 𝕐 op is monoidal. When the functor is comonoidal, we will

denote the associated natural transformations by 𝑛⊗ (𝑛⊕), 𝑛⊤(𝑛⊥).

A linear functor between two LDCs is then a pair of monoidal functors

satisfying some coherence conditions. More precisely,

Definition 3.1.7. A linear functor 𝐹 : 𝕏 → 𝕐 between two LDCs is a

pair of functors (𝐹⊗, 𝐹⊕) such that 𝐹⊗ is monoidal with respect to ⊗ and

𝐹⊕ is comonoidal with respect to ⊕, and we have the following natural

transformations
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• 𝑣𝑅⊗ : 𝐹⊗ (𝐴 ⊕ 𝐵) → 𝐹⊕ (𝐴) ⊕ 𝐹⊗ (𝐵)

• 𝑣𝐿⊗ : 𝐹⊗ (𝐴 ⊕ 𝐵) → 𝐹⊗ (𝐴) ⊕ 𝐹⊕ (𝐵)

• 𝑣𝑅⊕ : 𝐹⊗ (𝐴) ⊗ 𝐹⊕ (𝐵) → 𝐹⊕ (𝐴 ⊗ 𝐵)

• 𝑣𝐿⊕ : 𝐹⊕ (𝐴) ⊗ 𝐹⊗ (𝐵) → 𝐹⊕ (𝐴 ⊗ 𝐵)

such that the following diagrams commute:

(LF 1)

𝐹⊗ (⊥ ⊕ 𝐴) 𝐹⊗ (𝐴)

𝐹⊕ (⊥) ⊕ 𝐹⊗ (𝐴) ⊥ ⊕ 𝐹⊗ (𝐴)

𝐹⊗ (𝑢𝐿⊕)

𝑣𝑅⊗

𝑛⊥⊕id

𝑢𝐿⊕

(LF 2)

𝐹⊗ ((𝐴 ⊕ 𝐵) ⊕ 𝐶 ) 𝐹⊗ (𝐴 ⊕ (𝐵 ⊕ 𝐶 ))

𝐹⊕ (𝐴 ⊕ 𝐵) ⊕ 𝐹⊗ (𝐶 ) 𝐹⊕ (𝐴) ⊕ 𝐹⊗ (𝐵 ⊕ 𝐶 )

(𝐹⊕ (𝐴) ⊕ 𝐹⊕ (𝐵)) ⊕ 𝐹⊗ (𝐶 ) 𝐹⊕ (𝐴) ⊕ (𝐹⊕ (𝐵) ⊕ 𝐹⊗ (𝐶 ))

𝐹⊗ (𝛼⊕)

𝑣𝑅⊗ 𝑣𝑅⊗

𝑛⊕⊕id id ⊕𝑣𝑅⊗

𝛼⊕

(LF 3)

𝐹⊗ ((𝐴 ⊕ 𝐵) ⊕ 𝐶 ) 𝐹⊗ (𝐴 ⊕ (𝐵 ⊕ 𝐶 ))

𝐹⊗ (𝐴 ⊕ 𝐵) ⊕ 𝐹⊕ (𝐶 ) 𝐹⊕ (𝐴) ⊕ 𝐹⊗ (𝐵 ⊕ 𝐶 )

(𝐹⊕ (𝐴) ⊕ 𝐹⊗ (𝐵)) ⊕ 𝐹⊕ (𝐶 ) 𝐹⊕ (𝐴) ⊕ (𝐹⊗ (𝐵) ⊕ 𝐹⊕ (𝐶 ))

𝐹⊗ (𝛼⊕)

𝑣𝐿⊗ 𝑣𝑅⊗

𝑣𝑅⊗⊕id id ⊕𝑣𝐿⊗

𝛼⊕
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(LF 4)

𝐹⊗ (𝐴) ⊗ 𝐹⊗ (𝐵 ⊕ 𝐶 ) 𝐹⊗ (𝐴) ⊗ (𝐹⊕ (𝐵) ⊕ 𝐹⊗ (𝐶 ))

𝐹⊗ (𝐴 ⊗ (𝐵 ⊕ 𝐶 )) (𝐹⊗ (𝐴) ⊗ 𝐹⊕ (𝐵)) ⊕ 𝐹⊗ (𝐶 )

𝐹⊗ ((𝐴 ⊗ 𝐵) ⊕ 𝐶 ) 𝐹⊕ (𝐴 ⊕ 𝐵) ⊕ 𝐹⊗ (𝐶 )

id ⊗𝑣𝑅⊗

𝑚⊗ 𝛿𝐿

𝐹⊗ (𝛿𝐿 ) 𝑣𝑅⊕⊕id

𝑣𝑅⊗

(LF 5)

𝐹⊗ (𝐴) ⊗ 𝐹⊗ (𝐵 ⊕ 𝐶 ) 𝐹⊗ (𝐴) ⊗ (𝐹⊗ (𝐵) ⊕ 𝐹⊕ (𝐶 ))

𝐹⊗ (𝐴 ⊗ (𝐵 ⊕ 𝐶 )) (𝐹⊗ (𝐴) ⊗ 𝐹⊗ (𝐵)) ⊕ 𝐹⊕ (𝐶 )

𝐹⊗ ((𝐴 ⊗ 𝐵) ⊕ 𝐶 ) 𝐹⊗ (𝐴 ⊗ 𝐵) ⊕ 𝐹⊗ (𝐶 )

id ⊗𝑣𝐿⊗

𝑚⊗ 𝛿𝐿

𝐹⊗ (𝛿𝐿 ) 𝑚⊗⊕id

𝑣𝐿⊗

There are other coherence conditions coming from symmetries of the

data, such as simultaneously switching ⊗ with ⊕ and 𝐿 with 𝑅 or taking the

inverse of these natural isomorphisms while switching𝑚⊤ with 𝑛⊥ and so

on. We will not give a full list here. But the full definition can be found in

[15, 40]. For example, see Chapter-2 , Section 2 of [40].

A linear functor between symmetric LDCs is said to be symmetric if and

only if the following additional diagrams commute:

(LFS 1)
𝐹⊗ (𝐴) ⊗ 𝐹⊗ (𝐵) 𝐹⊗ (𝐴 ⊗ 𝐵)

𝐹⊗ (𝐵) ⊗ 𝐹⊗ (𝐴) 𝐹⊗ (𝐵 ⊗ 𝐴)

𝑚⊗

𝑐⊗ 𝐹⊗ (𝑐⊗)

𝑚⊗
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(LFS 2)
𝐹⊕ (𝐴 ⊕ 𝐵) 𝐹⊕ (𝐴) ⊕ 𝐹⊕ (𝐵)

𝐹⊕ (𝐵 ⊕ 𝐴) 𝐹⊕ (𝐵) ⊕ 𝐹⊕ (𝐴)

𝑛⊕

𝐹⊕ (𝑐⊕) 𝑐⊕

𝑛⊕

We will be particularly interested in Frobenius functors, which are a de-

generate formof a linear functor, having the samemonoidal andcomonoidal

components.

Definition 3.1.8. A linear functor 𝐹 : 𝕏 → 𝕐 is called a Frobenius functor

if and only if

(FF 1) 𝐹⊗ = 𝐹⊕,

(FF 2) 𝑚⊗ = 𝑣𝐿⊕ = 𝑣𝑅⊕ , and

(FF 3) 𝑛⊕ = 𝑣𝐿⊗ = 𝑣𝑅⊗ .

These Frobenius functors will be called (iso) mix if they also preserve

the mix structure.

Definition 3.1.9. Suppose𝕏 and 𝕐 are mix categories. Then a Frobenius

functor 𝐹 : 𝕏 → 𝕐 is called amix functor if the following diagram com-

mutes:

𝐹 (⊥) ⊥ ⊤ 𝐹 (⊤)𝑛⊥

𝐹 (𝑚)

𝑚 𝑚⊤

Definition 3.1.10. Suppose 𝕏 and 𝕐 are isomix categories. Then a mix

functor 𝐹 : 𝕏 → 𝕐 is called an isomix functor if the following additional
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diagram commutes:

⊤ ⊥

𝐹 (⊤) 𝐹 (⊥)

𝑚−1

𝑚⊤

𝐹 (𝑚−1)

𝑛⊥

When either 𝑛⊥ : 𝐹 (⊥) → ⊥ or𝑚⊤ : ⊤ → 𝐹 (⊤) is an isomorphism,

then any mix functor between isomix categories is automatically an isomix

functor (See Lemma 2.26 of [40]).

Now, for the 2- cells, we first recall the definition of a monoidal transfor-

mation.

Definition 3.1.11. Amonoidal transformation 𝛼 : 𝐹 ⇒ 𝐺 between two

monoidal functors is a natural transformation 𝛼 : 𝐹 ⇒ 𝐺 such that the

following diagrams commute:

(MN 1)

𝐹 (𝐴) ⊗ 𝐹 (𝐵) 𝐺 (𝐴) ⊗𝐺 (𝐵)

𝐹 (𝐴 ⊗ 𝐵) 𝐺 (𝐴 ⊗ 𝐵)

𝛼 (𝐴)⊗𝛼 (𝐵)

𝑚𝐹
⊗ 𝑚𝐺

⊗

𝛼𝐴⊗𝐵

(MN 2)
𝐼

𝐹 (𝐼 ) 𝐺 (𝐼 )

𝑚𝐹
𝐼

𝑚𝐺
𝐼

𝛼𝐼

Again, a linear natural transformation will be a pair of natural transfor-

mations with some coherence conditions.

Definition 3.1.12. A linear natural transformation 𝛼 : 𝐹 ⇒ 𝐺 between

two linear functors consists of a pair of natural transformations (𝛼⊗, 𝛼⊕)
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such that 𝛼⊗ : 𝐹⊗ ⇒ 𝐺⊗ and 𝛼⊕ : 𝐹⊕ ⇒ 𝐺⊕ are monoidal transformations

such that the following diagrams commute:

(LN 1 )

𝐹⊗ (𝐴 ⊕ 𝐵) 𝐺⊗ (𝐴 ⊕ 𝐵)

𝐹⊕ (𝐴) ⊕ 𝐹⊗ (𝐵) 𝐺⊕ (𝐴) ⊕𝐺⊗ (𝐵)

𝐹⊕ (𝐴) ⊕𝐺⊗ (𝐵)

𝛼⊗

𝑣𝑅⊗ 𝑣𝑅⊗

id ⊕𝛼⊗ 𝛼⊕⊕id

(LN 2) 𝛼⊗𝑣𝐿⊗ (id ⊕𝛼⊕) = 𝑣𝐿⊗ (𝛼⊗ ⊕ id)

(LN 3) (id ⊗𝛼⊗)𝑣𝐿⊕ (𝛼⊕) = (𝛼 ⊕ ⊗ id)𝑣𝐿⊕

(LN 4) (𝛼⊗ ⊗ id)𝑣𝑅⊕𝛼⊕ = (id ⊗𝛼⊕)𝑣𝑅⊕

An adjunction of linear functors (𝜂, 𝜀) : 𝐹 ⊣ 𝐺 is an adjunction in the

usual sense in the 2- category of LDCswith linear functors and linear trans-

formations. In particular, such an adjunction leads to a pair of monoidal

adjunctions [29], (𝜂⊗, 𝜀⊗) : 𝐹⊗ ⊣ 𝐺⊗ and (𝜂⊕, 𝜀⊕) : 𝐹⊕ ⊣ 𝐺⊕ . An equivalence

is a linear adjunction in which both the unit and counit are linear natural

isomorphisms.

Remark 3.1.13. For any isomix category 𝕏, we always have two linear

functors, 𝑀𝑥↓ : (𝕏, ⊗, ⊗) → (𝕏, ⊗, ⊕) and𝑀𝑥↑ : (𝕏, ⊕, ⊕) → (𝕏, ⊗, ⊕).

For example, the monoidal and comonoidal components of𝑀𝑥↓ are given

by (id, id, id), (id,𝑚𝑥,𝑚−1) respectively. When𝕏 is a compact LDC, then

Core(𝕏) = 𝕏 and hence themixor will be an isomorphism. Thus, a compact

LDC is (linearly) equivalent to a monoidal category.
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Now we are ready to state the definition of a †- LDC, and later of a †-

isomix category in which the notion of a MUC is developed. We first note

that the dagger on a LDC can not be stationary on objects. By reverse of a

map 𝑓 : 𝐴 → 𝐵 , we simply mean a map 𝑓 r : 𝐵 → 𝐴. The reverse of the (left)

linear distributor 𝛿𝐿r : (𝐴 ⊗𝐵) ⊕𝐶 → 𝐴 ⊗ (𝐵 ⊕𝐶 ) is not a validmap in LDCs.

By 𝛿𝐿r not being valid, wemean that thismap is not derivable in the sequent

calculus of LDCs. So if there were a dagger on LDC which is stationary on

objects then the dagger of 𝛿𝐿 will give a map of the type 𝛿𝐿r , which is not

valid in an LDC. Therefore, the dagger must minimally be non-stationary

on objects in LDCs. See [8, 40] for further details.

Definition 3.1.14.

(a) Let (𝕏, ⊗,⊤, ⊕,⊥) be a LDC. Then by an opposite linearly distributive

category (𝕏, ⊗,⊤, ⊕,⊥)op, we mean (𝕏op, ⊕,⊥, ⊗,⊤), where𝕏op is the

usual opposite category and ⊗op := ⊕, ⊕op := ⊗,⊤op := ⊥,⊥op := ⊤.

(b) Let (𝐹⊗, 𝐹⊕) : (𝕏, ⊗,⊤, ⊕,⊥) → (𝕐 , ⊗,⊤, ⊕,⊥) be a linear functor. Then

the opposite linear functor is given by (𝐹 op
⊕ , 𝐹

op
⊗ ).

Now, though the dagger is non-stationary on objects in an LDC, it is still

an involutive equivalence. More precisely,

Definition 3.1.15. [12] A dagger linearly distributive category (†- LDC),

is a LDC𝕏, with a contravariant Frobenius linear functor (_)† : 𝕏op → 𝕏

which is a linear involutive equivalence (_)† ∥ (_)†op : 𝕏op → 𝕏

Now observe that since the dagger is an involutive equivalence and

the domain category is 𝕏op, this means that the unit and counit map is

the same, which we will simply denote by 𝜄 : 𝑋 → 𝑋 ††. By definition of
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linear functors and linear transformations, it means that we have laxors

𝜆⊗ : 𝐴†⊗𝐵† → (𝐴⊕𝐵)†, 𝜆⊕ : 𝐴†⊕𝐵† → (𝐴⊗𝐵)†, 𝜆⊤ : ⊤ → ⊥†, 𝜆⊥ : ⊥ → ⊤†.

The first two are called tensor laxors, and the latter two are called unit laxors.

Recall that for a LDC, (𝕏, ⊗,⊤, ⊕,⊥)op, the opposite LDC is defined to be

(𝕏op, ⊕,⊥, ⊗,⊤), and therefore these laxors flip between the tensor and the

par. These laxors satisfy various coherence conditions, of which we will list

a few here; the full list can be found in [40].

• (id ⊗𝜆⊗)𝜆⊗𝛼†
⊕ = 𝛼−1

⊗ (𝜆⊗ ⊗ id)𝜆⊗

• 𝑢𝑅⊗ (𝑢𝑅⊕)† = (𝜆⊤ ⊗ id)𝜆⊗

• (id ⊗𝜆⊕)𝜆⊗ = 𝛿𝐿 (𝜆⊗ ⊕ id)𝜆⊕

• (𝜄 ⊕ 𝜄)𝜆⊕ = 𝜄𝜆†⊗

• 𝜆⊥ = 𝜄𝜆†⊤

• 𝜄𝐴† = (𝜄−1
𝐴
)†

Note that the last condition is the triangle identity of the adjunction, (𝜄, 𝜄) :

(_)† ⊣ (_)†op : 𝕏op → 𝕏. When the LDC structure is inherited from the

∗- autonomous category structure, the (_)∗ functor gives us a Frobenius

linear functor on the LDC thus inherited, (_)∗ : 𝕏oprev → 𝕏. We define

(𝕏, ⊗,⊤, ⊕,⊥)rev := (𝕏, ⊗rev,⊤, ⊕rev,⊥), where𝐴⊗rev𝐵 := 𝐵 ⊗𝐴, 𝐴⊕rev𝐵 :=

𝐵 ⊕ 𝐴. The dual assignment extends as a Frobenius functor as follows:

𝑓 ∗ 𝐴∗
𝐵∗

𝑓 ↦→
𝐴

𝐵 (3.1)
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And the tensor laxors𝑚⊗ : 𝐵∗ ⊗ 𝐴∗ → (𝐴 ⊕ 𝐵)∗,𝜂⊕ : (𝐴 ⊗ 𝐵)∗ → 𝐵∗ ⊕ 𝐴∗

are given as follows

⊗⊕
𝐵∗ ⊗ 𝐴∗

𝐵∗
𝐴∗𝐴 𝐵

𝐴 ⊕ 𝐵

(𝐴 ⊕ 𝐵)∗ (3.2)

⊗⊕

(𝐴 ⊗ 𝐵)∗

𝐴 ⊗ 𝐵

𝐴 𝐵
𝐴∗𝐵∗

𝐵∗ ⊕ 𝐴∗

(3.3)

Similarly, the unit laxors are givenbyusing theunit and counitmapof the

dual adjunction. Moreover, the dualizing functor becomes an equivalence

of Frobenius linear functors. The unit and the counit is given by the snake

diagram

𝑋 𝑋 ∗ 𝑋 ∗∗

(3.4)

And we know that 𝜄 : 𝑋 → 𝑋 ∗∗ is an isomorphism by the definition of a ∗-

autonomous category.

Thus, we have,

Lemma 3.1.16. Suppose (𝕏, ⊗, 𝐼 ,⊸,⊥) is a ∗- autonomous category. Then

(𝜄, 𝜄) : (_)∗ ⊣ (_)∗oprev : 𝕏oprev → 𝕏 is a Frobenius involutive equivalence.

This tells us that if the LDC structure is inherited from a star autonomous

category, then we can define the dagger to be the dualizing functor to get

an example of a †- LDC.
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3. Mixed unitary categories

A †- (iso) mix category is then a †- LDC, where the dagger also preserves

the (iso) mix structure.

Definition 3.1.17.

(a) A †- LDC𝕏 is said to be a †-mix category if𝕏 is a mix category and the

dagger functor (_)† : 𝕏op → 𝕏 is a mix functor.

(b) A †- LDC𝕏 is said to be a †- isomix category if𝕏 is an isomix category

and the dagger functor (_)† : 𝕏op → 𝕏 is a isomix functor.

The maps between †- LDCs are given by linear functors which also pre-

serve the dagger structure. More precisely,

Definition 3.1.18. A linear functor 𝐹 : 𝕏 → 𝕐 between †- LDCs is said to

be a †- linear functor if 𝐹 is equipped with linear natural isomorphisms

𝜌⊗ : 𝐹⊗ (𝐴†) → 𝐹⊕ (𝐴)†, 𝜌⊕ : 𝐹⊕ (𝐴†) → 𝐹⊗ (𝐴)† such that the following

diagrams commute:

𝐹⊗ (𝐴) 𝐹⊗ (𝐴)†† 𝐹⊕ (𝐴) 𝐹⊕ (𝐴)††

𝐹⊗ (𝐴††) 𝐹⊕ (𝐴†)† 𝐹⊕ (𝐴††) 𝐹⊗ (𝐴†)†

𝜄

𝐹⊗ (𝜄) 𝜌†⊕

𝐹⊕ (𝐴)††

𝐹⊕ (𝜄) 𝜌†⊗

𝜌⊗ 𝜌⊕

Now the dagger in a LDC often could be just the dualizing functor, but

at times, we compose this with a conjugative functor, which becomes our

dagger structure on the LDC. The conjugative functor categorifies the conju-

gation of the complex numbers (seen as a discrete category). More precisely,

Definition 3.1.19. [18] A conjugative monoidal category is a monoidal

category (𝕏, ⊗, 𝐼 ), equipped with a functor (_) : 𝕏rev → 𝕏, with natural

isomorphisms 𝜉 : 𝐴 ⊗ 𝐵 → 𝐵 ⊗ 𝐴, 𝜀𝐴 : 𝐴 → 𝐴 such that the following

diagrams commute:
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3. Mixed unitary categories

(CM 1) 𝜀𝐴 = 𝜀𝐴

(CM 2)
(𝐴 ⊗ 𝐵) ⊗ 𝐶 𝐴 ⊗ (𝐵 ⊗ 𝐶 )

(𝐵 ⊗ 𝐴) ⊗ 𝐶 𝐴 ⊗ 𝐶 ⊗ 𝐵

𝐶 ⊗ (𝐵 ⊗ 𝐴) (𝐶 ⊗ 𝐵) ⊗ 𝐴

𝛼⊗

𝜉⊗id id ⊗𝜉

𝜉 𝜉

𝛼−1
⊗

(CM 3)

𝐴 ⊗ 𝐵 𝐵 ⊗ 𝐴

𝐴 ⊗ 𝐵 𝐴 ⊗ 𝐵

𝜉

𝜀⊗𝜀 𝜉

𝜀

A symmetric monoidal category which is conjugative is called symmet-

ric conjugative if the following additional diagram commutes:

𝐴 ⊗ 𝐵 𝐵 ⊗ 𝐴

𝐵 ⊗ 𝐴 𝐴 ⊗ 𝐵

𝜉

𝑐⊗ 𝑐⊗

𝜉

Definition 3.1.20. A LDC (𝕏, ⊗,⊤, ⊕,⊥) together with a functor (_) : 𝕏 →

𝕏 is said tobeaconjugative LDC if andonly if (𝕏, ⊗,⊤, 𝜉⊗, 𝜀), (𝕏, ⊕,⊥, 𝜉⊕, 𝜀)

are conjugativemonoidal categories and the following coherence conditions

hold:

(CLDC 1) (𝜉⊕ ⊗ id)𝛿𝑅 (id ⊕𝜉⊕) = 𝜉⊗𝛿𝐿𝜉⊕.

(CLDC 2) 𝜉⊕𝛿𝑅𝜉⊕ = (id ⊗𝜉⊕)𝛿𝐿 (𝜉⊗ ⊕ id).
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3. Mixed unitary categories

It is clear that the conjugation is a Frobenius functor ((_)⊗ = (_)⊕) and

moreover an equivalence because by definition 𝜀 : 𝐴 → 𝐴 is a natural

isomorphism.

3.2 Unitary andmixed unitary categories

In a †- category, an isomorphism 𝑓 : 𝐴 → 𝐵 is said to be unitary if and only

if 𝑓 𝑓 † = id𝐴 and 𝑓 † 𝑓 = id𝐵 . But in a LDC, the dagger is not stationary on

objects, so we can not compose 𝑓 and 𝑓 †, as their types do not match. But

minimally, if we have 𝐴 � 𝐴† and 𝐵 � 𝐵† and these isomorphisms behave

nicely with the linear structure, then we can proceed to have a coherent

theory. This is the motivation to develop the unitary structure in a †- isomix

category.

Definition 3.2.1. A †- isomix category𝕏 is said to have unitary structure

if there is small class of objectsU ⊆ 𝕏, called the unitary objects of𝕏 such

that :

(U 1) For all 𝐴 ∈ U, 𝐴 ∈ Core(𝕏) and 𝐴 is equipped with an isomorphism

𝜑𝐴 : 𝐴 → 𝐴†, called the unitary structure map of 𝐴.

(U 2) U is closed under (_)†, and for all 𝐴 ∈ U, 𝜑𝐴† = (𝜑−1
𝐴
)†.

(U 3) For all 𝐴 ∈ U, the following diagram commutes:

𝐴

𝐴† 𝐴††

𝜑𝐴
𝜄

𝜑
𝐴†
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3. Mixed unitary categories

(U 4) ⊤,⊥ ∈ U and they satisfy

⊥ ⊥†

⊤† ⊤

𝜑⊤

𝜆⊥ 𝑚 𝜆−1⊤

𝜑−1
⊤

(U 5) If 𝐴, 𝐵 ∈ U, then 𝐴 ⊗ 𝐵, 𝐴 ⊕ 𝐵 ∈ U and they satisfy

𝐴 ⊗ 𝐵 𝐴† ⊗ 𝐵† (𝐴 ⊕ 𝐵)† 𝐴 ⊕ 𝐵

𝐴 ⊗ 𝐵 (𝐴 ⊗ 𝐵)† 𝐴† ⊕ 𝐵† 𝐴 ⊕ 𝐵

𝜑𝐴⊗𝜑𝐵

𝑚𝑥

𝜆⊕ 𝜑−1
𝐴⊕𝐵

𝜑𝐴⊗𝐵

𝑚𝑥

𝜆−1⊗ 𝜑−1
𝐴

⊕𝜑−1
𝐵

It is important tonote that there is nodemandof naturality on theunitary

structure map. Thus, the unitary structure is really a structure we choose to

put on a †- isomix category and is not a property inherent to the category.

Any †- daggermonoidal category𝕏where the dagger is stationary onobjects

(See Definition 2.2.7), can be given a unitary structure by defining 𝜑𝐴 := id𝐴

for any 𝐴 ∈ 𝕏.

Lemma3.2.2. If𝐴 is a unitary object in a †- isomix category, then 𝜑𝐴†† = 𝜑††
𝐴

Proof. Note the following

𝜑𝐴†† = (𝜑−1
𝐴† )†

= ((((𝜑𝐴)−1)†)−1)−1

= ((((𝜑𝐴)−1)−1)†)†

= 𝜑††
𝐴
,

where the first two equalities are by (U2) and the third equality is by func-

toriality of dagger. □
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3. Mixed unitary categories

Now, when we have a unitary structure, we can define the notion of a

unitary morphism.

Definition 3.2.3. If 𝑓 : 𝐴 → 𝐵 is an isomorphism between two unitary

objects, then it is said to be a unitary isomorphism if and only if the

following diagram commutes:

𝐴 𝐴†

𝐵 𝐵†

𝜑𝐴

𝑓

𝜑𝐵

𝑓 †

We note down a few lemmas about the unitary isomorphisms in a †-

isomix category.

Lemma 3.2.4. Unitary isomorphisms compose, that is, if 𝑓 : 𝐴 → 𝐵 , 𝑔 :

𝐵 → 𝐶 are unitary isomorphisms, then their composite, 𝑓 𝑔 : 𝐴 → 𝐶 , is

unitary.

Proof. Note down the following series of equalities,

𝜑𝐴 = 𝑓 𝜑𝐵 𝑓
†

= 𝑓 𝑔 𝜑𝐶 𝑔
† 𝑓 †

= 𝑓 𝑔 𝜑𝐶 ( 𝑓 𝑔 )†,

where the first two equalities use the unitarity of 𝑓 and 𝑔 respectively, and

the last equality is using functoriality of the dagger. □

Lemma 3.2.5. An isomorphism in a †- isomix category 𝑓 : 𝐴 → 𝑋 between

two unitary objects is unitary if and only if 𝑓 † : 𝑋 † → 𝐴† is unitary.
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3. Mixed unitary categories

Proof. First when 𝑓 is unitary, then 𝜑𝑋 = 𝑓 −1𝜑𝐴 ( 𝑓 †)−1, so we have

𝜑𝑋 † = (( 𝑓 −1𝜑𝐴 ( 𝑓 †)−1)−1)†

= ( 𝑓 †𝜑−1
𝐴 𝑓 )†

= 𝑓 †(𝜑−1
𝐴 )† 𝑓 ††

= 𝑓 †𝜑𝐴† 𝑓 ††.

So 𝑓 † is unitary. And when 𝑓 † is unitary, we have

(𝜑−1
𝐴 )† = ( 𝑓 †)−1𝜑𝑋 † ( 𝑓 ††)−1

= ( 𝑓 †)−1(𝜑−1
𝑋 )†( 𝑓 ††)−1

= (( 𝑓 †)−1𝜑−1
𝑋 𝑓 −1)†.

So by faithfulness of † functor, we have 𝜑−1
𝐴

= ( 𝑓 †)−1𝜑−1
𝑋
𝑓 −1, and hence

𝜑𝐴 = 𝑓 𝜑𝑋 𝑓
†, so 𝑓 is unitary. □

We also have that the unitary structure map itself is a unitary isomor-

phism.

Lemma 3.2.6. The unitary structure map 𝜑𝐴 : 𝐴 → 𝐴† is a unitary isomor-

phism for any 𝐴 ∈ U.

Proof. For the unitary structure map, we have:

𝜑𝐴𝜑𝐴†𝜑
†
𝐴
= 𝜑𝐴 (𝜑−1

𝐴 )†𝜑†
𝐴
= 𝜑𝐴 (𝜑𝐴𝜑−1

𝐴 )† = 𝜑𝐴 .

So 𝜑𝐴 : 𝐴 → 𝐴† is a unitary isomorphism. □

Lemma 3.2.7. For any 𝐴 ∈ U, 𝜑𝐴 = 𝜄𝐴𝜑
†
𝐴
.
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3. Mixed unitary categories

Proof. We have

𝜄𝐴 = 𝜑𝐴𝜑𝐴†

= 𝜑𝐴 (𝜑−1
𝐴 )†,

where the first equality is by (U3) and the second equality is by (U2). Now

this implies,

𝜑𝐴 = 𝜄((𝜑−1
𝐴 )†)−1

= 𝜄((𝜑−1
𝐴 )−1)†

= 𝜄𝜑†
𝐴
,

where the first equality uses the fact that the structure map is a unitary

isomorphism, and the second equality comes from the functoriality of the

dagger. □

Similarly, the involutor is also a unitary isomorphism.

Lemma 3.2.8. The involutor 𝑖𝐴 : 𝐴 → 𝐴†† is a unitary isomorphism for any

𝐴 ∈ U.

Proof. For the involutor we have,

𝜄𝐴𝜑𝐴†† 𝜄
†
𝐴
= 𝜄𝐴 (𝜑−1

𝐴† )†𝜄†𝐴 = 𝜄𝐴𝜑
†
𝐴
= 𝜑𝐴 ,

where the last equality is using Lemma 3.2.7. □

We say that a †- isomix category is a unitary category ifU = 𝕏. When

a category is unitary, then we can indeed define a dagger, (_)∗, which is
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3. Mixed unitary categories

stationary on objects as

𝐵 𝐴

:=

𝐵† 𝐴†

𝑓 ∗

𝜑𝐵

𝑓 †

𝜑−1
𝐴

This new dagger (_)∗ we claim extends as a contravariant involutive functor,

making𝕏 a †- category (See Definition 2.2.6). Thus, in a unitary category,

we can always define a contravariant dagger that is stationary on objects.

Proposition 3.2.9. In a unitary category 𝕏, if we define the dagger of a

morphism 𝑓 : 𝐴 → 𝐵 as ( 𝑓 )∗ := 𝜑𝐵 𝑓
†𝜑−1

𝐴
, then (_)∗ : 𝕏op → 𝕏 is a

contravariant involutive functor.

Proof. For functoriality, for any 𝐴 ∈ 𝕏, observe that we have

id∗𝐴 : = 𝜑𝐴 id†𝐴 𝜑
−1
𝐴

= 𝜑𝐴 id𝐴 𝜑−1
𝐴

= id𝐴 ,

where the second equality is using functoriality of (_)†. So (_)∗ preserves

identities. For composition, for any 𝑓 : 𝐴 → 𝐵 and 𝑔 : 𝐵 → 𝐶 , we have

𝑔 ∗ 𝑓 ∗ = 𝜑𝐶 𝑔
†𝜑−1

𝐵 𝑓 †𝜑−1
𝐴

= 𝜑𝐶 𝑔
† 𝑓 †𝜑−1

𝐴

= 𝜑𝐶 ( 𝑓 𝑔 )†𝜑−1
𝐴

= ( 𝑓 𝑔 )∗,
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where the first equality and last are by definition, and the penultimate equal-

ity is by contravariance of †. So we have that (_)∗ : 𝕏op → 𝕏 is a contravari-

ant functor. For involution, we have,

𝑓 ∗∗ := 𝜑𝐴 ( 𝑓 ∗)†𝜑−1
𝐵

:= 𝜑𝐴 (𝜑𝐵 𝑓 †𝜑−1
𝐴 )†𝜑−1

𝐵

= 𝜑𝐴 (𝜑−1
𝐴 )† 𝑓 ††𝜑†

𝐵
𝜑−1
𝐵

= 𝜄𝑓 ††𝜄−1 = 𝑓 .

Thus (_)∗ : 𝕏op → 𝕏 is a contravariant involution. □

Now, when the category is unitary, this new definition of dagger gives us

the following

Lemma 3.2.10. An isomorphism 𝑢 : 𝑋 → 𝑌 in a unitary category 𝕏 is

unitary if and only if𝑢−1 = 𝑢∗.

Proof. Now 𝑢 : 𝑋 → 𝑌 is unitary if and only if 𝜑𝑋 = 𝑢𝜑𝑌𝑢
†. This implies

𝑢−1 = 𝜑𝑌𝑢
†𝜑−1

𝑋
, but this is exactly𝑢∗ by definition. □

In fact more is true, recall the𝑀𝑥↓ : (𝕏, ⊗, ⊗) → (𝕏, ⊗, ⊕) in Remark

3.1.13. We have the following proposition.

Proposition 3.2.11. [40]Unitary categories are †- linearly equivalent via the

mix functor𝑀𝑥↓ to the underlying dagger monoidal category on the tensor.

Furthermore, closed unitary categories under this equivalence become

dagger compact closed categories.

Now there exists a construction, where starting from any †- isomix cate-

gory, we can extract a subcategory which is unitary.
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Definition 3.2.12. In a †- isomix category, a pre-unitary object is an object

𝑈 ∈ Core(𝕏) equipped with an isomorphism 𝛼 : 𝑈 → 𝑈 † such that

𝛼 (𝛼−1)† = 𝜄

Definition 3.2.13. Suppose𝕏 is a †- isomix category, then the canonical

unitary core of𝕏, Unitary(𝕏), is defined as follows

• Objects: Pre- unitary objects (𝑈 , 𝛼);

• Morphisms: 𝑓 : (𝑈 , 𝛼) → (𝑉 , 𝛽), where 𝑓 :𝑈 →𝑉 is any map.

Then we have that Unitary(𝕏) is a compact †- LDC. The dagger of (𝑈 , 𝛼)

is defined to be, (𝑈 , 𝛼)† := (𝑈 †, (𝛼−1)†). The unitary structure map for the

tensor and par is given as follows

𝑈 ⊗𝑉 𝑈 ⊕𝑉 𝑈 † ⊕𝑉 † (𝑈 ⊗𝑉 )†

𝑈 ⊕𝑉 𝑈 ⊗𝑉 𝑈 † ⊗𝑉 † (𝑈 ⊕𝑉 )†

𝑚𝑥 𝛼⊕𝛽 𝜆⊕

𝑚𝑥−1 𝛼⊗𝛽 𝜆⊗

The unit for tensor and par is still⊤ and⊥ respectively, with their structure

maps defined by

⊤ ⊥ ⊤†

⊥ ⊤ ⊥†

𝑚−1 𝜆⊥

𝑚 𝜆⊤

We also have Unitary(𝕏) is a unitary category.

Proposition 3.2.14. For any †- isomix category𝕏, Unitary(𝕏) is a unitary

category with a full and faithful embedding via a †- isomix functor to the †-

isomix category,𝑈 : Unitary(𝕏) → 𝕏

Proof. The laxors are all identity maps, so the underlying functor is imme-

diately a †- mix functor, the unitary structure map of (𝑈 , 𝛼) is set to be

𝛼 : (𝑈 , 𝛼) → (𝑈 †, (𝛼−1)†). Then (U1 − 5) follows by construction. □
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The notion of a mixed unitary category generalises this construction,

where we embed a unitary category into a †- isomix category.

Definition 3.2.15. [40] A mixed unitary category (MUC) is a †- isomix cate-

gory𝕏, equipped with a strong †- isomix functor𝑀 : 𝕌 → 𝕏 from a unitary

category 𝕌 to𝕏 such that there exist natural transformations

• 𝑚𝑥′ : 𝑀 (𝑈 ) ⊕ 𝑋 → 𝑀 (𝑈 ) ⊗ 𝑋 with𝑚𝑥𝑚𝑥′ = id and𝑚𝑥′𝑚𝑥 = id

• 𝑚𝑥′′ : 𝑋 ⊕𝑀 (𝑈 ) → 𝑋 ⊗𝑀 (𝑈 ) with𝑚𝑥𝑚𝑥′′ = id and𝑚𝑥′′𝑚𝑥 = id

Note that the requirement of𝑚𝑥′ and𝑚𝑥′′ being inverses to the mix

map ensures that the functor𝑀 : 𝕌 → ℂ factors through Core(𝕏).

An immediate example of an MUC will be the embedding of the canoni-

cal unitary core into the ambient category. Here𝑀 : Unitary(𝕏) → 𝕏 is just

the identity map, which is immediately a strong †- isomix functor. It also

factors through the core by construction.

We finish this chapter by giving a couple of examples of mixed unitary

categories. Consider the discrete category of groups where the tensor prod-

uct of two elements of a group 𝑔 ,ℎ is given by 𝑔 ⊗ ℎ := 𝑔ℎ and 𝑔 ∗ := 𝑔 −1.

Suppose we fix the group to be the additive group of complex numbers,

(ℂ,+, 0). We define (𝑎 + 𝜄𝑏)† := (𝑎 + 𝜄𝑏)∗ = (−𝑎 − 𝜄𝑏) = −𝑎 + 𝜄𝑏 . Thus, the

pre-unitary objects of (ℂ,+, 0) are precisely the purely complex numbers,

that is, 𝑎 + 𝜄𝑏 such that the real part is 0, that is, 𝑎 = 0. The unitary structure

map is then simply the identity map between a purely complex number and

itself.

We next consider the group𝕄2(ℂ), that is the group of 2 × 2 matrices

over ℂ. The conjugation is defined entry-wise, then it is clear that the pre-
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3. Mixed unitary categories

unitary objects of (𝕄2(ℂ), •, 𝐼 ) will be the unitary matrices. In both cases,

we can embed this canonical unitary core into the ambient category to get

examples of mixed unitary categories.
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Chapter 4

Lefschetz spaces

4.1 Background

We want to extend the correspondence between the bases of Hilbert spaces

and Frobenius algebras on them to the setting of a mixed unitary category,

where this extension can be seen as from the unitary core to a full dagger lin-

early distributive category (†- LDC). The finite sets (interpreted as the basis

of Hilbert space on them) in this correspondence are replaced by finiteness

spaces (Chapter 5), whose core is exactly that of finite sets and relations.

The finite-dimensional Hilbert spaces get replaced by reflexive Lefschetz

spaces. The core of reflexive Lefschetz spaces is of finite-dimensional spaces,

which is equivalent to that of finite-dimensional matrices, which, in turn, is

equivalent to the category of finite-dimensional Hilbert spaces. Thus, the

extension could be seen from the core to a full †- LDC.

In this chapter, we introduce the first leg of this extension, namely, the

Lefschetz spaces. The study of Lefschetz spaces was initiated by Solomon

Lefschetz [28]. It was later studied by people like Barr [4], Ehrhard [19] and
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Blute [5]. It is well known that when𝑉 is an infinite-dimensional vector

space, then the space of linear functionals on its dual𝑉 ∗ has a larger dimen-

sion than that of the space of functionals induced by the elements of𝑉 via

the natural evaluation map. That is to say that the canonical evaluation

map ev𝑉 : 𝑉 → 𝑉 ∗∗ is in general not surjective. Barr wanted to study if

there is a suitable topology we can put on the dual space, such that the

space of continuous linear functionals on the dual space is still in bijection

with those that are induced by the elements of𝑉 . He showed that the Lef-

schetz topology is what makes the evaluation map ev𝑉 : 𝑉 → 𝑉 ∗∗ always

a continuous bijection. The full subcategory of those spaces for which the

evaluation map is also open and thus is an isomorphism are called reflexive.

The category of reflexive spaces with continuous linear maps forms a star

(∗)- autonomous category.

We follow Barr [4] to develop the theory of reflexive Lefschetz spaces.

This will be up to Section 4.2. Then we will use the equivalence between the

notion of an LDCwith duals and of a ∗- autonomous category [14] to develop

further the theory of reflexive Lefschetz space within the framework of LDCs.

We ultimately want to show that the category of reflexive Lefschetz spaces

with a basis and linear continuous maps forms a mixed unitary category

(MUC).

4.2 The category of Lefschetz spaces

A Lefschetz space is a topological vector space that has a local basis at the

origin of open linear subspaces. The keyword here is linear. Any topological

vector space can be given a basis at the origin of open sets; we demand that
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these open sets are now linear subspaces of the vector space. For this reason,

they have also been referred to as linearly topologised vector spaces [5, 6].

Definition 4.2.1.

(a) A Lefschetz space𝑉 is a topological vector space (𝑉 ,+,𝜏) that has a

local basis at the origin consisting of open linear subspaces of𝑉 .

(b) The category of Lefschetz spaces, Lef, has

Objects: Lefschetz spaces;

Morphisms: continuous linear maps;

Composition: usual composition of functions;

Identity: the identity continuous linear transformation.

We will first define an endofunctor, called the internal hom functor. For

any𝑉 ∈ Lef, we define,𝑉 ⊸ (_) : Lef → Lef. On objects,𝑉 ⊸ 𝑊 is the

space of all linear continuous functions from𝑉 to𝑊 , and the subbasis for

the topology for𝑉 ⊸𝑊 is given by subspaces of the form,

{𝑓 :𝑉 →𝑊 : 𝑓 (𝑣 ) ∈𝑊0}𝑣∈𝑉 ,𝑊0∈𝑁0 (𝑊 )

where 𝑓 : 𝑉 →𝑊 is a continuous linear map and 𝑣,𝑊0 runs over the ele-

ments of𝑉 andopen linear subspaces around0𝑊 respectively (the collection

is denoted by𝑁0(𝑊 )).

Lemma 4.2.2. 𝑉 ⊸𝑊 is a Lefschetz space.

Proof. To prove that𝑉 ⊸𝑊 is a Lefschetz space, we need to give a local

basis at 0𝑉⊸𝑊 (the constant function 0 from𝑉 to𝑊 ) consisting of open
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linear subspaces of𝑉 ⊸𝑊 . We claim that the local basis at 0𝑉⊸𝑊 is given

by the family

{𝑓 :𝑉 →𝑊 : 𝑓 (𝑣 ) ∈𝑊0}𝑣∈𝑉 ,𝑊0∈𝑁0 (𝑊 )

where by𝑁0(𝑊 ) wemean the open linear subspaces around 0𝑊 .

To see that the above family is indeed a local basis at 0𝑉⊸𝑊 , note that by

definition (recall Definition 2.3.7), the topology on𝑉 ⊸𝑊 is givenby taking

arbitrary unions of finite intersections of the sets in this family. In particular,

each set in this family is open. Moreover, 0𝑉⊸𝑊 belongs to each set in this

family. Thus, any open set generated by this subbasis which contains 0𝑉⊸𝑊

contains a set from this family. Hence we have that the local basis at 0𝑉⊸𝑊

is given by open subspaces of the form

{𝑓 :𝑉 →𝑊 : 𝑓 (𝑣 ) ∈𝑊0},

and we are done. □

Hence, the internal hom functor𝑉 ⊸ (_) : Lef → Lef is well defined on

objects. On a map 𝑓 :𝑊 →𝑈 , we define the functor by post-composition.

That is 𝑉 ⊸ 𝑓 : (𝑉 ⊸ 𝑊 ) → (𝑉 ⊸ 𝑈 ), where for any 𝑔 ∈ 𝑉 ⊸

𝑊 , (𝑉 ⊸ 𝑓 ) (𝑔 ) := 𝑔 𝑓 . This preserves identity and composition. Hence

𝑉 ⊸ (_) : Lef → Lef is a functor. And so we have,

Lemma 4.2.3. For any𝑉 ∈ Lef,𝑉 ⊸ (_) : Lef → Lef is a functor.

Barr then proved that for any𝑉 ∈ Lef,𝑉 ⊸ (_) : Lef → Lef has a left

adjoint (_) ⊗𝑉 : Lef → Lef [4], that is ,

(_) ⊗𝑉 ⊣𝑉 ⊸ (_)
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and thus for any𝑈 ,𝑉 ,𝑊 ∈ Lef, we have the following natural isomorphism

Lef (𝑈 ⊗𝑉 ,𝑊 ) � Lef (𝑈 ,𝑉 ⊸𝑊 ). (4.1)

This makes Lef into a monoidal closed category.

Remark 4.2.4. An explicit description of the tensor product in the category

of Lefschetz spaces can be found in [6]. By explicit description, we mean

knowing the basis of the topology on the tensor product of two Lefschetz

spaces, given the topology on each of them. The basis for topology on

𝑉1 ⊗ 𝑉2 is given by a family of subspaces of the form 𝐵1 ⊗ 𝑉2 + 𝐵2 ⊗ 𝑉1,

where 𝐵1, 𝐵2 are open subspaces around the origin of𝑉1 and𝑉2 respectively.

This topology on the tensor product can equivalently be described as the

strongest (finest) topology that makes the tensor multiplication map𝑉1 ×

𝑉2 →𝑉1⊗𝑉2 uniformly continuous. Formoredetails, see Section24, Chapter-

V of [6].

We also have that the tensor product in Lef is symmetric.

Theorem 4.2.5. [4] The tensor product on Lefschetz spaces (_) ⊗𝑉 : Lef →

Lef is symmetric.

Proof. Let 𝐹 : 𝑈 ⊗𝑉 →𝑊 be a continuous map, then via the adjunction

above (Equation 4.1), 𝐹 corresponds to a map 𝐺 : 𝑈 → 𝑉 ⊸ 𝑊 . This

means that for any fixed 𝑢 ∈ 𝑈 , 𝐹 (𝑢,−) : 𝑉 → 𝑊 is a continuous map.

Moreover, the map𝐺 itself must be continuous. Now recall that an open

subspace around 0𝑉⊸𝑊 is given by a set of the form,

{𝑓 :𝑉 →𝑊 : 𝑓 (𝑣 ) ∈𝑊0}𝑣∈𝑉 ,𝑊0∈𝑁0 (𝑊 ) .
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Hence𝐺 is continuous if and only if for any fixed 𝑣 ∈ 𝑉 ,𝐺 pulls back an

open subspace around 0𝑊 to an open subspace in 𝑈 , that is, 𝐹 (−, 𝑣 ) is

continuous for any 𝑣 ∈ 𝑉 . Hence the bilinear map 𝐹 : 𝑈 ⊗ 𝑉 → 𝑊 is

continuous if and only if the linear maps it determines are continuous. That

is to say, for any fixed𝑢 ∈ 𝑈 ,𝑣 ∈ 𝑉 , 𝐹 (𝑢,−) :𝑉 →𝑊 , 𝐹 (−, 𝑣 ) :𝑈 →𝑊 are

continuous. This is exactly the condition for a bilinear map 𝐹 :𝑉 ⊗𝑈 →𝑊

to be continuous, and thus the tensor here is symmetric. □

So we have that Lef is a symmetric closedmonoidal category. We denote

by𝑉 ∗, the space of linear functionals on𝑉 , that is𝑉 ∗ :=𝑉 ⊸ ℂ. The ∗map

is a contravariant functor by defining its action onmaps by precomposition.

That is for any 𝑓 : 𝑉 → 𝑊 , 𝑓 ∗ : 𝑊 ∗ → 𝑉 ∗, defined by 𝑓 ∗(𝑔 ) := 𝑓 𝑔 . It is

immediate to check that this preserves composition and identity and hence

is functorial. We now note that the natural map | ev𝑉 | : |𝑉 | → |𝑉 ∗∗ | (where

by |.|, we mean the underlying set (set map)), defined by 𝑣 ↦→ ev(𝑣 ), where

for any 𝜙 ∈ 𝑉 ∗, ev(𝑣 ) (𝜙) := 𝜙 (𝑣 ) is realised in Lef. This can be seen by

𝑉 ∗ id→𝑉 ∗

𝑉 ∗ ⊗𝑉 → ℂ
𝑉 ⊗𝑉 ∗ → ℂ

𝑉
ev→𝑉 ∗∗

Now Barr showed that this natural evaluation map is always a continuous

bijection [4]. When the evaluation map ev𝑉 : 𝑉 → 𝑉 ∗∗ is also open, and

thus an isomorphism, we say that𝑉 ∈ Lef is reflexive. We denote the full

subcategory of reflexive Lefschetz spaces by RLef.

We want to show that RLef is also a monoidal closed category. For that,

we need a couple of lemmas:

Lemma 4.2.6. [4] For any𝑉 ∈ Lef,𝑉 ∗ is reflexive.
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Proof. We know by Barr that the natural evaluation map for any Lefschetz

space (in particular for any reflexive Lefschetz space) is always a continuous

bijection [4]. So we have that ev𝑉 ∗ : 𝑉 ∗ → 𝑉 ∗∗∗ is a continuous bijection.

We claim that (ev𝑉 )∗ : 𝑉 ∗∗∗ → 𝑉 ∗ is the continuous inverse of ev𝑉 ∗ . First

note that (ev𝑉 )∗ is continuous as ev𝑉 is continuous and (_)∗ : Lef → Lef is

a functor. Now we need to prove that ev𝑉 ∗ (ev𝑉 )∗ = id𝑉 ∗ and (ev𝑉 )∗ ev𝑉 ∗ =

id𝑉 ∗∗∗ .

Let 𝜑 ∈ 𝑉 ∗, then observe

(ev𝑉 )∗(ev𝑉 ∗ (𝜑 )) = (ev𝑉 )∗(ev𝑉 ∗ (𝜑 ))

= ev𝑉 ev𝑉 ∗ (𝜑 ).

Then for any 𝑣 ∈ 𝑉 ,

ev𝑉 ∗ (𝜑 ) (ev𝑉 (𝑣 )) = ev(𝜑 ) (ev(𝑣 ))

= 𝜑 (𝑣 ).

So we have ev𝑉 ∗ (ev𝑉 )∗ = id𝑉 ∗ . For (ev𝑉 )∗ ev𝑉 ∗ = id𝑉 ∗∗∗ , let𝜓 ∈ 𝑉 ∗∗∗, then,

ev𝑉 ∗ ((ev𝑉 )∗(𝜓 )) = ev𝑉 ∗ (ev𝑉 𝜓 )

= ev𝑉 ∗ (ev𝑉 𝜓 ).

Now any 𝜙 ∈ 𝑉 ∗∗ is of the form ev𝑉 (𝑣 ) for some 𝑣 ∈ 𝑉 , and so,

ev𝑉 ∗ (ev𝑉 𝜓 ) (ev𝑉 (𝑣 )) = 𝜓 (ev𝑉 (𝑣 )).

And so we have, (ev𝑉 )∗ ev𝑉 ∗ = id𝑉 ∗∗∗ . Hence ev𝑉 ∗ :𝑉 ∗ →𝑉 ∗∗∗ is an isomor-

phism, so𝑉 ∗ is reflexive. □

Using this lemma, we can now show the following:
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Lemma 4.2.7. [4] For any𝑉 ∈ Lef and𝑊 ∈ RLef,𝑉 ⊸𝑊 is reflexive.

Proof. Note the following series of isomorphisms,

𝑉 ⊸𝑊 � 𝑉 ⊸𝑊 ∗∗ � 𝑉 ⊸ (𝑊 ∗ ⊸ ℂ) � (𝑉 ⊗𝑊 ∗) ⊸ ℂ = (𝑉 ⊗𝑊 ∗)∗.

Note that the third isomorphism is a valid natural isomorphism, as in any

monoidal closed category, we have not only𝕏(𝑈 ⊗𝑉 ,𝑊 ) � 𝕏(𝑈 ,𝑉 ⊸𝑊 ),

but also𝑈 ⊗ 𝑉 ⊸ 𝑊 � 𝑈 ⊸ (𝑉 ⊸ 𝑊 ) [30]. And hence we have𝑉 ⊸

𝑊 � (𝑉 ⊗𝑊 ∗)∗. Then by Lemma 4.2.6,𝑉 ⊸𝑊 is reflexive, as𝑉 ⊸𝑊 is

(isomorphic) to a dual space. □

Next, using Lemma 4.2.6, we prove that the inclusion functor 𝐼 : RLef →

Lef has a left adjoint.

Lemma 4.2.8. [4] The inclusion functor 𝐼 : RLef → Lef has a left adjoint

given by (_)∗∗ : Lef → RLef.

Proof. First note that by Lemma 4.2.6, for any 𝑉 ∈ Lef, 𝑉 ∗ ∈ RLef, so

the (_)∗∗ is well-defined. Now we will prove the adjunction by giving the

universal pair. For any𝑉 ∈ Lef, we claim that the universal pair is given

by (𝑉 ∗∗, 𝑛𝑉 := ev𝑉 : 𝑉 → 𝑉 ∗∗). Then we must prove that for any map

𝑓 :𝑉 →𝑊 in Lef, where𝑊 is a reflexive space, there exists a unique map

ℎ :𝑉 ∗∗ →𝑊 such that the following triangle commutes.

𝑉 𝑉 ∗∗

𝑊

ev𝑉

𝑓
ℎ

We define ℎ := 𝑓 ∗∗(ev𝑊 )−1. Note that this is a valid map as𝑊 is reflexive.

Now note that for any 𝑣 ∈ 𝑉 , 𝑓 ∗∗(ev𝑉 (𝑣 )) ∈𝑊 ∗∗ and for any 𝜑 ∈𝑊 ∗

ev𝑉 ( 𝑓 ∗(𝜑 )) = ev𝑉 ( 𝑓 𝜑 ),
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which for any 𝑣 ∈ 𝑉 , takes the value 𝜑 ( 𝑓 (𝑣 )). Hence when we apply ev−1
𝑊

to it we get 𝑓 (𝑣 ). And hence the triangle commutes. For uniqueness, let

𝑔 :𝑉 ∗∗ →𝑊 such that ev𝑉 𝑔 = 𝑓 , then we have,

ev𝑉 𝑔 = ev𝑉 𝑓 ∗∗ ev−1𝑊 .

This implies that 𝑔 = 𝑓 ∗∗ ev−1
𝑊
on all 𝜑 ∈ 𝑉 ∗∗, such that 𝜑 = ev𝑉 (𝑣 ) for some

𝑣 ∈ 𝑉 . But we know that the evaluation map is always a bijection for any

Lefschetz space, and hence we have 𝑔 = 𝑓 ∗∗ ev−1
𝑊
. So we have the required

adjunction. □

Putting Lemma 4.2.6, 4.2.7, 4.2.8 together, we have that for any𝑉 ∈ RLef,

((_) ⊗𝑉 )∗∗ ⊣𝑉 ⊸ (_)

and thus we have for any𝑈 ,𝑉 ,𝑊 ∈ RLef, we have the following natural

isomorphism

RLef ((𝑈 ⊗𝑉 )∗∗,𝑊 ) � RLef (𝑈 ,𝑉 ⊸𝑊 )

This makes RLef into a symmetric monoidal closed category. For the star

autonomous structure, the global dualising object is given by the base field

(ℂ), and as the evaluation map ev𝑉 : 𝑉 → 𝑉 ∗∗ is an isomorphism for any

reflexive Lefschetz space, we have that RLef is a ∗- autonomous category.

Remark 4.2.9. Note that even in RLef, maps out of the tensor product still

correspond to a pair of continuous linear maps 𝐹1(𝑢,−) : 𝑉 → 𝑊 and

𝐹2(−, 𝑣 ) :𝑈 →𝑊 . Moreover, we have |𝑈 ⊗𝑉 | � | (𝑈 ⊗𝑉 )∗∗ | (where recall

the ( |.|)means the underlying set of these spaces ), so for brevity of notation

we will simply denote the tensor product of two reflexive spaces𝑈 ,𝑉 by

𝑈 ⊗𝑉 .
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By the discussion in the background chapter on equivalence between the

notion of a ∗- autonomous category and a LDCwith duals [14], we know that

RLef is an LDC with dual. That means that there are maps𝜂 : ℂ →𝑉 ∗ ⊕𝑉

and 𝜀 :𝑉 ⊗𝑉 ∗ → ℂwhich satisfy the snake equations. For exercise, we will

now derive the map 𝜀 : 𝑉 ⊗ 𝑉 ∗ → ℂ. By definition, it is the transpose of

the evaluation map ev𝑉 :𝑉 →𝑉 ∗∗. So 𝜀 is the unique map that makes the

following triangle commute:

𝑉 𝑉 ∗ ⊸ (𝑉 ⊗𝑉 ∗)

𝑉 ∗ ⊸ ℂ

𝑛𝑉

ev𝑉 𝑉 ∗⊸(ev𝑉 )#

Here the map 𝑛𝑉 : 𝑉 → 𝑉 ∗ ⊸ (𝑉 ⊗ 𝑉 ∗) on basis vectors is defined as

follows 𝑛𝑉 (𝑣𝑖 ) :=
∑
𝑘∈𝐾 𝛿𝑣𝑘→𝑣𝑖⊗𝛿𝑣𝑘 , where 𝛿𝑣𝑘 denotes the functional on𝑉

which takes the value 1 at 𝑣𝑘 and 0 elsewhere. And 𝛿𝑣𝑘→𝑣𝑖⊗𝛿𝑣𝑘 denotes the

continuous linear function from𝑉 ∗ to𝑉 ⊗ 𝑉 ∗ which takes 𝛿𝑣𝑘 to 𝑣𝑖 ⊗ 𝛿𝑣𝑘

(and every other basis vector to 0). Now the evaluation map is given by

sending 𝑣𝑖 to ev(𝑣𝑖 ), which in this notation can be denoted by 𝛿𝑣𝑖→1. Then

(ev𝑉 )# :𝑉 ⊗𝑉 ∗ → ℂ is givenby sending𝑣𝑖 ⊗𝛿𝑣𝑗 to 1, if 𝑖 = 𝑗 , and 0, otherwise.

It is easy to check that 𝑛𝑉𝑉 ∗ ⊸ (ev𝑉 )# = ev𝑉 , as

𝑉 ∗ ⊸ (ev𝑉 )#(𝑛𝑉 (𝑣𝑖 )) = 𝑉 ∗ ⊸ (ev𝑉 )#(
∑︁
𝑘∈𝐾

𝛿𝑣𝑘→𝑣𝑖⊗𝛿𝑣𝑘 )

= 𝛿𝑣𝑖→1.

Since all of these maps are linear, this means that the colloquial map we use

𝜀 :𝑉 ⊗𝑉 ∗ → ℂ by sending 𝑣 ⊗ 𝜑 → 𝜑 (𝑣 ) is the actual map we get from the

adjunction. So we have 𝜀 = (ev𝑉 )# :𝑉 ⊗𝑉 ∗ → ℂ.
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4.3 Reflexive Lefschetz spaces as dagger isomix

categories

Since RLef is a ∗- autonomous category, we know via the equivalence be-

tween the notion of a ∗- autonomous category and that of an LDC (with

duals) [14] that RLef is an LDCwith duals. We will now develop the rest of

the theory of reflexive Lefschetz spaces as an LDC. In this section, we will

define a † structure on RLef and prove that RLef is a †- isomix category.

Lemma 4.3.1. RLef is an isomix LDC.

Proof. To show that RLef is an isomix LDC, we will first show thatℂ is a unit

for the par. Recall that by definition of par induced by the ∗-autonomous

structure, we have for any𝑉 ,𝑊 ∈ RLef,𝑉 ⊕𝑊 := (𝑉 ∗ ⊗𝑊 ∗)∗. It is clear

thatℂ∗ is a one-dimensional space, as the space of linear functionals onℂ

is completely determined by the value it takes on 1 ∈ ℂ. But the only one

dimensional space isℂ itself, so we have for any𝑉 ∈ RLef,

𝑉 ⊕ ℂ := (𝑉 ∗ ⊗ ℂ∗)∗

� (𝑉 ∗ ⊗ ℂ)∗

� 𝑉 ∗∗

� 𝑉 ,

where to get the third isomorphism we have used the fact that ℂ is a unit

for the tensor [4], and the last isomorphism follows as𝑉 is a reflexive space.

And hence the mix map is simply the identity map, so we have that RLef is

an isomix category. □

We then claim the following:
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Proposition 4.3.2. The core of RLef is exactly the full subcategory of finite-

dimensional reflexive spaces.

We need a couple of definitions and lemmas to prove this proposition.

Definition 4.3.3. Let𝕏 be a category. Then the biproduct of 𝑋1, 𝑋2 ∈ 𝕏 if it

exists, is a tuple (𝑋1 ★ 𝑋2, 𝜋1 : 𝑋1 ★ 𝑋2 → 𝑋1, 𝜋2 : 𝑋1 ★ 𝑋2 → 𝑋2, 𝑖1 : 𝑋1 →

𝑋1 ★ 𝑋2, 𝑖2 : 𝑋2 → 𝑋1 ★ 𝑋2) such that

• (𝑋1 ★ 𝑋2, 𝜋1 : 𝑋1 ★ 𝑋2 → 𝑋1, 𝜋2 : 𝑋1 ★ 𝑋2 → 𝑋2) is a product tuple,

• (𝑋1 ★ 𝑋2, 𝑖1 : 𝑋1 → 𝑋1 ★ 𝑋2, 𝑖2 : 𝑋2 → 𝑋1 ★ 𝑋2) is a coproduct tuple,

and

• 𝑖1𝜋1 = id, 𝑖2𝜋2 = id, 𝜋2𝑖2𝜋1𝑖1 = 𝜋1𝑖1𝜋2𝑖2.

Then we claim

Lemma 4.3.4. RLef has finite biproducts, where the biproduct of two reflex-

ive Lefschetz spaces𝑉1 and𝑉2 is given by𝑉1 ★𝑉2. Here𝑉1 ★𝑉2 is the direct

sum of𝑉1 and𝑉2 in the category of vector spaces, and the topology is given

coordinate-wise.

Proof. We first give the maps 𝜋1 : 𝑉1 ★𝑉2 → 𝑉1 by defining for any 𝑣1 ∈ 𝑉1

and 𝑣2 ∈ 𝑉2, 𝜋1(𝑣1, 𝑣2) := 𝑣1 and 𝜋2(𝑣1, 𝑣2) := 𝑣2. Now 𝜋1 : 𝑉1 ★𝑉2 → 𝑉1 is

continuous as it pulls back an open set𝑈 in𝑉1 to (𝑈 ,𝑉2) ⊆ 𝑉1 ★𝑉2 which

is open by our definition. Similarly, 𝜋2 is continuous. Then the unique

map required from 𝑍 ∈ RLef to𝑉1 ★𝑉2 for a given pair of maps 𝑓 : 𝑍 →

𝑉1, 𝑔 : 𝑍 → 𝑉2 is given by ⟨𝑓 , 𝑔 ⟩ : 𝑍 → 𝑉1 ★𝑉2 by defining ⟨𝑓 , 𝑔 ⟩(𝑧) :=

⟨𝑓 (𝑧), 𝑔 (𝑧)⟩. Now ⟨𝑓 , 𝑔 ⟩ is continuous as it pulls back an open set (𝑂1,𝑂2)

to 𝑓 −1(𝑂1) ∩ 𝑔 −1(𝑂2), which is open as 𝑓 and 𝑔 are continuous. It is easy to
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check that ⟨𝑓 , 𝑔 ⟩𝜋1 = 𝑓 , ⟨𝑓 , 𝑔 ⟩𝜋2 = 𝑔 and ⟨𝑓 , 𝑔 ⟩ is the unique such map, as

for any other map if ℎ : 𝑍 →𝑉1 ★𝑉2 𝜋1ℎ = 𝑓 and 𝜋2ℎ = 𝑔 , then ℎ = ⟨𝑓 , 𝑔 ⟩.

So (𝑉1 ★𝑉2, 𝜋1 :𝑉1 ★𝑉2 →𝑉1, 𝜋2 :𝑉1 ★𝑉2 →𝑉2) is a product tuple.

Now we give the injection maps by defining for any 𝑣1 ∈ 𝑉1 and 𝑣2 ∈ 𝑉2,

𝑖1 : 𝑉1 → 𝑉1 ★𝑉2, 𝑖1(𝑣1) := (𝑣1, 0), and 𝑖2 : 𝑉2 → 𝑉1 ★𝑉2 by 𝑖2(𝑣2) := (0, 𝑣2).

Now 𝑖1 is continuous as it pulls back an open set (𝑂1,𝑂2) in𝑉1 ★𝑉2 to𝑂1.

Similarly, 𝑖2 is continuous. Then for a pair of maps 𝑓 :𝑉1 → 𝑍 , 𝑔 :𝑉2 → 𝑍 ,

we define the map 𝑓 + 𝑔 : 𝑉1 ★𝑉2 → 𝑍 by setting 𝑓 + 𝑔 (𝑣1, 𝑣2) := 𝑓 (𝑣1) +

𝑔 (𝑣2). Observe that any (𝑣1, 𝑣2) ∈ 𝑉1 ★𝑉2 can be written as (𝑣1, 0) + (0, 𝑣2),

and continuity of 𝑓 + 𝑔 on vectors of the form (𝑣1, 0), (0, 𝑣2) follows from

continuity of 𝑓 , 𝑔 respectively. Since 𝑓 + 𝑔 is the coordinate wise sum of 𝑓

and 𝑔 , it follows that 𝑓 + 𝑔 is continuous. It is easy to check that 𝑖1 𝑓 + 𝑔 =

𝑓 , 𝑖2 𝑓 +𝑔 = 𝑔 . And 𝑓 +𝑔 is the unique suchmapas any (𝑣1, 𝑣2) ∈ 𝑉1★𝑉2 could

be written as (𝑣1, 0) + (0, 𝑣2). So (𝑉1 ★𝑉2, 𝑖1 :𝑉1 →𝑉1 ★𝑉2, 𝑖2 :𝑉2 →𝑉1 ★𝑉2)

is a coproduct tuple.

Now all that is left to check are the identities, for that,

𝜋1(𝑖1(𝑣1)) = 𝜋1(𝑣1, 0)

= 𝑣1.

So 𝑖1𝜋1 = id, similarly 𝑖2𝜋2 = id. And 𝜋2𝑖2𝜋1𝑖1 = 0 = 𝜋1𝑖1𝜋2𝑖2. So we have

that RLef has (finite) biproducts. □

Now we have the following proposition:

Lemma 4.3.5. Let 𝐵,𝐶 ∈ Core(𝕏), where𝕏 is a symmetric LDC with duals

and with biproducts, then 𝐵 ★ 𝐶 ∈ Core(𝕏), where 𝐵 ★ 𝐶 denotes the

biproduct of 𝐵 and𝐶 .
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Proof. Let 𝐴 ∈ 𝕏, then

𝐴 ⊗ (𝐵 ★𝐶 ) � (𝐴 ⊗ 𝐵) ★ (𝐴 ⊗ 𝐶 )

� (𝐴 ⊕ 𝐵) ★ (𝐴 ⊕ 𝐶 )

� 𝐴 ⊕ (𝐵 ★𝐶 ),

where in the first and last equality follows from the fact that tensor and

par are left and right adjoints [13], so they preserve colimits and limits,

respectively. As the tensor and the par are symmetric, it follows that (𝐵 ★

𝐶 ) ⊗ 𝐴 � (𝐵 ★𝐶 ) ⊕ 𝐴, so 𝐵 ★𝐶 ∈ Core(𝕏). □

Now in RLef, we know thatℂ ∈ Core(RLef) as it is isomix by Proposition

3.1.5, moreover, the topology on the direct sum is coordinate-wise, so any

finite-dimensional space is just 𝑛 copies ofℂ put together. Then it follows

from Lemma 4.3.5 that any finite-dimensional reflexive Lefschetz space is in

Core(RLef). Now, for any infinite-dimensional space𝑉 , it is generally not the

case that𝑉 ⊕𝑉 := (𝑉 ∗⊗𝑉 ∗)∗ � 𝑉 ⊗𝑉 , unless the category collapses to a com-

pact closed category [17]. So we have that Core(RLef) = Fin(RLef), where

Fin(RLef) is the full subcategory of finite-dimensional Lefschetz spaces.

This completes the proof of Proposition 4.3.2.

As we saw, RLef is a ∗- autonomous category, where the𝑉 ∗ is the space

of continuous linear functions on𝑉 . Thus RLef becomes a †-LDCwhere the

dagger is just the dualising functor by Lemma 3.1.16.

For reasons coming from physics, we want, whenever we have a dual

system (𝑉 ,𝑉 ∗, ev :𝑉 ×𝑉 ∗ → ℂ), the evaluation to be linear in one variable

(often the first variable), but conjugate linear in the other. That is, ev(𝑣,−) :

𝑉 ∗ → ℂ is linear but ev(−, 𝜑 ) : 𝑉 → ℂ is conjugate linear, ev(𝑣, 𝑐 • 𝜑 ) =
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𝑐 • 𝜑 (𝑣 ); where • denotes the action of scalars from the field. So we change

the definition of the † on RLef to accommodate this.

In RLef, we define the conjugation functor [18], as follows:

RLef RLef

𝑉 𝑉 𝑐•𝑣 := 𝑐 • 𝑣

𝑓 (𝑣 ) := 𝑓 (𝑣 )

𝑊 𝑊

(_)

𝑓 𝑓

That is, on objects, the conjugation functor changes the scalar action to the

conjugate scalar action (we are working over fields with a notion of conju-

gation such as ℂ), and onmorphisms, the underlying set maps remain the

same. Note that |𝑉 | = |𝑉 |. Then 𝑓 is now a linear (continuous) homomor-

phism between𝑉 and𝑊 . Importantly, note that the conjugation functor

does not affect the topology of the space.

Now we can easily check that this defines a conjugation functor as in

Definition 3.1.19. We define the structuremaps as, 𝜉⊗ := 𝑐⊗, 𝜉⊕ := 𝑐⊕, 𝜀 := id.

That is, we define the conjugative laxor simply to be the symmetry map

of RLef and the natural isomorphism 𝜀 : 𝑉 → 𝑉 := id. These are clearly

linear and continuous maps. For the coherence conditions, we have for any

𝑣1, 𝑣2, 𝑣3 ∈ 𝑉 , where𝑉 is a reflexive Lefschetz space,

𝑐⊗ (id ⊗𝑐⊗) (𝛼⊗ ((𝑣1 ⊗ 𝑣2) ⊗ 𝑣3)) = 𝑐⊗ (id ⊗𝑐⊗) (𝑣1 ⊗ (𝑣2 ⊗ 𝑣3))

= 𝑐⊗ (𝑣1 ⊗ (𝑣3 ⊗ 𝑣2))

= (𝑣3 ⊗ 𝑣2) ⊗ 𝑣1,
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and,

𝛼−1
⊗ (𝑐⊗ (𝑐⊗ ⊗ id) ((𝑣1 ⊗ 𝑣2) ⊗ 𝑣3))) = 𝛼−1

⊗ (𝑐⊗ ((𝑣2 ⊗ 𝑣1) ⊗ 𝑣3))

= 𝛼−1
⊗ (𝑣3 ⊗ (𝑣2 ⊗ 𝑣1))

= (𝑣3 ⊗ 𝑣2) ⊗ 𝑣1.

Note that |𝛼−1
⊗ | = |𝛼−1

⊗ |, as conjugation has no effect on the underlying (set)

map. Now, for the second coherence condition, we have

𝑐⊗ (𝑐⊗ (𝑣1 ⊗ 𝑣2)) = 𝑐⊗ (𝑣2 ⊗ 𝑣1)

= 𝑣1 ⊗ 𝑣2

= id((id ⊗ id) (𝑣1 ⊗ 𝑣2)).

To be symmetric conjugative, we have

𝑐⊗ (𝑐⊗ (𝑣1 ⊗ 𝑣2)) = 𝑐⊗ (𝑣2 ⊗ 𝑣1)

= 𝑣1 ⊗ 𝑣2

= 𝑐⊗ (𝑐⊗ (𝑣1 ⊗ 𝑣2)).

Similarly,RLef is conjugativewith respect to ⊕ and the coherence conditions

required for the conjugative LDC simply reduce to the coherence required

of the symmetry map in a symmetric LDC. Thus, we have that RLef is a

conjugative LDC.

Now both the dualzing functor and the conjugation functors are equiva-

lences of Frobenius linear functors, so they compose in the 2- category of

LDCswith linear functors and linear natural transformations to give us that

RLef is a †-LDC, where † := (_)∗(_).

To conclude this, we note,
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Proposition 4.3.6. RLef is a †-LDCwith † := (_)∗(_).

Thus, we have a dagger structure on RLef.

The notion of a mixed unitary category is developed within a †- isomix

category. So we will prove that the dagger functor on RLef is isomix. First,

for the dualising functor, note that (ℂ)∗ = ℂ, so the mix map and all the

unit laxors are identity maps, therefore (_)∗ is an isomix functor. For the

conjugation, we have for any 𝑎 + 𝑏𝜄 ∈ ℂ,

𝑚ℂ(𝑚 (𝜂ℂ(𝑎 + 𝑏𝜄))) = 𝑚ℂ(𝑚 (𝑎 − 𝑏𝜄))

= 𝑚ℂ(𝑎 − 𝑏𝜄)

= 𝑎 + 𝑏𝜄

= id(𝑎 + 𝑏𝜄)

= 𝑎 + 𝑏𝜄.

So (_) is a mix functor. To check if it is isomix, note that for any 𝑎 + 𝑏𝜄 ∈ ℂ,

𝑛ℂ((id−1) (𝑚ℂ(𝑎 + 𝑏𝜄))) = 𝑛ℂ((id−1) (𝑎 − 𝑏𝜄))

= 𝑛ℂ(𝑎 − 𝑏𝜄)

= 𝑎 + 𝑏𝜄

= (id−1) (𝑎 + 𝑏𝜄)

= (id−1) (𝑎 + 𝑏𝜄)

= id(𝑎 + 𝑏𝜄)

= (𝑎 + 𝑏𝜄).

So we have that (_) : RLef → RLef is an isomix functor.

Thus both (_)∗ and (_) are isomix functors on RLef, so we have RLef is a †-

isomix category where † := (_)∗(_). So we have,
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Lemma 4.3.7. RLef is a †- isomix category.

We will not always be explicit in quantification over objects while prov-

ing coherence conditions, as it is standard to skip quantification when it

comes to commuting diagrams or while proving equations involving them.

Unless explicitly stated otherwise, the quantification is over all objects of

the category in context.

Next, we want to show that the category of reflexive Lefschetz space

forms a mixed unitary category. But to give a unitary structure to the spaces

in Core(RLef), which we know are finite-dimensional spaces by Proposition

4.3.2, we need to attach the data of a basis to our spaces. Though for this

chapter we only need the notion of a basis for finite-dimensional spaces,

we develop it more generally here, for completeness. This will be of crucial

importance when we define a functor from the category of reflexive Lef-

schetz spaces with a basis to the category of finiteness spaces by studying

the support of summable families over the basis.

4.4 Notion of a basis in reflexive Lefschetz

spaces

There exist various notions of a basis. Themost familiar ones are of a Hamel

basis [35], where we are only allowed to take finite linear combinations,

and of a Schauder basis [10], where we are allowed to take infinite linear

combinations when working with spaces with a topology. But the Schauder

basis comeswith a fixed order on it and is also countable in size. For reflexive

Lefschetz spaces, we will be working with a different notion of summability
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and hence a different notion of a basis. Before we define what wemean by a

Lefschetz basis, we need some terminology.

Definition 4.4.1. Let𝑉 be a topological vector space and (𝑣𝑖 )𝑖∈𝐼 be any

arbitrary family of elements of𝑉 . Then we say this family is summable if

the following net is convergent:

𝑣• : Fin(𝐼 ) →𝑉

where for any 𝐴 ∈ Fin(𝐼 ), 𝑣𝐴 :=
∑
𝑖∈𝐴 𝑣𝑖 . That is, we say (𝑣𝑖 )𝑖∈𝐼 is summable

if the following limit exists:

Lim𝐴∈Fin(𝐼 )
∑︁
𝑖∈𝐴

𝑣𝑖 .

And we denote the limit by ∑︁
𝑖∈𝐼

𝑣𝑖 .

Nowwe can proceed to define an appropriate notion of a basis in Lef-

schetz spaces.

Definition 4.4.2.

(a) Let𝑉 be a reflexive Lefschetz space. Then a collection of elements of V

{𝑣𝑖 }𝑖∈𝐼 is said to be linearly independent if and only if∑︁
𝑖∈𝐼

𝛼𝑖𝑣𝑖 = 0 =⇒ 𝛼𝑖 = 0 , ∀𝑖 ∈ 𝐼 .

where 𝛼𝑖 are scalars from the field and the sum should be interpreted

as in Definition 4.4.1 and the equality should be interpreted as saying

converging to 0.

(b) A collection of elements of𝑉 , {𝑣𝑖 }𝑖∈𝐼 , that is not linearly independent is

called linearly dependent.
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Lemma 4.4.3. Let {𝑣𝑖 }𝑖∈𝐼 be a linearly independent set in a reflexive Lef-

schetz space𝑉 . Then for any 𝐽 ⊆ 𝐼 , {𝑣𝑗 }𝑗∈𝐽 is also linearly independent.

Proof. We extend the sum
∑
𝑗∈𝐽 𝛼𝑗𝑣𝑗 by adding 𝛼𝑖 ′ = 0, for all 𝑖 ′ ∈ 𝐼 − 𝐽 .

Clearly, then the sum
∑
𝑖∈𝐼 𝛼𝑖𝑣𝑖 still converges to 0. As {𝑣𝑖 }𝑖∈𝐼 is a linearly

independent set, so this implies 𝛼𝑖 = 0, for all 𝑖 ∈ 𝐼 . In particular 𝛼𝑗 = 0, for

all 𝑗 ∈ 𝐽 , so {𝑣𝑗 }𝑗∈𝐽 is linearly independent. □

So we have that any subset of a linearly independent set is also linearly

independent. We also have that any re-indexed sum converges to the same

limit.

Lemma 4.4.4. Let {𝑣𝑖 }𝑖∈𝐼 be a collection of elements from a reflexive Lef-

schetz space𝑉 . We can see this indexing as a function 𝑖 : 𝐼 →𝑉 . Let
∑
𝑖∈𝐼 𝑣𝑖

be convergent to some 𝑣 ∈ 𝑉 . Now let 𝜎 : 𝐼 → 𝐼 be a bijection. Then the

re-indexed sum
∑
𝜎𝑖∈𝐼 𝑣𝜎𝑖 is also convergent. Moreover, it is convergent to

the same limit 𝑣 .

Proof. Let
∑
𝑖∈𝐼 𝑣𝑖 = 𝑣 . By definition, this means that, for any open neigh-

bourhood𝑈 around 𝑣 , there exists 𝐴𝑈𝑖0 ∈ Fin(𝐼 ) such that∑𝑖∈𝐴 𝑣𝑖 ∈ 𝑈 for

every 𝐴 ∈ Fin(𝐼 ) so that 𝐴𝑈𝑖0 ⊆ 𝐴. We want to prove that
∑
𝜎𝑖∈𝐼 𝑣𝜎𝑖 is also

convergent to 𝑣 . For this note that, as finite sums are independent of the

order of addition, sowe have that for for any open neighbourhood𝑈 around

𝑣 , we have that
∑
𝜎𝑖∈𝐴 𝑣𝜎𝑖 ∈ 𝑈 for every 𝐴 ∈ Fin(𝐼 ), so that 𝐴𝑈𝑖0 ⊆ 𝐴, and so∑

𝜎𝑖∈𝐼 𝑣𝜎𝑖 is convergent to 𝑣 . □

Note that this in particular implies that any re-indexing of a linearly

independent set is also independent, and so we have that the notion of

convergence and independence is agnostic to indexing.
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Remark 4.4.5. Observe that Lemma 4.4.4 shows that our notion of conver-

gence is indeed different from the one used in the definition of Schauder

basis [10], as it is well known that a convergent sum might diverge if the

elements are re-indexed.

Definition 4.4.6.

(a) Let 𝑆 := {𝑣𝑖 : 𝑖 ∈ 𝐼 } be a collection of vectors in a reflexive Lefschetz

space𝑉 . Then the span of 𝑆 is defined to be

Span[𝑆] := {𝑣 ∈ 𝑉 : 𝑣 = Lim𝐴∈Fin( 𝐽 )
∑︁
𝑎∈𝐴

𝛼𝑎𝑣𝑎 , 𝛼𝑎 ∈ ℂ, 𝐽 ⊆ 𝐼 }.

(b) Let𝑉 be a reflexive Lefschetz space. Then a collection of elements of

𝑉 , 𝑆 = {𝑣𝑖 : 𝑖 ∈ 𝐼 }, is called a Lefschetz basis for𝑉 , if 𝑆 is linearly

independent and if 𝑆 spans𝑉 . That is, every vector in v is a convergent

limit of finite linear combinations over (some subset of ) 𝐼 .

Henceforth, we will be referring to a Lefschetz basis simply as a basis.

We next prove that every vector is a unique linear combination of the basis

vectors. And the main idea of this proof is that since linear operations are

continuouswith respect to the topology, we can takedistinct representations

of a vector over the basis to get a new sumwhich converges to 0, and then

the desired result follows from linear independence.

Proposition 4.4.7. Let𝑉 be a reflexive Lefschetz space and 𝑆 a basis for𝑉 .

Then every vector in𝑉 is the limit of a unique linear combination over𝑉 .

Proof. Every vector is limit of some linear combination over 𝑆 by definition,

as 𝑆 spans𝑉 . We will now prove uniqueness.
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For some 𝑣 ∈ 𝑉 , let 𝑣 =
∑
𝑗∈𝐽⊆𝑆 𝛼𝑗𝑣𝑗 and 𝑣 =

∑
𝑘∈𝐾 ⊆𝑆 𝛼𝑘𝑣𝑘 . Then as

linear operations are continuous with respect to the topology, we have that∑
𝑗∈𝐽⊆𝑆 𝛼𝑗𝑣𝑗 − 𝑣 = 0 , and

∑
𝑘∈𝐾 ⊆𝑆 𝛼𝑘𝑣𝑘 − 𝑣 = 0. Then by definition, for

any open linear subspace𝑈 around 0 in𝑉 , there exists 𝐴0 ∈ Fin( 𝐽 ) such

that
∑
𝑎∈𝐴⊆𝐽⊆𝑆 𝛼𝑎𝑣𝑎 − 𝑣 ∈ 𝑈 , for all 𝐴 ∈ Fin( 𝐽 ), so that 𝐴0 ⊆ 𝐴. And there

exists 𝐵0 ∈ Fin(𝐾 ) such that ∑𝑏∈𝐵⊆𝐾 ⊆𝑆 𝛼𝑏𝑣𝑏 − 𝑣 ∈ 𝑈 , for all 𝐵 ∈ Fin(𝐾 ),

so that 𝐵0 ⊆ 𝐵 . Since 𝑈 is a linear subspace, so (∑𝑎∈𝐴⊆𝐽⊆𝑆 𝛼𝑎𝑣𝑎 − 𝑣 ) −

(∑𝑏∈𝐵⊆𝐾 ⊆𝑆 𝛼𝑏𝑣𝑏 − 𝑣 ) ∈ 𝑈 , for all 𝐴 ∈ Fin( 𝐽 ), such that 𝐴0 ⊆ 𝐴, and for all

𝐵 ∈ Fin(𝐾 ), such that 𝐵0 ⊆ 𝐵 .

So if we define
∑
𝑗𝑘 :𝑗𝑘∈𝐽∪𝐾 𝛼𝑗𝑘𝑣𝑗𝑘 as the following:

• 𝛼𝑗𝑘 := 𝛼𝑗 if 𝑣𝑗𝑘 ∈ 𝐽 and 𝑣𝑗𝑘 ∉ 𝐾

• 𝛼𝑗𝑘 := 𝛼𝑘 if 𝑣𝑗𝑘 ∈ 𝐾 and 𝑣𝑗𝑘 ∉ 𝐽

• 𝛼𝑗𝑘 := (𝛼𝑗 − 𝛼𝑘 ) if 𝑣𝑗𝑘 ∈ 𝐽 and 𝑣𝑗𝑘 ∈ 𝐾

Then
∑
𝑤 :𝑤∈𝑊 ⊆𝐽∪𝐾 𝛼𝑤𝑣𝑤 ∈ 𝑈 , for all𝑊 ∈ Fin( 𝐽∪𝐾 ), so that𝐴0∪𝐵0 ⊆𝑊 . As

the choiceof theopen subspacewasarbitrary,wehave that
∑
𝑗𝑘 :𝑗𝑘∈𝐽∪𝐾 𝛼𝑗𝑘𝑣𝑗𝑘 ,

as defined above, converges to 0.

But then 𝐽 ∪ 𝐾 ⊆ 𝑆 , and 𝑆 is linearly independent, so by Lemma 4.4.3,

{𝑣𝑗𝑘 : 𝑗𝑘 ∈ 𝐽 ∪𝐾 } is also linearly independent. So, by the definition of linear

independence, we have 𝛼𝑗𝑘 = 0, 𝑗𝑘 ∈ 𝐽 ∪ 𝐾 . This gives us by the definition

of scalars in
∑
𝑗𝑘 :𝑗𝑘∈𝐽∪𝐾 𝛼𝑗𝑘𝑣𝑗𝑘 that, 𝛼𝑘 = 0 when 𝑣𝑗𝑘 ∈ 𝐾 and 𝑣𝑗𝑘 ∉ 𝐽 , 𝛼𝑗 = 0

when 𝑣𝑗𝑘 ∈ 𝐽 and 𝑣𝑗𝑘 ∉ 𝐾 , and 𝛼𝑗 = 𝛼𝑘 , whenever 𝑣𝑗𝑘 ∈ 𝐽 and 𝑣𝑗𝑘 ∈ 𝐾 .

Hence 𝑣 ∈ 𝑉 is the limit of a unique linear combination over 𝑆 . □

As in the finite-dimensional case, we have that linear dependence of a
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set of vectors is the same notion as a vector being a (non-trivial) sum of the

other vectors in that set.

Proposition 4.4.8. Let {𝑣𝑖 }𝑖∈𝐼 be a collection of elements from𝑉 , a reflexive

Lefschetz space. Then {𝑣𝑖 }𝑖∈𝐼 is linearly dependent if and only if there exists

a vector 𝑣𝑖0 , 𝑖0 ∈ 𝐼 such that 𝑣𝑖0 = Lim𝐴∈Fin(𝐼−{𝑖0})
∑
𝑎∈𝐴 𝛼𝑖𝑣𝑖 .

Proof. As {𝑣𝑖 }𝑖∈𝐼 is linearly dependent, so there exists some choice of scalars

𝛼𝑖 such that
∑
𝑖∈𝐼 𝛼𝑖𝑣𝑖 = 0, but not all 𝛼𝑖 = 0. Without loss of generality, let

𝛼𝑖0 for some 𝑖0 ∈ 𝐼 not equal to 0. Then as linear operations are continuous,

and as Lim𝐴∈Fin(𝐼 )
∑
𝑎∈𝐴 𝛼𝑎𝑣𝑎 = 0, so Lim𝐴∈Fin(𝐼 )

∑
𝑎∈𝐴

𝛼𝑎
𝛼𝑖0

𝑣𝑎 = 0. Again,

as linear operations are continuous, Lim𝐴∈Fin(𝐼 )
∑
𝑎∈𝐴 ( 𝛼𝑎𝛼𝑖0 𝑣𝑎 ) − 𝑣𝑖0 = −𝑣𝑖0 .

Multiplyingby−1onboth sideswehave, Lim𝐴∈Fin(𝐼 )
∑
𝑎∈𝐴 (− 𝛼𝑎

𝛼𝑖0
𝑣𝑎 )+𝑣𝑖0 = 𝑣𝑖0 .

But then observe that the limit on the left-hand side is just the limit

Lim𝐴∈Fin(𝐼−{𝑖0})
∑
𝑎∈𝐴 𝛼

′
𝑎𝑣𝑎 , where 𝛼′

𝑎 :=
−𝛼𝑎
𝛼𝑖0

. And hence

𝑣𝑖0 = Lim𝐴∈Fin(𝐼−{𝑖0})
∑
𝑎∈𝐴 𝛼

′
𝑎𝑣𝑎 .

For the converse, note that, if 𝑣𝑖0 = Lim𝐴∈Fin(𝐼−{𝑖0})
∑
𝑎∈𝐴 𝛼𝑖𝑣𝑖 , then sub-

tracting 𝑣𝑖0 from both sides, we have
∑
𝑖∈𝐼 𝛼𝑖𝑣𝑖 = 0, but 𝛼𝑖0 ≠ 0, so we have

that {𝑣𝑖 }𝑖∈𝐼 is a linearly independent set. □

The above definitions and theorems in this section show that there is

a nice notion of basis in arbitrary-dimensional reflexive Lefschetz spaces.

Moreover, this is an appropriate extension from the finite-dimensional case,

as our general notion of basis reduces to giving that any sum over a finite set

converges, which should be the case, as we will soon see that every finite-

dimensional Lefschetz space is discrete. Now we will attach the data of a

basis to finite-dimensional reflexive Lefschetz spaces to provide it with a

unitary structure.
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4.5 Reflexive Lefschetz spaces as mixed unitary

categories

In this section, we define the category of reflexive Lefschetz spaces with

a basis, as defined in Section 4.4, and provide a unitary structure to the

finite-dimensional spaces. We then completely characterise the unitary

maps in this category as the isomorphisms that take our chosen bases to

the chosen bases.

Definition 4.5.1. The category of reflexive Lefschetz spaces with basis,

RLefB, has

Objects: Reflexive Lefschetz spaces with a chosen basis;

Morphisms: continuous linear maps independent of the basis;

Composition and Unit: same as RLef.

Wemustbe explicit in giving thedataof thebasis of various constructions

present in the category RLefB. For this, suppose that (𝑈 ,B = {𝑏𝑖 }𝑖∈𝐼 ) and

(𝑉 ,C = {𝑐 𝑗 }𝑗∈𝐽 ) are two reflexive spaces with given bases, then the basis of

various constructs are given as follows:

• (𝑈 ⊗𝑉 ,B × C := {𝑏𝑖 ⊗ 𝑐 𝑗 }𝑖∈𝐼 ,𝑗∈𝐽 );

• 𝑈 ⊸ 𝑉 ,B × C := {𝜙𝑏𝑖→𝑐 𝑗 }𝑖∈𝐼 ,𝑗∈𝐽 , where by 𝜙𝑏𝑖→𝑐 𝑗 , we mean the

continuous linear map that takes 𝑏𝑖 to 𝑐 𝑗 , and every other basis vector

to 0;

• (ℂ,D = {∗});
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• (𝑈 ∗,B×{∗} = {𝜙𝑏𝑖→∗}𝑖∈𝐼 ), where𝜙𝑏𝑖→∗ denotes the linear functional

on𝑈 , which takes 𝑏𝑖 to 1, and every other basis vector to 0. Upon

identifying this functional with𝑏𝑖 , we have that basis of the dual space

is simply given by the same basis;

• (𝑈 ,B = {𝑏𝑖 }𝑖∈𝐼 ).

It is then immediate that, like RLef, RLefB is also a †- isomix category, as we

haven’t changed anything except for adding the data of basis to the objects.

By Proposition 4.3.2, we know that Core(RLefB) is the full subcategory

of finite-dimensional reflexive Lefschetz spaces. To these spaces, we want

to provide it with unitary structure. To do so, let (𝑉 , {𝑒𝑖 }𝑛𝑖=1) be a finite

dimensional reflexive Lefschetz space, then the dagger of (𝑉 , {𝑒𝑖 }𝑛𝑖=1) is by

definition (𝑉 , {𝑒𝑖 }𝑛𝑖=1)
† = (𝑉 ∗, {𝜑𝑒𝑖→1}𝑛𝑖=1), where recall 𝜑𝑒𝑖→1 is the linear

functional on𝑉 that takes the value 1 at 𝑒𝑖 and 0 on every other basis vector.

For simplicity, wedefine 𝛿𝑖 := 𝜑𝑒𝑖→1. Thenwegive theunitary structuremap

for𝑉 by 𝛼𝑉 :𝑉 →𝑉 ∗ by defining 𝛼𝑉 (𝑒𝑖 ) := 𝛿𝑖 and extending it linearly. This

is continuous as finite-dimensional spaces have a discrete topology. To show

that it is indeed the unitary structure map, we need to verify 𝛼 (𝛼−1)† = ev𝑉 .

Lemma 4.5.2. For a finite-dimensional reflexive Lefschetz space 𝑉 , 𝛼 :

(𝑉 , {𝑒𝑖 }𝑛𝑖=1) → (𝑉 ∗, {𝜑𝑒𝑖→1}𝑛𝑖=1) defined by (linearly extending) 𝛼𝑉 (𝑒𝑖 ) := 𝛿𝑖

satisfies 𝛼 (𝛼−1)† = ev𝑉 and thus provides a unitary structure for (𝑉 , {𝑒𝑖 }𝑛𝑖=1).

Proof. We verify this on the basis vectors, as these maps are linear by con-

struction.

(𝛼−1)†(𝛼 (𝑒𝑖 )) = (𝛼−1)†(𝛿𝑖 )

= 𝛼−1𝛿𝑖 .
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Now for any 𝛿𝑗 ∈ 𝑉 ∗, we have

𝛿𝑖 (𝛼−1(𝛿𝑗 )) =


1, if 𝑖 = 𝑗 ,

0, otherwise.

And similarly for ev𝑉 :𝑉 →𝑉 ∗∗, we have

ev𝑉 (𝑒𝑖 ) (𝛿𝑗 ) =


1, if 𝑖 = 𝑗 ,

0, otherwise.

So we have that 𝛼 (𝛼−1)† = ev𝑉 .

𝑉

𝑉 ∗ 𝑉 ∗∗

𝛼
ev𝑉

(𝛼−1)†

So 𝛼 provides a unitary structure for𝑉 . □

Hence, the canonical unitary coreofRLefB is givenby thefinite-dimensional

spaces. Unitary(RLefB) = Fin(RLefB). Then by embedding it in the ambient

category RLef, Unitary(RLefB) = Fin(RLefB) ↩→ RLefB, we get the structure

of a mixed unitary category. We will simply say that RLefB is a MUC.

Proposition 4.5.3. Let 𝑓 : (𝑉 , {𝑒𝑖 }𝑛𝑖=1) → (𝑊 , {𝑏𝑖 }𝑛𝑖=1) be an isomorphism

between finite-dimensional spaces in RLefB, then 𝑓 is unitary if and only if

it takes the chosen basis to the chosen basis.

Proof. Let 𝑓 : (𝑉 , {𝑒𝑖 }𝑛𝑖=1) → (𝑊 , {𝑏𝑖 }𝑛𝑖=1) be taking the chosen basis to the

chosen basis. Then we want to show that the following diagram commutes.

𝑉 𝑉 ∗

𝑊 𝑊 ∗

𝛼𝑉

𝑓

𝛼𝑊

𝑓 †
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Now for any basis vector 𝑒𝑖 ∈ 𝑉 , we have

𝑓 †(𝛼𝑊 ( 𝑓 (𝑒𝑖 ))) = 𝑓 †(𝛼𝑊 (𝑏 𝑗 ))

= 𝑓 †(𝛿𝑏 𝑗 )

= 𝑓 𝛿𝑏 𝑗 ,

which for any 𝑒𝑖 ∈ 𝑉 evaluates to

𝛿𝑏 𝑗 ( 𝑓 (𝑒𝑖 )) =


1, if 𝑖 = 𝑗 ,

0, otherwise.

This is because 𝑓 (𝑒𝑖 ) = 𝑏 𝑗 as 𝑓 is an isomorphism which takes our chosen

basis to the chosen basis. Here by 𝛿𝑏 𝑗 , we mean the linear functional 𝜑𝑏 𝑗→1

on𝑊 .

And 𝛼𝑉 (𝑒𝑖 ) = 𝛿𝑒𝑖 , which does

𝛿𝑒𝑖 (𝑒 𝑗 ) =


1, if 𝑖 = 𝑗 ,

0, otherwise.

This proves that when 𝑓 takes our chosen basis to our chosen basis, then 𝑓

is unitary. For the converse, let 𝑓 : 𝑉 →𝑊 be such that for some chosen

basis 𝑒𝑖 ∈ 𝐼 , 𝑓 (𝑒𝑖 ) = 𝛽𝑏 𝑗 + 𝛾𝑏𝑘 , such that 𝑗 ≠ 𝑘 . This is to say, there exists

some element of our basis which does not evaluate to an element of our

chosen basis. (More generally we can take 𝑓 (𝑒𝑖 ) =
∑
𝑖∈𝐼 𝛽𝑖𝑏𝑖 , such that it has

at least two distinct vectors with non-zero scalars, but that will not change

our reasoning). Then for 𝑒𝑖 , we have

𝑓 †(𝛼𝑊 ( 𝑓 (𝑒𝑖 ))) = 𝑓 †(𝛼𝑊 (𝛽𝑏 𝑗 +𝛾𝑏𝑘 ))

= 𝑓 †(𝛽𝛿𝑏 𝑗 +𝛾𝛿𝑏𝑘 )

= 𝑓 (𝛽𝛿𝑏 𝑗 +𝛾𝛿𝑏𝑘 ),
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which evaluates 𝑒𝑖 ∈ 𝑉 to

(𝛽𝛿𝑏 𝑗 +𝛾𝛿𝑏𝑘 ) ( 𝑓 (𝑒𝑖 )) = (𝛽𝛿𝑏 𝑗 +𝛾𝛿𝑏𝑘 ) (𝑏 𝑗 + 𝑏𝑘 )

= 𝛽𝛿𝑏 𝑗 (𝑏 𝑗 + 𝑏𝑘 ) +𝛾𝛿𝑏𝑘 (𝑏 𝑗 + 𝑏𝑘 )

= 𝛽 +𝛾 .

But 𝛼𝑉 (𝑒𝑖 ) = 𝛿𝑒𝑖 , which does

𝛿𝑒𝑖 (𝑒 𝑗 ) =


1, if 𝑖 = 𝑗 ,

0, otherwise.

So the diagram does not commute, hence 𝑓 is not unitary. So we have that

𝑓 : (𝑉 , {𝑒𝑖 }𝑛𝑖=1) → (𝑊 , {𝑏𝑖 }𝑛𝑖=1) is unitary if and only if it takes the chosen

basis to the chosen basis. □

This proposition gives a complete characterisation of unitary maps in

RLefB.
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Chapter 5

The support functor

5.1 Introduction

In the last chapter, we introduced the category of reflexive Lefschetz spaces

with morphisms as continuous linear maps. In the finite-dimensional case,

we construct a free Hilbert space on a finite set, which acts as the basis

for the space thus constructed. This construction will now be replaced by

constructing a reflexive Lefschetz space on afiniteness space. In this chapter,

we will introduce finiteness spaces and give the construction of a (reflexive)

Lefschetz space on a finiteness space. This construction is due to Ehrhard

[19], and hence will be referred to as Ehrhard’s construction.

In the finite-dimensional case, one can simply forget the Hilbert space

structure of a given Hilbert space with a basis to extract a finite set. Analo-

gously, we first observe that the web of the finiteness space acts as a basis

(in the sense of Section 4.4) for the Lefschetz space constructed on it using

Ehrhard’s construction. Then we prove that the finitary sets are encoded

in the Lefschetz spaces arising out of this construction as the support of

87



5. The support functor

convergent nets of finite sums over this basis. We use this observation to

give a functorial construction of a finiteness space starting with the data

of a reflexive Lefschetz space with a basis. We prove that, on objects, this

construction is inverse to Ehrhard’s construction to classify the topologies

on reflexive Lefschetz spaces as finiteness topologies.

5.2 Finiteness spaces

Afiniteness space is a setwith a family of subsets that, in someways, behaves

like a collection of finite subsets.

Definition 5.2.1. [19] Let 𝑋 be a set andU ⊆ P(𝑋 ) be a family of subsets

of 𝑋 . We then defineU⊥ := {𝑆 ⊆ 𝑋 : |𝑆 ∩ 𝑢 | < ∞, ∀𝑢 ∈ U}. U⊥ is called

the finitary complement ofU.

Here are some basic observations on the finitary complementation:

Lemma 5.2.2. [40] Let 𝑋 be any set, and letA,B ⊆ P(𝑋 ). Then the follow-

ing facts hold:

(i) A ⊆ B =⇒ B⊥ ⊆ A⊥

(ii) A ⊆ A⊥⊥

(iii) A⊥ = A⊥⊥⊥

(iv) A⊥ is downset closed and closed under finite unions.

(v) A = A⊥⊥ =⇒ P𝑓 (𝑋 ) ⊆ A, whereP𝑓 (𝑋 ) is the set of all finite subsets

of 𝑋 .

Proof.
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(i) By definition, B⊥ = {𝑆 ⊆ 𝑋 : |𝑆 ∩ 𝑢 | < ∞, ∀𝑏 ∈ B}, but thenA ⊆ B,

so B⊥ ⊆ A⊥.

(ii) Observe that the definition is symmetrical, and as A⊥ = {𝑆 ⊆ 𝑋 :

|𝑆 ∩ 𝑢 | < ∞, ∀𝑏 ∈ A}, so |𝑆 ∩ 𝑎 | < ∞ for any 𝑆 ∈ A⊥ and 𝑎 ∈ A, so

A ⊆ A⊥⊥.

(iii) We haveA ⊆ A⊥⊥ from (𝑖 𝑖 ), so from (𝑖 ), we have,A⊥⊥⊥ ⊆ A⊥. And

from (𝑖 𝑖 ) again by substitutingA⊥, we have,A⊥ ⊆ A⊥⊥⊥, so we have

A⊥ = A⊥⊥⊥.

(iv) Immediate by definition.

(v) It is clear that A⊥⊥ contains all finite subsets of 𝑋 , as any finite set

intersects finitely with any set. Now as A = A⊥⊥, so it is finitary

complement of some family. Hence we have P𝑓 (𝑋 ) ⊆ A.

Definition 5.2.3.

(a) [5] Let 𝑋 be a set and letU be a family of subsets of 𝑋 . Then (𝑋 ,U) is

called a pre-finiteness space if the following holds:

• The empty set is inU.

• For each 𝑥 ∈ 𝑋 , {𝑥} ∈ U.

• U is downward closed, that is, if 𝑢1, 𝑢2 ∈ P(𝑋 ), 𝑢1 ⊆ 𝑢2 and

𝑢2 ∈ U, then𝑢1 ∈ U.

• U is closed to finite unions, that is, if𝑢1, 𝑢2 ∈ U, then𝑢1∪𝑢2 ∈ U.

(b) [19] Let 𝑋 be a set and letU be a family of subsets of 𝑋 . Then (𝑋 ,U) is

called a finiteness space if and only ifU = U⊥⊥.
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Remark 5.2.4. A finiteness space can be equivalently defined as a triple

(𝑋 ,A,B), where 𝑋 is a set, called the web, and A,B ⊆ P(𝑋 ) such that

A = B⊥ and B = A⊥. The elements ofA are called finitary sets of 𝑋 , and

the elements of B are called co-finitary sets of 𝑋 . Note that the finitary and

cofinitary sets determine each other. Every set 𝑋 carries two trivial finitary

structures (𝑋 ,P𝑓 (𝑋 ),P(𝑋 )), (𝑋 ,P(𝑋 ),P𝑓 (𝑋 )). Moreover, by Lemma 5.2.2

(v), for any finite set 𝑋 , the only finitary structure possible on it is the trivial

one (𝑋 ,P(𝑋 ),P(𝑋 )).

We also have by Lemma5.2.2 (iii), that for any set𝑋 and any family of subsets

U ⊆ P(𝑋 ), (𝑋 ,U⊥) is always a finiteness space. And by Remark 5.2.4, it is

the case that every finiteness space is of this form. Thus, we can generate a

class of examples of finiteness space by defining our finitary sets to be the

complement of a given family.

A non-trivial example of a finiteness space is given by taking 𝑋 a set with

a total order on it and definingU := {𝑆 ⊆ 𝑋 : |𝑆 ∩ {𝑥 ∈ 𝑋 : 𝑥 ≤ 𝑦 }| <

∞, ∀𝑦 ∈ 𝑋 }. SinceU is of the formV⊥, whereV = {𝑥 : 𝑥 ≤ 𝑦 }𝑦∈𝑋 . So

(𝑋 ,U) is a finiteness space. It was also proved in [8] that for any topological

space 𝑋 , (𝑋 ,B), where B is the collection of bounded subsets of 𝑋 is a

pre-finiteness space.

Remark 5.2.5. Observe that given any set 𝑋 , taking finitary complements

of A ⊆ P(𝑋 ) induces a Galois connection [11] on P(P(𝑋 )) ordered by

inclusion.

(P(P(𝑋 )), ⊆) ⊥ (P(P(𝑋 )), ⊆)
(_)⊥

(_)⊥
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Finiteness structures on 𝑋 , (𝑋 ,U), then exactly are the subsetsU ⊆ P(𝑋 )

for which this adjunction is an equivalence.

Lemma 5.2.6. Every finiteness space is a pre-finiteness space.

Proof. Immediate using Lemma 5.2.2. As U = (U⊥)⊥, so U is downset

closed and closed under finite unions. Moreover,U contains all finite sets,

in particular, singletons and the null set. □

To emphasize the full structure of a finiteness space, we will at times

write (𝑋 ,U) as (𝑋 ,U,U⊥). The morphisms of finiteness spaces are given

by relations that preserve finitary sets and reflect cofinitary sets.

Definition 5.2.7. [19] A finiteness relation 𝑅 : (𝑋 ,U,U⊥) → (𝑌 ,V,V⊥)

between two finiteness spaces is a relation 𝑅 : 𝑋 → 𝑌 such that

(i) For all 𝐴 ∈ U, 𝐴 ▷ 𝑅 := {𝑦 ∈ 𝑌 : ∃𝑥 ∈ 𝐴 such that 𝑥𝑅𝑦 } ∈ V, and

(ii) For all 𝐵 ∈ V⊥, 𝑅 ◁ 𝐵 := {𝑥 ∈ 𝑋 : ∃𝑦 ∈ 𝐵 such that 𝑥𝑅𝑦 } ∈ U⊥.

So a relationbetweenfiniteness spaces is a relation that preserves finitary

sets and pulls back co-finitary sets. In fact, it is the case that in the presence

of (𝑖 ), a weaker condition suffices.

Lemma 5.2.8. [19] Let𝑅 : (𝑋 ,U,U⊥) → (𝑌 ,V,V⊥) be a relation between

two finiteness spaces such that

(i) For all 𝐴 ∈ U, 𝐴 ▷ 𝑅 := {𝑦 ∈ 𝑌 : ∃𝑥 ∈ 𝐴 : 𝑥𝑅𝑦 } ∈ V, and

(ii)’ For all 𝑦 ∈ 𝑌 ,𝑅 ◁ {𝑦 } := {𝑥 ∈ 𝑋 : 𝑥𝑅𝑦 } ∈ U⊥.

Then 𝑅 is a finiteness relation.
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Proof. We need to prove that for all 𝐵 ∈ V⊥, 𝑅 ◁ 𝐵 ∈ U⊥, that is for

any 𝐴 ∈ U, | (𝑅 ◁ 𝐵) ∩ 𝐴 | < ∞. Now as 𝐴 ∈ U, so 𝐴 ▷ 𝑅 ∈ V, and so

| (𝐴 ▷ 𝑅) ∩ 𝐵 | < ∞. Now observe,

(𝑅 ◁ 𝐵) ∩ 𝐴 = {𝑥 ∈ 𝐴 : ∃𝑦 ∈ 𝐵 : 𝑥𝑅𝑦 }

= ∪𝑦∈𝐵∩(𝑅▷𝐴) (𝑅 ◁ {𝑦 }) ∩ 𝐴

which is a finite union of finite sets, as𝑅 ◁ {𝑦 } ∈ V⊥ and so | (𝑅 ◁𝐵) ∩𝐴 | <

∞. □

We have that finiteness relations compose, and the identity is a finite-

ness relation, making finiteness spaces into a category with morphisms as

finiteness relations.

Lemma 5.2.9. Finiteness relations compose, and the identity for compo-

sition is given by the identity in the category of relations, that is, id𝑋 :=

{(𝑥, 𝑥) : 𝑥 ∈ 𝑋 }

Proof. Let 𝑅 : 𝑋 → 𝑌 and 𝑆 : 𝑌 → 𝑍 be two finiteness relations. Then for

any 𝐴 ∈ U, 𝐴 ▷ (𝑅𝑆) = (𝐴 ▷ 𝑅) ▷ 𝑆 and so 𝐴 ▷ (𝑅𝑆) ∈ W⊥. Similarly for

any 𝐵 ∈ W⊥, (𝑅𝑆) ◁ 𝐵 = 𝑆 ◁ (𝑅 ◁ 𝐵) and so (𝑅𝑆) ◁ 𝐵 ∈ U⊥. So finiteness

relations compose. It is then immediate that the identity relation (in Rel) is

a finiteness relation. □

So we define the category of finiteness spaces and relations FinRel as

Objects: Finiteness spaces (𝑋 ,U,U⊥);

Morphisms: 𝑅 : (𝑋 ,U,U⊥) → (𝑌 ,V,V⊥) , a finiteness relation;

Composition: as in Rel;
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identity: the identity relation.

We can define an involution on FinRel by

FinRel FinRel

(𝑋 ,U,U⊥) (𝑋 ,U⊥,U⊥⊥ = U)

(𝑌 ,V,V⊥) (𝑌 ,V⊥,V⊥⊥ = V)

(_)∗

𝑅 𝑅𝑡

where 𝑅𝑡 denotes the transpose of the relation 𝑅 . It is easy to see that 𝑅𝑡 is a

finiteness relation between (𝑌 ,V⊥,V) and (𝑋 ,U⊥,U), as for any 𝐵 ∈ V⊥,

𝐵 ▷ 𝑅𝑡 = 𝑅 ◁ 𝐵 ∈ U⊥ and for any 𝐴 ∈ U, 𝑅𝑡 ◁ 𝐴 = 𝐴 ▷ 𝑅 ∈ V. So

𝑅𝑡 : (𝑌 ,V⊥,V) → (𝑋 ,U⊥,U) is a finiteness relation. It is an involution as

on objects we have thatU⊥⊥ = U andV⊥⊥ = V and onmorphism𝑅𝑡𝑡 = 𝑅 .

Remark 5.2.10. Wewill not delve further into the categorical structure of

FinRel, but we shall mention that the involution operationmentioned above

(_)∗ : FinRel → FinRel givesFinRel the structure of a ∗- autonomous category,

where the tensor product of two finiteness spaces (𝑋 , 𝐹 (𝑋 ) := U,U⊥) and

(𝑌 , 𝐹 (𝑌 ) := V,V⊥) is defined to have the web as the cartesian product of𝑋

and𝑌 , with the finitary sets given by 𝐹 (𝑋 ⊗ 𝑌 ) :=↓ {𝐴 × 𝐵 : 𝐴 ∈ U, 𝐵 ∈ V}.

That is finitary set of the tensor of two finiteness space (𝑋 , 𝐹 (𝑋 ) := U) and

(𝑌 , 𝐹 (𝑌 ) := V) is given by the downward closure of the cartesian product

of finitary sets of 𝑋 and𝑌 . The unit for the tensor is the singleton set with

the trivial finiteness structure. The finiteness structure on internal hom is

given by 𝐹 (𝑋 ⊸ 𝑌 ) := 𝐹 (𝑋 ⊗ 𝑌 ⊥)⊥, where the "perp-ing" operation is the

same as the dualizing operation mentioned above. As is the case with any ∗-
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autonomous category [14], FinRel gets a second tensor product, called the

par product, where the finiteness structure on the par product is given by

𝐹 (𝑋 ⊕ 𝑌 ) := 𝐹 (𝑋 ⊥ ⊗ 𝑌 ⊥)⊥. Note that the unit for the tensor is the same as

the unit for the par. This makes FinRel an isomix LDC.

The core of FinRel is given by the category of finite sets and relations,

and their embedding into FinRel gives us the structure of a mixed unitary

category. For details, one can look at [19, 40]. There are also other choices

of morphisms available for finiteness spaces, such as functions (which are

similarly required to preserve finitary sets and reflect co-finitary sets) FinF,

partial functions FinPar, and even matrices FinMat [40].

For FinF, finiteness spaces with functions, we have,

Lemma 5.2.11. Let 𝑓 : (𝑋 ,U,U⊥) → (𝑌 ,V,V⊥) be a function between

two finiteness spaces such that

(i) For all 𝐴 ∈ U, 𝑓 (𝐴) ∈ V, and

(ii)’ For all 𝑦 ∈ 𝑌 , 𝑓 −1(𝑦 ) ∈ U⊥.

Then 𝑓 is a finiteness function, that is for any 𝐴 ∈ U, 𝑓 (𝐴) ∈ V and for any

𝐵 ∈ V⊥, 𝑓 −1(𝐵) ∈ U⊥

Proof. Exactly analogous to Lemma 5.2.8. □

5.3 From finiteness spaces to Lefschetz spaces

In this section, we give a construction of a Lefschetz space starting from

a finiteness space due to Ehrhard [19]. We will describe the construction,
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generalizing it in a few ways. First, we give the construction from a pre-

finiteness space, as described in [5]. Second, we consider sets with arbitrary

cardinality, rather than just the countable ones. And lastly, while proving

theorems about these spaces, we do not assume that Lefschetz spaces are

sequential spaces (that is, spaces whose topology is determined by study-

ing the convergent sequences in them), so we consider nets, rather than

sequences. We will consider the construction of space overℂ, rather than

arbitrary rings. We will refer to this construction as Ehrhard’s construction.

Let (𝑋 ,U) be a pre-finiteness space. Consider the set ℂ(𝑋 ,U) := {𝑓 :

𝑋 → ℂ : sup( 𝑓 ) ∈ U}, where sup( 𝑓 ) := {𝑥 ∈ 𝑋 : 𝑓 (𝑥) ≠ 0} is the support

of the function 𝑓 : 𝑋 → ℂ (Not to be confused with supremum; we will use

“supp′′ for supremum). As the finitary sets are closed under finite unions

and are downward closed, this gives ℂ(𝑋 ,U) the structure of an Abelian

group with pointwise addition.

Lemma 5.3.1. ℂ(𝑋 ,U) is an Abelian group with pointwise addition.

Proof.

• Binary operation: Observe that sup( 𝑓1 + 𝑓2) ⊆ sup( 𝑓1) ∪ sup( 𝑓2),

and sinceU is closed under finite unions and is downset closed, so

sup( 𝑓1 + 𝑓2) ∈ U.

• Associativity: As addition is associative inℂ.

• Commutativity: As addition is commutative inℂ.

• Identity: is given by the constant function 𝑓 (𝑥) = 0ℂ, for all 𝑥 ∈ 𝑋 .

Note that sup(0ℂ) = ∅ ∈ U.
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• Inverse: for any 𝑓 ∈ ℂ(𝑋 ,U), its inverse is givenby−𝑓 , where (−𝑓 ) (𝑥) :=

−𝑓 (𝑥), for all 𝑥 ∈ 𝑋 . Note that sup(−𝑓 ) = sup( 𝑓 ) ∈ U.

□

And with the scalar action coming from the base fieldℂ, ℂ(𝑋 ,U) is in

fact a vector space.

Lemma 5.3.2. ℂ(𝑋 ,U) is a vector space, when we define the action of the

scalar as (𝛼 • 𝑓 ) (𝑥) := (𝛼𝑓 ) (𝑥) := 𝛼𝑓 (𝑥), for all 𝑥 ∈ 𝑋 .

Proof. Observe that sup(𝛼𝑓 ) = sup( 𝑓 ), when 𝛼 is non-zero. Otherwise,

sup(𝛼𝑓 ) = ∅. In both cases, we have that it is a valid action. Next, we

have that 1 • 𝑓 = 𝑓 , and for any 𝑓 , 𝑔 ∈ ℂ(𝑋 ,U) and 𝛼, 𝛽 ∈ ℂ, we have that,

𝛼•(𝛽• 𝑓 ) = (𝛼◦ℂ𝛽)• 𝑓 , 𝛼•( 𝑓 +𝑔 ) = 𝛼• 𝑓 +𝛼•𝑔 , and (𝛼+𝛽)• 𝑓 = 𝛼• 𝑓 +𝛽• 𝑓 .

These laws are an immediate consequenceof thepoint-wise definitionof the

addition and scalar multiplication operation and unitality and distributivity

laws inℂ. □

We want to put a topology on ℂ(𝑋 ,U). For this, we need to make a

couple of definitions.

Definition 5.3.3. [19] We define the topology onℂ(𝑋 ,U) as follows. First,

we define for any𝑢′ ∈ U⊥, the set𝑉𝑢 ′ := {𝑓 ∈ ℂ(𝑋 ,U) : sup( 𝑓 ) ∩ 𝑢′ = ∅}.

Note that for any 𝑓 ∈ ℂ(𝑋 ,U), |sup( 𝑓 ) ∩ 𝑢′| < ∞, as sup( 𝑓 ) ∈ U by

construction.

And we say that a subset 𝑆 ⊆ ℂ(𝑋 ,U) is open if and only if for any 𝑠 ∈ 𝑆 ,

there exists𝑢′ ∈ U⊥, such that 𝑠 +𝑉𝑢 ′ ⊆ 𝑆 . This is analogous to the definition

of an open set in any topological space, where the set is said to be open if
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we can put a neighbourhood around each point contained in the set. The

role of neighbourhood forℂ(𝑋 ,U) will be played by𝑉𝑢 ′ .

With this definition, we confirm that it is indeed a topology.

Lemma 5.3.4. Definition 5.3.3 provides a topology onℂ(𝑋 ,U).

Proof.

• The emmpty set (∅) is vacuously open.

• ℂ(𝑋 ,U) is open as for any 𝑥 ∈ ℂ(𝑋 ,U), any𝑢′ ∈ U⊥ works.

• If {𝑈𝑖 : 𝑖 ∈ {1, ....𝑛}} is any finite collection of open sets in ℂ(𝑋 ,U),

then for any 𝑥 ∈ ∩𝑛
𝑖=1𝑈𝑖 , there exists𝑉𝑢1 , ....𝑉𝑢𝑛 , such that 𝑥 +𝑉𝑢𝑖 ⊆

𝑈𝑖 , 𝑖 ∈ {1, ....𝑛}. Nowwemustfind𝑢′ ∈ U⊥, such that𝑥+𝑉𝑢 ′ ⊆ ∩𝑛
𝑖=1𝑈𝑖 .

Now observe that ∩𝑛
𝑖=1𝑉𝑢𝑖 = 𝑉∪𝑛𝑖=1𝑢𝑖 , and asU

⊥ is closed under finite

unions, so we define 𝑢′ := ∪𝑛
𝑖=1𝑢𝑖 , and as 𝑥 +𝑉𝑢𝑖 ⊆ 𝑈𝑖 , so we have

𝑥 +𝑉𝑢 ′ ⊆ ∩𝑛
𝑖=1𝑈𝑖 .

• {𝑈𝑖 : 𝑖 ∈ 𝐼 } is any arbitrary collection of open sets inℂ(𝑋 ,U), then if

𝑥 ∈ ∪𝑛
𝑖=1𝑈𝑖 , then 𝑥 ∈ 𝑈𝑖0 , for some 𝑖0 ∈ 𝐼 , and as𝑈𝑖0 is open, so there

exists𝑢𝑖0 ∈ U⊥, such that 𝑥 +𝑉𝑢𝑖0 ⊆ 𝑈𝑖0 and hence 𝑥 +𝑉𝑢𝑖0 ⊆ ∪𝑛
𝑖=1𝑈𝑖 .

□

We want to show that ℂ(𝑋 ,U) is a Lefschetz space; we need to pro-

vide a local basis at the origin of open linear subspaces. These open linear

subspaces are given by𝑉𝑢 ′ .

Lemma 5.3.5. 𝑉𝑢 ′ is an open linear subspace ofℂ(𝑋 ,U)
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Proof. 𝑉𝑢 ′ being a linear subspace is immediate, and for any𝑥 ∈ 𝑉𝑢 ′ , 𝑥+𝑉𝑢 ′ ⊆

𝑉𝑢 ′ , so𝑉𝑢 ′ is open. □

Lemma 5.3.6. {𝑉𝑢 ′}𝑢 ′∈U⊥ forms a neighbourhood basis around the origin

inℂ(𝑋 ,U).

Proof. Let 𝑈 be any open subset of ℂ(𝑋 ,U) such that 0 ∈ 𝑈 , then by

definition, there exists 𝑢′ ∈ U⊥, such that 0 +𝑉𝑢 ′ ⊆ 𝑈 , that is,𝑉 ′
𝑢 ⊆ 𝑈 , so

{𝑉𝑢 ′}𝑢 ′∈U⊥ forms an open neighborhood basis at 0ℂ(𝑋 ,U) consisting of linear

subspaces ofℂ(𝑋 ,U) □

It is not difficult to see that the scalarmultiplicationmapℂ×ℂ(𝑋 ,U) →

ℂ(𝑋 ,U) and the addition mapℂ(𝑋 ,U) × ℂ(𝑋 ,U) → ℂ(𝑋 ,U) are contin-

uous, where ℂ is given the discrete topology. So ℂ(𝑋 ,U) is a topological

vector space with a neighbourhood system of open linear subspaces around

the origin. Hence, we have:

Proposition 5.3.7. ℂ(𝑋 ,U) is a Lefschetz Space.

Moreover by Ehrhard’s classification [19], we have that the topology on

the Lefschetz space constructed from a (pre-) finiteness space,ℂ(𝑋 ,U) is

finer than the product topology (ℂwith the discrete topology and ℂ(𝑋 ,U)

being consideredas theproductℂ|𝑋 |), andcoarser than thediscrete topology

(onℂ|𝑋 |).

We next prove that the topology on ℂ(𝑋 ,U) as in Definition 5.3.3 is

Hausdorff and totally disconnected. For Hausdorffness, the opens separat-

ing distinct functions 𝑓 , 𝑔 in ℂ(𝑋 ,U) are given by𝑉{𝑥}, where 𝑥 is a point

where 𝑓 (𝑥) ≠ 𝑔 (𝑥).

98



5. The support functor

Lemma 5.3.8. [5] The topology onℂ(𝑋 ,U) as in Definition 5.3.3 is Haus-

dorff.

Proof. First note thatℂ(𝑋 ,U) is a topological vector space, so translations

are homeomorphisms, and as𝑉𝑢 ′ is open around 0ℂ(𝑋 ,U) , so for any 𝑓 ∈

ℂ(𝑋 ,U) and 𝑢′ ∈ U⊥, 𝑓 +𝑉𝑢 ′ is open. Now let 𝑓 , 𝑔 ∈ ℂ(𝑋 ,U), such that

𝑓 ≠ 𝑔 , then there exists 𝑥 ∈ 𝑋 , such that 𝑓 (𝑥) ≠ 𝑔 (𝑥). Now any finite set

is inU⊥, in particular {𝑥} ∈ U⊥. Then observe 𝑓 ∈ 𝑓 +𝑉{𝑥}, as 0 ∈ 𝑉{𝑥},

similarly 𝑔 ∈ 𝑔 +𝑉{𝑥} and 𝑓 +𝑉{𝑥} ∩ 𝑔 +𝑉{𝑥} = ∅ (as at 𝑥 , the value that

functions in these sets take are 𝑓 (𝑥) and 𝑔 (𝑥) respectively). So any two

distinct points can be separated using disjoint open sets. So ℂ(𝑋 ,U) is a

Hausdorff space. □

We next show that every open set inℂ(𝑋 ,U) is also closed, making the

topology totally disconnected.

Lemma 5.3.9. The topology on ℂ(𝑋 ,U) as in Definition 5.3.3 is totally

disconnected.

Proof. First note that it is enough to prove that each open neighbourhood

around 0ℂ(𝑋 ,U) is both open and closed. The sets {𝑉𝑢 ′}𝑢 ′∈U⊥ form a neigh-

bourhood around 0ℂ(𝑋 ,U) and they are open by Lemma 5.3.5. We will now

prove that it is also closed. Let𝑢′ ∈ U⊥ and let 𝑓 ∈ ℂ(𝑋 ,U)−𝑉𝑢 ′ , then there

exists 𝑥 ∈ sup( 𝑓 ) ∩ 𝑢′. Then 𝑓 +𝑉{𝑥} ⊆ ℂ(𝑋 ,U) −𝑉𝑢 ′ , and as the choice of

𝑓 was arbitrary, soℂ(𝑋 ,U) −𝑉𝑢 ′ is open, and hence𝑉𝑢 ′ is closed. □

For (𝑋 ,U), a finiteness space, ℂ(𝑋 ,U) is a Lefschetz space, so we can

take its dual in Lef (the category of Lefschetz spaces and continuous linear
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maps) to getℂ(𝑋 ,U)∗. We then prove that this is exactly the space we get if

we apply Ehrhard’s construction to the dual finiteness space (𝑋 ,U⊥,U).

The key idea used in this proof is that in ℂ(𝑋 ,U), where (𝑋 ,U) is a

finiteness space, the limit of finite sums of functions of point support over a

finitary set converges, thus any continuous linear functional on ℂ(𝑋 ,U)

must intersect finitely with any finitary set, as the topology on the base field

is discrete.

Proposition 5.3.10. Letℂ(𝑋 ,U) be the Lefschetz space constructed (using

Ehrhard’s construction) from the finiteness space (𝑋 ,U,U⊥). Then the

dual spaceℂ(𝑋 ,U)∗ := ℂ(𝑋 ,U) ⊸ ℂ arises from Ehrhard’s construction

on the dual finiteness space (𝑋 ,U⊥,U).

Proof. First we will prove that | (ℂ(𝑋 ,U))∗ | � |ℂ(𝑋 ,U⊥) |, that is to say

they have same underlying set .

First we claim that
∑
𝑥∈𝑆,𝑆⊆𝑋 ,𝑆∈U 𝑓𝑥 , where

𝑓𝑥 (𝑥′) =


1, if 𝑥′ = 𝑥,

0, if 𝑥′ ≠ 𝑥,

is convergent in ℂ(𝑋 ,U). To see this, first note that, the open neighbour-

hoods around 0ℂ(𝑋 ,U) are of the form {𝑉𝑢 ′}𝑢 ′∈U⊥ . SinceU ⊆ U⊥⊥, so for any

𝑢′ ∈ U⊥, |𝑆 ∩ 𝑢′| < ∞. Now for any 𝑢′ ∈ U⊥, we define 𝑆0 := 𝑆 ∩ 𝑢′. Then

𝑆0 ∈ Fin(𝑆), and ∑
𝑥∈𝑇 ,𝑇 ⊆𝑆 𝑓𝑥 − ∑

𝑥∈𝑊 ,𝑊 ⊆𝑆 𝑓𝑥 ∈ 𝑉𝑢 ′ , for all 𝑇 ,𝑊 ∈ Fin(𝑆),

such that 𝑆0 ⊆ 𝑇 , 𝑆0 ⊆𝑊 . Hence the net determined by the finite sums of∑
𝑥∈𝑆,𝑆⊆𝑋 ,𝑆∈U 𝑓𝑥 is Cauchy.
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Now consider the function defined as follows:

𝑔 (𝑥) =


1, if 𝑥 ∈ 𝑆,

0, if 𝑥 ∉ 𝑆.

Then clearly sup(𝑔 ) = 𝑆 ∈ U. Now observe that Lim𝑇 ∈Fin(𝑆)
∑
𝑥∈𝑇 ⊆𝑆,𝑆∈U 𝑓𝑥 −

𝑔 = 0ℂ(𝑋 ,U) , and asℂ(𝑋 ,U) is a topological vector space, so

Lim𝑇 ∈Fin(𝑆)
∑
𝑥∈𝑇 ⊆𝑆,𝑆∈U 𝑓𝑥 = 𝑔 .

Now let𝜙 : ℂ(𝑋 ,U) → ℂbeany linearmap. SinceLim𝑇 ∈Fin(𝑆)
∑
𝑥∈𝑇 ⊆𝑆,𝑆∈U 𝑓𝑥

is convergent inℂ(𝑋 ,U), so for𝜙 tobecontinuous, Lim𝑇 ∈Fin(𝑆)
∑
𝑥∈𝑇 ⊆𝑆,𝑆∈U 𝜙 ( 𝑓𝑥 )

must be convergent inℂ. Butℂ has the discrete topology, so any convergent

sequence must be constant, so this means that there exists𝑊 ∈ Fin(𝑆),

such that
∑
𝑥∈𝑌 ⊆𝑆,𝑆∈U 𝜙 ( 𝑓𝑥 ) = 𝑧 , for all 𝑌 ∈ Fin(𝑆), so that 𝑌 ⊇ 𝑊 . This

precisely means | sup(𝜙) ∩ 𝑆 | ≤ |𝑊 | < ∞, and since this happens for any

𝑆 ∈ U, so this implies sup(𝜙) ∈ U⊥. Note that here we are identifying 𝜙

as a function from 𝑋 to ℂ, as 𝜙 is a linear map, so its values are fixed by

𝜙 ( 𝑓𝑥 ), 𝑥 ∈ 𝑋 .

Now, for the other way round, we will prove that if 𝜙 : ℂ(𝑋 ,U) → ℂ

is a linear map such that sup(𝜙) ∈ U⊥, then 𝜙 is continuous. For this, let

𝑓• : 𝐼 → ℂ(𝑋 ,U) be a convergent net in ℂ(𝑋 ,U), and let 𝑓• → 𝑓 . Then

by definition, for any 𝑢′ ∈ U⊥, there exists 𝑖𝑢 ′
0 ∈ 𝐼 , such that ( 𝑓𝑖 − 𝑓 ) |𝑢 ′ =

0, for all 𝑖 ≥ 𝑖𝑢
′

0 . In particular, as sup(𝜙) ∈ U⊥, so there exists 𝑖𝜙0 ∈ 𝐼 ,

such that ( 𝑓𝑖 − 𝑓 ) |𝑢 ′ = 0, for all 𝑖 ≥ 𝑖
𝜙
0 . Hence the net 𝜙 ( 𝑓•) − 𝜙 ( 𝑓 ) is

eventually constant inℂ, sinceℂ has the discrete topology, so this implies

𝜙 ( 𝑓•) converges to 𝜙 ( 𝑓 ) inℂ. So 𝜙 : ℂ(𝑋 ,U) → ℂ is continuous.

Sowehave | (ℂ(𝑋 ,U))∗ | � |ℂ(𝑋 ,U⊥) |. Finally, the topologyon | (ℂ(𝑋 ,U))∗ |

is given by the pointwise hom, but the only open linear subspace ofℂ (apart
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from ℂ itself) is 0ℂ, the trivial subspace. So, identifying 𝜙 as a function of

𝑋 to ℂ, we have the neighborhood around 0(ℂ(𝑋 ,U))∗ is given by sets of the

form𝑉𝑢 := {𝑓 : 𝑋 → ℂ : sup( 𝑓 ) ∩ 𝑢 = ∅}𝑢∈U . But that is exactly the space

ℂ(𝑋 ,U⊥) □

We next observe that Lefschetz spaces arising out of Ehrhard’s construc-

tion on a pre-finiteness space (𝑋 ,U) are complete if and only if (𝑋 ,U) is a

finiteness space. This was observed in [5], we provide an alternative proof

for the fact that when (𝑋 ,U) is not a finiteness space, thenℂ(𝑋 ,U) is not

complete. This relies on the observation that functions of point support (by

which we mean 𝑓𝑥 , as defined above) over some set inU⊥⊥ are still Cauchy,

but not convergent.

Proposition 5.3.11. [5]ℂ(𝑋 ,U), that is, the Lefschetz space constructed

from a pre-finiteness space is complete (see Definition 2.3.14) if and only if

(𝑋 ,U) is a finiteness space.

Proof. (=⇒)First, we will prove that when (𝑋 ,U) is a finiteness space, then

the Lefschetz space constructed from it, ℂ(𝑋 ,U), is complete. For this,

let 𝑓• : 𝐼 → ℂ(𝑋 ,U) be any Cauchy net. Since {𝑥} ∈ U⊥ for any 𝑥 ∈ 𝑋 ,

therefore, by definition there exists 𝑖𝑥0 ∈ 𝐼 , such that ( 𝑓𝑖 − 𝑓𝑗 ) |𝑥 = 0, for all

𝑖 , 𝑗 ∈ 𝐼 , so that 𝑖 , 𝑗 ≥ 𝑖𝑥0 . In other words, the net 𝑓• is eventually constant for

any 𝑥 ∈ 𝑋 . We now define 𝑓 : 𝑋 → ℂ as 𝑓 (𝑥) := 𝑓𝑖𝑥𝑜 (𝑥). Now we will prove

that sup( 𝑓 ) ∈ U. Now as {𝑉𝑢 ′}𝑢 ′∈U⊥ are open linear subspaces around

0ℂ(𝑋 ,U) , so for any 𝑢′ ∈ U⊥, there exists 𝑖𝑢 ′
0 , such that 𝑓𝑖 |𝑢 ′ = 𝑓𝑗 |𝑢 ′ , for all

𝑖 , 𝑗 ≥ 𝑖𝑢
′

0 . Now fix a 𝑢′ ∈ U⊥ , and 𝑥 ∈ 𝑢′. Since 𝐼 is a directed set, we can

take 𝑖 , such that 𝑖 ≥ 𝑖𝑥0 , 𝑖
𝑢 ′
0 . Then observe 𝑓 (𝑥) := 𝑓𝑖𝑥0 (𝑥) = 𝑓𝑖 (𝑥) = 𝑓𝑖𝑢′0

(𝑥).

Hence | sup( 𝑓 ) ∩ 𝑢′| = | sup( 𝑓𝑖𝑢′0 ) ∩ 𝑢′| < ∞, as sup( 𝑓𝑖𝑢′0 ) ∈ U. Since the
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choice of𝑢′ was arbitrary, we have that | sup( 𝑓 ) ∩ 𝑢′| < ∞, for all𝑢′ ∈ U⊥.

Hence sup( 𝑓 ) ∈ U⊥⊥ = U, as (𝑋 ,U) is a finiteness space. Note that this

also proves that 𝑓• → 𝑓 , as for any 𝑥 ∈ 𝑢′, 𝑓 (𝑥) = 𝑓𝑖𝑢′0
(𝑥).

(⇐=)Now, for the otherway round, wewill prove that when (𝑋 ,U) is not

a finiteness space, but only a pre-finiteness space, then the space obtained

from Ehrhard’s construction ℂ(𝑋 ,U) is not complete. As ℂ(𝑋 ,U) is not

a finiteness space, so there exists 𝑆 ⊆ 𝑋 , such that 𝑆 ∈ U⊥⊥, but 𝑆 ∉ U.

Now we will prove that
∑
𝑥∈𝑆 𝑓𝑥 is Cauchy in ℂ(𝑋 ,U). For this, observe

that for any 𝑢′ ∈ U⊥, if we define, 𝑆0 := 𝑆 ∩ 𝑢′, then 𝑆0 ∈ Fin(𝑆) and∑
𝑥∈𝑇 𝑓𝑥 − ∑

𝑥∈𝑊 𝑓𝑥 ∈ 𝑉𝑢 ′ , for all 𝑇 ,𝑊 ∈ Fin(𝑆), so that 𝑆0 ⊆ 𝑇 , 𝑆0 ⊆ 𝑊 ,

and hence the net determined by the finite sums of
∑
𝑥∈𝑆 𝑓𝑥 is Cauchy. Now

suppose that
∑
𝑥∈𝑆 𝑓𝑥 is convergent to some limit 𝑓 ∈ ℂ(𝑋 ,U). Then as

ℂ(𝑋 ,U) is a topological vector space, so Lim𝑇 ∈Fin(𝑆)
∑
𝑥∈𝑇 ⊆𝑆 𝑓𝑥− 𝑓 = 0ℂ(𝑋 ,U) .

Now as {𝑥} ∈ U⊥ for any 𝑥 ∈ 𝑋 , so this implies that there exists𝑊 ∈ Fin(𝑆),

such that (∑𝑥∈𝑉 𝑓𝑥 − 𝑓 ) |𝑥 = 0, for all𝑉 ∈ Fin(𝑆), so that𝑉 ⊇𝑊 . So wemust

define 𝑓 (𝑥) := 1, if 𝑥 ∈ 𝑆 , and 𝑓 (𝑥) := 0, otherwise. But then sup( 𝑓 ) = 𝑆 ,

which by assumption does not belong toU. So 𝑓 ∉ ℂ(𝑋 ,U), which is a

contradiction. And hence (𝑋 ,U) is not complete.

So we have that the Lefschetz space constructed from a pre-finiteness

space is complete if and only if (𝑋 ,U) is a finiteness space. □

Nowwe note an interesting property ofℂ(𝑋 ,U), when (𝑋 ,U) is a finite-

ness space. The following proposition (Proposition 5.3.12) says that the

finitary sets of a finiteness space get encoded in the Lefschetz spaces on it

as the support of convergent nets of finite sums over the functions of point

support.
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This observation will be crucial in the next section, when we will con-

struct a (pre-) finiteness space starting from a Lefschetz space.

Proposition 5.3.12. Let (𝑋 ,U) be a finiteness space, and let ℂ(𝑋 ,U) be

the Lefschetz space constructed on (𝑋 ,U) using Ehrhard’s construction.

Then
∑
𝑥∈𝑆⊆𝑋 𝑓𝑥 converges inℂ(𝑋 ,U) if and only if 𝑆 ∈ U.

Proof. (=⇒)First, let ∑𝑥∈𝑆⊆𝑋 𝑓𝑥 be convergent in ℂ(𝑋 ,U) to some 𝑓 ∈

ℂ(𝑋 ,U). Then, as ℂ(𝑋 ,U) is a topological vector space, so this means

Lim𝐴∈Fin(𝑆)
∑
𝑥∈𝐴 𝑓𝑥 − 𝑓 = 0ℂ(𝑋 ,U) . Now open sets around 0ℂ(𝑋 ,U) are of the

form {𝑉𝑢 ′}𝑢 ′∈U⊥ , so this means for any 𝑢′ ∈ U⊥, there exists 𝐴0 ∈ Fin(𝑆),

such that (∑𝑥∈𝐴 𝑓𝑥 ) |𝑢 ′ = 𝑓 |𝑢 ′ , for all 𝐴 ∈ Fin(𝑆), so that 𝐴 ⊇ 𝐴0. Now recall

sup( 𝑓𝑠 ) = {𝑠 }, so ∪𝑥∈𝑆 sup( 𝑓𝑥 ) = 𝑆 . So this means |𝑆 ∩ 𝑢′| ≤ |𝐴0 | < ∞. Now

the choice of 𝑢′ was arbitrary, so we have that |𝑆 ∩ 𝑢′| ≤ |𝐴0 | < ∞, for all

𝑢′ ∈ U⊥, so 𝑆 ∈ U⊥⊥ = U.

(⇐=)The other way round, consider for any 𝑆 ∈ U,
∑
𝑥∈𝑆⊆𝑋 𝑓𝑥 . We

define 𝑓 : 𝑋 → ℂ as 𝑓 (𝑥) := 1, if 𝑥 ∈ 𝑆 and 𝑓 (𝑥) = 0, if 𝑥 ∉ 𝑆 . We claim∑
𝑥∈𝑆⊆𝑋 𝑓𝑥 = 𝑓 . For this observe that for any 𝑢′ ∈ U⊥, |𝑆 ∩ 𝑢′| < ∞, as

U ⊆ U⊥⊥. Define 𝑆0 := 𝑆 ∩ 𝑢′, then we have (∑𝑥∈𝑇 ⊆𝑆 𝑓𝑥 − 𝑓 ) |𝑢 ′ = 0ℂ(𝑋 ,U) ,

for all𝑇 ∈ Fin(𝑆), so that𝑇 ⊇ 𝑆0. Since choice of 𝑢′ was arbitrary, so we

have
∑
𝑥∈𝑆⊆𝑋 𝑓𝑥 − 𝑓 = 0ℂ(𝑋 ,U) , so

∑
𝑥∈𝑆⊆𝑋 𝑓𝑥 = 𝑓 , and we are done. □

Remark 5.3.13. Now, observe that {𝑓𝑥 }𝑥∈𝑋 forms a basis for ℂ(𝑋 ,U) as

clearly {𝑓𝑥 }𝑥∈𝑋 are linearly independent and any function inℂ(𝑋 ,U) with a

finitary support canbeexpressedas the convergent sumover these functions

of point support by Proposition 5.3.12. This solidifies the notion that the

web of the finiteness space acts as a basis for the Lefschetz space on it.
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We also observe that in the above proposition, the only thing that mat-

tered for the limit of the finite sums to converge or not was their support,

and not the scalar coefficients. This suggests the following:

Proposition 5.3.14. Let (𝑋 ,U) be a finiteness space. Then if∑𝑠∈𝑆⊆𝑋 𝛼𝑠 𝑓𝑠

converges inℂ(𝑋 ,U) for somechoicesofnon-zero𝛼𝑠 ∈ ℂ, then
∑
𝑠∈𝑆⊆𝑋 𝛼

′
𝑠 𝑓𝑠

converges for any other choice of 𝛼′
𝑠 ∈ ℂ, 𝛼′

𝑠 ≠ 0 for any 𝑠 ∈ 𝑆 .

Proof. First, as
∑
𝑠∈𝑆⊆𝑋 𝛼𝑠 𝑓𝑠 is convergent so by Proposition 5.3.12, we have

that 𝑆 ∈ U. Then a proof similar to Proposition 5.3.12 will show that∑
𝑠∈𝑆⊆𝑋 𝛼𝑠 𝑓𝑠 = 𝑓 , where 𝑓 (𝑥) := 𝛼𝑠 , if 𝑥 ∈ 𝑆 , and 𝑓 (𝑥) = 0, if 𝑥 ∉ 𝑆 . Similarly,

a proof similar to that of the above theoremwill show that
∑
𝑠∈𝑆⊆𝑋 𝛼

′
𝑠 𝑓𝑠 = 𝑓 ′,

where 𝑓 ′(𝑥) := 𝛼′
𝑠 , if 𝑥 ∈ 𝑆 , and 𝑓 ′(𝑥) = 0, if 𝑥 ∉ 𝑆 . □

Thus, the convergence over the basis vectors inℂ(𝑋 ,U) is independent

of the choice of (non-zero) scalar coefficients. Note that this property is

stronger than what we have for general topological vector spaces, where we

are only allowed to scale up all the terms of a series by the same constant.

We will say that a topological vector space has scalar invariant con-

vergence if and only if the summable families over the basis vectors in the

space are independent of the choice of (non-zero) scalar coefficients.

We already saw that the ℂ(𝑋 ,U), when (𝑋 ,U) is a finiteness space,

has scalar invariant convergence. Now a basis for ℂ(𝑋 ,U) can be given by

functions of point support {𝑓𝑥 }𝑥∈𝑋 . We now generalise this theorem to any

complete Lefschetz space with a given basis. The key idea in the following

proposition is that a given net of finite sums over the basis vectors with some

choice of non-zero scalars is Cauchy if and only if it is Cauchywith any other
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choice of scalar coefficients. The result then follows from the completeness

of the space.

Proposition 5.3.15. Complete Lefschetz spaces with a given basis have

scalar invariant convergence.

Proof. Let𝑉 be a complete Lefschetz space overℂwith a given basis {𝑣𝑖 }𝑖∈𝐼 .

Then wewill prove that if
∑
𝑗∈𝐽⊆𝐼 𝛼𝑗𝑣𝑗 is Cauchy for some choice of non-zero

scalars𝛼𝑗 ∈ ℂ, then
∑
𝑗∈𝐽⊆𝐼 𝛼

′
𝑗
𝑣𝑗 is Cauchy for any other choice of (non-zero)

scalars 𝛼′
𝑗
.

Let
∑
𝑗∈𝐽⊆𝐼 𝛼𝑗𝑣𝑗 be Cauchy, then for any open neighbourhood𝑉0 around

0𝑉 , there exists 𝐾 ∈ Fin(𝐼 ) such that
∑
𝑙∈𝐿⊆𝐽 𝛼𝑙𝑣𝑙 −

∑
𝑚∈𝑀 ⊆𝐽 𝛼𝑚𝑣𝑚 ∈ 𝑉0

for any 𝐿,𝑀 ∈ Fin(𝐼 ), so that 𝐿,𝑀 ⊇ 𝐾 . In particular
∑
𝑘∈𝐾 ⊆𝐼 𝛼𝑘𝑣𝑘 −∑

𝑘 ′∈𝐾 ∪{𝑣𝑚 }⊆𝐽 𝛼
′
𝑘
𝑣 ′
𝑘
∈ 𝑉0. Since𝑉0 is a linear subspace, so this implies for any

𝑣𝑚 ∈ 𝐼 − 𝐾 ,𝑣𝑚 ∈ 𝑉0.

Thenobserve that
∑
𝑗∈𝐽⊆𝐼 𝛼

′
𝑗
𝑣𝑗 isCauchyas, for any𝐿,𝑀 ∈ Fin(𝐼 ), so that

𝐿,𝑀 ⊇ 𝐾 ,
∑
𝑙∈𝐿⊆𝐽 𝛼

′
𝑙
𝑣𝑙 −

∑
𝑚∈𝑀 ⊆𝐽 𝛼

′
𝑚𝑣𝑚 belongs to𝑉0, as there is no vector

𝑣𝑘 , from the set 𝐾 ⊆ 𝐼 , and as for any 𝑣𝑚 ∈ 𝐼 − 𝐾 ,𝑣𝑚 ∈ 𝑉0. So this sum is a

finite linear combination of vectors already in𝑉0 and hence it belongs to𝑉0,

𝑉0 being a linear subspace. Hencewe have
∑
𝑙∈𝐿⊆𝐽 𝛼

′
𝑙
𝑣𝑙 −

∑
𝑚∈𝑀 ⊆𝐽 𝛼

′
𝑚𝑣𝑚 ∈ 𝑉0

for any 𝐿,𝑀 ∈ Fin(𝐼 ), so that 𝐿,𝑀 ⊇ 𝐾 . So
∑
𝑗∈𝐽⊆𝐼 𝛼

′
𝑗
𝑣𝑗 is Cauchy as well.

Then the result follows from the completeness of𝑉 . □

Wenowwant to prove that any reflexive Lefschetz space has the property

of scalar invariant convergence. This will be proven by first proving that any

reflexive Lefschetz space is indeed complete and so it has scalar invariant

convergence by Proposition 5.3.15.
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To prove that any reflexive space is complete, we first observe that for

a Lefschetz space 𝑉 , and a complete (respectively Hausdorff) space𝑊 ,

𝑉 ⊸ 𝑊 is complete (respectively Hausdorff). Thus, the topology on the

internal hom is determined by the topology of the codomain.

Lemma 5.3.16. Let𝑉 be any Lefschetz space and𝑊 a Hausdorff Lefschetz

space. Then𝑉 ⊸𝑊 is Hausdorff.

Proof. Lef 𝑓 , 𝑔 ∈ 𝑉 ⊸𝑊 , such that 𝑓 ≠ 𝑔 . Then there exists 𝑣 ∈ 𝑉 , such

that 𝑓 (𝑣 ) ≠ 𝑔 (𝑣 ). Let𝑤1 := 𝑓 (𝑣 ), and ,𝑤2 := 𝑔 (𝑣 ). Since𝑊 is Hausdorff,

so there exists open sets𝑈1 and𝑈2 in𝑊 such that𝑤1 ∈ 𝑈1,𝑤2 ∈ 𝑈2 and

𝑈1 ∩𝑈2 = ∅. And now, 𝑓 ∈ {𝜙 : 𝑉 → 𝑊 : 𝜙 (𝑣 ) ∈ 𝑈1} := 𝑆1 and 𝑔 ∈ {𝜙 :

𝑉 → 𝑊 : 𝜙 (𝑣 ) ∈ 𝑈2} := 𝑆2 and 𝑆1 ∩ 𝑆2 = ∅. Note that 𝑆1, 𝑆2 are open in

𝑉 ⊸𝑊 , as they are translates of the open sets around 0𝑉⊸𝑊 , where, for

example 𝑆1 will be a translate of the open subspace𝑈0 around 0𝑊 by some

vector𝑤 ∈𝑊 , such that𝑈0 +𝑤 =𝑈1. Hence, distinct points in𝑉 ⊸𝑊 can

be separated, thus𝑉 ⊸𝑊 is Hausdorff. □

A similar proof, which depends on the topology of the co-domain, gives

us the following:

Lemma 5.3.17. Let𝑉 be any Lefschetz space and𝑊 a complete Lefschetz

space. Then𝑉 ⊸𝑊 is complete.

Proof. Let 𝑓• : 𝐼 →𝑉 ⊸𝑊 be a Cauchy net in𝑉 ⊸𝑊 . Then, by definition,

for any open linear subspace𝑈 , around 0𝑉⊸𝑊 , there exists 𝑖0 ∈ 𝐼 , such that

𝑓𝑖 − 𝑓𝑗 ∈ 𝑈 , for all 𝑖 , 𝑗 ≥ 𝑖0. Fix 𝑣1 ∈ 𝑉 , then we get a Cauchy sequence

𝑓 𝑣1• : 𝐼 → 𝑊 in𝑊 and since𝑊 is complete so 𝑓 𝑣1 converges in𝑊 . That

means for any open linear subspace𝑊0 around 0𝑊 , there exists 𝑖𝑣1 ∈ 𝐼 ,
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such that 𝑓𝑖 (𝑣 ) ∈ 𝑊0, for all 𝑖 ≥ 𝑖𝑣1 . Now observe that an open linear

subspace𝑈 ′ around 0𝑉⊸𝑊 is given by finite intersection of sets of the form

{ℎ : 𝑉 → 𝑊 : ℎ (𝑣 ) ∈ 𝑊0}. Now since 𝐼 is a directed set, we can take 𝑖 ′,

such that 𝑖 ≥ 𝑖𝑣𝑖 , for all 𝑖 ∈ {1, 2, .....𝑛}. Then we have that 𝑓𝑖 ∈ 𝑈 ′ for all

𝑖 ≥ 𝑖 ′. Hence, 𝑓• : 𝐼 → 𝑉 ⊸ 𝑊 converges in𝑉 ⊸ 𝑊 and so𝑉 ⊸ 𝑊 is

complete. □

Corollary 5.3.18. Reflexive Lefschetz spaces are complete and Hausdorff.

Proof. Let𝑉 be a reflexive Lefschetz space. As𝑉 is reflexive, so we have

𝑉 � (𝑉 ⊸ ℂ) ⊸ ℂ. Now ℂ is a one-dimensional discrete space, so it is

complete and Hausdorff. Moreover, the isomorphism between𝑉 and𝑉 ∗∗ is

mediated by the evaluationmap, which is a linear continuous isomorphism,

so it also preserves uniform properties such as completeness (in addition to

Hausdorffness), so𝑉 is complete and Hausdorff. □

So we have an important corollary.

Corollary 5.3.19. Reflexive Lefschetz spaces have scalar invariant conver-

gence.

Proof. Any reflexive space is complete by Corollary 5.3.18 and so by Propo-

sition 5.3.15, we have that any reflexive space has the property of scalar

invariant convergence. □

To end this section, we give an alternative proof of Lemma 9 from [19]:

Lemma 5.3.20. Let (𝑋 ,U) be a finiteness space where 𝑋 is a countable set,

andℂ(𝑋 ,U) be the Lefschetz space with basis B = {𝑓𝑥 }𝑥∈𝑋 constructed on

the finiteness space (𝑋 ,U) using Ehrhard’s construction. Let {𝑓𝑛}𝑛∈ℕ be a
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family of basis elements ofℂ(𝑋 ,U). Then the series∑∞
𝑛=1 𝑓𝑛 converges in

ℂ(𝑋 ,U) if and only if Lim𝑛→∞ 𝑓𝑛 = 0.

Proof. First note that the definition of convergence of
∑∞
𝑛=1 𝑓𝑛 is the usual

definition of convergence of a sequence of partial sums that we are familiar

with from analysis. We will first prove that this definition of convergence

agrees with the definition of convergence that we have been working with,

that is, Definition 4.4.1 for the sum
∑∞
𝑛=1 𝑓𝑛 .

Let
∑∞
𝑛=1 𝑓𝑛 beconvergent to some limit 𝑓 ∈ ℂ(𝑋 ,U). Thenbydefinition,

this means for any 𝑢′ ∈ U⊥, there exists 𝑁 ∈ ℕ such that (∑𝑝

𝑛=1 𝑓𝑛) |𝑢 ′ =

𝑓 |𝑢 ′ , for all 𝑝 ∈ ℕ, such that 𝑝 ≥ 𝑁 . Now call the set {𝑓𝑛}𝑛∈ℕ = 𝑆 ⊆

B. Then this precisely means that for any 𝑢′ ∈ U⊥, there exists 𝑆0 ∈

Fin(𝑆), such that (∑𝑡 ∈𝑇 𝑓𝑡 ) |𝑢 ′ = 𝑓 |𝑢 ′ , for all 𝑇 ∈ Fin(𝑆), so that 𝑇 ⊇ 𝑆0.

So Lim𝑇 ∈Fin(𝑆)
∑
𝑡 ∈𝑇 𝑓𝑡 = 𝑓 . And hence the definition agrees. Note that this

also implies that
∑∞
𝜎 (𝑛)=1 𝑓𝑛 = 𝑓 , where𝜎 is any permutation ofℕ by Lemma

4.4.4

Now by Proposition 5.3.12 , we have
∑∞
𝑛=1 𝑓𝑛 =

∑
𝑠∈𝑆 𝑓𝑠 converges if and

only if 𝑆 ∈ U. Since 𝑆 is a countable set, so this implies that there exists

𝑁 ∈ ℕ, such that ( 𝑓𝑝 ) |𝑢 ′ = 0, for all 𝑝 ∈ ℕ, such that 𝑝 ≥ 𝑁 . This exactly is

the condition that Lim𝑛→∞ 𝑓𝑛 = 0, and we are done. □

Our proof is simpler than one in [19], as we only need to see that the

sum over the basis vectors converges if and only if the support is a finitary

set (by Proposition 5.3.12), and when the web is countable, it exactly means

that the sequence converges to 0 inℂ(𝑋 ,U).

We will also see in Chapter 6 that Ehrhard’s construction can be made

functorial; this was observed in [5].
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5.4 From reflexive Lefschetz spaces to finiteness

spaces

Nowwe will use the observation made in Proposition 5.3.12 to construct a

finiteness space out of a reflexive Lefschetz space. We will then prove that

this construction is inverse to Ehrhard’s construction. Our proof strategywill

be as follows. Wewill start with a reflexive Lefschetz space with a given basis,

and construct a pre-finiteness space using this data. We will then construct

a Lefschetz space on this pre-finiteness space thus obtained, and prove that

it is uniformly homeomorphic to the original Lefschetz space we started

with. Then, using Proposition 5.3.11, it will follow that the pre-finiteness

space thus constructed is a finiteness space. The proof can be captured

using the diagram below:

(𝑉 ,B) (|𝑋 | := 𝐵,U := support of functions which converges)

ℂ(𝑋 ,U)

Our construction

Ehrhard’s constructionUniform homeomorphism

Now we will proceed to give our construction.

Definition 5.4.1. Let𝑉 be a reflexive Lefschetz space (so Hausdorff and

complete by Corollary 5.3.18) space over ℂwith a given basis B = {𝑣𝑖 }𝑖∈𝐼 .

We then define the pair (𝑋 ,U) as follows. |𝑋 | := B (that is web is just the

basis), and

U := {𝑆 ⊆ 𝑋 :
∑
𝑠∈𝑆 𝛼𝑠𝑣𝑠 converges in𝑉 , 𝛼𝑠 ∈ ℂ, 𝛼𝑠 ≠ 0 for any 𝑠 ∈ 𝑆}.

Remark 5.4.2. Observe that, as𝑉 is a complete Lefschetz space, it has the
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scalar invariance convergence property by Proposition 5.3.15 , so we can

always modify our scalars in the series, as long as we do not increase the

support.

We prove that the pair defined above is a pre-finiteness space. That

the null set and singletons are finitary is immediate. To prove that it is

downward-closed and closed under finite unions, we use the completeness

of𝑉 .

Proposition 5.4.3. The pair (𝑋 ,U) as defined above (Definition 5.4.1) is a

pre-finiteness space.

Proof.

• ∅ ∈ U. This is immediate, the sum over the empty set converges to

0𝑉 .

• For each 𝑣𝑥 ∈ 𝑋 , {𝑣𝑥 } ∈ U. This is also immediate, as 𝑣𝑥 converges to

𝑣𝑥 ∈ 𝑉 .

• If 𝑆′ ⊆ 𝑆 ∈ U, then 𝑆′ ∈ U. For this as 𝑆 ∈ U, so
∑
𝑠∈𝑆⊆𝑋 𝛼𝑠𝑣𝑠 is

convergent in𝑉 for some choice of scalars 𝛼𝑠 ∈ ℂ, 𝛼𝑠 ≠ 0 for any

𝑠 ∈ 𝑆 . We will now prove that
∑
𝑠 ′∈𝑆 ′⊆𝑆⊆𝑋 𝛼𝑠 ′𝑣𝑠 ′ is convergent in𝑉 . As

𝑉 is complete, it is enough to prove that
∑
𝑠 ′∈𝑆 ′⊆𝑆⊆𝑋 𝛼𝑠 ′𝑣𝑠 ′ is Cauchy.

Now, as
∑
𝑠∈𝑆⊆𝑋 𝛼𝑠𝑣𝑠 is convergent, so it is Cauchy. So by definition,

for any open linear subspace𝑉0 around 0𝑉 , there exists 𝐴0 ∈ Fin(𝑆),

such that
∑
𝑎∈𝐴⊆𝑆 𝛼𝑎𝑣𝑎 − ∑

𝑏∈𝐵⊆𝑆 𝛼𝑏𝑣𝑏 ∈ 𝑉0, for all 𝐴, 𝐵 ∈ Fin(𝑆), so

that 𝐴,𝐵 ⊇ 𝐴0. In particular for any 𝑣𝑥 ∈ 𝑆 − 𝐴0,
∑
𝑎∈𝐴0⊆𝑆 𝛼𝑎𝑣𝑎 −∑

𝑎∈𝐴0∪{𝑣𝑥 }⊆𝑆 𝛼𝑎𝑣𝑎 ∈ 𝑉0, but this implies 𝑣𝑥 ∈ 𝑉0 for any 𝑣𝑥 ∈ 𝑆 − 𝐴0.
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Now we define 𝐴′
0 := 𝑆′ ∩ 𝐴0, then |𝐴′

0 | < ∞, as 𝐴0 ∈ Fin(𝑆). Then

we have for any 𝐴′, 𝐵′ ∈ Fin(𝑆′), so that 𝐴′, 𝐵′ ⊇ 𝐴′
0,
∑
𝑎 ′∈𝐴′⊆𝑆 ′ 𝛼𝑎 ′𝑣𝑎 ′ −∑

𝑏 ′∈𝐵 ′⊆𝑆 ′ 𝛼𝑏 ′𝑣𝑏 ′ ∈ 𝑉0, as this is a finite linear combinations of vec-

tors in𝑉0. As the choice of open subspace was arbitrary, so we have∑
𝑠 ′∈𝑆 ′⊆𝑆⊆𝑋 𝛼𝑠 ′𝑣𝑠 ′ is Cauchy and hence convergent by completeness.

So we have 𝑆′ ∈ U.

• If 𝑆,𝑇 ∈ U, then 𝑆 ∪ 𝑇 ∈ U. For this as 𝑆 ∈ U, so
∑
𝑠∈𝑆⊆𝑋 𝛼𝑠𝑣𝑠 is

convergent in𝑉 for some choice of scalars 𝛼𝑠 ∈ ℂ, 𝛼𝑠 ≠ 0 for any

𝑠 ∈ 𝑆 . Similarly, as𝑇 ∈ U, so
∑
𝑡 ∈𝑇 ⊆𝑋 𝛼𝑡𝑣𝑡 is convergent in𝑉 for some

choice of scalars 𝛼𝑡 ∈ ℂ, 𝛼𝑡 ≠ 0 for any 𝑡 ∈ 𝑇 . We now define a new

series
∑
𝑠𝑡 ∈𝑆∪𝑇 𝛼𝑠𝑡𝑣𝑠𝑡 , where 𝛼𝑠𝑡 is defined as follows:

𝛼𝑠𝑡 :=



𝛼𝑠 , if 𝑣𝑠𝑡 ∈ 𝑆 , and𝑣𝑠𝑡 ∉ 𝑇

𝛼𝑡 , if 𝑣𝑠𝑡 ∈ 𝑇 and𝑣𝑠𝑡 ∉ 𝑆

(𝛼𝑠 + 𝛼𝑡 ), if 𝑣𝑠𝑡 ∈ 𝑆 and𝑣𝑠𝑡 ∈ 𝑇

Then we will prove that
∑
𝑠𝑡 ∈𝑆∪𝑇 𝛼𝑠𝑡𝑣𝑠𝑡 is Cauchy. First as

∑
𝑠∈𝑆⊆𝑋 𝛼𝑠𝑣𝑠

is convergent so Cauchy, so by definition, for any open subspace𝑉0

around0𝑉 , there exists𝑆0 ∈ Fin(𝑆), such that
∑
𝑎∈𝐴⊆𝑆 𝛼𝑎𝑣𝑎−

∑
𝑏∈𝐵⊆𝑆 𝛼𝑏𝑣𝑏 ∈

𝑉0, for all 𝐴,𝐵 ∈ Fin(𝑆), so that 𝐴, 𝐵 ⊇ 𝑆0. In particular this implies

that for any 𝑣𝑠 ∈ 𝑆 − 𝑆0, 𝑣𝑠 ∈ 𝑉0 .

Similarly, as
∑
𝑡 ∈𝑇 ⊆𝑋 𝛼𝑡𝑣𝑡 is Cauchy, so there exists𝑇0 ∈ Fin(𝑇 ), such

that
∑
𝑐∈𝐶⊆𝑇 𝛼𝑐𝑣𝑐 −

∑
𝑑∈𝐷⊆𝑇 𝛼𝑑𝑣𝑑 ∈ 𝑉0, for all 𝐶 ,𝐷 ∈ Fin(𝑇 ), so that

𝐶 ,𝐷 ⊇ 𝑇0. This implies that for any 𝑣𝑡 ∈ 𝑇 −𝑇0, 𝑣𝑡 ∈ 𝑉0.

Now we define 𝑆0𝑇0 := 𝑆0 ∪𝑇0, then as 𝑆0 ∈ Fin(𝑆), and𝑇0 ∈ Fin(𝑇 ),

so 𝑆0𝑇0 ∈ Fin(𝑆 ∪ 𝑇 ). Now for any 𝑆1𝑇1, 𝑆2𝑇2 ∈ Fin(𝑆 ∪ 𝑇 ), so that

𝑆1𝑇1, 𝑆2𝑇2 ⊇ 𝑆0𝑇0,
∑
𝑠𝑡 ∈𝑆1𝑇1 𝛼𝑠𝑡𝑣𝑠𝑡 −

∑
𝑠 ′𝑡 ′∈𝑆2𝑇2 𝛼𝑠 ′𝑡 ′𝑣𝑠 ′𝑡 ′ ∈ 𝑉0, as this is a
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finite linear combination of vectors in𝑉0. As the choice of open sub-

space was arbitrary, so we have
∑
𝑠𝑡 ∈𝑆∪𝑇 𝛼𝑠𝑡𝑣𝑠𝑡 is Cauchy and hence

convergent by completeness. Note that if 𝛼𝑠 = −𝛼𝑡 for some 𝑠 ∈ 𝑆 ∩𝑇 ,

then we can always modify our series (see Remark 5.4.2) such that

𝛼𝑠𝑡 ≠ 0 for any 𝑠𝑡 ∈ 𝑆 ∪𝑇 .

So 𝑆 ∪𝑇 ∈ U.

So (𝑋 ,U) thus constructed froma reflexiveLefschetz space is apre-finiteness

space. We next show that if we construct a Lefschetz space over it using

Ehrhard’s construction, then it is uniformly homeomorphic to the original

space we started with. Now, since𝑉 is reflexive and therefore complete,

this will imply that the pre-finiteness space obtained in Definition 5.4.1 is

actually a finiteness space.

Proposition 5.4.4. Let ℂ(𝑋 ,U) be the Lefschetz space constructed from

the pre- finiteness space obtained above (Proposition 5.4.3). Then𝑉 (the

space we started with in Definition 5.4.1 ) is uniformly homemorphic (that

is a linear continuous map, with a continuous (linear) inverse) toℂ(𝑋 ,U).

Proof. Let𝑉 be the Lefschetz Space as in Definition 5.4.1, with basis B =

{𝑣𝑖 }𝑖∈𝐼 . Then we define a map 𝐹 : 𝑉 → ℂ(𝑋 ,U) as follows 𝐹 (𝑣𝑖 ) := 𝑓𝑣𝑖 ,

where 𝑓𝑣𝑖 : 𝑋 → ℂ is themapwhich takes the value 1ℂ at 𝑥 = 𝑣𝑖 , 0 elsewhere.

We then extend this map linearly to obtain 𝐹 :𝑉 → ℂ(𝑋 ,U). We could see

𝐹 as sending a vector to its function of scalars, as 𝐹 (∑𝑆⊆B 𝛼𝑠𝑣𝑠 ) will be the

function 𝑓 : 𝑋 → ℂ, where 𝑓 (𝑣𝑠 ) = 𝛼𝑠 . Now we claim the following:

• 𝐹 is well-defined. For this, as {𝑣𝑖 }𝑖∈𝐼 is a basis for𝑉 , so any vector

𝑣 ∈ 𝑉 is the convergent limit of finite sums over some subset 𝐽 ⊆ 𝐼
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(see Proposition 4.4.7). Moreover, 𝑣 ∈ 𝑉 is the limit of a unique linear

combination over (some subset) of 𝐼 . Now 𝐹 : 𝑉 → ℂ(𝑋 ,U) just

sends a vector to its function of scalars, and hence is well-defined.

• 𝐹 is injective: For this, as𝑉 is Hausdorff, so if
∑
𝑗∈𝐽⊆𝐼 𝛼𝑗𝑣𝑗 = 𝑣 = 𝑤 for

any 𝑣,𝑤 ∈ 𝑉 , then 𝑣 = 𝑤 , so 𝐹 :𝑉 → ℂ(𝑋 ,U) is injective.

• 𝐹 is surjective: For this, let 𝑓 ∈ ℂ(𝑋 ,U). Then sup( 𝑓 ) = 𝑆 ∈ U, so by

definition,
∑
𝑠∈𝑆 𝛼𝑠𝑣𝑠 converges inℂ(𝑋 ,U) for some choice of scalars

𝛼𝑠 ∈ ℂ, 𝛼𝑠 ≠ 0 for any 𝑠 ∈ 𝑆 . Now let 𝑓 (𝑣𝑠 ) = 𝛼′
𝑠 , 𝛼

′
𝑠 ≠ 0, for any 𝑠 ∈ 𝑆 .

Then by Proposition 5.3.15, 𝑣 ′ =
∑
𝑠∈𝑆 𝛼

′
𝑠𝑣𝑠 also converges inℂ(𝑋 ,U),

as𝑉 is complete. And we have, 𝐹 (𝑣 ′) = 𝑓 .

• 𝐹 is open: For this, first note that as continuous functions between

topological vector spaces are completely determined by their action

around the origin, it is enough to prove that 𝐹 is open around the

origin, 0𝑉 . Now, as 𝑉 is a reflexive space, so the natural inclusion

map ev𝑉 : 𝑉 → (𝑉 ∗ ⊸ ℂ) is open. We also know that 𝑣 ↦→ ev𝑉 (𝑣 )

via ev𝑉 , where ev𝑉 (𝑣 ) (𝜙) = 𝜙 (𝑣 ). Now by assumption, for any 𝑆 ∈

U,
∑
𝑠∈𝑆 𝛼𝑠𝑣𝑠 , 𝛼𝑠 ≠ 0 for any 𝑠 ∈ 𝑆 , converges in ℂ(𝑋 ,U). So an

exact argument like in Proposition 5.3.10 will show that for any 𝜙 ∈

𝑉 ∗, sup(𝜙) ∈ U⊥. Note that here we are identifying 𝜙 as a function

𝑋 → ℂ, as the value of 𝜙 is fixed by the value it takes at the basis

vectors 𝑓𝑥 .

Now let𝑉0 be any open linear subspace around 0𝑉 , then ev𝑉 : 𝑉 →

(𝑉 ∗ ⊸ ℂ)maps𝑉0 to an openneighbourhood linear subspace around

0(𝑉 ∗⊸ℂ) . But the neighbourhood basis around 0(𝑉 ∗⊸ℂ) is given by fi-
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nite intersections of the sets of the form {Φ :𝑉 ∗ → ℂ : Φ(𝜙) = 0, 𝜙 ∈

𝑉 ∗}. From the previous paragraph, we have, for any 𝜙 ∈ 𝑉 ∗, sup(𝜙) ∈

U⊥. Now themap 𝐹 :𝑉 → ℂ(𝑋 ,U) just sends a vector to its function

of scalars, hence𝑉0 via 𝐹 will get mapped to finite intersection of sets

of the form {𝑓 : 𝑋 → ℂ : sup( 𝑓 ) ∈ U and sup( 𝑓 ) ∩ 𝑢′ = 0, 𝑢′ ∈ U⊥}.

But this is just𝑉𝑢1 ∩𝑉𝑢2 ∩𝑉𝑢3 ∩ ...... ∩𝑉𝑢𝑛 = 𝑉𝑢1∪𝑢2∪𝑢3∪.....∪𝑢𝑛 , which is

an open neighbourhood basis around 0ℂ(𝑋 ,U) . So 𝐹 :𝑉 → ℂ(𝑋 ,U)

maps open neighbouhood subspaces around 0𝑉 to open neighbour-

hood subspaces around 0ℂ(𝑋 ,U) , and hence 𝐹 is open.

• 𝐹 is continuous: Again, it is enough to prove that 𝐹 is continuous

around the origin. Now, as𝑉 is a reflexive space, so the natural in-

clusionmap ev𝑉 :𝑉 → (𝑉 ∗ ⊸ ℂ) is continuous. We also know that

𝑣 ↦→ ev𝑉 (𝑣 ) via ev𝑉 , where ev𝑉 (𝑣 ) (𝜙) = 𝜙 (𝑣 ).

Now for any𝑢′ ∈ U⊥, such that there exists 𝜙𝑢 ′ ∈ 𝑉 ∗, with sup(𝜙𝑢 ′) =

𝑢′, the set {Φ :𝑉 ∗ → ℂ : Φ(𝜙𝑢 ′) = 0} will be an open neighbourhood

subspace around 0(𝑉 ∗⊸ℂ) . And so 𝑖−1({Φ : 𝑉 ∗ → ℂ : Φ(𝜙𝑢 ′) = 0})

will be an open neighbourhood subspace around 0𝑉 . Again, as the

map 𝐹 : 𝑉 → ℂ(𝑋 ,U) just sends a vector to its function of scalars,

this implies that 𝐹−1(𝑉𝑢 ′) will be an open neighbourhood subspace

around 0𝑉 . Note that 𝐹−1(𝑉𝑢 ′) is the set of vectors whose support

intersects trivially with𝑢′.

So we have that 𝐹−1(𝑉𝑢 ′) an open neighbourhood subspace around

0𝑉 for some 𝑢′ ∈ U⊥. Let there be some 𝑣 ∈ U⊥, such that 𝐹−1(𝑉𝑣 )

is not an open neighbourhood subspace around 0𝑉 . Then
∑
𝑠∈𝑆 𝛼𝑠𝑣𝑠

will be Cauchy, hence convergent in 𝑉 if and only if |𝑆 ∩ 𝑢′| < ∞,
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for all 𝑢′ ∈ U⊥, with 𝑢′ ≠ 𝑣 . But then by assumption,
∑
𝑠∈𝑆 𝛼𝑠𝑣𝑠 is

convergent in𝑉 if and only if 𝑆 ∈ U, since 𝑆 ⊆ 𝑋 , was arbitrary, so

this implies that 𝐹−1(𝑉𝑢 ′) is an open neighbourhood subspace around

0𝑉 for any𝑢′ ∈ U⊥.

Hence, we have that 𝐹 : 𝑉 → ℂ(𝑋 ,U) is well-defined, bijective, contin-

uous, and open, so 𝐹 is a homeomorphism (of topological spaces). So

𝑉 � ℂ(𝑋 ,U).

Moreover, note that this is a uniform homeomorphism, as 𝐹 is a linear

map (See Lemma 2.3.13), so𝑉 � ℂ(𝑋 ,U) is a uniform homeomorphism.

Note that the inverse of a linear map (if it exists) is linear, so a uniform

homeomorphism is a continuous linear map with a continuous inverse. □

As uniform homeomorphisms preserve completeness, we have:

Corollary 5.4.5. The pair (𝑋 ,U) as in Definition 5.4.1 is a finiteness space.

Proof. As𝑉 is uniformly homeomorphic to ℂ(𝑋 ,U), so ℂ(𝑋 ,U) inherits

all the uniform properties of𝑉 , in particular completeness. But then by

Proposition 5.3.11, the Lefschetz space constructed from a pre-finiteness

space (𝑋 ,U) is complete if andonly if (𝑋 ,U) is a finiteness space. So (𝑋 ,U)

as in Definition 5.4.1 is a finiteness space. □

We next show that, on objects, the support construction is inverse to

Ehrhard’s construction. For this, we first note that the spaces arising out of

Ehrhard’s construction are indeed reflexive. Then by Proposition 5.4.4, it

already follows that if we first apply support construction and then follow

it by Ehrhard’s construction, we get homeomorphic spaces. The other way

round follows from Proposition 5.3.12.
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Proposition 5.4.6. The Lefschetz spaces arising out of Ehrhard’s construc-

tion, when (𝑋 ,U) is a finiteness space is reflexive.

Proof. This is immediate using Proposition 5.3.10, as we showed that if we

first apply Ehrhard’s construction to a finiteness space and then take its dual

in RLef or if we first take the dual of a finiteness space in FinRel and then

apply Ehrhard’s construction, we get the same space. But then, as taking the

double dual of a finiteness space gets us back to the same finiteness space,

so we have that the Lefschetz spaces arising out of Ehrhard’s construction,

when (𝑋 ,U) is a finiteness space, are reflexive. □

Proposition 5.4.7. The construction described in this section (Definition

5.4.1) is inverse to Ehrhard’s construction.

Proof. Observe that the above arguments already proves that if we start with

a reflexive Lefschetz space𝑉 , with a given basis, build a finiteness space out

of it using the construction described in this section, and then follow it by

Ehrhard’s construction, then we get𝑉 � ℂ(𝑋 ,U).

Other way around, if we start with a finiteness space (𝑋 ,U), build a

Lefschetz space, using Ehrhard’s construction, ℂ(𝑋 ,U), and then follow

it by our construction here to get (𝑋 ′,U′). Then by Proposition 5.3.12, we

have that
∑
𝑥∈𝑆⊆𝑋 𝑓𝑥 converges in ℂ(𝑋 ,U) if and only if 𝑆 ∈ U. Hence,

identifying points of the web 𝑥 ∈ 𝑋 with the points of the web 𝑓𝑥 ∈ 𝑋 ′, we

see that we get the same finiteness space back.

Hence, the construction described of a finiteness space from a reflexive

Lefschetz space with a basis is inverse to Ehrhard’s construction. So there

is a bijective correspondence between a reflexive Lefschetz space (with a
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given basis) and a finiteness space. Note that by Proposition 5.3.10, this

correspondence also respects duals. □

Thus, we can classify the topologies on reflexive Lefschetz spaces as

finiteness topologies, which leads to some immediate corollaries using

Ehrhard’s classification [19].

Corollary 5.4.8. Any reflexive Lefschetz Space has a topology coarser than

the discrete topology (on ℂ|𝑋 | and finer than the product topology (with

discrete topology onℂ andℂ(𝑋 ,U) being considered as the productℂ|𝑋 |).

We can also classify the finiteness structures that give rise to the discrete

topology on Lefschetz spaces constructed on it via Ehrhard’s construction.

Lemma 5.4.9. Suppose ℂ(𝑋 ,U) is a reflexive Lefschetz space obtained

from Ehrhard’s construction on the finiteness space (𝑋 ,U). Thenℂ(𝑋 ,U)

has the discrete topology if and only ifU = P𝑓 (𝑋 ), that is, the finitary sets

are exactly the finite subsets of 𝑋 .

Proof. Supposeℂ(𝑋 ,U) has thediscrete topology thenweknow that
∑
𝑠∈𝑆⊆𝑋 𝑓𝑥

converges in ℂ(𝑋 ,U) if and only if Lim𝐴∈Fin(𝑆)
∑
𝑎∈𝐴 𝑓𝑎 is eventually con-

stant, which means that |𝑆 | < ∞. But then by Proposition 5.3.12, we know

that
∑
𝑠∈𝑆⊆𝑋 𝑓𝑥 converges if and only if 𝑆 ∈ U. So thatmean thatU = P𝑓 (𝑋 ).

For the other way round, if we start with the finiteness structure

(𝑋 ,P𝑓 (𝑋 ),P(𝑋 )). Then in ℂ(𝑋 ,U), the constant 0 function is open as

𝑉 ′
𝑢 = 0 for𝑢′ = 𝑋 . This implies that every singleton {𝑓 } is open as 𝑓 + 0 ⊆ 𝑓 .

Hence, the topology onℂ(𝑋 ,U) is discrete. □

So in particular, since a finiteness space with a finite web can only have

the trivial finiteness structure (𝑋 ,P(𝑋 ),P(𝑋 )), we have,

118



5. The support functor

Corollary 5.4.10. Any finite-dimensional reflexive Lefschetz space has a

discrete topology.

In fact, for the finite-dimensional case, demanding reflexivity is redun-

dant.

Lemma 5.4.11. [4] Every finite-dimensional Lefschetz space is reflexive.

5.5 Functoriality of support construction

In this section, we will use the construction described in Section 5.4 and

show that it extends as a functor from the category of reflexive Lefschetz

Spaces, with a basis and morphisms as positive maps (See Definition 5.5.1),

and the category of finiteness spaces and relations.

Category of interest: pRLefB

First recall from Chapter 4 that RLefB is a star (∗-) autonomous category.

Definition 5.5.1. Let (𝑈 , 𝐼 = {𝑢𝑖 }𝑖∈𝐼 ) and (𝑊 , 𝐽 = {𝑤𝑗 }𝑗∈𝐽 ) be reflexive

Lefschetz spaces over ℂ with a basis, then a linear continuous map 𝑓 :

(𝑈 , 𝐼 ) → (𝑊 , 𝐽 ) is said to be positive if for any 𝑖 ∈ 𝐼 , 𝑓 (𝑢𝑖 ) =
∑
𝑗 ′∈𝐽 ′⊆𝐽 𝛼𝑗 ′𝑤𝑗 ′

such that 𝛼𝑗 ′ ∈ ℝ and 𝛼𝑗 ′ ≥ 0 for all 𝑗 ′ ∈ 𝐽 ′.

We next want to show that when we restrict to just positive maps, the

resulting category of reflexive Lefschetz Spaces with a given basis and mor-

phisms as positive continuous linear maps, denoted by pRLefB is still a star

autonomous category. And so we claim:

Proposition 5.5.2. pRLefB is a star autonomous category.
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Proof. As identity is a positive map and composition of positive maps is

positive, pRLefB is clearly a category.

Next, note that the internal hom functor𝑉 ⊸ (_) : RLefB → RLefB

restricts to a functor from pRLefB to pRLefB, as it sends a positive map

𝑓 : (𝑈 , 𝐼 = {𝑢𝑖 }𝑖∈𝐼 ) → (𝑊 , 𝐽 = {𝑤𝑗 }𝑗∈𝐽 ) , where 𝑓 (𝑢𝑖 ) =
∑
𝑗 ′∈𝐽 ′⊆𝐽 𝛼𝑗 ′𝑤𝑗 ′

to𝑉 ⊸ 𝑓 : (𝑉 ⊸ 𝑈 ,𝐾 × 𝐼 ) → (𝑉 ⊸ 𝑊 ,𝐾 × 𝐽 ), which sends 𝜙𝑣𝑘→𝑢𝑖 to∑
𝑗 ′∈𝐽 ′⊆𝐽 𝛼𝑗 ′𝜙𝑣𝑘→𝑤 ′

𝑗
.

Next, as there is already a tensor homadjunction inRLefB, to show that there

is nowa tensor homadjunction in pRLefB, weneed to show that theunitmap

of the adjunction is positive and that the adjoint of a positivemap is positive.

As this is a concrete category, so the unitmap𝜂𝑈 :𝑈 →𝑉 ⊸ (𝑈 ⊗𝑉 ) on the

basis vectors𝑢𝑖 is given by𝜂𝑈 (𝑢𝑖 ) =
∑
𝜙𝑣𝑘→𝑢𝑖⊗𝑣𝑗 , here all the scalars are 1,

and hence this is a positive map. Moreover the adjunct of a positive map 𝑓 :

𝑈 → 𝑉 ⊸ 𝑊 , which sends 𝑢𝑖 to 𝑓 (𝑢𝑖 ) =
∑
𝑘 ′∈𝐾 ′⊆𝐾 ,𝑗 ′∈𝐽 ′⊆𝐽 𝛼𝑘 ′ 𝑗 ′𝜙𝑣𝑘 ′→𝑤𝑗 ′ is

𝑓 # :𝑈 ⊗𝑉 →𝑊 , which takes𝑢𝑖⊗𝑣𝑗 to 𝑓 #(𝑢𝑖⊗𝑣𝑗 ) =
∑
𝑘 ′∈𝐾 ′⊆𝐾 ,𝑗 ′∈𝐽 ′⊆𝐽 𝛼𝑘 ′ 𝑗 ′𝑤𝑗 ′ .

It is easy to check that𝜂𝑈𝑉 ⊸ ( 𝑓 #) = 𝑓 . And hence the adjunct of a positive

map is positive. Finally the evaluation map ev𝑉 :𝑉 →𝑉 ∗∗ is also positive

as it takes 𝑣𝑘 to 𝜙 (𝑣𝑘→∗)→∗. □

The support functor

Wewant todefinea functor, whichwewill call the support functor,motivated

by our construction of a finiteness space from a reflexive Lefschetz space.

The functor sup : pRLefB → FinRel is defined as follows:

• OnObjects: sup(𝑉 , 𝐾 ) = (𝐾 ,U := {𝑆 ⊆ 𝐾 :
∑
𝑠∈𝑆 𝛼𝑠𝑣𝑠 converges in𝑉 , 𝛼𝑠 ∈

ℂ, 𝛼𝑠 ≠ 0 for any 𝑠 ∈ 𝑆}) as in theprevious section. Similarly, sup(𝑈 , 𝐼 ) =
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(𝐼 ,V).

• On morphisms: Let 𝑓 : (𝑉 , 𝐾 ) → (𝑈 , 𝐼 ) be any positive linear con-

tinuous map. Then, as a linear map is determined by its action on a

basis, so let 𝑓 (𝑣𝑘 ) =
∑
𝑖 ′∈𝐼 ′⊆𝐼 𝛼𝑖 ′𝑢𝑖 ′ , where all the scalars are positive.

Then sup( 𝑓 ) ⊆ 𝐾 × 𝐼 and 𝑣𝑘 ∼sup( 𝑓 ) 𝑢𝑖 (that is 𝑣𝑘 is related to 𝑢𝑖 ) if

and only if the scalar corresponding to𝑢𝑖 in 𝑓 (𝑣𝑘 ) is non-zero.

Note that if we were just working with continuous linear maps, rather than

restricting topositive continuous linearmaps, then the support construction

fails to be functorial, as the scalars might cancel against each other. But

when we work with positive maps, the support construction is functorial.

Proposition 5.5.3. sup : pRLefB → FinRel is a functor.

Proof. Wewill first show that the functor iswell-defined. It iswell-definedon

objects by the the previous section (see Corollary 5.4.5). On morphisms, we

need to show that sup( 𝑓 ) preserves finitary and reflects co-finitary sets. First,

we show that 𝐴 ▷ sup( 𝑓 ) ∈ V for any 𝐴 ∈ U. For this note that, as 𝐴 ∈ U,

so
∑
𝑎∈𝐴,𝐴⊆𝐾 ,𝐴∈U 𝑣𝑎 converges in𝑉 , and as 𝑓 :𝑉 →𝑈 is a continuous map,

so
∑
𝑎∈𝐴,𝐴⊆𝐾 ,𝐴∈U 𝑓 (𝑣𝑎 ) converges in𝑊 . Now note that as f is a positive map,

so no basis vectors are getting canceled against each other, and hence the

support of
∑
𝑎∈𝐴,𝐴⊆𝐾 ,𝐴∈U 𝑓 (𝑣𝑎 ) is exactly 𝐴 ▷ sup( 𝑓 ), and as this converges

in𝑈 , so by definition 𝐴 ▷ sup( 𝑓 ) ∈ V.

Next, we show that for any 𝐵 ∈ V⊥, sup( 𝑓 )◁𝐵 ∈ U⊥. For this note that

as the correspondence between relfexive Lefschetz Spaces and finiteness

spaces carries over to thedual, so ifwe take thedual of 𝑓 : (𝑉 , 𝐾 ) → (𝑈 , 𝐼 ) in
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pRLefB, 𝑓 ∗ : (𝑈 ∗, 𝐼 ) → (𝑉 ∗, 𝐾 ), then it induces a relation (which preserves

finitary sets by above), sup( 𝑓 ∗) : 𝐼 → 𝐾 .

Now if we prove that sup( 𝑓 ∗) = sup( 𝑓 )𝑡 , where on the right hand sidewe

are taking the transpose (dual) in FinRel, then we are done, as the transpose

of a relation in FinRel preserves finitary sets if and only if the original relation

reflects co-finitary sets.

First we will show that sup( 𝑓 ∗) ⊆ (sup( 𝑓 ))𝑡 . For this let 𝑢𝑖 sup( 𝑓 ∗)𝑣𝑘 ,

then by definition, it means that the linear functional 𝜙𝑢𝑖 :𝑈 → ℂ, which

takes the value 1 at𝑢𝑖 and 0 everywhere else, when pre-composed with 𝑓

gives a linear function which from𝑉 toℂ, which is non-zero on 𝑣𝑘 . But then

it means that 𝑓 (𝑣𝑘 ) must have a non-zero component of𝑢𝑖 , so 𝑣𝑘 sup( 𝑓 )𝑢𝑖

and hence𝑢𝑖 (sup( 𝑓 ))𝑡𝑣𝑘 . So we have sup( 𝑓 ∗) ⊆ (sup( 𝑓 ))𝑡 .

Next we shall prove (sup( 𝑓 ))𝑡 ⊆ sup( 𝑓 ∗). For this let 𝑢𝑖 (sup( 𝑓 ))𝑡𝑣𝑘 ,

then 𝑣𝑘 sup( 𝑓 )𝑢𝑖 . We want to show that 𝑢𝑖 sup( 𝑓 ∗)𝑣𝑘 . For this note that

since 𝑣𝑘 sup( 𝑓 )𝑢𝑖 , so 𝑓 (𝑣𝑘 ) has a non-zero component of𝑢𝑖 and hence the

linear functional𝜙𝑢𝑖 when pre-composedwith 𝑓 will give a linear functional

from𝑉 toℂwith a non-zero component of 𝜙𝑣𝑘 . And hence𝑢𝑖 sup( 𝑓 ∗)𝑣𝑘 . So

we have (sup( 𝑓 ))𝑡 ⊆ sup( 𝑓 ∗).

And we are done, as we already know sup( 𝑓 ∗) preserves finitary sets, but

since it is the transpose of sup( 𝑓 ), so sup( 𝑓 ) must reflect co-finitary sets.

This shows that sup : pRLefB → FinRel is well-defined.

For functoriality, it is immediate that the support functor preserves iden-

tities. For composition, first we prove that sup( 𝑓 𝑔 ) ⊆ sup( 𝑓 ) sup(𝑔 ). For

this, let 𝑣𝑘 sup( 𝑓 𝑔 )𝑤𝑗 . Then 𝑔 ( 𝑓 (𝑣𝑘 )) has a non-zero component of𝑤𝑗 , by

definition of function composition, this implies that 𝑓 (𝑣𝑘 ) has a non-zero

component of𝑢𝑖 such that 𝑣𝑘 sup( 𝑓 )𝑢𝑖 and𝑢𝑖 sup(𝑔 )𝑤𝑗 . So by definition
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of relational composition, 𝑣𝑘 sup( 𝑓 ) sup(𝑔 )𝑤𝑗 and we are done. Finally, we

show that sup( 𝑓 ) sup(𝑔 ) ⊆ sup( 𝑓 𝑔 ). For this let 𝑣𝑘 sup( 𝑓 ) sup(𝑔 )𝑤𝑗 , then

there exists𝑢𝑖 ∈ 𝐼 , such that 𝑣𝑘 sup( 𝑓 )𝑢𝑖 and𝑢𝑖 sup(𝑔 )𝑤𝑗 . So we have that

𝑓 (𝑣𝑘 ) has a non-zero component of 𝑢𝑖 and 𝑔 (𝑢𝑖 ) has a non-zero compo-

nent of𝑤𝑗 . Since 𝑓 , 𝑔 are positive maps, and hence their composition, so

𝑔 ( 𝑓 (𝑣𝑘 )) has a non-zero component of𝑤𝑗 and so𝑣𝑘 sup( 𝑓 𝑔 )𝑤𝑗 , and we are

done.

So we have that sup : pRLefB → FinRel as defined above is a functor.

Note that in particular, if we restrict ourselves to basis-to-basis maps(that is,

those maps which take the chosen basis elements to chosen basis elements

and hence are positive), then the support functor lands in FinF. □

In the next chapter, wewill use this support functor to give an adjunction

between the category of finiteness spaces and functions and the category of

dagger linear semigroups in the category of reflexive Lefschetz spaces.
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Chapter 6

The semigroup story

6.1 Motivation

Lefschetz spaces and finiteness spaces, the two main mathematical objects

of our study, were introduced in Chapter 4 and Chapter 5, respectively. We

also saw how one can construct a reflexive Lefschetz space on a finiteness

space using Ehrhard’s construction. The basis of the Lefschetz space arising

out of Ehrhard’s construction is given by functions of point support, and the

finitary sets are encoded as the support of convergent nets over the basis.

Using this observation, we gave a functorial construction of a finiteness

space, starting with the data of a reflexive Lefschetz space with a basis.

In this chapter, we will use Ehrhard’s construction and the support con-

struction to establish an adjunction between the category of finiteness

spaces with functions and the category of dagger linear semigroups in

Lefschetz spaces with semigroup homomorphisms. We first give some

motivation to study such an adjunction and present the result from the

finite-dimensional case in some detail. Then we will proceed to generalise
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the result from the core to a full structure of a mixed unitary category. We

will see that outside the core, we only get a coreflection, rather than a full

equivalence.

In Quantummechanics, observables are physical quantities that can be

measured in a lab, such as the position, momentum, or spin of an electron.

They are represented by a self-adjoint (Hermitian) operator. Hermitian

(andmore generally Normal) operators have an orthonormal eigen-basis

[3]. So in particular, any state has a unique decomposition in terms of its

eigenvectors, and the eigenvectors corresponding to different eigenvalues

are also orthogonal to each other, assuring perfect distinguishability. For

example, consider the Hilbert space ℂ2 (generally used in the theory of

quantum computation), with the computational basis |0⟩ and |1⟩, then any

state |𝜑⟩ can be written as,

|𝜑⟩ = 𝛼 |0⟩ + 𝛽 |1⟩ .

such that 𝛼, 𝛽 ∈ ℂ and |𝛼 |2 + |𝛽 |2 = 1. Hence, to study observables in

quantum theory, it is natural to study orthonormal bases.

Another motivation to study orthonormal bases in finite-dimensional

Hilbert spaces is the no-cloning theorem [42] which states that there exists

no unitary operator 𝑓 : 𝐻 ⊗ 𝐻 → 𝐻 ⊗ 𝐻 on any Hilbert space (with dimen-

sion > 1), such that for any |𝜓⟩ ∈ 𝐻 , 𝑓 ( |𝑠 ⟩ ⊗ |𝜓⟩) = |𝜓⟩ ⊗ |𝜓⟩, where |𝑠 ⟩ is

some standard state. However, given an orthonormal basis of𝐻 , {|𝜙𝑖 ⟩}𝑛𝑖=1,

we can always "freely" copy these basis elements and define the copy opera-

tor by extending it linearly. We can then define a multiplication structure by

taking the dagger of this free copy map to give a dagger Frobenius algebra

structure on the underlying Hilbert space. The copyables of this algebra
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encode the orthonormal basis that we startedwith. It was proven in [16] that

every (commutative special) dagger Frobenius algebra on a Hilbert space

arises this way. One can think of picking a basis to be cloned, as picking a

"classical" fragment within the quantum theory, where arbitrary cloning

is not possible. For this reason, commutative dagger special Frobenius

algebras are also known as classical structures.

Categorically speaking, in the finite-dimensional case, an equivalence

between the category of finite sets (interpreted as bases of the Hilbert space

over them) with isomorphisms and the category of commutative dagger

special Frobenius algebras andmorphisms that preserve the monoid and

the comonoid structure was shown [16]. If we require the Frobenius algebra

homomorphisms to preserve only comultiplication, we get an equivalence

between the category of finite sets with functions and commutative dagger

special Frobenius algebras and morphisms that preserve the comonoid

structure.

In this chapter, we will first give the outline of this equivalence, as in [16].

This will be up to Section 6.7, and then, we will see how this result can be

extended from the core to the full structure of a mixed unitary category.

The first point of departure is that since Frobenius algebras are on self-

dual objects, to move beyond the compact fragment of the theory, we con-

sider dagger linear monoids. We construct a reflexive Lefschetz space begin-

ning with a finiteness space, and then freely copy the basis vectors. Since

we have an underlying topology, which is in general not discrete, the conti-

nuity of the proposed morphisms must be established. This restricts us to

consider dagger linear semigroups in reflexive Lefschetz spaces. To come

back from a dagger linear semigroup on a reflexive Lefschetz space, we first
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take the subspace generated by a copyable and then follow it by the support

construction to land in the category of finiteness spaces and functions.

We show that this leads to an adjunction between the category of finite-

ness spaces with functions and the category of dagger linear semigroups

with semigroup homomorphisms. This adjunction is, in fact, a coreflection,

but fails to be an equivalence, as we present examples of algebra structures

whose copyables do not generate the underlying space.

6.2 Frobenius algebras

In this section, we introduce the notion of a Frobenius algebra in amonoidal

category. A Frobenius algebra is an object together with a monoid and a

comonoid structure that interacts via the Frobenius law.

Definition 6.2.1. Let (𝕏, ⊗, 𝐼 , 𝑎⊗, 𝑙⊗, 𝑟⊗) be a monoidal category. Then a

monoid in𝕏 is an object 𝑋 ∈ 𝕏 together with maps𝑚 : 𝑋 ⊗ 𝑋 → 𝑋 , called

the multiplication map and the unit map𝑢 : 𝐼 → 𝑋

𝑋

𝑋 𝑋

𝑋

(6.1)

such that the multiplication is associative and unital.

=

𝑋

𝑋

𝑋 𝑋 𝑋

𝑋

𝑋 𝑋

(6.2)
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=

𝑋

𝑋

𝑋

𝑋 𝑋

=

(6.3)

The monoid is said to be commutative if the underlying monoidal category

is symmetric and the symmetry map followed by multiplication is the same

as the multiplication map.

=

𝑋

𝑋 𝑋

𝑋

𝑋 𝑋

(6.4)

Amorphism of monoids between (𝑋 ,𝑚,𝑢) → (𝑌 ,𝑚′, 𝑢′) is a morphism

𝑓 : 𝑋 → 𝑌 in the underlying monoidal category such that𝑚𝑓 = ( 𝑓 ⊗ 𝑓 )𝑚′

and𝑢 𝑓 = 𝑢′

=

𝑋 𝑋

𝑌

𝑋𝑋

=

𝑌 𝑌

𝑢 𝑢′

𝑋

𝑌

𝑌 𝑌

𝑓 𝑓

𝑓

𝑓

(6.5)

Lemma 6.2.2. Monoid morphisms compose.

Proof. Let 𝑓 : 𝑋 → 𝑌 , 𝑔 : 𝑌 → 𝑍 be monoid morphisms. Then we want to
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prove that𝑚𝑋 𝑓 𝑔 = ( 𝑓 𝑔 ⊗ 𝑓 𝑔 )𝑚𝑍 . For that note,

𝑚𝑋 𝑓 𝑔 = ( 𝑓 ⊗ 𝑓 )𝑚𝑌 𝑔

= ( 𝑓 ⊗ 𝑓 ) (𝑔 ⊗ 𝑔 )𝑚𝑍

= ( 𝑓 𝑔 ⊗ 𝑓 𝑔 )𝑚𝑍 ,

where the first and second equality use the fact that 𝑓 , 𝑔 are monoid mor-

phisms, respectively. And for𝑢𝑋 𝑓 𝑔 = 𝑢𝑍 , note,

𝑢𝑋 𝑓 𝑔 = 𝑢𝑌 𝑔

= 𝑢𝑍 .

So we have that 𝑓 𝑔 : 𝑋 → 𝑍 is a monoid morphism. □

Definition 6.2.3. A co-monoid in a monoidal category is the dual notion

of a monoid; so a co-monoid in 𝕏 is an object 𝑋 ∈ 𝕏 together with a co-

multiplication map 𝛿 : 𝑋 → 𝑋 ⊗ 𝑋 and a co-unit map 𝜀 : 𝑋 → 𝐼 such that

the co-multiplication is co-associative and co-unital. The axioms of a co-

monoid can be obtained by flipping the axioms for the monoid horizontally.

We will denote the comultiplication and the counit map as:

(6.6)

And the string diagram representation of the coassociativity axiom will be,

=
(6.7)

129



6. The semigroup story

And for the counitality axiom, we have,

= =
(6.8)

Definition 6.2.4. A comonoid morphism 𝑓 : (𝑋 , 𝛿 , 𝜀) → (𝑌 , 𝛿 ′, 𝜀′) is a

morphism 𝑓 : 𝑋 → 𝑌 such that 𝛿 ( 𝑓 ⊗ 𝑓 ) = 𝑓 𝛿 ′ and 𝑓 𝜀′ = 𝜀. The diagrams

can be obtained again by horizontally flipping the diagrams above for a

monoid morphism.

We similarly have that,

Lemma 6.2.5. Comonoid homomorphisms compose.

Definition 6.2.6. Let (𝕏, ⊗, 𝐼 ) be amonoidal category. A Frobenius algebra

in𝕏 is an object 𝑋 ∈ 𝕏 together with

• a monoid (𝑚 : 𝑋 ⊗ 𝑋 → 𝑋 ,𝑢 : 𝐼 → 𝑋 );

• a co-monoid (𝛿 : 𝑋 → 𝑋 ⊗ 𝑋 , 𝜀 : 𝑋 → 𝐼 );

such that theFrobenius law holds; (𝛿 ⊗id) (id ⊗𝑚) = 𝑚𝛿 = (id ⊗𝛿 ) (𝑚⊗id).

= =
(6.9)

The Frobenius algebra is said to be commutative if the monoid and the co-
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monoid structures are commutative, and it is said to be special if 𝛿𝑚 = id.

=

(6.10)

Definition 6.2.7. A Frobenius algebra (FA) in a †- monoidal category is said

to be a dagger Frobenius algebra (†- FA) if 𝛿 = 𝑚† and 𝜀 = 𝑢†.

Remark 6.2.8. The monoidal unit 𝐼 can be equipped with a commutative

dagger special Frobenius algebra (CDSFA) structure (𝐼 , 𝑙⊗ : 𝐼 ⊗ 𝐼 → 𝐼 , id𝐼 ).

6.3 Dagger Frobenius algebras

We first consider the category of commutative dagger special Frobenius

algebras in a †-monoidal category𝕏, whichwe denote byCDSFA(𝕏) where:

Objects: CommutativedaggerFrobenius algebras in a†-monoidal category

𝕏;

Morphisms: 𝑓 : (𝑋 ,𝑚,𝑢, 𝛿 , 𝜀) → (𝑌 ,𝑚′, 𝑢′, 𝛿 ′, 𝜀′) is amorphism 𝑓 : 𝑋 →

𝑌 such that 𝑓 is both a monoid and a comonoid homomorphism;

Composition: composition of morphisms in the underlying monoidal cat-

egory;

Identity: the identity morphism in the underlying category.

It is clear that the identity morphism preserves both the monoid and the

comonoid structure, and by Lemma 6.2.2 and 6.2.5 we have that CDSFA(𝕏)
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is a category. We also have that if we demand our algebra morphisms to pre-

serve both the monoid and comonoid structure, then it is an isomorphism:

Lemma 6.3.1. Let 𝑓 : (𝑋 ,𝑚,𝑢, 𝛿 , 𝜀) → (𝑌 ,𝑚′, 𝑢′, 𝛿 ′, 𝜀′) be a morphism

between two Frobenius algebras. If 𝑓 is both a monoid morphism and a

comonoid morphism, then 𝑓 is an isomorphism.

Proof. We will give a string diagrammatic proof for this. First we define the

inverse morphism 𝑓 ′ : 𝑌 → 𝑋 as (id ⊗𝑢𝛿 ) (id ⊗ 𝑓 ⊗ id) (𝑚′𝜀′ ⊗ id).

𝑓

𝑋

𝑋

𝑌

(6.11)

We thenmust prove that 𝑓 𝑓 ′ = id𝑋 and 𝑓 ′𝑓 = id𝑌 . For 𝑓 𝑓 ′ = id𝑋 , note the

following sequence of string diagrammatic equalities:

𝑓 𝑓 ′ = 𝑓

𝑓

=

𝑓

=

𝑓

=

𝑓

=
=

𝑋

(6.12)

where the first equality is the definition, the second equality comes from the

fact that 𝑓 is a monoid morphism, the third equality is using the Frobenius

law, the fourth equality is using the unitality of multiplication, the fifth

equality is using the fact that 𝑓 is a comonoid homomorphism, and finally,

the last equality is using the fact that comultiplication is unital.
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And for 𝑓 ′𝑓 = id𝑌 , note the following sequence of diagrammatic equali-

ties:

𝑓 ′𝑓 =

𝑓

𝑓 =

𝑓

=

𝑓

=

𝑓

= =
𝑌

(6.13)

And hence 𝑓 𝑓 ′ = id𝑋 and 𝑓 ′𝑓 = id𝑌 , so 𝑓 : 𝑋 → 𝑌 is an isomorphism in the

underlying monoidal category. □

Our second category of interestwill be the category of finite-dimensional

Hilbert spaces FdHilb, which is the standard setting for finite-dimensional

quantum theory. FdHilb has:

Objects: Finite-dimensional Hilbert spaces;

Morphisms: linear maps;

Composition: usual composition of linear transformations;

Identity: the identity linear transformation.

The final category of interest here will be the category of finite sets with

isomorphisms, GFinSet:

Objects: Finite sets;

Morphisms: isomorphisms of finite sets, or equivalently, bijections;
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Composition: usual composition of functions;

Identity: the identity function.

Nowwewill proceed tofirst definea functor from𝐹 : GFinSet → CDSFA(FdHilb).

6.4 From orthonormal bases to Frobenius

algebras

We want to define a functor from 𝐹 : GFinset → CDSFA(FdHilb), the ele-

ments of a finite set, say 𝑆 , should be interpreted as the orthonormal basis

for the free Hilbert space on it. We shall make this notion precise. Let

𝑆 = {|𝜙𝑖 ⟩}𝑛𝑖=1. Then we define 𝐹 (𝑆) by taking the free vector space over ℂ

on the elements of 𝑆 . We must give it an inner product structure to make it

a Hilbert space. We declare ⟨|𝜙𝑖 ⟩ , |𝜙 𝑗 ⟩⟩ := 𝛿𝑖 𝑗 and then extend it linearly in

the first component and conjugate linearly in the second component. This

is what we meant by interpreting elements of the set as the orthonormal

basis for our Hilbert Space. The space is automatically complete under the

norm induced by this inner product, as it is a finite-dimensional space. Then

to give it a CDSFA structure we define 𝛿 : 𝐻 → 𝐻 ⊗ 𝐻 by freely copying the

basis

𝛿 ( |𝜙𝑖 ⟩) = |𝜙𝑖 ⟩ ⊗ |𝜙𝑖 ⟩ ,

and we define 𝜀 : 𝐻 → ℂ by freely deleting the basis vectors

𝜀 ( |𝜙𝑖 ⟩) = 1.

We then define𝑚 := 𝛿 † and𝑢 := 𝜀†. More explicitly, these maps are

𝑚 ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩) = |𝜙𝛿𝑖 𝑗 ⟩ ,
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and,

𝑢 (1) =
𝑛∑︁
𝑖=1

|𝜙𝑖 ⟩ ,

where by |𝜙0⟩, we mean the zero vector (that is, the additive identity of the

vector space structure). We denote the zero vector by 0.

We then extend these maps linearly. Now, for this to be well-defined, we

must show that this defines a Frobenius algebra structure that is commuta-

tive and special. We first check that the associativity and unitality hold for

the monoid structure. For this, we have,

𝑚 ((id ⊗𝑚) ( |𝜙𝑖 ⟩ ⊗ (|𝜙 𝑗 ⟩ ⊗ |𝜙𝑘 )⟩)) = 𝑚 ( |𝜙𝑖 ⟩ ⊗ |𝜙𝛿𝑗𝑘 ⟩)

= |𝜙𝛿𝑖 𝑗𝑘 ⟩ ,

which is

𝑚 ((id ⊗𝑚) ( |𝜙𝑖 ⟩ ⊗ (|𝜙 𝑗 ⟩ ⊗ |𝜙𝑘 )⟩)) =


|𝜙𝑖 ⟩ , if 𝑖 = 𝑗 = 𝑘,

0, otherwise ,

and

𝑚 ((𝑚 ⊗ id) (( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩) ⊗ |𝜙𝑘 ⟩)) = 𝑚 ( |𝜙𝛿𝑖 𝑗 ⟩ ⊗ |𝜙𝑘 ⟩)

= |𝜙𝛿𝑖 𝑗𝑘 ⟩ ,

which is

𝑚 ((𝑚 ⊗ id) (( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩) ⊗ |𝜙𝑘 ⟩) =


|𝜙𝑖 ⟩ , if 𝑖 = 𝑗 = 𝑘,

0, otherwise .
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So the associativity law holds. For unitality, note that,

𝑚 ((𝑢 ⊗ id) (1 ⊗ |𝜙𝑖 ⟩)) = 𝑚 ((
𝑛∑︁
𝑗=1

|𝜙 𝑗 ⟩) ⊗ |𝜙𝑖 ⟩)

=

𝑛∑︁
𝑗=1

𝑚 ( |𝜙 𝑗 ⟩ ⊗ |𝜙𝑖 ⟩)

= |𝜙𝑖 ⟩ ,

where in the second equality, we have used the fact that𝑚 is (bi)linear by

construction. Similarly, the right unitality holds. For comonoid laws, the

proof for associativity is similar. For counitality, note that,

(𝜀 ⊗ id) (𝛿 ( |𝜙𝑖 ⟩)) = (𝜀 ⊗ id) (( |𝜙𝑖 ⟩ ⊗ |𝜙𝑖 ⟩))

= 1 ⊗ |𝜙𝑖 ⟩

= |𝜙𝑖 ⟩ .

And similarly, the right unital law holds.

To check the Frobenius law, wemust check first check (𝛿 ⊗ id) (id ⊗𝑚) =

𝑚𝛿 . It suffices to check it on the basis vectors, as any linear map is uniquely

determined by its action on this basis. For this, we have,

(id ⊗𝑚) [(𝛿 ⊗ id) ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩)] = (id ⊗𝑚) ( |𝜙𝑖 ⟩ ⊗ (|𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩))

= |𝜙𝑖 ⟩ ⊗ |𝜙𝛿𝑖 𝑗 ⟩ ,

which is

(id ⊗𝑚) [(𝛿 ⊗ id) ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩)] =


|𝜙𝑖 ⟩ ⊗ |𝜙𝑖 ⟩ , if 𝑖 = 𝑗 ,

0, if 𝑖 ≠ 𝑗 ,

and

𝛿 (𝑚 ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩)) = 𝛿 ( |𝜙𝛿𝑖 𝑗 ⟩),
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which is

𝛿 (𝑚 ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩)) =


|𝜙𝑖 ⟩ ⊗ |𝜙𝑖 ⟩ , if 𝑖 = 𝑗 ,

0, if 𝑖 ≠ 𝑗 .

And for the second equality, we must check, (id ⊗𝛿 ) (𝑚 ⊗ id) = 𝑚𝛿 , again it

suffices to check it on the basis vectors. For this, note that,

(𝑚 ⊗ id) [(id ⊗𝛿 ) ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩)] = (𝑚 ⊗ id) (( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩) ⊗ |𝜙 𝑗 ⟩)

= |𝜙𝛿𝑖 𝑗 ⟩ ⊗ |𝜙 𝑗 ⟩ ,

which is

(𝑚 ⊗ id) [(id ⊗𝛿 ) ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩)] =


|𝜙𝑖 ⟩ ⊗ |𝜙𝑖 ⟩ , if 𝑖 = 𝑗 ,

0, if 𝑖 ≠ 𝑗 .

Sowehave that theFrobenius lawholds; (𝛿⊗id) (id ⊗𝑚) = 𝑚𝛿 = (id ⊗𝛿 ) (𝑚⊗

id). It is also a †- Frobenius algebra by construction. Next, we must check

that the algebra structure is commutative and special. For commutative,

note that in FdHilb, the braidingmap is given by 𝑐⊗ ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩) = |𝜙 𝑗 ⟩ ⊗ |𝜙𝑖 ⟩.

Now, note that,

𝑚 (𝑐⊗ ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩)) = 𝑚 ( |𝜙 𝑗 ⟩ ⊗ |𝜙𝑖 ⟩)

= |𝜙𝛿𝑖 𝑗 ⟩

= 𝑚 ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩),

and similarly,

𝑐⊗ (𝛿 ( |𝜙𝑖 ⟩)) = 𝑐⊗ ( |𝜙𝑖 ⟩ ⊗ |𝜙𝑖 ⟩)

= |𝜙𝑖 ⟩ ⊗ |𝜙𝑖 ⟩

= 𝛿 ( |𝜙𝑖 ⟩).

137



6. The semigroup story

So the algebra is commutative, and finally, the algebra is also special, as

𝑚 (𝛿 ( |𝜙𝑖 ⟩)) = 𝑚 ( |𝜙𝑖 ⟩ ⊗ |𝜙𝑖 ⟩)

= |𝜙𝑖 ⟩ .

So 𝛿𝑚 = id and hence the algebra is special. So, on objects, we have that

the functor 𝐹 : GFinset → CDSFA(FdHilb) is well-defined on objects.

Now for any morphism 𝑓 : 𝑆 → 𝑇 in GFinset, we define a morphism in

FdHilb by𝐹 ( 𝑓 ) = 𝑓 ′, where 𝑓 ′( |𝜙𝑖 ⟩) := 𝑓 ( |𝜙𝑖 ⟩) and then extending it linearly.

Now to show that this is a morphism in CDSFA(FdHilb), we must show that

𝑓 ′ : 𝐹 (𝑆) → 𝐹 (𝑇 ) preserves both monoid and comonoid structure. We call

𝐻1 := 𝐹 (𝑆) and𝐻2 := 𝐹 (𝑇 ). For the monoid-structure, we check it on the

basis elements as the map is linear by construction. For this, we shall show

that 𝑓 ′(𝑚𝐻1 ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩)) = 𝑚𝐻2 [( 𝑓 ′ ⊗ 𝑓 ′) ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩)]. For this, note that,

𝑓 ′(𝑚𝐻1 ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩)) = 𝑓 ′( |𝜙𝛿𝑖 𝑗 ⟩),

which is

𝑓 ′(𝑚𝐻1 ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩)) =


𝑓 ′( |𝜙𝑖 ⟩), if 𝑖 = 𝑗 ,

0, if 𝑖 ≠ 𝑗 ,

and

𝑚𝐻2 [ 𝑓 ′ ⊗ 𝑓 ′] ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩) = 𝑚𝐻2 ( 𝑓 ′( |𝜙𝑖 ⟩) ⊗ 𝑓 ′( |𝜙 𝑗 ⟩)),

which is

𝑚𝐻2 [ 𝑓 ′ ⊗ 𝑓 ′] ( |𝜙𝑖 ⟩ ⊗ |𝜙 𝑗 ⟩) =


𝑓 ′( |𝜙𝑖 ⟩), if 𝑖 = 𝑗 ,

0, if 𝑖 ≠ 𝑗 .
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Thus 𝑓 ′ : 𝐻1 → 𝐻2 preserves multiplication. To show that it preserves the

monoid structure, we must also show that𝑢𝐻1 𝑓
′ = 𝑢𝐻2 . For this, note that

𝑓 ′(𝑢𝐻1 (1)) = 𝑓 ′(
𝑛∑︁
𝑖=1

|𝜙𝑖 ⟩)

=

𝑛∑︁
𝑖=1

𝑓 ′( |𝜙𝑖 ⟩)

= 𝑢𝐻2 (1),

where in the last equality, we have used the fact that 𝑓 : 𝑆 → 𝑇 is an

isomorphism, in particular a surjective map. Now we shall show that 𝑓 ′ also

preserves the comonoid structure. For the comultiplication, note that

𝑓 ′ ⊗ 𝑓 ′(𝛿𝐻1 ( |𝜙𝑖 ⟩)) = 𝑓 ′ ⊗ 𝑓 ′( |𝜙𝑖 ⟩ ⊗ |𝜙𝑖 ⟩)

= 𝑓 ′( |𝜙𝑖 ⟩) ⊗ 𝑓 ′( |𝜙𝑖 ⟩),

and

𝛿𝐻2 ( 𝑓 ′( |𝜙𝑖 ⟩)) = 𝑓 ′( |𝜙𝑖 ⟩) ⊗ 𝑓 ′( |𝜙𝑖 ⟩).

And finally for the counit,

𝜀𝐻2 ( 𝑓 ( |𝜙𝑖 ⟩)) = 1 = 𝜀𝐻1 𝑓 ( |𝜙𝑖 ⟩).

So we have that 𝐹 : GFinset → CDSFA(FdHilb) is well-defined. The func-

torality is immediate as the composition structure is the same inbothGFinset

and CDSFA(FdHilb).

Remark 6.4.1. Wealso observe that the 𝑓 ′ := 𝐺 ( 𝑓 ) inCDSFA(FdHilb) for any

𝑓 : 𝑆 → 𝑇 in GFinSet is not only an isomorphism between the underlying

space by Lemma 6.3.1, but in fact a unitary isomorphism, as ⟨|𝜙𝑖 ⟩ | |𝜙 𝑗 ⟩⟩ =

𝛿𝑖 𝑗 = ⟨𝑓 ′( |𝜙𝑖 ⟩) | 𝑓 ′( |𝜙 𝑗 ⟩)⟩, as 𝑓 is in particular injective.
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We shall now prove the fullness and faithfulness of this functor. But

before that, we note some interesting observations.

Definition 6.4.2. A copyable element of a co-monoid (𝑋 , 𝛿 , 𝜀) is a co-

monoid morphism from 𝐼 , the identity for the monoidal tensor on 𝑋 .

𝛼

=

𝛼 𝛼

(6.14)

Remark 6.4.3. Now, in the co-monoid structure defined on the free Hilbert

space by the functor S, the only copyable elements are the basis elements.

To see that, note that the basis elements are copyable by construction, and

for any vector that involves a sum of any two basis elements, say |𝜓⟩ =

|𝜙1⟩ + |𝜙2⟩ and 𝛿 ( |𝜓⟩) = ( |𝜙1⟩ ⊗ |𝜙1⟩) + (|𝜙2⟩ ⊗ |𝜙2⟩). And this is not equal

to |𝜓⟩ ⊗ |𝜓⟩, as ( |𝜙1⟩ ⊗ |𝜙1⟩) + (|𝜙2⟩ ⊗ |𝜙2⟩) is an entangled state (not

factorisable as a tensor product of two states), whereas |𝜓⟩ ⊗ |𝜓⟩ is not. So

𝐹 faithfully encodes the basis as the copyable elements of our co-monoid.

Lemma 6.4.4. Let 𝑓 : (𝑋 , 𝛿 , 𝜀) → (𝑌 , 𝛿 ′, 𝜀′) be a co-monoid homomor-

phism. Then 𝑓 takes a copyable element of 𝑋 to a copyable element of

𝑌 .

Proof. Let 𝛼 : 𝐼 → 𝑋 be a copyable element of 𝑋 . We then want to show

that 𝑓 (𝛼) is a copyable element of 𝑌 . For this note, the following string
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diagrammatic proof,

𝛼

𝑓
=

𝛼

𝑓 𝑓

=

𝛼

𝑓

𝛼

𝑓

(6.15)

where thefirst equality is using the fact that 𝑓 is a comonoidhomomorphism

and the second equality comes from the fact that 𝛼 is copyable.

Remark 6.4.5. Note that the above Remark 6.4.3 and Lemma 6.4.4 apply

also in the case where the algebra structure does not have a unit. This will

be crucial in the case of arbitrary dimensions.

Lemma 6.4.6. 𝐹 : GFinset → CDSFA(FdHilb) is a fully faithful functor .

Proof. Faithfullness of 𝐹 is immediate. For fullness, let 𝑓 ′ : 𝐹 (𝑆) → 𝐹 (𝑇 ) be

a map between the free Hilbert space on 𝑆 and𝑇 . Then, since 𝑓 ′ preserves

bothmonoid and comonoid structure, by Lemma 6.3.1, it is an isomorphism

between 𝐹 (𝑆) and 𝐹 (𝑇 ), moreover by Lemma 6.4.4, it takes copyable ele-

ments of𝐹 (𝑆) to copyable elements of𝐹 (𝑇 ). Nowby construction, copyable

elements of 𝐹 (𝑆) and 𝐹 (𝑇 ) are elements of 𝑆 and𝑇 respectively, so we get

a map 𝑓 : 𝑆 → 𝑇 in GFinset define by 𝑓 ( |𝜙𝑖 ⟩) := 𝑓 ′( |𝜙𝑖 ⟩). It is clear that

𝐹 ( 𝑓 ) = 𝑓 ′ and hence 𝐹 : GFinset → CDSFA(FdHilb) is full.

6.5 Interlude: 𝐶 ∗- algebras

Now we shall proceed to define a functor𝐺 : CDSFA(Fdhilb) → GFinset.

At objects, this will be achieved by taking the copyable elements of the

Frobenius algebra. Essential to the proof of the equivalence will be the
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fact that the copyable elements of a CDSFA in FdHilbwill form a basis for

the underlying Hilbert space. The main idea is that we will embed the

elements of our space into FdHilb(𝐻 ,𝐻 ); this monoid embedding will be

involution preserving, where the FdHilb(ℂ, 𝐻 ) has the monoid structure

coming from the Frobenius algebra. And thus FdHilb(ℂ, 𝐻 ) will have the

𝐶 ∗ algebra structure, and a structure theorem for𝐶 ∗ algebras will give us the

desired result. To see this more concretely, we will first need to build some

mathematical preliminaries. Our first definition is of a𝐶 ∗ algebra, which is

an abstraction of the complex numbers.

Definition 6.5.1. [33] A𝐶 ∗- algebra is a non-empty set 𝐴 together with the

following operations:

• addition; +, which is commutative and associative;

• multiplication; ×, which is associative;

• multiplication by complex scalars; ×𝑐 ;

• an involution 𝑎 → 𝑎∗, which is conjugate linear;

such that for any 𝑎, 𝑏 ∈ 𝐴, 𝜆, 𝜇 ∈ ℂ, 𝜆(𝑎𝑏) = (𝜆𝑎)𝑏 = 𝑎 (𝜆𝑏) and (𝜆𝜇)𝑎 =

𝜆(𝜇𝑎).

Crucially, there is a norm | |.| | on 𝐴 such that for all 𝑎, 𝑏 ∈ 𝐴 and 𝜆 ∈ ℂ such

that

• | |𝜆𝑎 | | = |𝜆| | |𝑎 | |,

• | |𝑎 + 𝑏 | | ≤ | |𝑎 | | + | |𝑏 | |,

• | |𝑎𝑏 | | ≤ | |𝑎 | | | |𝑏 | |, and
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• | |𝑎∗𝑎 | | = | |𝑎 | |2,

Finally, the space 𝐴 is complete under this norm.

Example 6.5.2. The space of all bounded operators between aHilbert space

and itself, denoted by B(𝐻 ) is a 𝐶 ∗ algebra. The linear structure is just

the addition of operators. Multiplication is given by composition, and the

involution is given by taking the adjoint of an operator (dagger). And the

norm is given by the supremum over the unit ball,

| | 𝑓 | | := supp| |𝑥 | |≤1{𝑓 (𝑥) : 𝑥 ∈ 𝐻 }

Note that in the finite-dimensional case, all norms are equivalent, and if we

fix a basis, then we have that𝑀𝑛 (ℂ) is a𝐶 ∗ algebra.

Example 6.5.3. For any compact Hausdorff topological space 𝑋 ,𝐶 (𝑋 ) =

{𝑓 : 𝑋 → ℂ : 𝑓 is continuous} is a 𝐶 ∗ algebra. Here, the addition, multi-

plication, and scalar multiplication are all pointwise, and the involution is

given by taking the pointwise complex conjugate. The norm again is given

by the supremum norm,

| | 𝑓 | | = supp𝑥 {𝑓 (𝑥) : 𝑥 ∈ 𝑋 }

Theorem 6.5.4. [41] Every finite-dimensional commutative𝐶 ∗ algebra over

ℂ is a product of one-dimensional complex algebras. And the co-algebra

morphisms form the basis for the underlying space.

We will be using this structure theorem in the next section to show that

the copyable elements of a CDSFA in FdHilb forms a basis for the underlying

space.
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6.6 From Frobenius algebras to orthonormal

bases

We begin by defining a map 𝑅 : FdHilb(ℂ, 𝐻 ) → FdHilb(𝐻 ,𝐻 ) by multi-

plication on the right, that is 𝑅 (𝛼) ( |𝜙⟩) = ( |𝜙⟩ ⊗ 𝛼)𝑚. Diagrammatically,

𝑅 (𝛼) is
𝛼

(6.16)

Lemma 6.6.1. 𝑅 : FdHilb(ℂ, 𝐻 ) → FdHilb(𝐻 ,𝐻 ) is a monoid morphism,

where the monoid structure on FdHilb(ℂ, 𝐻 ) is induced by the monoid

(𝐻 ,𝑚,𝑢) of theFrobenius algebra, and themonoid structureonFdHilb(𝐻 ,𝐻 )

is of composition.

Proof. First note that𝑅 preservesmultiplication. This is just by associativity

of the multiplication. Note the following string diagrammatic proof,

𝑅 (𝛼𝛽) =

𝛼 𝛽

=

𝛼 𝛽

= 𝑅 (𝛼)𝑅 (𝛽) (6.17)

And for unitality, we have,

𝑅 (𝑢) =

𝑢

= (6.18)

□

Now also note that 𝑅 is indeed an embedding as if for 𝛼, 𝛽 , 𝑅 (𝛼) = 𝑅 (𝛽),

then 𝑢𝑅 (𝛼) = 𝑢𝑅 (𝛽), but then using unitality, this says 𝛼 = 𝛽 . 𝑅 also
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preserves the vector space structure, this is just by linearity of𝑚.

Nowsince there is a†onFdHilb(𝐻 ,𝐻 ), we can take𝑅 (𝛼)†, then thequestion

is does there exists (_)′ : FdHilb(ℂ, 𝐻 ) → FdHilb(ℂ, 𝐻 ) such that 𝑅 (𝛼′) =

𝑅 (𝛼)†. The answer is positive, we will construct such an 𝛼′. For that, note

the following string diagrammatic proof,

𝑅 (𝛼)† =

𝛼†

=

𝛼†

= 𝛼†

(6.19)

where the second equality is using the unitality of multiplication and the

third equality comes from the Frobenius law. So equationally, we have 𝛼′ =

𝑢𝛿 (id ⊗𝛼†). Moreover, (_)′ : FdHilb(ℂ, 𝐻 ) → FdHilb(ℂ, 𝐻 ) is involutive

as,

𝛼
′′ =

(𝛼†)†

=

𝛼††

=

𝛼

=

𝛼

(6.20)

where the first two equalities are just by definition, the third equality uses

the fact that † is involutive, and the final equality is by unitality.

So fromtheabovediscussion,wehave that𝑅 : FdHilb(ℂ, 𝐻 ) → FdHilb(𝐻 ,𝐻 )

is an involution-preserving monoid embedding.

Remark6.6.2. Theproof that there exists anoperation (_)′ : FdHilb(ℂ, 𝐻 ) →

FdHilb(ℂ, 𝐻 ) such that 𝑅 (𝛼′) = 𝑅 (𝛼)† uses the unitality axiom. Abramsky

and Heunen in [2] considered non-unital Frobenius algebras (motivated

145



6. The semigroup story

by the fact that a Frobenius algebra in Hilb is unital if and only if it is finite

dimensional [27, 25]), where they take the existence of such an involutive

operation in a general dagger category to be an axiom. They then consider a

different kind of algebra called the𝐻 ∗ algebra to derive their results. We will

see that when we consider the Frobenius structure in RLef , the free copy

map is continuous, but the free deletion map is not.

Theorem 6.6.3. [33] Any finite-dimensional involution closed subalgebra

of a𝐶 ∗ algebra is a𝐶 ∗ algebra.

So by the above discussion and theorem, we have that FdHilb(ℂ, 𝐻 )

is a finite-dimensional𝐶 ∗ algebra. Moreover, this is commutative, as the

multiplication here is commutative. So by the structure theorem 6.5.4, we

have that,

FdHilb(ℂ, 𝐻 ) � 𝐻 �
𝑛⊕
𝑖=1

(ℂ, 𝛿ℂ)

And hence, the co-algebra morphisms |𝜙𝑖 ⟩ : ℂ → 𝐻 form a basis for 𝐻 ,

but the co-algebra morphisms are exactly the copyable elements of the

co-monoid (𝐻 , 𝛿 , 𝜀), so we have that the copyable elements of a CDSFA in

FdHilb form a basis for the underlying space.

That this basis is orthogonal with norm 1 follows from structural reasons.

Lemma 6.6.4. [2] The copyable elements of a Frobenius algebra in FdHilb

are pairwise orthogonal.

Proof. Let 𝑎, 𝑏 be two distinct non-zero copyable elements of (𝐻 , 𝛿 , 𝜀) such
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that ⟨𝑎 |𝑏⟩ ≠ 0, then

⟨𝑎 |𝑎⟩⟨𝑎 |𝑎⟩⟨𝑏 |𝑎⟩ = ⟨𝑎 ⊗ 𝑎 ⊗ 𝑏 |𝑎 ⊗ 𝑎 ⊗ 𝑎⟩

= ⟨(𝛿 ⊗ 𝑖𝑑) (𝑎 ⊗ 𝑏) | (𝑖𝑑 ⊗ 𝛿 ) (𝑎 ⊗ 𝑎)

= ⟨𝑎 ⊗ 𝑏 | (𝛿 † ⊗ 𝑖𝑑) ◦ (𝑖𝑑 ⊗ 𝛿 ) (𝑎 ⊗ 𝑎)⟩

= ⟨𝑎 ⊗ 𝑏 | (𝑖𝑑 ⊗ 𝛿 †) ◦ (𝛿 ⊗ 𝑖𝑑) (𝑎 ⊗ 𝑎)⟩, by Frobenius law

= ⟨(𝑖𝑑 ⊗ 𝛿 ) (𝑎 ⊗ 𝑏) | (𝛿 ⊗ 𝑖𝑑) (𝑎 ⊗ 𝑎)⟩

= ⟨𝑎 ⊗ 𝑏 ⊗ 𝑏 |𝑎 ⊗ 𝑎 ⊗ 𝑎⟩

= ⟨𝑎 |𝑎⟩⟨𝑏 |𝑎⟩⟨𝑏 |𝑎⟩.

So we have ⟨𝑎 |𝑎⟩⟨𝑎 |𝑎⟩⟨𝑏 |𝑎⟩ = ⟨𝑎 |𝑎⟩⟨𝑏 |𝑎⟩⟨𝑏 |𝑎⟩, canceling ⟨𝑎 |𝑎⟩, and ⟨𝑏 |𝑎⟩,

we get ⟨𝑎 |𝑎⟩ = ⟨𝑏 |𝑎⟩. Similar computation will give us ⟨𝑏 |𝑏⟩⟨𝑏 |𝑏⟩⟨𝑎 |𝑏⟩ =

⟨𝑏 |𝑏⟩⟨𝑎 |𝑏⟩⟨𝑎 |𝑏⟩, and canceling ⟨𝑏 |𝑏⟩, and ⟨𝑎 |𝑏⟩ will give us ⟨𝑏 |𝑏⟩ = ⟨𝑎 |𝑏⟩.

Then observe,

⟨𝑎 |𝑎⟩ = ⟨𝑏 |𝑎⟩

= ⟨𝑎 |𝑏⟩

= ⟨𝑏 |𝑏⟩

= ⟨𝑏 |𝑏⟩.

So it follows that all inner products here are real and equal. But then, ⟨𝑎 −

𝑏 |𝑎 −𝑏⟩ = ⟨𝑎 |𝑎⟩ − ⟨𝑎 |𝑏⟩ − ⟨𝑏 |𝑎⟩ + ⟨𝑏 |𝑏⟩ = 0, contradicting the fact that 𝑎, 𝑏

were distinct. □

So we have that non-zero copyable elements of a CDSFA(FdHilb) form

an orthogonal basis for the underlying space. Moreover, they have norm 1

as,
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Lemma 6.6.5. Non-zero copyable elements of a CDSFA(FdHilb) have norm

1.

Proof. Note,

⟨𝑎 |𝑎⟩ = ⟨𝛿𝑎 |𝛿𝑎⟩, as the algebra is special

= ⟨𝑎 ⊗ 𝑎 |𝑎 ⊗ 𝑎⟩

= ⟨𝑎 |𝑎⟩⟨𝑎 |𝑎⟩.

Since the element is non-zero by assumption, we have that | |𝑎 | | = 1. □

Hence, we have that the copyable elements of a CDSFA(FdHilb) form

an orthonormal basis for the underlying space. We will now proceed to

define a functor𝐺 : CDSFA(FdHilb) → GFinSet. On objects, we take the

copyable elements of a Frobenius algebra, which we have shown above to

form a basis for the underlyingHilbert space. Onmorphisms, we define𝐺 as

follows. Let 𝑓 : (𝐻 , 𝛿 , 𝜀) → (𝐻 ′, 𝛿 ′, 𝜀′) be amorphismof Frobenius algebras

in CDSFA(FdHilb). We then define𝐺 ( 𝑓 ) = 𝑓 ′, where 𝑓 ′( |𝜙𝑖 ⟩) := 𝑓 ( |𝜙𝑖 ⟩).

Note that this is well-defined as 𝑓 is a co-algebra morphism so it takes

copyable elements to copyable elements by Lemma 6.4.4, moreover as 𝑓

is both algebra and co-algebra morphism so 𝑓 is an isomorphism of the

underlying spaces, so 𝑓 ′ : 𝐺 (𝐻 , 𝛿 , 𝜀) → 𝐺 (𝐻 ′, 𝛿 ′, 𝜀′) is a morphism in

GFinSet. Functoriality of𝐺 is then immediate.

We also have that𝐺 : CDSFA(FdHilb) → GFinSet is fully faithful.

Lemma 6.6.6. The functor𝐺 : CDSFA(FdHilb) → GFinSet is fully faithful.

Proof. Faithfullness of𝐺 is immediate. For fullness, let 𝑓 : 𝐺 (𝐻 , 𝛿 , 𝜀) →

𝐺 (𝐻 ′, 𝛿 ′, 𝜀′) be a morphism in GFinset, we then define 𝑓 ′ : (𝐻 , 𝛿 , 𝜀) →
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(𝐻 ′, 𝛿 ′, 𝜀′) by setting 𝑓 ′( |𝜙𝑖 ⟩) = 𝑓 ( |𝜙𝑖 ⟩) and then extending it linearly. We

must show that 𝑓 ′ preserves the co-monoid andmonoid structure for this

to be well-defined. For the co-monoid structure, note that as𝐺 (𝐻 , 𝛿 , 𝜀),

and𝐺 (𝐻 ′, 𝛿 ′, 𝜀′) are the copyable elements of (𝐻 , 𝛿 , 𝜀), and (𝐻 ′, 𝛿 ′, 𝜀′) re-

spectively. Hence, it fixes the co-multiplication structure on these algebras

where the co-multiplication map copies these basis elements. Then we

have,

𝑓 ′ ⊗ 𝑓 ′(𝛿 ( |𝜙𝑖 ⟩)) = 𝑓 ′ ⊗ 𝑓 ′( |𝜙𝑖 ⟩ ⊗ |𝜙𝑖 ⟩)

= 𝑓 ′( |𝜙𝑖 ⟩) ⊗ 𝑓 ′( |𝜙𝑖 ⟩),

and

𝛿 ′( 𝑓 ′( |𝜙𝑖 ⟩)) = 𝑓 ′( |𝜙𝑖 ⟩) ⊗ 𝑓 ′( |𝜙𝑖 ⟩).

Fixing the co-multiplication also fixes the counit and, by dagger, the multi-

plication and the unit map. The fact that 𝑓 ′ also preserves the counit and

the monoid structure is exactly analogous to Section 6.4. It is then clear that

𝐺 ( 𝑓 ′) = 𝑓 . Hence𝐺 : CDSFA(FdHilb) → GFinSet is fully faithful.

6.7 Equivalence between bases and coalgebras

We will now prove that GFinSet and CDSFA(FdHilb) are equivalent as cat-

egories. For this, we will first set up an adjunction between them. We

already have a pair of functors 𝐹 : GFinSet → CDSFA(FdHilb) and 𝐺 :

CDSFA(FdHilb) → GFinSet. We will show that this pair of functors forms

part of an adjunction. We will give the adjunction by proving the triangle

identities. For this, first note that the constructions in Section 6.4 and 6.6
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are inverses to each other. If we first construct a Hilbert space on a finite

set and define the comultiplication by copying these elements, and then

take the copyable elements of that Frobenius algebra, we end up getting

the same set back. And if we first take copyable elements of a Frobenius

algebra, we know that they form a basis of the underlying space, and thus,

constructing a Frobenius algebra on this set will get us back to the algebra

we started with.

So theunit and counitmapboth are both identitymaps, which are clearly

well-defined andnatural. The triangle identities thus reduce to simply equal-

ity of identity maps in both categories. So 𝐹 : GFinSet → CDSFA(FdHilb)

and𝐺 : CDSFA(FdHilb) → GFinSet form part of an adjunction. Moreover,

since both the unit and counit maps are isomorphisms, this gives us an

equivalence of categories, so we have GFinSet � CDSFA(FdHilb).

Lemma 6.3.1 tells us that if we require morphisms of Frobenius algebras

to preserve both the monoid and the comonoid structures, then they are

necessarily isomorphisms. So if we define a new category CDSFA′(FdHilb)

wherewe requiremorphismsonly to preserve the comultiplication structure,

then we get that the category of finite sets and functions FinSet is equivalent

to the category CDSFA′(FdHilb), that is FinSet � CDSFA′(FdHilb).

So we have,

Proposition 6.7.1. [16] (𝜂, 𝜀) : 𝐹 ⊣ 𝐺 : FinSet → CDSFA′(FdHilb) is an

equivalence of categories.

Now we proceed to see how this story about the correspondence be-

tween bases and algebras pans out when we go to arbitrary dimensions. As

explained at the beginning of this chapter, Frobenius algebras are on self-
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dual objects; therefore, to move beyond the compact fragment of the theory,

we consider linear semigroups. The absence of units from our algebras is

due to continuity considerations, which we have to take into account as we

have an underlying (Lefschetz) topology, so the continuity of the proposed

maps must be established.

6.8 Dagger linear semigroups

The main motivation to look beyond Frobenius algebras is the following

theorem

Proposition 6.8.1. [27] A Frobenius algebra (𝑋 ,𝑚,𝑢, 𝛿 , 𝜀) in a monoidal

category𝕏 is on a self-dual object.

Proof. We define the unit and the counit map as follows: 𝜂 : 𝐼 → 𝑋 ⊗

𝑋 := 𝑢𝛿 and 𝜀′ : 𝑋 ⊗ 𝑋 → 𝐼 := 𝑚𝜀. We must prove that they obey the

triangle identities, for that note the following string diagrammatic proof for

(id𝑋 ⊗𝜂) (𝜀 ⊗ id𝑋 ) = id𝑋 ,

= =
(6.21)

where the first equality is using the Frobenius law and the second equality

is by right unitality of multiplication and left unitality of comultiplication.

And for the second triangle identity, (𝜂 ⊗ id) (id ⊗𝜀)we have,

= =
(6.22)
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where we have used the symmetric version of the same laws as for the first

triangle equality. □

So this says that if we have a Frobenius algebra structure in anymonoidal

category, then it automatically degenerates to a compact closed setting.

Since compact structures can only account for the finite-dimensional frag-

ment of the theory [22], we consider linear monoids, which makes sense in

any LDCwith a specified dual for that object; in particular, the notion of a

linear monoid makes sense for any ∗- autonomous category, allowing us to

move beyond the core.

A linearmonoid is simply amonoid object in a LDCwith a specified dual,

such that the comonoid induced by left and right duals agrees.

Definition 6.8.2. [12, 40] A linear monoid 𝐴
◦
∥ 𝐵 in an LDC consists of a

monoid (𝐴,𝑚 : 𝐴 ⊗ 𝐴 → 𝐴,𝑢 : 𝐼 → 𝐴), a left dual (𝜂𝐿 , 𝜀𝐿) : 𝐴 ∥ 𝐵 , a right

dual (𝜂𝑅 , 𝜀𝑅 ) : 𝐵 ∥ 𝐴 such that the comonoid structure induced by both

duals are same, that is,

=

𝜂𝐿

𝜀𝐿
𝜀𝑅

𝜂𝑅

:=
(6.23)

and,

:= =

𝜀𝐿 𝜀𝑅

(6.24)

A linear monoid is said to be commutative if the underlying category is

symmetric and 𝑐⊗𝑚 = 𝑚.
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Thus linearmonoid is simply amonoid in an LDC on an object for which

the right and left dual is specified.

In particular, in a ∗- autonomous category, the definition of a linear

monoid simply reduces to having a monoid structure (or equivalently a

comonoid structure, as there is symmetry in the definition) on a object, the

comonoid structure (respectively a monoid structure) on the dual of that

object is then automatically specified by the action of the (_)∗ functor (See

Lemma 3.1.16).

There is an equivalent definition of a linear monoid where the resem-

blance to a Frobenius algebra is clearer.

Proposition 6.8.3. [40] A linear monoid 𝐴
◦
∥ 𝐵 in a LDC is equivalent to

the following data:

• a monoid (𝐴,𝑚 : 𝐴 ⊗ 𝐴 → 𝐴,𝑢 : ⊤ → 𝐴);

• a comonoid (𝐵, 𝛿 : 𝐵 → 𝐵 ⊕ 𝐵, 𝜀 : 𝐵 → ⊥);

• and action maps 𝜌𝐿 : 𝐴 ⊗ 𝐵 → 𝐵 , 𝜙𝐿 : 𝐴 → 𝐵 ⊕ 𝐴, and their symmet-

rical counterparts, such that,

(i) (𝑢𝐴 ⊗ id𝐵 )𝜌𝐿 = id𝐵 ,

(ii) (𝑚𝐴 ⊗ id𝐵 )𝜌𝐿 = (id𝐴 ⊗𝜌𝐿)𝜌𝐿 ,

(iii) (id𝐴 ⊗𝜌𝑅 )𝜌 = (𝜌𝐿 ⊗ id𝐴)𝜌𝑅 , and

(iv) (id𝐴 ⊗𝜙𝐿) (𝜌𝐿 ⊗ id𝐴) = 𝑚𝐴𝜌𝐿 = (𝜙𝐿 ⊗ id𝐴) (id𝐵 ⊗𝑚𝐴).

The morphism of linear monoids is defined as follows.
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Definition 6.8.4. [40] Amorphism of linear monoids is a pair of maps

( 𝑓 , 𝑔 ) : (𝐴
◦
∥ 𝐵) → (𝐴′

◦
∥ 𝐵′) such that 𝑓 : 𝐴 → 𝐴′ is a monoid morphism

(or equivalently 𝑔 : 𝐵′ → 𝐵 is a comonoidmorphim) such that ( 𝑓 , 𝑔 ), (𝑔 , 𝑓 )

preserves the left dual and right dual respectively.

We will be interested in †- linear monoids, which are linear monoids

where the induced comonoid structure is on the object which is dagger

of the object on which the monoid structure is given, and the comonoid

structure induced by the dual map of LDC and the dagger functor coincide.

More precisely, we have,

Definition 6.8.5. [40] A linear monoid 𝐴
◦
∥ 𝐵 in a † − 𝐿𝐷𝐶 is said to be a

dagger linearmonoid if and only if𝐵 = 𝐴† andmoreover 𝜀𝐴† = (𝑢𝐴)†, 𝛿𝐴† =

(𝑚𝐴)†. That is to say, the induced coalgebra map from the dual matches the

induced map via daggering.

Again, when working in the case of ∗- autonomous categories, where

the dual map is coming from the (_)∗ functor (possibly composed with the

identity functor or the conjugation functor which leaves the underlying

map unchanged), this just reduces to having a monoid structure on one of

the objects, the comonoid structure on its dagger is then determined. (See

Proposition 4.3.6).

Also note that the morphisms of a dagger linear monoid are of the form

( 𝑓 , 𝑓 †). Now, for reasons which we will see ahead, we will have to do with

just having a semigroup structure (that is monoid without the unit), but the

rest remains the same. And we will be interested in the category of dagger

linear monoids in RLef.

At the end of this section, we note the following categories of interest
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for our discussion ahead. Our first category of interest will be commutative

dagger linear semigroups in RLef, CDLS(RLef), where

Objects: Commutative †- linear semigroups in RLef;

Morphisms: mrphisms of linear semigroups (that is, morphisms of linear

monoids without the requirement of preserving units);

Composition: usual composition of functions in RLef;

Identity: the identity continuous linear function in RLef.

Our other two categories of interest will be RLefB and FinF, which we have

already discussed before, but we recall them here for convenience. RLefB

has

Objects: Reflexive Lefschetz spaces with a chosen basis;

Morphisms: continuous linear maps independent of the basis;

Composition: composition of (continuous linear) functions;

Identity: the identity continuous linear function.

And FinF has

Objects: Finiteness spaces (𝑋 ,U,U⊥), (𝑌 ,V,V⊥);

Morphisms: 𝑓 : 𝑋 → 𝑌 such that for any 𝑢 ∈ U, 𝑓 (𝑢) ∈ V and for any

𝑣 ′ ∈ V⊥, 𝑓 −1(𝑣 ) ∈ U⊥;

Composition: usual composition of functions;

Identity: the identity function.
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6.9 From bases to dagger linear semigroups

We first want to define a functor 𝐹 : FinF → CDLS(RLef). For this, we first

construct a Lefschetz space on a given finiteness space. Recall that the web

of the finiteness space acts as the basis for the Lefschetz space constructed

on it via Ehrhard’s construction. Now we freely copy these basis elements to

give them a cosemigroup structure. But wemust prove that the copy map

is continuous in RLef for it to be well-defined. First, recall that the dagger

of𝑉 , where𝑉 is a reflexive Lefschetz space, is𝑉 ∗, where𝑉 ∗ is the dual of𝑉 ,

and the conjugation functor changes the scalar action to 𝑐•𝑣 := 𝑐 • 𝑣 . Now

we will prove that the copy map is exactly the dagger of the multiplication

map, which we first show to be continuous.

Lemma 6.9.1. Let𝑉 be any reflexive Lefschetz space with a basis {𝑓𝑥 }𝑥∈𝑋 .

(i) Themap𝑚 :𝑉 ∗ ⊗𝑉 ∗ →𝑉 ∗ given by 𝑓 ∗𝑥 ⊗ 𝑓 ∗𝑦 → 𝑓 ∗𝑥 if 𝑥 = 𝑦 , 0 otherwise

is continuous.

(ii) The map 𝛿 : 𝑉 → 𝑉 ⊕ 𝑉 := (𝑉 ∗ ⊗ 𝑉 ∗)∗ given by 𝑓𝑥 → 𝑓𝑥 ⊕ 𝑓𝑥 is the

dagger of the above map and is thereby continuous.

Proof.

(i) We know that 𝑚 : 𝑉 ∗ ⊗ 𝑉 ∗ → 𝑉 ∗ is continuous if and only if the

induced linear maps𝑚1(−, 𝜑 ) : 𝑉 ∗ → 𝑉 ∗ and𝑚2(𝜑,−) : 𝑉 ∗ → 𝑉 ∗

are continuous for any choice of 𝜑 ∈ 𝑉 ∗. Now𝑚1 pulls back an open

subspace𝑈 , around 0𝑉 ∗ to𝑉 ∗−Span[{𝜑 }], which is open (See Lemma

6.10.2), if 𝑓 ∗𝑥 ∉ 𝑈 . And if 𝑓 ∗𝑥 ∈ 𝑈 , then 𝑚 pulls back𝑈 to whole of

𝑉 ∗, which again is open. So𝑚1 is continuous. The proof of𝑚2 being

continuous is exactly identical. Hence𝑚 :𝑉 ∗⊗𝑉 ∗ →𝑉 ∗ is continuous.
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(ii) Wewill nowprove that𝛿 :𝑉 →𝑉 ⊕𝑉 := (𝑉 ∗⊗𝑉 ∗)∗ is actually (𝑚)†, and

is hence continuous (as † is a functor). For this first note that 𝛿 sends

𝑓𝑥 to 𝑓𝑥 ⊕ 𝑓𝑥 , which is themap that takes the value 1 at 𝑓 ∗𝑥 ⊗ 𝑓 ∗𝑥 ∈ 𝑉 ∗⊗𝑉 ∗

and 0 elsewhere. Now, identifying 𝑓𝑥 ∈ 𝑉 with ev𝑉 ( 𝑓𝑥 ) ∈ 𝑉 ∗∗, we see

that ev𝑉 ( 𝑓𝑥 ) goes to𝑚 ev𝑉 ( 𝑓𝑥 ) via𝑚†. And ev𝑉 ( 𝑓𝑥 ) (𝑚 ( 𝑓 ∗𝑥 ⊗ 𝑓 ∗𝑦 )) = 1

if 𝑥 = 𝑦 and 0 elsewhere, which is exactly the map 𝛿 and hence 𝛿 is

continuous.

□

Thus, the copy map, which copies every basis vector of a reflexive Lef-

schetz space, is indeed continuous.

Now we will define a functor 𝐹 : FinF → CDLS(RLef). On objects we

define the functor𝐹 : FinF → CDLS(RLef) as𝐹 (𝑋 ,U,U⊥) := ℂ(𝑋 ,U,U⊥),

with the basis ofmaps of point support {𝑓𝑥 }𝑥∈𝑋 , as in Ehrhard’s construction.

Then we define the cosemigroup structure by linear extension of copying

all the basis elements, 𝛿 ( 𝑓𝑥 ) := 𝑓𝑥 ⊕ 𝑓𝑥 . This map is continuous by Lemma

6.9.1. We first show that this defines a cosemigroup. We check this on the

basis elements, as a linear map is determined by its action on the basis. For

this, note that

(𝛿 ⊕ id) (𝛿 ( 𝑓𝑥 )) = 𝛿 ⊕ id( 𝑓𝑥 ⊕ 𝑓𝑥 )

= 𝑓𝑥 ⊕ 𝑓𝑥 ,

and

(id ⊕𝛿 ) (𝛿 ( 𝑓𝑥 )) = id ⊕𝛿 ( 𝑓𝑥 ⊕ 𝑓𝑥 )

= 𝑓𝑥 ⊕ 𝑓𝑥 .
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𝑓𝑥

𝑓𝑥 𝑓𝑥

𝑓𝑥 𝑓𝑥

=

𝑓𝑥

𝑓𝑥
𝑓𝑥

𝑓𝑥 𝑓𝑥
(6.25)

Moreover, this cosemigroup structure is clearly commutative. Note that in

RLef, the symmetry map is given by 𝑐⊕ ( 𝑓𝑥 ⊕ 𝑓𝑦 ) := 𝑓𝑦 ⊕ 𝑓𝑥 , so,

𝑐⊕ (𝛿 ( 𝑓𝑥 )) = 𝑐⊕ ( 𝑓𝑥 ⊕ 𝑓𝑥 )

= 𝑓𝑥 ⊕ 𝑓𝑥

= 𝛿 ( 𝑓𝑥 ).

This induces a semigroupstructureon thedagger lineardual ofℂ(𝑋 ,U,U⊥),

which is ℂ(𝑋 ,U,U⊥)∗. Note that this is by construction a dagger linear

semigroup, as the dual map comes from the action of the dualizing func-

tor, andmoreover, the conjugation functor leaves the underlying map un-

changed.

Next, we define the functor 𝐹 : FinF → CDLS(RLef) on maps. For a

𝛼 : (𝑋 ,U,U⊥) → (𝑌 ,V,V⊥) in FinF, we define

𝐹 (𝛼) ( 𝑓 ) (𝑦 ) :=
∑︁

𝑥∈𝛼−1 (𝑦 )
𝑓 (𝑥).

Note that this sum is finite as 𝛼 is a morphism of finiteness space, so

𝛼−1(𝑦 ) ∈ U⊥ and sup( 𝑓 ) ∈ U. For this functor to be well-defined, we

must show that the 𝐹 (𝛼) : ℂ(𝑋 ,U,U⊥) → ℂ(𝑌 ,V,V⊥) is a continuous

linear map, which in addition is a cosemigroup homomorphism that also
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preserves the dual. Linearity is immediate as

𝐹 (𝛼) (𝛽 𝑓𝑥1 + 𝑓𝑥2) (𝑦 ) :=
∑︁

𝑥∈𝛼−1 (𝑦 )
𝛽 𝑓𝑥1 + 𝑓𝑥2 (𝑥)

=
∑︁

𝑥∈𝛼−1 (𝑦 )
𝛽 𝑓𝑥1 (𝑥) +

∑︁
𝑥∈𝛼−1 (𝑦 )

𝑓𝑥2 (𝑥)

= 𝛽
∑︁

𝑥∈𝛼−1 (𝑦 )
𝑓𝑥1 (𝑥) +

∑︁
𝑥∈𝛼−1 (𝑦 )

𝑓𝑥2 (𝑥)

= (𝛽𝐹 (𝛼)) ( 𝑓𝑥1) + (𝐹 (𝛼) ( 𝑓𝑥2)) (𝑦 ).

Note that the basis vectors 𝑓𝑥 gets sends via 𝐹 (𝛼) to 𝑓𝛼 (𝑥) .

For continuity, observe that for any ℎ ∈ ℂ(𝑌 ,V,V⊥), 𝑣 ′ ∈ V⊥ and

𝑓 ∈ 𝐹 (𝛼)−1(ℎ +𝑉𝑣 ′), we have, 𝑓 +𝑉𝛼−1 (𝑣 ′) ⊆ 𝐹 (𝛼)−1(ℎ +𝑉𝑣 ′) and so 𝐹 (𝛼)

pulls back any open set inℂ(𝑌 ,V,V⊥) to an open set inℂ(𝑋 ,U,U⊥) and

is hence continuous.

Now we must show that 𝐹 (𝛼) is a cosemigroup homomorphism. We

show that 𝐹 (𝛼) is a cosemigroup homomorphism on the basis elements,

then it follows by linearity that 𝐹 (𝛼) is a cosemigroup homomorphism on

the whole space. For this, note that,

𝐹 (𝛼) ⊕ 𝐹 (𝛼) (𝛿ℂ⟨𝑋 ,U,U⊥⟩ ( 𝑓𝑥 )) = 𝐹 (𝛼) ⊕ 𝐹 (𝛼) ( 𝑓𝑥 ⊕ 𝑓𝑥 )

= 𝑓𝛼 (𝑥) ⊕ 𝑓𝛼 (𝑥) ,

and

𝛿ℂ(𝑌 ,V,V⊥) (𝐹 (𝛼) ( 𝑓𝑥 )) = 𝛿ℂ(𝑌 ,V,V⊥) ( 𝑓𝛼 (𝑥))

= 𝑓𝛼 (𝑥) ⊕ 𝑓𝛼 (𝑥) .

And thus 𝐹 (𝛼) : ℂ(𝑋 ,U,U⊥) → ℂ(𝑌 ,V,V⊥) is a cosemigroup homomor-

phism.
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𝑓𝑥

F(𝛼) F(𝛼)

𝑓𝑥 𝑓𝑥 =

𝑓𝛼𝑥 𝑓𝛼𝑥

𝑓𝑥

𝑓𝛼𝑥𝑓𝛼𝑥

F(𝛼)
𝑓𝛼𝑥

(6.26)

Finally, for well-definedness, we need to show that 𝐹 (𝛼) preserves duals.

We will only show that it preserves the counit, the case for unit, and their

symmetrical counterpart follows similarly. Also note that it is equivalent to

prove that 𝐹 (𝛼) preserves duals when the dual is coming from the dualizing

functor, as the conjugation functor leaves the underlying map unchanged.

For this, we have,

𝜀ℂ(𝑋 ,U,U⊥) ((𝐹 (𝛼)∗ ⊗ id) ( 𝑓 ∗𝑦 ⊗ 𝑓𝑥 )) = 𝜀ℂ(𝑋 ,U,U⊥) (𝐹 (𝛼) 𝑓 ∗𝑦 ⊗ 𝑓𝑥 )

= 𝑓 ∗𝑦 (𝐹 (𝛼) 𝑓𝑥 )

= 𝑓 ∗𝑦 ( 𝑓𝛼 (𝑥)),

which is

𝜀ℂ(𝑋 ,U,U⊥) ((𝐹 (𝛼)∗ ⊗ 𝑖𝑑) ( 𝑓 ∗𝑦 ⊗ 𝑓𝑥 )) =


1, if 𝛼 (𝑥) = 𝑦 ,

0, otherwise ,

and

𝜀ℂ(𝑌 ,V,V⊥) ((id ⊗𝐹 (𝛼)) ( 𝑓 ∗𝑦 ⊗ 𝑓𝑥 )) = 𝑓 ∗𝑦 ⊗ 𝑓𝛼 (𝑥) ,

which is

𝜀ℂ(𝑌 ,V,V⊥) ((id ⊗𝐹 (𝛼)) ( 𝑓 ∗𝑦 ⊗ 𝑓𝑥 )) =


1, if 𝛼 (𝑥) = 𝑦 ,

0, otherwise .

160



6. The semigroup story

And thus𝐹 (𝛼) : ℂ(𝑋 ,U,U⊥) → ℂ(𝑌 ,V,V⊥) is a validmap in the category

of CDLS(RLef). For functoriality, it is immediate that 𝐹 (id𝑋 ) = idℂ(𝑋 ,U,U⊥) .

For composition, note that,

𝐹 (𝛼𝛾 ) ( 𝑓 ) (𝑧) =
∑︁

𝑥∈(𝛾◦𝛼)−1 (𝑧)
𝑓 (𝑥).

But then 𝑥 ∈ (𝛾 ◦ 𝛼)−1(𝑧) if and only if there exists 𝑦 ∈ 𝑌 : 𝑦 ∈ 𝛾−1(𝑧), and

𝑥 ∈ 𝛼−1(𝑦 ), so we have,

𝐹 (𝛼𝛾 ) ( 𝑓 ) (𝑧) =
∑︁

𝑥∈(𝛾◦𝛼)−1 (𝑧)
𝑓 (𝑥)

=
∑︁

𝑦∈𝛾 −1 (𝑧)

∑︁
𝑥∈𝛼−1 (𝑦 )

𝑓 (𝑥),

and

𝐹 (𝛾 ) (𝐸 (𝛼) (𝑦 )) = 𝐹 (𝛾 ) (
∑︁

𝑥∈𝛼−1 (𝑦 )
𝑓 (𝑥))

=
∑︁

𝑦∈𝛾 −1 (𝑧)

∑︁
𝑥∈𝛼−1 (𝑦 )

𝑓 (𝑥).

And thus 𝐹 (𝛼𝛾 ) = 𝐹 (𝛼)𝐹 (𝛾 ). So we have a functor 𝐹 : FinF → CDLS(RLef).

Remark 6.9.2. The reason we are working with a coalgebra structure, with-

out a counit, is that, suppose we have a counit map for the coalgebra

structure defined on spaces arising out of Ehrhard’s construction by 𝛿 :

ℂ(𝑋 ,U) → ℂ(𝑋 ,U) ⊕ℂ(𝑋 ,U); 𝑓𝑥 → 𝑓𝑥 ⊕ 𝑓𝑥 . Then, as every basis element

𝑓𝑥 is copyable by construction, the counit map 𝜀 : ℂ(𝑋 ,U) → ℂ must

satisfy the following diagrammatic equality,

𝑓𝑥

=

𝜀

𝑓𝑥 𝑓𝑥

𝜀
(6.27)
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But thatmeans that the counit map 𝜀 : ℂ(𝑋 ,U) → ℂmust send every basis

vector 𝑓𝑥 to 1ℂ. But such a map is not continuous as it pulls back the open

set 0ℂ to 0𝑉 , which, if open, gives the discrete topology onℂ(𝑋 ,U), as every

translation of an open set is open.

Now, by Lemma 5.4.9, spaces arising out of Ehrhard’s construction on

finiteness spaces are discrete if and only if we started with the finiteness

structure (𝑋 ,P𝑓 (𝑋 ), 𝑃 (𝑋 )). So we know that spaces arising out of Ehrhard’s

construction are not, in general, discrete.

Thus, to capture the correspondence in reflexive Lefschetz spaces, it is

necessary that weworkwith the broader category of cosemigroup structures.

We next prove that the functor 𝐹 : FinF → CDLS(RLef) is fully faithful.

Proposition 6.9.3. The functor 𝐹 : FinF → CDLS(RLef) is fully faithful.

Proof. It is immediate that𝐹 is faithful. For fullness, letℎ : (ℂ(𝑋 ,U,U⊥), 𝑓𝑥 →

𝑓𝑥 ⊕ 𝑓𝑥 ) → (ℂ(𝑌 ,V,V⊥), 𝑓𝑦 → 𝑓𝑦 ⊕ 𝑓𝑦 ) be a map in CLDS(RLef), then we

need to produce a 𝑔 : ℂ(𝑋 ,U,U⊥) → ℂ(𝑌 ,V,V⊥) in FinF such that

𝐹 (𝑔 ) = ℎ.

Since ℎ is a cosemigroup homomorphism, it takes a copyable element

to a copyable element; then identifying 𝑥 with 𝑓𝑥 , we see that the underlying

map of ℎ is a set map |ℎ | : 𝑋 → 𝑌 . We then define 𝑔 : 𝑋 → 𝑌 as 𝑔 (𝑥) :=

ℎ ( 𝑓𝑥 ). It is then clear that 𝐹 (𝑔 ) = ℎ.

But for this to be well-defined, we need 𝑔 to be a morphism in the

category of finiteness spaces and functions. So we must show that 𝑔 pre-

serves finitaries and reflects co-finitaries. Now for any 𝑆 ⊆ 𝑋 , 𝑆 ∈ U, by

Proposition 5.3.12 we have that
∑
𝑠∈𝑆⊆𝑋 𝑓𝑠 converges inℂ(𝑋 ,U,U⊥), and

since ℎ is a continuous map, so
∑
𝑠∈𝑆⊆𝑋 ℎ ( 𝑓𝑠 ) converges in ℂ(𝑌 ,V,V⊥).
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But then the support of this sum is exactly 𝑔 (𝑆) and again by Proposition

5.3.12,
∑
𝑠∈𝑆⊆𝑋 ℎ ( 𝑓𝑠 ) converges inℂ(𝑌 ,V,V⊥) if and only if 𝑔 (𝑆) ∈ V. So

𝑔 : ℂ(𝑋 ,U,U⊥) → ℂ(𝑌 ,V,V⊥) does preserves finitary sets.

To show that it reflects co-finitary sets, by Lemma 5.2.8 , it is enough to

prove that for any 𝑦 ∈ 𝑌 , 𝑔 −1(𝑦 ) ∈ U⊥. Now by our Proposition 5.3.10,

it is equivalent to prove that there exists 𝜑 ∈ ℂ(𝑋 ,U,U⊥)∗ such that

| sup(𝜑 ) | = 𝑔 −1(𝑦 ). Now since ℎ : ℂ(𝑋 ,U,U⊥) → ℂ(𝑌 ,V,V⊥) is a con-

tinuousmap,wecan take its dual to getℎ∗ : ℂ(𝑌 ,V,V⊥)∗ → ℂ(𝑋 ,U,U⊥)∗,

where 𝑓 ∗𝑦 ∈ ℂ(𝑌 ,V,V⊥)∗ goes to ℎ𝑓 ∗𝑦 ∈ ℂ(𝑋 ,U,U⊥)∗. Then observe that

support ofℎ𝑓 ∗𝑦 is exactly 𝑔 −1(𝑦 ), hence 𝑔 −1(𝑦 ) ∈ U∗. So 𝑔 : ℂ(𝑋 ,U,U⊥) →

ℂ(𝑌 ,V,V⊥) does reflects co-finitary sets.

And hence 𝑔 is a morphism in FinF and 𝐹 (𝑔 ) = ℎ, so 𝐹 is full, and we

are done. □

6.10 From dagger linear semigroups to

finiteness spaces

Next, we want to get a functor𝐺 : CDLS(RLef) → FinF, but before that, we

need a couple of important lemmas:

Proposition 6.10.1. Suppose𝑈 and𝑉 are reflexive Lefschetz space with

bases given by {𝑢𝑖 }𝑖∈𝐼 , {𝑣𝑗 }𝑗∈𝐽 respectively. Then {𝑢𝑖 ⊗ 𝑣𝑗 }𝑖∈𝐼 ,𝑗∈𝐽 is a basis

for the reflexive Lefschetz space𝑈 ⊗𝑉 .

Before we prove this, we need a lemma:

Lemma6.10.2. Suppose𝑉 is a reflexive Lefschetz space. Then for any𝑣 ∈ 𝑉 ,

Span[{𝑣 }] is closed.
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Proof. Wefirst prove that {𝑣 } is closed. For that, wemust prove that𝑉 −{𝑣 } is

open. Take𝑤 ∈ 𝑉 − {𝑣 }, then as every reflexive Lefschetz space is Hausdorff

(Corollary 5.3.18), so there exists open sets𝑈𝑤 ,𝑉𝑤 such that 𝑣 ∈ 𝑈𝑤 ,𝑤 ∈ 𝑉𝑤

and𝑈𝑤 ∩𝑉𝑤 = ∅. So𝑤 ∈ 𝑉𝑤 ⊆ 𝑉 − {𝑣 }. Since the choice of𝑤 ∈ 𝑉 − {𝑣 } was

arbitrary, we have that𝑉 − {𝑣 } is open, or equivalently, {𝑣 } is closed. Now

observe that the same choices of open sets𝑈𝑤 ,𝑉𝑤 also work when we pick

𝑤 ∈ 𝑉 − Span[{𝑣 }]. □

Now we are ready to give a proof of Proposition 6.10.1. It is clear that

{𝑢𝑖 ⊗ 𝑣𝑗 }𝑖∈𝐼 ,𝑗∈𝐽 spans𝑈 ⊗𝑉 as every vector in𝑈 ⊗𝑉 is of the form 𝑢 ⊗ 𝑣

for some𝑢 ∈ 𝑈 and 𝑣 ∈ 𝑉 and since {𝑢𝑖 }𝑖∈𝐼 , {𝑣𝑗 }𝑗∈𝐽 are bases for𝑈 and𝑉

respectively, we have that {𝑢𝑖 ⊗ 𝑣𝑗 }𝑖∈𝐼 ,𝑗∈𝐽 spans𝑈 ⊗𝑉 . We next show linear

independence of the set {𝑢𝑖 ⊗ 𝑣𝑗 }𝑖∈𝐼 ,𝑗∈𝐽 . Suppose
∑

(𝑖 ,𝑗 )∈𝐼×𝐽 𝛾𝑖 𝑗𝑢𝑖 ⊗ 𝑣𝑗 = 0.

Then we define a map 𝐹 :𝑈 ⊗𝑉 → ℂ, which takes (𝑢𝑖0 , 𝑣𝑗0) for some fixed

𝑖0 ∈ 𝐼 , 𝑗0 ∈ 𝐽 to 1 and everything else to 0ℂ. We must show that the bilinear

map𝐹 :𝑈 ⊗𝑉 → ℂ thus defined is continuous. For that, note that the linear

map 𝐹 (𝑢𝑖0 ,−) :𝑉 → ℂ is continuous as it pulls back 0ℂ to𝑉 − Span[{𝑣𝑗0}],

which is open by Lemma 6.10.2. Similarly 𝐹 (−, 𝑣𝑗0) :𝑈 → ℂ is continuous.

And hence 𝐹 : 𝑈 ⊗𝑉 → ℂ is continuous. Now observe that if we apply 𝐹

on the sum
∑

(𝑖 ,𝑗 )∈𝐼×𝐽 𝛾𝑖 𝑗𝑢𝑖 ⊗ 𝑣𝑗 = 0, we get 𝛾𝑖0 𝑗0 = 0ℂ. Since the choice of

(𝑢𝑖𝑜 , 𝑣𝑗0) was arbitrary, this implies that 𝛾𝑖 𝑗 = 0 for all (𝑖 , 𝑗 ) ∈ 𝐼 × 𝐽 . And

therefore {𝑢𝑖 ⊗ 𝑣𝑗 }𝑖∈𝐼 ,𝑗∈𝐽 is a linearly independent set in𝑈 ⊗𝑉 . And thus

{𝑢𝑖 ⊗ 𝑣𝑗 }𝑖∈𝐼 ,𝑗∈𝐽 is a basis for𝑈 ⊗𝑉 .

Note that Lemma 6.10.2 and Proposition 6.10.1 also justify our choice of

bases for various constructs on reflexive Lefschetz spaces in Section 4.5. □

We can now prove the following:
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Lemma 6.10.3. In CDLS(RLef), the non-zero copyable elements of any

cosemigroup form a linearly independent set.

Proof. Let {𝑐𝑖 }𝑖∈𝐼 be a linearly independent set of non-zero copyable ele-

ments. And let 𝑐0 ≠ 𝑐𝑖 for any 𝑖 ∈ 𝐼 be a non-zero copyable element such

that

𝑐0 =
∑︁
𝑖∈𝐼

𝛼𝑖𝑐𝑖 for some𝛼𝑖 ∈ ℂ.

Thismakes {𝑐0, 𝑐𝑖 }𝑖∈𝐼 a linearly dependent set (See Proposition 4.4.8). Then,

on applying the comultiplication map, we get:

𝛿 (𝑐0) =
∑︁
𝑖∈𝐼

𝛼𝑖𝛿 (𝑐𝑖 )

=
∑︁
𝑖∈𝐼

𝛼𝑖𝑐𝑖 ⊗ 𝑐𝑖 .

Since 𝑐0 is itself copyable, we have,

𝛿 (𝑐0) =
∑︁
𝑖∈𝐼

𝛼𝑖𝑐𝑖 ⊗
∑︁
𝑖∈𝐼

𝛼𝑖𝑐𝑖

=
∑︁

(𝑖 ,𝑖 )∈𝐼×𝐼
𝛼2𝑖 𝑐𝑖 ⊗ 𝑐𝑖 +

∑︁
(𝑖 ,𝑗 )∈𝐼×𝐼 ,𝑖≠𝑗

𝛼𝑖𝛼𝑗𝑐𝑖 ⊗ 𝑐 𝑗 .

Since addition and scalar multiplication are continuous operations in RLef,

this implies that∑︁
(𝑖 ,𝑖 )∈𝐼×𝐼

(𝛼2𝑖 − 𝛼𝑖 )𝑐𝑖 ⊗ 𝑐𝑖 +
∑︁

(𝑖 ,𝑗 )∈𝐼×𝐼 ,𝑖≠𝑗
𝛼𝑖𝛼𝑗𝑐𝑖 ⊗ 𝑐 𝑗 = 0.

Since {𝑐𝑖 }𝑖∈𝐼 is a linearly independent set and the tensor product of linearly

independent sets is linearly independent (in general, the tensor product of

a basis is a basis by Proposition 6.10.1), so we have,

𝛼2𝑖 = 𝛼𝑖 , for all 𝑖 ∈ 𝐼 , and

𝛼𝑖𝛼𝑗 = 0, for all 𝑖 , 𝑗 ∈ 𝐼 .
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So we have 𝛼𝑖 = 0 or 1, for all 𝑖 ∈ 𝐼 . And the second equation implies that if

𝛼𝑖0 = 1 for some fixed 𝑖0 ∈ 𝐼 then 𝛼𝑗 = 0 for all 𝑗 ≠ 𝑖0. And so 𝑐0 = 𝑐𝑖0 , but

this contradicts the assumption that 𝑐0 ≠ 𝑐𝑖 for any 𝑖 ∈ 𝐼 . So we must have

that 𝛼𝑖 = 0 for all 𝑖 ∈ 𝐼 , but then 𝑐0 = 0, which is again a contradiction. □

Remark 6.10.4. Note that by the previous lemma (Lemma 6.10.3), we have

that 𝐹 : FinF → CDLS(RLef) faithfully encodes the basis elements as the

only copyable elements, since copyable elements are linearly independent,

so any sum over basis elements consisting of at least two different basis

elements is not copyable.

Remark 6.10.5. Lemma6.10.3 seemsnot to havemuch to dowith (reflexive)

Lefschetz spaces and has been proved in other settings, such as Hilbert

spaces [2] and in𝐶 ∗ algebras [23], where they are called primitive elements.

Though the general context in which this holds is unclear, the relevant

structure seems to be of an associative co-algebra in any additively enriched

category.

We now want to define a functor𝐺 : CDLS(RLef) → FinF, for this we

first define a functor𝑈 : CDLS(RLef) → RLefB.

On objects, we take the copyable elements of the cosemigroup, and take

the sub-Lefschetz space generated by that, with the basis of these copyable

elements, that is,𝑈 (𝑉 ,𝑣𝑖 → 𝑣𝑖⊕𝑣𝑖 ) := (𝑉 , {𝑣𝑖 }𝑖∈𝐼 ). Nownote that in general,

we do not know if the copyables form a basis of the underlying space, but

they are independent by Lemma 6.10.3, so we can take the sub-Lefschetz

space generated by that, with the subspace topology.

For this to be well-defined, wemust show that𝑉 is also a reflexive Lef-

schetz space. That it is a Lefschetz space is immediate, as the local basis
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around 0𝑉 is given by𝑊𝑂 ∩𝑉 , where𝑊0 is an open linear subspace around

0𝑉 . Thus,𝑊𝑂 ∩𝑉 is a linear subspace of𝑉 , which is open by definition of

subspace topology. To show that it is reflexive, we know that the natural

evaluation map ev𝑉 : 𝑉 → 𝑉 ∗∗ is always a continuous bijection by [4]. So

we only need to show that it is open to prove that𝑉 is reflexive. For that, let

𝑊 be any open set in𝑉 , then𝑊 is of the form𝑂 ∩𝑉 for some open𝑂 in𝑉 .

Then,

ev𝑉 (𝑂 ∩𝑉 ) = ev𝑉 (𝑂 ) ∩ ev𝑉 (𝑉 ), as evaluation is injective

= ev𝑉 (𝑂 ) ∩𝑉 ∗∗ ∩ ev𝑉 (𝑉 )

= ev𝑉 (𝑂 ) ∩𝑉 ∗∗ ∩𝑉 ∗∗

= ev𝑉 (𝑂 ) ∩𝑉 ∗∗.

Now ev𝑉 (𝑂 ) is open as𝑉 is reflexive, so ev𝑉 (𝑂 ) ∩𝑉 ∗∗ is open in𝑉 ∗∗ under

the subspace topology, so ev𝑉 :𝑉 →𝑉 ∗∗ is open and hence𝑉 is reflexive.

Hence,𝑈 is well-defined on objects. Now for maps, let 𝑓 : (𝑉 ,𝑣𝑖 →

𝑣𝑖 ⊕𝑣𝑖 ) → (𝑊 ,𝑤𝑗 → 𝑤𝑗 ⊕𝑣𝑖 ) be amorphism inCDLS(RLef) we then define

𝑈 ( 𝑓 ) := 𝑓 , where 𝑓 (𝑣𝑖 ) = 𝑓 (𝑣𝑖 ), and then extending it linearly. Note that

as 𝑓 is a cosemigroup homomorphism, it takes a copyable element to a

copyable element (by Lemma 6.4.4), and hence 𝑓 is well-defined. But we

also must prove that 𝑓 : (𝑉 , {𝑣𝑖 }𝑖∈𝐼 ) → (𝑊̂ , {𝑤𝑗 }𝑗∈𝐽 ) is also a continuous

linear map. Linearity is just by construction. For continuity, let 𝑂̂ be any

open set in 𝑊̂ , then it is of the form𝑂 ∩ 𝑊̂ , where𝑂 is an open set in𝑊 .

167



6. The semigroup story

Then,

𝑓 −1(𝑂̂ ) = 𝑓 −1(𝑂 ∩ 𝑊̂ )

= 𝑓 −1(𝑂 ) ∩ 𝑓 −1(𝑊̂ )

= 𝑓 −1(𝑂 ) ∩𝑉

= 𝑓 −1(𝑂 ) ∩𝑉 ∩𝑉

= 𝑓 −1(𝑂 ) ∩𝑉 .

Now 𝑓 −1(𝑂 ) is open in𝑉 as 𝑓 is continuous, so 𝑓 −1(𝑂 ) ∩𝑉 is open in𝑉

under the subspace topology, and hence 𝑓 : (𝑉 , {𝑣𝑖 }𝑖∈𝐼 ) → (𝑊̂ , {𝑤𝑗 }𝑗∈𝐽 ) is

continuous, so𝑈 : CDLS(RLef) → RLefB is well-defined. Functorality of𝑈

is immediate.

We finally compose𝑈 with the support functor, to get a functor from

𝐺 := 𝑈 sup : CDLS(RLef) → FinF. Note that the support functor when

restricted to basis-to-basismaps inRLefB gives functions in FinF. Sowe have

a pair of functors 𝐹 : FinF → CDLS(RLef) and𝐺 : CDLS(RLef) → FinF.

We will now proceed to show that this pair of functors forms part of an

adjunction.

6.11 Adjunction between bases and coalgebras

Wewill give the adjunction by proving the triangle identities. For this, we

first give the unit and the counit map. Now note that by Proposition 5.4.7,

we know that Ehrhard’s construction and our construction are inverses to

each other (up to identification of 𝑥 with 𝑓𝑥 ), so the unit map is simply the

identity map in FinF.

𝜂 (𝑋 ,U,U⊥) = id(𝑋 ,U,U⊥) .

168



6. The semigroup story

The identity map certainly preserves finitary sets and reflects co-finitary

sets, so it is a well-defined morphism in FinF. It is also immediate that it is a

natural transformation, and in fact a natural isomorphism.

Now for any (𝑉 ,𝑣𝑖 → 𝑣𝑖 ⊕ 𝑣𝑖 ), the counit map 𝜀 : (𝑉 ,𝑣𝑖 → 𝑣𝑖 ⊕ 𝑣𝑖 ) →

(𝑉 ,𝑣𝑖 → 𝑣𝑖 ⊕ 𝑣𝑖 ) map is given by 𝜀(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 ) (𝑣𝑖 ) := 𝑣𝑖 .

Wewant to show the adjunction (𝜂, 𝜀) : 𝐹 ⊣ 𝐺 : FinF → CDLS(RLef). For

that, first note that the counit map is linear by construction. For continuity,

note that for any open set𝑂 in𝑉 , 𝜀−1(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 ) (𝑂 ) =𝑂 ∩𝑉 , so it is open in

the subspace topology of𝑉 and hence the counit map is continuous. We

shall also show that the counit map is a cosemigroup homomorphism. For

that, note that,

𝜀(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 ) ⊕ 𝜀(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 ) (𝛿𝑉 (𝑣𝑖 )) = 𝜀(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 ) ⊕ 𝜀(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 ) (𝑣𝑖 ⊕ 𝑣𝑖 )

= 𝑣𝑖 ⊕ 𝑣𝑖 ,

and

𝛿𝑉 (𝜀(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 ) (𝑣𝑖 )) = 𝛿𝑉 (𝑣𝑖 )

= 𝑣𝑖 ⊕ 𝑣𝑖 .

That the counit is a semigroup homomorphism on the whole space follows

by linearity.

Finally, for well-definedness, all that is left to show is that it preserves

duals. Again, we will only show that the counit preserves the evaluation

map; the case for the co-evaluation map (and its symmetrical counterparts)

follows similarly. Now by construction {𝑣𝑖 }𝑖∈𝐼 forms a basis for𝑉 , and for𝑉 ,

though {𝑣𝑖 }𝑖∈𝐼 are linearly independent, they might not form a basis, but

we can always extend (possibly non-uniquely) this linearly independent set
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to form a basis for𝑉 , we denote the elements of this basis, which are not

copyable by 𝑣 ′
𝑗
. Now,

ev𝑉 ((𝜀∗(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 ) ⊗ id) (𝑣∗𝑗 ⊗ 𝑣𝑖 )) = 𝜀𝑣∗𝑗 ⊗ 𝑣𝑖

= 𝑣∗𝑗 (𝜀(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 ) (𝑣𝑖 )),

which is

ev𝑉 ((𝜀∗(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 ) ⊗ id) (𝑣∗𝑗 ⊗ 𝑣𝑖 )) =


1, if 𝑖 = 𝑗 ,

0, otherwise ,

and

ev𝑉 ((id ⊗𝜀(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 )) (𝑣∗𝑗 ⊗ 𝑣𝑖 )) = ev𝑉 (𝑣∗𝑗 ⊗ 𝑣𝑖 ),

which is

ev𝑉 ((id ⊗𝜀(𝑉 ,𝑣𝑖→𝑣𝑖⊕𝑣𝑖 )) (𝑣∗𝑗 ⊗ 𝑣𝑖 )) =


1, if 𝑖 = 𝑗 ,

0, otherwise.

And for any of the basis elements 𝑣 ′
𝑗
of𝑉 which are not copyable elements,

𝑣 ′∗
𝑗
⊗ 𝑣𝑖 evaluates to 0 by both the evaluation maps. So the counit map

preserves duals.

Hence the counit 𝜀 : (𝑉 ,𝑣𝑖 → 𝑣𝑖 ⊕ 𝑣𝑖 ) → (𝑉 ,𝑣𝑖 → 𝑣𝑖 ⊕ 𝑣𝑖 ) is a well-

defined morphism in CDLS(RLef).

The counitmap is clearly a section, and that it is a natural transformation

is immediate. So we have the required natural transformations, now we

must show the triangle identities of the adjunction. To fix notation, let

𝑋 = (𝑋 ,U,U⊥) and𝑌 = (𝑉 ,𝑣𝑖 → 𝑣𝑖 ⊕ 𝑣𝑖 ). Then wemust show

𝜂𝐺 (𝑌 )𝐺 (𝜀𝑌 ) = id𝐺 (𝑌 ) and 𝐹 (𝜂𝑋 )𝜀𝐹 (𝑋 ) = id𝐹 (𝑋 ) .
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But by Proposition 5.4.7, as Ehrhard’s construction and our construction

are inverses to each other, the triangle identities simply reduce to the com-

position of identities in the respective category, that is,

𝜂𝐺 (𝑌 )𝐺 (𝜀𝑌 ) = id𝑍 id𝑍

= id𝑍 ,

where 𝑍 is the set of copyables of (𝑉 ,𝑣𝑖 → 𝑣𝑖 ⊕𝑣𝑖 ), and we are using id𝑍 as a

shorthand for the identity on the finiteness space whose web is 𝑍 . Similarly,

the second triangle identity reduces to,

𝐹 (𝜂𝑋 )𝜀𝐹 (𝑋 ) = id(ℂ(𝑋 ,U,U⊥),𝑓𝑥→𝑓𝑥⊕ 𝑓𝑥 ) id(ℂ(𝑋 ,U,U⊥),𝑓𝑥→𝑓𝑥⊕ 𝑓𝑥 )

= id(ℂ(𝑋 ,U,U⊥),𝑓𝑥→𝑓𝑥⊕ 𝑓𝑥 ) .

Thus we have (𝜂, 𝜀) : 𝐹 ⊣ 𝐺 : FinF → CDLS(RLef). The situation where the

left adjoint functor is fully faithful is sometimes referred to as coreflection.

To conclude, we have,

Proposition 6.11.1. (𝜂, 𝜀) : 𝐹 ⊣ 𝐺 : FinF → CDLS(RLef) is a coreflection.

Remark6.11.2. Observe that theunitmap𝜂 : (𝑋 ,U,U⊥) → 𝐺 (𝐹 (𝑋 ,U,U⊥))

is an isomorphism, or equivalently, the left adjoint functor 𝐹 : FinF →

CDLS(RLef) is fully faithful (see Proposition 6.9.3. But the counit map

𝜀 : (𝑉 ,𝑣𝑖 → 𝑣𝑖 ⊕ 𝑣𝑖 ) → (𝑉 ,𝑣𝑖 → 𝑣𝑖 ⊕ 𝑣𝑖 ) is just a section (or equivalently,

the right adjoint functor𝐺 is full).

But𝐺 is clearly not faithful, as recall that we do not know if the copyable

elements of (𝑉 ,𝑣𝑖 → 𝑣𝑖 ⊕𝑣𝑖 ) forms a basis for the underlying space𝑉 , so for

twomaps 𝑓 ≠ 𝑔 : (𝑉 ,𝑣𝑖 → 𝑣𝑖 ⊕𝑣𝑖 ) → (𝑊 ,𝑤𝑗 → 𝑤𝑗 ⊕𝑤𝑗 ) such that they are

equal on the copyable elements, 𝑓 (𝑣𝑖 ) = 𝑔 (𝑣𝑖 ), for all 𝑖 ∈ 𝐼 , but say for some
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𝑣 ′
𝑖
, which is part of the basis, but not a copyable element, 𝑓 (𝑣 ′

𝑖
) ≠ 𝑔 (𝑣 ′

𝑖
), then

𝑓 and 𝑔 induce the same map in FinF between the sets of their copyable

elements. So𝐺 is not a faithful functor.

But if all the linear cosemigroups in CDLS(RLef) were well-generated,

in the sense that their copyable elements would have formed the basis of

the underlying space, then the right adjoint functor𝐺 would also be faithful

(and hence an isomorphism), as themap between copyable elements would

completely determine the map between the underlying space. This would

mean that the adjunction (𝜂, 𝜀) : 𝐹 ⊣ 𝐺 : FinF → CDLS(RLef) is actually an

equivalence.

This begs the questions that does there exists a (co) semigroup structure

onany reflexive Lefschetz spacewhose copyables donot span theunderlying

space. To this end, we provide a very simple counterexample.

Example 6.11.3. Let𝑉 be the Lefschetz space constructed on a finiteness

space (𝑋 = {𝑎0, 𝑎1},U = P(𝑋 )). For concreteness we can take𝑉 = ℝ2 and

denote its basis (0, 1) by 𝑎0 and (1, 0) by 𝑎1. As ℝ2 is finite-dimensional,

it is discrete (Corollary 5.4.10) and reflexive (Lemma 5.4.11). We define

a cosemigroup structure on it by defining 𝛿 : 𝑉 → 𝑉 ⊕ 𝑉 � 𝑉 ⊗ 𝑉 by

sending 𝛿 (𝑎0) = 𝑎1 ⊕ 𝑎1 = 𝛿 (𝑎1) and extending it linearly. 𝛿 is continuous

as spaces here have a discrete topology. The only thing to check is that 𝛿

indeed defines a cosemigroup structure on𝑉 . For this, note that,

id ⊕𝛿 ((𝛿 (𝑎0))) = id ⊕𝛿 (𝑎1 ⊕ 𝑎1)

= 𝑎1 ⊕ (𝑎1 ⊕ 𝑎1),
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and

𝛿 ⊕ id(𝛿 (𝑎0)) = 𝛿 ⊕ id(𝑎1 ⊕ 𝑎1)

= (𝑎1 ⊕ 𝑎1) ⊕ 𝑎1.

And similarly id ⊕𝛿 ((𝛿 (𝑎1))) = 𝛿 ⊕ id(𝛿 (𝑎1)). So 𝛿 :𝑉 →𝑉 ⊕𝑉 is indeed

a cosemigroup structure on𝑉 . Now it is clear that 𝑎1 is copyable, as 𝛿 (𝑎1) =

𝑎1 ⊕ 𝑎1. It is also clear that 𝑎0 is not copyable as 𝛿 (𝑎0) = 𝑎1 ⊕ 𝑎1 ≠ 𝑎0 ⊕ 𝑎0.

We then claim that any non-trivial linear combination of 𝑎0 and 𝑎1 is not

copyable. For that let 𝑣 ∈ 𝑉 ,𝑣 = 𝛼 • 𝑎0 + 𝛽 • 𝑎1, where 𝛼, 𝛽 ≠ 0. Then we

have,

𝛿 (𝑣 ) = 𝛿 (𝛼 • 𝑎0 + 𝛽 • 𝑎1)

= 𝛼 • 𝛿 (𝑎0) + 𝛽 • 𝛿 (𝑎1)

= 𝛼 • (𝑎1 ⊕ 𝑎1) + 𝛽 • (𝑎1 ⊕ 𝑎1)

= (𝛼 + 𝛽) • (𝑎1 ⊕ 𝑎1).

But then,𝑣 ⊕𝑣 = 𝛼2 • (𝑎0 ⊕𝑎0) +𝛽2 • (𝑎1 ⊕𝑎1) +𝛼𝛽 • (𝑎0 ⊕𝑎1) +𝛽𝛼 (𝑎1 ⊕𝑎0).

So we have that the only copyable element of (𝑉 , 𝛿 ) is 𝑎0. But then by as-

sumption𝑉 was two-dimensional (with basis as 𝑎0 and 𝑎1), so the copyables

of (𝑉 , 𝛿 ) do not generate the whole space.

To see how this breaks faithfulness of𝐺 : CDLS(RLef) → FinF. Let𝑊 be

again a finite-dimensional Lefschetz space with basis 𝑏0, 𝑏1. We similarly

define a cosemigroup structure on𝑊 by 𝛿𝑊 (𝑏0) = 𝑏1⊕𝑏1 = 𝛿 (𝑏1). Thenwe

define twomaps 𝑓 , 𝑔 :𝑉 →𝑊 by taking 𝑓 (𝑎1) = 𝑏1 = 𝑔 (𝑎1) and 𝑓 (𝑎0) = 𝑏1

and 𝑔 (𝑎0) = 𝑏0. It is easy to check that both 𝑓 and 𝑔 are cosemigroup
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6. The semigroup story

homomorphisms, as

𝛿𝑊 ( 𝑓 (𝑎𝑖 )) = 𝑓 ⊕ 𝑓 (𝛿𝑉 (𝑎𝑖 ))

= 𝑎𝑖 ⊕ 𝑎𝑖 ,

for 𝑖 = 1, 2. And similarly,

𝛿𝑊 (𝑔 (𝑎𝑖 )) = 𝑔 ⊕ 𝑔 (𝛿𝑉 (𝑎𝑖 ))

= 𝑎𝑖 ⊕ 𝑎𝑖 ,

for 𝑖 = 1, 2. So both 𝑓 , 𝑔 : 𝑉 → 𝑊 are cosemigroup homorphisms. But

they induce the samemap between the space generated by their copyables

and hence the samemap between the finiteness spaces constructed from

them. And hence𝐺 : CDLS(RLef) → FinF is not faithful, and hence the

coreflection (𝜂, 𝜀) : 𝐹 ⊣ 𝐺 : FinF → CDLS(RLef) as described in Proposition

6.11.1 is not an equivalence.

We can now give a class of examples where copyables do not span the

underlying space. For any finite-dimensional space𝑉 , {𝑣𝑖 }𝑛𝑖=1, we define

the map 𝛿 (𝑣𝑖 ) = 𝑣𝑗 for some fixed 𝑗 ∈ 𝐽 , for all 𝑖 ∈ 𝐼 . Furthermore, we

can always tensor a finite-dimensional space with an infinite-dimensional

space𝑊 , where copyables do span the space and define the cosemigroup

structure component-wise composed with the symmetry map

𝑉 ⊕𝑊 𝛿𝑉 ⊕𝛿𝑊−−−−−→𝑉 ⊕𝑉 ⊕𝑊 ⊕𝑊 id ⊕𝑐⊕⊕id−−−−−−−→ (𝑉 ⊕𝑊 ) ⊕ (𝑉 ⊕𝑊 )

to get examples of infinite-dimensional Lefschetz spaces where copyables

do not span the space.
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Chapter 7

Conclusion and outlook

In this thesis, we examined a possible extension of the correspondence be-

tween orthonormal bases of finite-dimensional Hilbert spaces and copyable

elements of Frobenius algebras [16] in a model of a mixed unitary category

[40]- namely, the reflexive Lefschetz spaces [4].

We began by showing that a full subcategory of Lefschetz spaces, namely

the reflexive ones, forms a mixed unitary category, whose unitary core con-

sists of finite-dimensional spaces, and where the dagger structure is given

by the composition of the dualising functor with the conjugation functor.

We showed how the web of a finiteness space can be seen as a basis for a

Lefschetz space constructed on the finiteness space by Ehrhard’s construc-

tion. And the convergent nets over this basis are exactly those that have

finitary support. Conversely, the finitary sets are encoded in the basis of a

Lefschetz space as the support of convergent nets of finite sums over the

basis. We use this encoding to provide a functor from coalgebras in reflexive

Lefschetz spaces to finiteness spaces (with functions).

The basis vectors of reflexive Lefschetz spaces arising out of Ehrhard’s

175



7. Conclusion and outlook

construction are copyable, and give a coalgebra structure on the space. How-

ever, if one has a counit for this coalgebra, then the underlying space must

be discrete. But we know that the reflexive Lefschetz spaces arising out of

Ehrhard’s construction are not, in general, discrete. Thus, to obtain a corre-

spondence between bases and copyable elements of coalgebras necessitates

dropping the counit and working with the broader category of dagger linear

semigroups.

We finally construct a coreflection between the category of finiteness

spaces with functions and the category of cosemigroups with homomor-

phisms – in reflexive Lefschetz spaces. However, this coreflection fails to be

an equivalence, as we exhibit a class of examples of cosemigroups whose

copyables do not span the underlying space.

We leave it for future work to completely characterise the fixed points

of this coreflection. To this end, we conjecture that the adjunction is an

equivalence precisely for those cosemigroup structures whose comultipli-

cation map is a section. The comultiplication map being a section is clearly

a necessary condition to obtain an equivalence. However, the more interest-

ing case of it being a sufficient condition remains open. Taking motivation

from previous works [2, 16], where structure theorems from the theory of

𝐶 ∗- algebras and𝐻 ∗- algebras plays a crucial role in proving that the copy-

ables generate the underlying space, it will be fruitful to investigate what

sort of algebra structure we can give to the class of endomorphisms for a

given object in a ∗-autonomous category, or more generally, in a linearly

distributive category.

The correspondence between bases and copyable elements of algebras

in finite-dimensional Hilbert spaces shows that Frobenius algebras are the
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right categorical notion to capture observables in finite-dimensional quan-

tummechanics. However, when one moves to infinite dimensions, we see

that, though one can freely copy bases of Lefschetz spaces to get a cosemi-

group structure, not every cosemigroup structure on reflexive Lefschetz

spaces arises in this way. Thus, one needs to be cautious in concluding that

Frobenius algebras (or their linear extension in ∗-autonomous categories)

are, by themselves, the right categorical notion to capture bases, and, thus,

observables in arbitrary-dimensional quantummechanics.
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