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Abstract

In finite-dimensional categorical quantum mechanics, a crucial result is
that orthonormal bases correspond precisely to the copyable elements of
commutative dagger special Frobenius algebras. This thesis examines an
extension of this correspondence into the infinite-dimensional setting of
Lefschetz spaces.

Richard Blute conjectured that, by analogy, the copyable elements of
a coalgebra on a reflexive Lefschetz space would similarly span the space.
This would imply an equivalence between the category of finiteness spaces
with functions and the category of dagger coalgebras in (reflexive) Lefschetz
spaces with homomorphisms. Ehrhard has given a construction of a reflex-
ive Lefschetz space from a finiteness space. To these reflexive spaces, we
gave a coalgebra structure. However, we notice that if the coalgebra has
a counit, then the underlying Lefschetz space must be discrete. However,
spaces arising out of Ehrhard’s construction were, in general, not discrete.
Thus, to recapture the correspondence, necessitated dropping the counit
and working with the broader category of dagger linear cosemigroups.

Finally, this thesis shows that one can construct a coreflection between
the category of finiteness spaces with functions and dagger cosemigroups

with homomorphisms - in reflexive Lefschetz spaces. However, a class
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of examples of cosemigroups is given whose copyables do not span the
underlying space. Thus, contrary to the conjecture, this coreflection fails to

be an equivalence.
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Chapter 1

Introduction

Quantum mechanics is a resource sensitive theory. Unlike classical mechan-
ics, where one can freely copy a resource, quantum mechanics does not
allow one to clone (or delete) an arbitrary quantum state [32, 42].

The no-cloning theorem (and the no-deletion theorem) underpins the
interpretation of quantum mechanics as a resource sensitive logic. Linear
logic [20] is a refinement of classical logic, which emphasises the role of
propositions as resources. Thus, one does not have, for any arbitrary formula
A, rules of the form,

LLAAFA . [rA
TAFA ontraction T ArA

Weakening

That is, one can not duplicate or delete assumptions.
Linear logic also has an involutive negation (_)*, which allows one to
move a resource from the succedent to the antecedent, or vice versa.

I'-AA IAFA

- 7= L 1
ratra W rraar W

Linear logic also has two connectives, called the multiplicatives, given

by tensor ® and par @. The tensor models two resources being available



1. Introduction

at the same time, whereas the par is the De-Morgan dual to the tensor,
A® B = (A+ ® B+)*. The units for ® and & are denoted by T, L respectively.

A category is said to provide a semantics for a formal system if the propo-
sitions and proofs can be modelled as objects and morphisms within that
category. The program of categorical quantum mechanics [1] was initiated
to capture the resource sensitive nature of quantum mechanics. The cate-
gorical semantics for finite-dimensional quantum mechanics is provided
by dagger compact closed categories [37], which are a proof theory for com-
pact linear logic (where ® = @ and T = 1) with negation. The dagger is an
abstraction of the notion of adjoint, given by the inner product in Hilbert
spaces, which allows us to talk about observables (i.e. self-adjoint operators)
and unitary operators (operators whose inverse is given by their adjoint).

However, compact closed categories can provide a model only for finite-
dimensional quantum mechanics, as compactness breaks beyond the finite
dimension [21]. Compact closed categories are the proof theory for the
compact fragment of linear logic with negation. A natural generalisation
of a compact closed category is, thus, a star (x)- autonomous category,
where the tensor and par are not isomorphic. A further generalisation of -
autonomous category is a dagger (-) linearly distributive category (LDC),
where the dagger need not necessarily come from the dualising functor. A
semantics for arbitrary-dimensional quantum mechanics was proposed in
[40]; given by mixed unitary categories (MUC). The main appeal of MUCs is
that they still preserve compactness in the unitary core, which provides the
finite-dimensional fragment of the theory. The core extends to a full - LDC,
giving the structure of a MUC.

While an arbitrary quantum state can not be cloned, one can always

2



1. Introduction

clone the vectors of an orthonormal basis. Thus, a choice of orthonormal
basis can be thought of as the classical structure sitting within the quan-
tum realm. A central result in categorical quantum mechanics is that the
orthonormal bases correspond precisely to the copyable elements of com-
mutative dagger special Frobenius algebras [16]. A Frobenius algebra in
a monoidal category is an algebra and a coalgebra that interact via the
Frobenius axiom (See Chapter 6).

Richard Blute conjectured that a similar correspondence between bases
and copyable elements of coalgebras holds in the mixed unitary category of
reflexive Lefschetz spaces. This conjecture, if true, would mean that one can
extend the correspondence between bases and algebras beyond the finite
dimensions.

A reflexive Lefschetz space is a linear topological vector space for which
the canonical evaluation map is an isomorphism. The term linear here
means that open neighbourhood bases around the origin are linear sub-
spaces. The category of reflexive Lefschetz spaces with continuous linear
maps forms a *- autonomous category [4], and the unitary core of these
spaces is exactly finite-dimensional vector spaces.

Just as one can construct a finite-dimensional Hilbert space from a finite
set of basis elements, one can similarly construct a reflexive Lefschetz space
on what is called a finiteness space. Ehrhard provided a construction of
a reflexive Lefschetz space on a finiteness space, whose basis is given by
the web of the finiteness space. This basis, however, is not a basis in the
usual algebraic sense. That is to say, taking just finite linear combinations
over this basis, does not span the Lefschetz space Ehrhard constructed.

However, we have access to the Lefschetz topology and, therefore, we can

3



1. Introduction

take arbitrary convergent linear combinations — which makes the web, in
Ehrhard’s construction, a basis in this stronger sense. And the convergent
nets over this basis are exactly those that have finitary support.

Conversely, the finitary sets are encoded in the basis of a Lefschetz space
as the support of convergent nets of finite sums over the basis. We use this
encoding to provide a functor from coalgebras in reflexive Lefschetz spaces
to finiteness spaces (with functions) by studying the support of convergent
nets over the copyable elements.

The basis vectors of a reflexive Lefschetz space arising out of Ehrhard’s
construction are copyable, and give a coalgebra structure on the space.
We noticed that, if the coalgebra has a counit, then the underlying space
must be discrete. However, the reflexive Lefschetz spaces arising out of
Ehrhard’s construction are not, in general, discrete. Thus, to capture the
correspondence, necessitates dropping the counit and working with the
broader category of dagger linear cosemigroups.

Finally, this thesis does establish a coreflection between the category of
finiteness spaces with functions and the category of cosemigroups with ho-
momorphisms - in reflexive Lefschetz spaces. However, a class of examples
of cosemigroups is given whose copyables do not span the underlying space.

Thus, contrary to the conjecture, this coreflection fails to be an equivalence.

1.1 Outline and contributions

Chapter 2: This chapter introduces the background from category theory
and basic topology needed in this thesis. All definitions and results in

this chapter are from the literature.



1. Introduction

Chapter 3: This chapter develops the theory of mixed unitary categories.
This chapter is almost entirely based on [40], except for Proposition
3.2.9, where we made a small observation that in a unitary category,
the construction of a stationary dagger defined in [40] can be extended

functorially.

Chapter 4: This chapter develops the theory of Lefschetz spaces, showing
it is a model of a mixed unitary category. Here, we first show that a
full subcategory of Lefschetz spaces forms a - autonomous category.
We follow the development in [4] up to Section 4.2. Then we use
the equivalence between the notion of an LDC with duals and of *-
autonomous category [14] to develop the theory of reflexive Lefschetz
space within the framework of a linearly distributive category. The
material from Section 4.3 to Section 4.5 is novel. Notably, this includes
developing the notion of a basis for a Lefschetz space in Section 4.4.
We conclude this chapter showing that the reflexive Lefschetz spaces
form a mixed unitary category and give a complete characterisation

of unitary isomorphisms in this category (Proposition 4.5.3).

Chapter 5: This chapter describes two constructions, one from a finite-
ness space to a reflexive Lefschetz space, due to Ehrhard [19], and a
second construction from a reflexive Lefschetz space to a finiteness
space. The construction in Section 5.3 is based on [19]. We prove many
novel propositions about Lefschetz spaces arising out of Ehrhard’s
construction. Proposition 5.3.10 to Corollary 5.3.19 are novel, with
the exception of Proposition 5.3.11 [5], of which we provide an alter-

native proof. An alternative proof of Lemma 9 from [19] is provided
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in Lemma 5.3.20. Notably, we observe scalar invariant convergence
over basis in Lefschetz spaces arising out of Ehrhard’s construction
(Proposition 5.3.12). This is the key observation which allows us to
construct a finiteness space on a reflexive Lefschetz space (with a
given basis) in Section 5.4, which we prove to be functorial in Section
5.5. We also prove that Ehrhard’s construction, on objects, is inverse
to the construction of a finiteness space from a reflexive Lefschetz
space given in Section 5.4. This allows us to show that any reflexive
Lefschetz space’s topology arises as a finiteness topology, allowing
us to characterise topology on reflexive Lefschetz spaces (Corollary

5.4.10, 5.4.8) due to Ehrhard’s classification [19].

Chapter 6: This chapter first gives the correspondence between bases of
finite- dimensional Hilbert spaces and (commutative dagger special)
Frobenius algebras as in [16]. This is from Section 6.2 to Section 6.7.
Then we introduce our categories of interest in Section 6.8, where we
recall the category of finiteness spaces and functions FinF and define
the category of commutative dagger linear (co) semigroups in reflexive
Lefschetz spaces with (co)algebra morphisms CDLS(RLef). Then we
define a functor F : FinF — CDLS(RLef) in Section 6.9 using Ehrhard’s
construction, followed by copying the basis vectors. Then in Section
6.10 we first take the subspace generated by copyables and then apply
the support functor to get a functor G : CDLS(RLef) — FinF. We
show in Section 6.11 that this pair of functors gives an adjunction
(n,€): F4G :FinF — CDLS(RLef). We finish this chapter by giving

a class of examples showing that this pair of functors does not lead
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to an equivalence, as there exist cosemigroup structures on reflexive

Lefschetz spaces whose copyables do not span the underlying space.

Chapter 7 This chapter provides a conclusion for this thesis and discusses

avenues for future work.

1.2 Notation

Composition is written in the diagrammatic order: f g means that we apply
f followed by g. Note that the opposite is the usual applicative order, where
the compositionof f : X — Yand g : Y — Z iswritten as g o f. String

diagrams in this thesis are to be read from top to bottom.



Chapter 2

Background

In this chapter, we recall the definitions and theorems of category theory
and basic topology needed in this thesis. All definitions and theorems in

this chapter are from the literature. For further reading, see [11, 26, 30, 34].

2.1 Elementary category theory

Definition 2.1.1. A category X consists of
* acollection of objects X, whose elements are denoted by X, Y, Z, ...
* acollection of morphisms X, whose elements are denoted by f, g, £, ...
such that

e each morphism f € X; has a specified domain object dom(f), and a
codomain object cod( f); amorphism f with domain X and codomain

Y isdenotedas f : X — Y;

* Each object X € X, has a designated identity morphismidy : X — X;
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e For f,g € X such that cod(f) = dom(g), we have a specified
composite morphism fg € X; such that dom(fg) = dom(f) and
cod(fg) = cod(g). Note that the composition is written in the dia-

grammatic order.
This data is subject to the following conditions:
* Unitality : Forany f : X —» Y,idx f = f = fidy;
e Associativity : Forany f : X - Y, g: Y > Z, h:Z - W,(fg)h=
f(gh).

When the context is clear, we will simplysay X € Xand f : X - Y € X
to denote that X is an object of X and f : X — Y is a morphism in X.
The collection of all the maps between two objects X, Y in a category X is
denoted by X (X, Y)). When this is a set (and not a proper class), the category
is said to be locally small. All the examples we consider in this thesis are

locally small.
Example 2.1.2.
* Set

Objects: Sets;
Morphisms: functions;
Composition: usual composition of functions;

Identity: identity functionidy : X — X,id(x) := x forany x € X.
* Rel

Objects: Sets;
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Morphisms: arelationR: X — YisasubsetR C X XY;

Composition: the composition of relationsR: X — Y,S:Y — Zis
given by xRSz if and only if there exists y € Y such that xRy and
vSZ;

Identity: the identity relation R : X — X is given by the diagonal
idy :={(x,x) : x € X}.

» FdHilb

Objects: Finite-dimensional Hilbert spaces over a field K. In this
thesis, the base field in all our examples will be C.

Morphisms: linear transformation, or equivalently, matrices, by choos-
ing a basis;

Composition: composition of (underlying) functions or equivalently
matrix multiplication, when the basis is fixed;

identity: identity linear transformation.

Definition 2.1.3. For any category X, we can define a dual category X°P

which has the same object as X and f°P : ¥ — X e X" if and only if

f: X — Y € Xj, the composition in X°P is defined by g°P exop fP := fex g.
Next, we define some important classes of maps in a category.
Definition 2.1.4. Let X be a category.

e Amorphism f : X — Y is called monic in case whenever k; f = k»f,

we have k; = k».

e Amorphism f : X — Y is called epic in case whenever fh; = fh,, we

have hl = hg.

10



2. Background

* Amorphism f : X — Y is called a section if there exists a morphism
f’ 1Y — X such that ff’ = idx. In this case, f” is called a right

inverse of f.

* Amorphism f : X — Y is called a retraction if there exists a mor-
phism f” : Y — X such that f’f = idy. In this case, f” is called a left

inverse of f.

e Amorphism f : X — Y is called an isomorphism if it is both a section

and a retraction.

Note that in above ki, k, are arbitrary morphisms in X such that cod(k;) =
dom( f) = cod(k). Similarly, h;, h, are arbitrary morphisms in X such that
dom(h;) = cod(f) = dom(h,). When the context is clear, we will not be

explicit in this quantification.

In Set, the monic maps are exactly the injective functions, and dually,
the epic maps are exactly the surjective functions.

We note some basic observations:
Lemma 2.1.5. The following are equivalent
(i) fisanisomorphism;
(ii) f is an epic section;
(iii) f is a monic retraction;

Proof. Iffisanisomorphism, then fk; = fk, implies g fk; = g fk,, where
g is the left inverse of f. Then we have k; = k,. So f is epic and f is a

section by definition. The proof that f is a monic retraction is similar. Now,

11



2. Background

as these statements are dual, it suffices to show that f, an epic section, is an
isomorphism. It suffices to show that f is a retraction. For that, let g be the
right inverse of f, then fgf = f = fid. Now, as f is epic, so gf = id and

hence f is a retraction. O

A functor F : X — Y is a structure-preserving map between categories.

More precisely,

Definition 2.1.6. A functor F : X — Y between two categories X and Y

consists of the following data:

* Anobject FX € Y forevery X € X;

e Amorphism Ff : FX — FY € Yforevery f : X - Y € X.
such that,

e For any composablepairf : X - Y,g:Y - Z e X,F(fex g) =

E(f) ov F(8);
e And F(ldx) = ldF(X)

Sometimes a functor F : X — Y is called covariant functor to distinguish it
from its contravariant counterpart, which is a functor F : X°P — V.

A functor F : X — Y is said to be faithful if for every object X, Y € X,
the map X(X,Y) — Y(FX, FY); f — Ff is injective. The functor is said to

be full if this map is surjective, and fully faithful if this is a bijection.

On every category X, we can define an identity functor, which is identity
on objects and morphisms. Moreover, functors compose, so we have that

the category of locally small categories and functors forms a category Cat.

12



2. Background

A subcategory of a category X is a sub-collection of objects and mor-

phisms from X such that it is a category in its own right. More precisely,

Definition 2.1.7. A sub-category Y of a category X is a subcollection of

objects and morphisms of X, such that
ciff: X >Y eV, thenX,Y €YV,
e forevery X € VY,idy €;
ciff:X>Y,g:Y—>ZeVY,thenfg: X > Z¢€Y.

The inclusion I : Y — X is easily seen to be a functor. The subcategory
Y is said to be a full subcategory if the inclusion functor is full.
One of the most important notions in category theory is that of a natural

transformation,

Definition 2.1.8. Given two functors F, G : X — Y, a natural transforma-
tion a : F = G is an indexed family of morphisms {ax : FX — GX}xex
in Y such that for any morphism f : X — Y in X, the following diagram

commutes:
F
FX —f> FY

axl \Lay

A natural transformation is said to be a natural isomorphism if for each

X e X, ax : FX — GX isan isomorphismin Y.

For example, the canonical evaluation map evy : V. — V** is always a
natural transformation for any vector space V, and it is a natural isomor-
phism when V is finite-dimensional. However, the isomorphism between a

finite-dimensional space and its dual is not natural, as it is basis-dependent.

13



2. Background

Definition 2.1.9. In a category X, the product of two objects X and Y (if
itexists)isatuple (X XY, m : X XY — X, m, : X XY — Y) such that for
any object Z and a pair of morphisms f : Z — X, g : Z — Y, there exists
a unique morphism (f, g) : Z — X X Y such that the following diagram

commutes:
VA

f : ! : g
\L<f.g>
X X XY Y

m 2

For example, in Set, the product of two sets is their Cartesian product

with the usual projection map to each factor.

Definition 2.1.10. In a category X, the co-product of two objects X and Y
(if it exists) isa tuple (X +Y,i; : X > X +Y,i : Y — X +Y) such that for
any object Z and a pair of morphisms f : X — Z, g : X — Z, there exists

a unique morphism f + g : X +Y — Z such that the following diagram
commutes:

Z

A

X ————— X+Y # Y
1
For example, in Set, the coproduct is given by the disjoint union of two

sets with the usual injection maps.

Definition 2.1.11. Let G : Y — X be a functor. Then for an object X € X,
(U € VY,nx : X — G(U)) is said to be a universal pair for the functor

G at the object X if forany f : X — G(Y) € X, there exists a unique

14
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f*:U — Y € Y such that the following triangle commutes:

X L) G(U)
G(f*

G(Y)
When it is the case that a functor G : Y — X has a universal pair for

every object X € X, then we have,

Proposition 2.1.12. (Proposition2.2.2in [11]) Let G : Y — X be a functor

such that for each X € X, there is a universal pair (F(X), nx). Then,

F: X — Yisafunctor with F(g) := (gny)*forg : X - Y € X;

nx : X — G(F(X)) is a natural transformation 7 : idx = FG;

Ey = (idG(y))# : F(G(Y)) — Y is a natural transformation € : GF =

idy;

The triangle equalities 7 (y)G (ey) = idg(y) and F(nx)ep(x) = idp(x)
holdforall X € XandY €Y.

Conversely given functor F : X — Y and G : Y — X and natural transfor-
mations ) : idx = FG, € : GF = idy, which satisfy the triangle identity,

then each (F(X), nx : X — G(F(X))) is a universal pair for G at X.

Definition 2.1.13. We say F : X — Y is left adjointto G : Y — X (or
equivalently G is right adjoint to F) if there are natural transformations
n :idx = FG, € : GF = idy satisfying the triangle identities as above. We

denote this situation by
(n,e):FAG: X ->Y

15



2. Background

The free group construction over a set is a left adjoint to the forgetful
functor from the category of groups, which sends a group to its underlying
set and a group homomorphism to its underlying set function.

We also have,

Proposition 2.1.14. (Proposition 2.2.6in [11])If(n, &) : F4G: X — Yis

an adjunction, then
(i) Each nx is monic if and only if F is faithful.
(ii) Each ey is epic if and only if G is faithful.
(iii) Each ny is a retraction if and only if F is full.
(iv) Each ey is a section if and only if G is faithful.
(v) Each ny is an isomorphism if and only if F is fully faithful.
(vi) Each ey is an isomorphism if and only if G is fully faithful.

We say a full and faithful functor F : X — Y is a reflection, in case it is
aright adjoint, and a co-reflection in case it is a left adjoint. By the above
proposition, this means that for a reflection, each &x is an isomorphism,
and dually for a coreflection each 7y is an isomorphism. A full and faithful
functor F : X — Y is said to be an equivalence of categories in case it has
a left or right adjoint, which is also full and faithful. This means that both

the unit and counit maps of the adjunction are isomorphisms.

16



2. Background

2.2 Monoidal category theory

In this section, we recall some definitions from monoidal category theory

that will be used throughout this thesis.

Definition 2.2.1. The product of two categories X and Y is a category X XY
whose objects are pairs (X, Y) where X € Xy, Y € Yy and morphisms are

pairs (f, g) : f € Xy, g € Y. The composition is defined component-wise.

Definition 2.2.2. A bifunctor is a functor whose domain is a product cate-
gory.

Definition 2.2.3. A monoidal category is a category X equipped with
¢ A bifunctor ® : X x X — X, called the tensor;
» A designated object I € X, called the unit;

A natural isomorphism (indexed here by objects), ag’Y'Z (XQY)®

Z — X ® (Y ® Z), called the associator. When the context is clear,

we will suppress the indexing on the structure maps.
e Anatural isomorphism lg : I ® X — X, called the left unitor;
e Anatural isomorphismrg : X ® I — X, called the right unitor.
such that the following diagrams commute forall X, Y, Z, W € X:

(MC1)
WeX)®((Y®Z)
(WeX)eY)e~Z W (X®(Y®Z)

a®idl Tid Ra

We(X®Y)e~Z > WR((XRY)®Z)

17



2. Background

(McC2)
(XY 2 s X®(IR®Y)
rm A@
X®Y

These identities are called the pentagon and triangle identities, respectively.

L ,R
We also use ug, ug

interchangeably with Iy, rg, for left and right unitors,
respectively. Also for commuting diagrams (or while proving equations
involving commuting diagrams), it is standard to skip the quantification
over all objects of a category. Unless explicitly mentioned otherwise, the

quantification in commuting diagrams is over all objects of the category in

context.

A monoidal category can be thought of as a "categorified" version of
a monoid, where the (bi-) functor ® : X x X — X is the multiplication.
The category Set is an example of a monoidal category where the tensor
productis the Cartesian product. A braided monoidal category is a monoidal
category equipped with an isomorphism, which lets us "switch" objects.

More precisely,

Definition 2.2.4. A braided monoidal category is a monoidal category X
equipped with a natural isomorphism By y : X ® Y — Y ® X such that the

following diagrams commute:

(BMC 1)
(X®Y)®Z — 2% S X@(Y®Z) —2 3 (Y®Z)®X
B®id a

Y®X)®Z —————> Y ®(X®2) W Y®(Z®X)

18
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(BMC 2)

Xe(YeZ) — ' s (XeV)eZ — LB s 7@ (X®Y)
id ®B afl
X®(Z®Y) ——— (X®Z)®YT> (Z®X)®Y
a 1

A braided monoidal category is said to be symmetric if By y By x = idxgy-

In the symmetric case, we will denote the braiding map by cg.

In Set, whenever we have a function of two variables, f : X XY —
Z;(x,y) — f(x,y), we can equivalently see it as a function of one variable,
with values in function of the other variable x — (y — f(x, y)). This gives
Set the structure of a monoidal closed category. This motivates the following

definition:

Definition 2.2.5. A monoidal closed category is a monoidal category
(X, ®,I) such that for every X € X, the functor (_) ® X : X — X has

aright adjoint X — (_) : X —» X.

Now in Set, given a function f : X — Y, there is not always a natural
way to get a function f” : Y — X, unless f is surjective. But in FdHilb, given
any linear map f : H, — H,, we can always getamap f' : H, — Hj,
called the adjoint of f, even when f is not invertible. The adjoint of a map
f : H — H, between two finite- dimensional Hilbert spaces is the unique
map fT : Hy — Hj such that for for all v € H;, and w € H,, the following

equation holds:

(f(),w) = (v, fT(w))
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Moreover, thinking in terms of matrices, it is not hard to see that (f ®
g)" = fT ® g. This is to say that the tensor product structure is compatible

with the adjoint structure. This motivates the following definitions:

Definition 2.2.6. [1] A category X is said to be a dagger category if it is
equipped with an endofunctor (_)" : X°P — X such that it is identity on
objects and is involutive, that is for every X € Xo, X' = X and for every

f:X->YeXy,(f)iT=F.

Definition 2.2.7. [22] A (symmetric) monoidal category (X, ®, I') equipped
with a dagger ()7 : X°P — Xis said to be a (symmetric) dagger monoidal

category if (X, (L)) is a dagger category and the following holds:
« Forany f € X(X,Y),g e X(Z,W),(fog) =fleg

 Every structure map is a unitary isomorphism, that is, aél = a;, legl =

To-1_ T -1 _ s i
lg Tg =g, and ¢y = ¢y in the symmetric case.

In FdHilb, to each Hilbert space H, there is a dual space of linear func-
tionals H*, withmapsn: C - H® H* and ey : H* ® H — C which satisfy

some coherence properties. This motivates the following definitions:

Definition 2.2.8. [22] A symmetric monoidal category (X, ®, I) is said to
be a compact closed category if every object is dualizable, that is for any
X € X, there exists an object X* € X, called the dual of X with morphisms
nx : I - X®X"and ex : X* ® X — I such that the following diagrams

commute:
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(KCC1)
id
X*® (X ®XY) O™ X®l
a‘gl C®
* * \ £
X'X)®X o > I ®X
(KCC 2)
id
(X®X)®X ¢+ I®X
(04 Ce
* \
X® (X" ®X) rrv. > X1

They are also sometimes called the snake equations because of their shape

in string diagrams.

nx
X X =
X (2.1)
Ex
nx
X x | x -
X*
&Ex

A compact closed category X is a symmetric monoidal closed category

ifwedefineX - Y =Y ® X" forany X, Y € X.

Definition 2.2.9. [37] A dagger compact closed category X is a dagger

symmetric monoidal category that is also compact closed, and for any X €
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X, the following diagram commutes:

.
I — % s xrex

XX

where the unitny : I — X ® X* and the counitmap ex : X* ® X — I are

coming from the data of the compact closed category.

FdHilb, the prototypical category in which finite-dimensional quantum
mechanics is modeled, is an example of a dagger compact closed cate-
gory, where the monoidal structure is given by the usual tensor product
of matrices, the dagger is given by the adjoint, and the compact structure
is given by the unit and counit map defined by ny : C - H @ H* :=
S Yy @ 10y, e 0 H* ® H — C == 2150 (i) @ (i|. Here we have
picked an orthonormal basis {|i)} for H and have used the same notation
for the corresponding basis of H*. Note that the unit and the counit maps
are bounded if and only if the dimension of the Hilbert space is finite; thus,
the category of all Hilbert spaces (including the infinite-dimensional) is not
compact.

There is a notion of a star autonomous category in which duals of objects

exist, but in a weaker sense than in a compact closed category.

Definition 2.2.10. A star autonomous category is a symmetric monoidal
closed category (X, ®, I, —o) with a global dualizing object L such that the
canonical morphismdyx : X — (X — 1) — 1, which is the adjoint of
the evaluation map evy ; : (X — 1) ® X — 1, is an isomorphism for all

X e X.
There is an equivalent definition of a star autonomous category which
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captures the fact that the star of the star autonomous category is indeed a

(full and faithful) functor.

Definition 2.2.11. A star autonomous category is a symmetric monoidal
category (X, ®, I) equipped with a fully faithful functor (_)* : X°? — X
such thatforany X, Y, Z € X thereis a natural isomorphism X(X®Y, Z*) =

X(X,(Y®2)").

To see that these definitions are equivalent, first given a monoidal closed
category, we define the dualizing functor (_)* := (_) — L. Then the mor-
phism dx is natural in X, so we have that there is a natural isomorphism

d : idx = (_)**. Moreover, we have,

X(X®Y,Z%)

IR

X(X ®Y,Z — 1), bydefinition of ()"

IR

X((X®Y)® Z,1),as X is monoidal closed

IR

X(X ® (Y ® Z), L), associativity natural isomorphism

IR

X(X, (Y ® Z) — 1, as X is monoidal closed

IR

X(X, (Y ® Z)*), by definition of (_)".

Conversely, given the dualizing functor, we define the internal hom A —
B:=A"® B := (A" ® B*)".

Next, we discuss the notion of a symmetric linearly distributive category,
which, as we shall see, coincides with the notion of a star autonomous
category precisely when the linearly distributive category also has duals.

The notion of a linearly distributive category was introduced in [13].

Definition 2.2.12. A linearly distributive category (LDC) consists of the

following data:
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e A monoidal category (X, ®, T, ag, lg, I's)- called the tensor monoidal

category .

e A monoidal category (X, ®, 1, ag, lg, I's)- called the par monoidal

category .

« Two natural transformations 6 : A® (B®C) — (A® B) @ C, 6% :

(B&C)®A — Ba(C®A), called the left and right linear distributors.
This data is subjected to the following coherence conditions:

(LDC 1) Pentagon and triangle identities for (X, ®, T, ag, Iy, I's) and

X, ®, 1, ag, ls, rg) to be monoidal categories. See Definition 2.2.3.

(LDC 2)
T®(A®B)
5L IQGBB
(T®A)®B A—) A®B
IZeid
(LDC 3)

ae

(A®B)® (C® D)

~

A® (B® (C & D))

lid@c?L

5L A® ((B®C)a® D)

ly

(A®(B®C))® D

((A®B)®C)a® D

~

(I@@id
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(LDC4)

(A B)® (Co® D)

(SL/ \(SR)
((AeB)®C)a® D) A® (B® (C® D))

o eaidl lid o8t

(Ao (B®C))® D > A® ((B®C) @ D)

423

The above set of generating equations produces further coherence con-

ditions under the following symmetries of the notion of an LDC.
* swap the arrows, swap ® and &, swap T and L
e reverse the tensorandparA®“YB:=B® A, A& B:=B&® A

For example, LDC 1 under the symmetry will generate further coherence
conditions such as rg = 6% (id ®lg), 6%l = Iy ® id, and id ®rg = 6L 1.
An LDC is said to be symmetric if both underlying monoidal structures

are symmetric and the following diagram commutes:

(B&C)®A —= 3 A® (B®C)

id®cg
~

A® (C®B)

(51‘
o (A®C)®B
Co

®(A®C)

id ®&cg
~

Ba (C®A)

Note that by the symmetries of the data, this means that in a symmetric

LDC, the left and right distributors determine each other.
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Example 2.2.13.

(i) Every (symmetric) monoidal category is a (symmetric) linearly dis-

tributive category (with ® = &), with distributors as the associators.

(ii) A shift monoid (regarded as a discrete category, with only identity mor-
phisms) is a commutative monoid (A4, +, 0) with a designated element
a which has an inverse. This induces a second operation b X ¢ :=
(b + c¢) — a. The unit for x will be a. The distributor is then given by

following equality:

xX(y+z)=(x+(y+2)—-a=((x+y)-a)+z=(xXy)+z

(iii) Every #- autonomous category is a LDC with duals. See below.

Definition 2.2.14. Suppose X isaLDC and A, B € X, then B is said to be
left linear dual to A (or equivalently, A is said to be right linear dual to B),
written as (1, €) : B —|| Aifthere existmapsn: T > B®A,e:A®B — L

such that the following diagrams commute:

(Dual 1)
It n®id
B—— T®B —— (B®A)Q®B
id\L laR
B<—Beol m B® (A®B)
(Dual 2)

-1 id
A" 20T 2 A (BeA)

idl |

AdT— LOA (A®B)® B
® edid
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The above equations encode the triangle identities of the adjunction when
the duals exist in a weaker sense than in a compact closed category. It is
not difficult to see that in a symmetric LDC, (1, €) : B —|| A if and only if

(nce, ca€) - A= B.

Definition 2.2.15. A homomorphism of duals (f, f’) : ((n,¢€) : (A —||
B) — (1,7) : (A —|| B’))isapairofmaps f : A — A’ and f’ : B — B such

that the following holds:

- n
B A
i = 1f
A ‘ B A B (2.2)
4
A B’ = ’
A
T

Al

Y €

Note that in the string diagram language [38], the wires represent the
type of the objects, and the morphisms between the objects are represented
by boxes. Sequential composition is to drawn by stacking the boxes vertically
(top to bottom) and the parallel composition is drawn by stacking the boxes
horizontally (left to right).

In [14] (Theorem 4.3), Cockett and Seely proved that a symmetric LDC
with duals is the same notion as a star autonomous category. We shall show
how we can derive the left linear distributor coming from the data of a star
autonomous category. First, we define the paronthe LDCasA® B := A* —o

B = (A" ® B*)*. Then the left distributor is derived as follows:
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(A® B)*+ (A® B)* B*—~CrB —C
A®(A®B)* + B* B*®(B*—=C)+C
B*F(B*—oC)—-C

A®(A®B)*+B* B'F(B*—C)—C
A® (A®B)'+ (B* - C) - C

Finally, we use the natural bijection between X®Y — Z — Wand X®~Z —

Y — W to derive derive the distributor 6 : A® (B® C) — (A® B) @ C.
This theorem allows us to switch between the notions of an LDC with

duals and that of a - autonomous category. This will be important when

we develop the theory of Lefschetz spaces.

2.3 Elementary topology

In this section, we recall some definitions from elementary topology.
Definition 2.3.1. A non-empty set A together with a binary relation < is
called a directed set when:

e (A, <)isapreorder

e (Directed) For any a, b € A, there exists ¢ € Asuch thata < ¢, b < c.

Example 2.3.2. An important example of a directed set, and one that will
be crucial to us is (Fin(I), €, U), where I is any indexing set, and Fin(I) :=
{J € I:]]] < oo}, thatis Fin(I) is just the collection of finite subsets of I.
The ordering is given by inclusion, and the direction is provided by taking

the union of two sets.

Definition 2.3.3.

28



2. Background

(a) A netin a topological space V is a function v, : A — V, where A is a

directed set.

(b) Anetin atopological spaceV , ve = (V4)qca is said to be eventually in a

set S C V ,if there exists a € Asuch thatv, € Sforallb > a.

(c) Apointvin atopological space is called a limit point of the net v, in V if
for every open neighborhood U of v, the net v, is eventually in U. When
a limit point for a net v, exists in V, the net is said to be convergent (to

somev € V).

Definition 2.3.4. Let (X, 1; € (X)) and (Y, A, € P(Y)) be topological
spaces, then a function f : X — Y is called continuous if it pulls back open

sets to open sets, i.e. forany r € Ay, f71(¢) € A;.

An equivalent characterisation of continuous functions can be given as
functions that preserve convergent nets. It should be noted that the reason
we consider nets, and not just sequences, is that this equivalent characteri-
sation might fail if we consider just sequences. Thatistosay,af : X — Y
taking every convergent sequence x,, — x in X to a convergent sequence
f(xn) — f(x)inY might fail to be continuous. For Spaces where sequences
suffice to capture continuity are called sequential spaces. Though a large
class of topological spaces (including spaces where topology is induced by
a metric) is sequential, we do not know if Lefschetz spaces, which we will
be studying in this thesis, are sequential. Lefschetz spaces have not been
studied very thoroughly in the literature, so we could not locate a reference

that proves or disproves that Lefschtez spaces are sequential. In this thesis,
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we will not assume that Lefschtez spaces are sequential, and hence our

results works in greater generality.

Lemma 2.3.5. [26] Let (X, ;) and (Y, A2) be topological spaces, then a
function f : X — Y is continuous if and only if for every convergent net

X, — x in X, the net f(x,) converges to f(x)inY.

We next discuss neighborhoods and notions of basis for a topological

space.

Definition 2.3.6.

(a) Let (X, 1) be a topological space. Then forx € X, N(x) := {U C X :

U € Aand x € U} is called the open neighborhood system of x.

(b) By € N(x) is called a local basis at x if for every U € A such thatx € U,

there exists B € By, suchthatx € Band B C U.
Definition 2.3.7.
(a) Let X be a set and let 8 be a collection of subsets of X such that

e X = UyegV and

e forany V1, V, € B and for any x € V) N V;, there exists W € B such

thatx e Wand W C V; N 1.

Then 8 is called a basis for the topology on X, where the topology is

generated by taking arbitrary unions of the sets in 8.

(b) Let X be a set and let S be a collection of subsets of X such that X =

UT€ST.
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Then § is called a subbasis for the topology on X, where the topology

is generated by

* taking finite intersections of the sets in S

* taking arbitrary unions of the sets obtained in the step above.

When we have the notion of a (sub)-basis for a topology, we can give

another equivalent condition to check the continuity of a function.

Lemma 2.3.8. [31] Let (X, 1), (Y, 6) be two topological spaces and let 7~
denote a (sub) basis for Y. Then a function f : X — Y is continuous if and

onlyifforanyt € 7, f~1(1) € A.

Definition 2.3.9. A topological vector space (TVS)isa vector space (V, +, o)
(over a field say C) endowed with a topology A such that the vector space
operations+ : VXV — V,e: CxV — V are continuous. Note that the
topology on the product space is the product topology, and the topology on

the field is discrete.

The morphisms in the category of topological vector spaces are continu-
ous linear maps. In any TVS X, translations x — x + x’ (by any x’ € X), and
scaling by a non-zero scalar x — a e x are isomorphisms in the category
of topological vector spaces [39]. So, for a linear map between topological
vector spaces, continuity at the origin (additive identity of the vector space
structure) implies continuity everywhere. In terms of local bases, it has the

following form:

Lemma 2.3.10. [36] Let X and Y be two topological vector spaces, and let
By, and Cy, be their respective local basis at their origins (which always

exist; for example they could be just the neighbourhood basis at the origin).
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Then a function f : X — Y is continuous if and only if for any ¢ € Cy,, there

exists b € By, such thatb C f~!(c).

To talk about completeness in topological vector spaces, we introduce
the notion of a uniform space. Uniform space is the general context in which
the notion of completeness makes sense. A uniform space is simply a space
endowed with a uniform structure. There are many equivalent definitions;
we will adopt the entourage one. The definitions and results here on uniform

spaces can be found in standard references on uniform spaces [9, 24].

Definition 2.3.11. Let X be a set. An entourage on X, y, is a non-empty

collection of relations on X, that is, y € (X x X) such that

Forevery U € v,idyx :={(x,x) : x € X} C U.

e yis upward closed, thatisif U,V € (X x X) such that U € V and

U ey, thenV € vy.

vy is closed to finite intersections, thatis, if U,V € y,thenU NV € y

y is closed to the (unary) operation of taking relational transpose, that

is,if U € y,then U’ € y,where U" := {(x,y) e X X X : (y,x) € U}.

For every U € v, there exists V € y, such thatV oV C U, where "o’ is

relational composition (see the second example in Example 2.1.2).

Every topological vector space X comes equipped with a canonical uni-
form structure where we declare M € X X X to be an element of the en-
tourage if there exists an open neighborhood around the origin, U, such

that for any (x,y) € M, x — y € U. Henceforth, whenever we talk about
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notions such as Cauchy nets and completeness in a topological vector space,
we will be talking in context to this canonical uniform structure.

Moreover, a uniform structure (X, y) induces a topology on X by declar-
ing a non-empty set O C X to be open if and only if for any o € O, there
existsaV € y, such that V[o] := {t : (0,¢) € V} € O. For any topological
vector space, the induced topology by its canonical uniform structure agrees
with the original topology.

The nice thing about isomorphisms of uniform spaces (see below) is
that they preserve uniform properties such as completeness in addition to

topological properties such as Hausdorff-ness, connectedness, etc.

Definition 2.3.12. Given uniform spaces (X, y), (Y, §),afunction f : (X,y) —
(Y, d) is said to be uniformly continuous if for any entourage V' € 6,
(f x f)"1(V) € y. Note that uniformly continuous functions are always
continuous functions with respect to the induced topology by the uniform

structure.

Lemma 2.3.13. Any linear continuous map f : X — Y between topological
vector spaces X and Y is uniformly continuous (with respect to the canonical

uniformity).

Proof. By definition of canonical uniformity on topological vector spaces,
any entourage on Y is of the form Eyy = {(y1,)2) € Y XY 1 y1 —y» € W},
where W is an open neighbourhood around 0y. Now, by continuity, we have
that there exists an open neighbourhood V' around Ox such that f(V) € W.

Now we define Ey := {(x1,x2) € X X X : x; — xo € V}. Clearly, Ey is an
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entourage on X. Then, by linearity, we have,

f(x1) = f(x2)=f(x1-x2) € f(V)CW.

So we have that (f(x1), f(x2)) € Ew and hence (f X f)(Ey) € Ew or equiva-
lently, By C (f X f)"'(Ew). Then, since Ey is an entourage on X, by upward
closedness (f x f)~'(Ew) is an entourage on Y. Thus, f is a uniformly

continuous function. O
Definition 2.3.14.

(a) LetX beaTVS.Andletx, : I — X beanetin X, whereIis some directed
set. Then the net is said to be Cauchy if for any open neighborhood
U around the origin, there exists i, € I, such that x; — x; € U for all
ILj>1p.

(b) Atopological vector space X is said to be complete if and only if every

Cauchy net x, : I — X converges to some point x € X.
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Chapter 3

Mixed unitary categories

Having developed the background on basic category theory and topology,
we define the notion of a mixed unitary category (MUC) in this chapter.
The main mathematical objects of our study, that is finiteness spaces and
reflexive Lefschetz spaces, are examples of mixed unitary categories. MUC
were proposed in [40] as a categorical semantics for arbitrary-dimensional
quantum mechanics. AMUC is a (1)- linearly distributive category (LDC)
(read as “dagger LDC”) with a unitary core. The unitary core is equivalent to
the compact fragment of the theory. This core then extends to a full - LDC,
yielding the structure of a MUC. Thus, a MUC can be seen as capturing the
idea of a finite-dimensional theory sitting within the larger setting of a -
LDC.

It is well known that dagger compact closed categories give a semantics
for finite-dimensional quantum mechanics [1]. Compact closed categories
are the proof theory for the compact fragment of linear logic with nega-
tion. A natural generalisation of a compact closed category is, thus, a *-

autonomous category, where the tensor and par are not isomorphic. A
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further generalisation of %- autonomous category is a dagger (}-) linearly
distributive category (LDC), where the dagger need not necessarily come
from the dualising functor.

The dagger structure also allows us to talk about unitary operators (in
the core), which are of central importance in quantum mechanics.

The definitions and results in this chapter are taken from [40].

3.1 Dagger linearly distributive categories

The notion of a MUC will be developed in the setting of dagger isomix
LDCs, where the unitary core is contained in the class of objects for which
A® B = A® B, called the core of the category. This map between the tensor
and the par is induced by having a map between the units of the par and

the tensor.

Definition 3.1.1. A LDC X is said to be a mix LDC, if there exists a map
m: 1L — T, called the mix map, such that the following diagram commutes

for all objects A, B € X:

id @(meid)

ide -1
A®B —= s A (L@ B) —2"%0y A (T @ B)

-1 . ~o
ult ®1dl ~~_ \L&L

(A®1)®B IR (A®T)®B
6R\L \\\\\\\ \Lug
T~
A®(L®B)—— A® (T ®B) > A® B

id &(m&id) idoul

The map thus obtained, mxs 5 : A® B — A ® B, is called the mixor. Itisa

natural transformation as it is a composition of natural transformations.
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Definition 3.1.2. A mix LDC is said to be an isomix LDC if and only if the

mix map m : L — T is an isomorphism.

We note that the mix map being an isomorphism does not entail that the
mixor is an isomorphism. However, when the mix map is an isomorphism,
the coherence required of the mixor is automatically satisfied [13]. When

each mixor is an isomorphism, the LDC is said to be compact.

Definition 3.1.3. A compact LDC X is an isomix category where each mixor,

mxap:A®B — A® Bisanisomorphism forall A, B € X.

We will not always be explicit in this quantification over objects. Unless
further conditions are mentioned, the choice of objects is meant to be
generic.

One of the ways in which compact LDCs arise is via the core of a mix

category.

Definition 3.1.4. An object U is in the core of a mix category if and only if

mxy,— and mx_ y are isomorphisms.

Thus, we can consider Core(X) to be a full subcategory of X which will
be compact. We also have that the core is closed under tensor and par in a

mix category, and if the category is isomix, then the units are in the core.

Proposition 3.1.5. [7] If X is amix-LDC and A, B € Core(X), then A®B,A®

B € Core(X). If X is an isomix- LDC, then L, T € Core(X).

We next need higher-dimensional cells of an LDC before we can make
the notion of a - LDC precise. For that, we first recall the definition of a

monoidal functor.
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Definition 3.1.6. Let (X, ®, ), (Y, ®, I) be two monoidal categories. Then
a monoidal functor between them is a functor F : X — Y equipped with
two natural transformations mg : F(A) ® F(B) > F(A® B),m; : I — F(I)

such that the following diagrams commute:

(MF 1)

(F(A)® F(B)) ® F(C) 225 F(A® B)® F(C) —=3 F((A® B)® C)

a@l \LF (ag)

F(A) ® (F(B) ® F(C)) m F(A)® F(B® C) s F(A® (B®C))

(MF 2)
FA)®I
id®m,\L x
F(A)®F(I) ———— F(A®I) o F(A)
(MF 3)
I ® F(A)

m1®id\L x
F(D) @ F(4) ——— Fl®4) =3 F(4)

Afunctor F : X — Y between two monoidal categories is called comonoidal
if F : X°P — Y°P is monoidal. When the functor is comonoidal, we will

denote the associated natural transformations by ng(ng), nt(ny).

Alinear functor between two LDCs is then a pair of monoidal functors

satisfying some coherence conditions. More precisely,

Definition 3.1.7. A linear functor F : X — Y between two LDCs is a
pair of functors (Fg, Fg) such that Fg is monoidal with respect to ® and
Fg is comonoidal with respect to @, and we have the following natural

transformations
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: Fg(A® B) — Fg(A) @ Fg(B)

® =

: Fg(A® B) — Fg(A) ® Fg(B)

®t~

@

: Fg(A) ® Fo(B) — Fs(A® B)

e vl : Fs(A) ® Fg(B) — Fs(A® B)

L
o -

such that the following diagrams commute:

(LF1)
F®(ué)
Fo(L®A) > Fg(A)
Fg(L) ® Fg(A) W 1 @ Fg(A)
(LF 2)

Fo((A® B) @ C) Foldto) S Fo(A® (B® C))

R R

Fe(A® B) ® Fg(C) Fg(A) ® Fg(Ba@ C)

(Fo(A) ® F3(B)) @ Fg(C) ———— Fo(A) ® (Fp(B) @ F(C))

(LF 3)

Fg(as)

Fg((A® B) @ C) > Fe(A® (B® C))

L R

Fg(A@® B) ® Fg(C) Fg(A) ® Fg(B® C)

vg @idl l/id @ vé

(Fe(A) @ Fg(B)) ® F3(C) ——F—— Fo(A) ®© (Fg(B) ® Fe(C))
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(LF 4)
FolA) ® Fa(B® C) —— 22y Fo(4) @ (Fa(B) ® Fo(C)
m@l \L(SL
Fo(A® (B®C)) (Fs(A) ® Fo(B)) & Fo(C)
F®(6L)l ivgeaid
Fs((A® B) @ C) — > Fa(A® B) @ Fg(C)
(LE 5)

FolA) ® Fo(B® C) — 2" Fo(A) @ (Fa(B) & Fo(C))

m®l ly

Fe(A® (BoC)) (Fg(A) ® Fg(B)) ® F5(C)

F®(§L)\L lmepeald

Fs((A®B)a® C) > Fg(A® B) @ Fg(C)

L
Vs

There are other coherence conditions coming from symmetries of the
data, such as simultaneously switching ® with @ and L with R or taking the
inverse of these natural isomorphisms while switching m+ with n, and so
on. We will not give a full list here. But the full definition can be found in
[15, 40]. For example, see Chapter-2, Section 2 of [40].

Alinear functor between symmetric LDCs is said to be symmetric if and

only if the following additional diagrams commute:

(LFS 1)
Fo(A) ® Fg(B) — =% Fy(A® B)

C@i l/F® (C®)

Fg(B) ® Fo(A) ———— Fe(B® A)
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3. Mixed unitary categories

(LFS 2)
Fo(A®B) —= % Fy(A) ® F(B)

Fg(co )\L \LCGB

Fo(B® A) ——— Fa(B) ® Fo(4)

We will be particularly interested in Frobenius functors, which are a de-
generate form of alinear functor, having the same monoidal and comonoidal

components.

Definition 3.1.8. Alinear functor F : X — Y is called a Frobenius functor
if and only if
(FF1) Fg = Fg,
(FF2) mg = vk = vk and
(FF3) ne = vk =k
These Frobenius functors will be called (iso) mix if they also preserve

the mix structure.

Definition 3.1.9. Suppose X and Y are mix categories. Then a Frobenius

functor F : X — Y is called a mix functor if the following diagram com-

mutes:
F(1) 5 1 ™y 7 "'y F(T)
F(m)

Definition 3.1.10. Suppose X and Y are isomix categories. Then a mix

functor F : X — Y is called an isomix functor if the following additional
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3. Mixed unitary categories

diagram commutes:

F(T) Fon F(1)

When either n; : F(L) —» Lormy : T — F(T) is an isomorphism,
then any mix functor between isomix categories is automatically an isomix
functor (See Lemma 2.26 of [40]).

Now, for the 2- cells, we first recall the definition of a monoidal transfor-

mation.

Definition 3.1.11. A monoidal transformation « : F = G between two
monoidal functors is a natural transformation ¢ : F = G such that the

following diagrams commute:

(MN 1)
F(A) ® F(B) 2B ¢(4) & G(B)
F(A® B) s > G(A® B)
(MN 2)

I G

F(I) —— G(I)

Again, a linear natural transformation will be a pair of natural transfor-

mations with some coherence conditions.

Definition 3.1.12. A linear natural transformation a : F = G between

two linear functors consists of a pair of natural transformations (ag, ag)
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3. Mixed unitary categories

such that ag : Fg = Gg and ag : Fg = Gg are monoidal transformations

such that the following diagrams commute:

(LN1)
Fo(A® B) 2o 5 Go(A® B)
Fg(A) ® Fg(B) Go(A) ® Gg(B)

m%

Fg(A) ® Go(B)
(LN 2) agvi(ide@ag) = vi(ag @ id)
(LN 3) (id®ag)vi(ae) = (a ® ®id)vk
(LN 4) (ag ®id)vEae = (id ®ae) vk

An adjunction of linear functors (7, €) : F 4 G is an adjunction in the
usual sense in the 2- category of LDCs with linear functors and linear trans-
formations. In particular, such an adjunction leads to a pair of monoidal
adjunctions [29], (ng, €g) : Fg 4 Gg and (ng, €s) : Fo 4 Gg . An equivalence
is a linear adjunction in which both the unit and counit are linear natural

isomorphisms.

Remark 3.1.13. For any isomix category X, we always have two linear
functors, Mx| : (X,®,®) — (X,®,®) and Mx; : (X,®,8) — (X, ®,9).
For example, the monoidal and comonoidal components of M x| are given
by (id, id, id), (id, mx, m) respectively. When X is a compact LDC, then
Core(X) = X and hence the mixor will be an isomorphism. Thus, a compact

LDC is (linearly) equivalent to a monoidal category.
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3. Mixed unitary categories

Now we are ready to state the definition of a - LDC, and later of a -
isomix category in which the notion of a MUC is developed. We first note
that the dagger on a LDC can not be stationary on objects. By reverse of a
map f : A — B, we simply mean a map f" : B — A. The reverse of the (left)
linear distributor 6~ : (A® B)@C — A® (B&C) is not a valid map in LDCs.
By 6% not being valid, we mean that this map is not derivable in the sequent
calculus of LDCs. So if there were a dagger on LDC which is stationary on
objects then the dagger of 5* will give a map of the type §*', which is not
valid in an LDC. Therefore, the dagger must minimally be non-stationary

on objects in LDCs. See [8, 40] for further details.

Definition 3.1.14.

(a) Let (X,®, T,®, L) bealLDC. Then by an opposite linearly distributive
category (X, ®, T, ®, L)°P, we mean (X°P, @, L, ®, T), where X°P is the

usual opposite category and ®°P := @, @°P :=®, TP := 1, 1°P = T.

(b) Let(Fg, Fg) : (X,®, T,®, 1) — (Y,®, T,®, L) bealinear functor. Then

the opposite linear functor is given by (Fg', Fo').

Now, though the dagger is non-stationary on objects in an LDC, it is still

an involutive equivalence. More precisely,

Definition 3.1.15. [12] A dagger linearly distributive category (}- LDC),
is a LDC X, with a contravariant Frobenius linear functor (_)" : X°P — X

which is a linear involutive equivalence ()T —|| (L) : X°P — X

Now observe that since the dagger is an involutive equivalence and
the domain category is X°P, this means that the unit and counit map is

the same, which we will simply denote by 1 : X — X', By definition of
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linear functors and linear transformations, it means that we have laxors
g : AfT®@B" — (A®B)", Ag : AT@BT > (A9B) , A+ T - 154, : 1L — 7T,
The first two are called tensor laxors, and the latter two are called unit laxors.
Recall that for a LDC, (X, ®, T, ®, 1)°P, the opposite LDC is defined to be
(X°P, @, L, ®, T), and therefore these laxors flip between the tensor and the
par. These laxors satisfy various coherence conditions, of which we will list

a few here; the full list can be found in [40].

(id ®Ae) ey, = a5' (Ae ® id)Ag

uB(ud)' = A+ ®id)Ag

(ld ®/l@)//‘,® = 6L(/1® () ld)/l@

(t® g = Lﬂ;

A=Al

T

lar = (lzl)

Note that the last condition is the triangle identity of the adjunction, (¢, ¢) :
()T 4 ()P : X°P — X. When the LDC structure is inherited from the
*- autonomous category structure, the (_)* functor gives us a Frobenius
linear functor on the LDC thus inherited, (_)* : X°P"®¥ — X. We define
X, ®,T,®, L) :=(X,®%, T,0, 1), where A®™ B := BRA,A®"™B :=

B ® A. The dual assignment extends as a Frobenius functor as follows:

AL
B (3.1)
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3. Mixed unitary categories

And the tensor laxors mg : B A* - (A® B)*,n¢ : (A® B)* — B* @& A*

are given as follows

(A® B)* (3.2)

(3.3)

B* @ A*
Similarly, the unitlaxors are given by using the unit and counit map of the

dual adjunction. Moreover, the dualizing functor becomes an equivalence
of Frobenius linear functors. The unit and the counit is given by the snake

diagram

(3.4)

And we know that ( : X — X** is an isomorphism by the definition of a *-
autonomous category.

Thus, we have,

Lemma 3.1.16. Suppose (X, ®, I, —o, 1) is a *- autonomous category. Then

(Lo (10"

oprev

: XOP'® — X is a Frobenius involutive equivalence.

This tells us that if the LDC structure is inherited from a star autonomous
category, then we can define the dagger to be the dualizing functor to get

an example of a {- LDC.
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3. Mixed unitary categories

A - (iso) mix category is then a - LDC, where the dagger also preserves

the (iso) mix structure.

Definition 3.1.17.

(a) Af-LDC X is said to be a t- mix category if X is a mix category and the

dagger functor (_)" : X°? — X is a mix functor.

(b) Af-LDC X is said to be a {- isomix category if X is an isomix category

and the dagger functor (_)" : X°P — Xis a isomix functor.

The maps between - LDCs are given by linear functors which also pre-

serve the dagger structure. More precisely,

Definition 3.1.18. A linear functor F : X — Y between 1- LDCs is said to
be a 7- linear functor if F is equipped with linear natural isomorphisms
pe : Fo(A") — Fg(A)', pe : F3(AT) — Fg(A)' such that the following

diagrams commute:

L ++ F@(A)TJr o
Fg(A) ———— Fg(A) Fg(A) ———— Fg(A)
F®(£)\L \LP; F@(U\L \LP;
Fg(A™T) T> Fe(AT)? Fg(A™T) T> Fg(AT)T

Now the dagger in a LDC often could be just the dualizing functor, but
at times, we compose this with a conjugative functor, which becomes our
dagger structure on the LDC. The conjugative functor categorifies the conju-

gation of the complex numbers (seen as a discrete category). More precisely,

Definition 3.1.19. [18] A conjugative monoidal category is a monoidal
category (X, ®, I), equipped with a functor (_) : X' — X, with natural

isomorphisms ¢ : A®B — B®A, Ep A — A such that the following

diagrams commute:
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(CMI) a:&'Z
(CM 2)
(A®B)®C — = 3 A® (B®C)
€®id\L \Lid@f
(B®A)®C A®C®B
él lﬁ
C®(B®A) Tl> (C®B)® A
ag
(CM 3)
A®B ‘ s B A
E®€J/ E
A®B £ A®B

&
A symmetric monoidal category which is conjugative is called symmet-

ric conjugative if the following additional diagram commutes:

B®

o]
=

®
C ®\L

®

e
Cg
¢

|
|
BN

® B

Definition 3.1.20. ALDC (X, ®, T, ®, L) together with a functor G X -
Xissaid to be a conjugative LDCifand onlyif (X, ®, T, {g, €), (X, ®, L, {a, €)
are conjugative monoidal categories and the following coherence conditions

hold:
(CLDC 1) (¢ ®id) 67 (id ®¢e) = o0t &e.

(CLDC 2) é56R¢&q = (id ®Es) 65 (Ep @ id).
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3. Mixed unitary categories

It is clear that the conjugation is a Frobenius functor ((_)g = (_)g) and
moreover an equivalence because by definition € : A — A is a natural

isomorphism.

3.2 Unitary and mixed unitary categories

In a - category, an isomorphism f : A — B is said to be unitary if and only
if ffT =id and f'f = idg. Butin a LDC, the dagger is not stationary on
objects, so we can not compose f and f7, as their types do not match. But
minimally, if we have A = A" and B = B and these isomorphisms behave
nicely with the linear structure, then we can proceed to have a coherent
theory. This is the motivation to develop the unitary structure in a - isomix

category.

Definition 3.2.1. A {- isomix category X is said to have unitary structure
if there is small class of objects U C X, called the unitary objects of X such

that :

(U1) Forall A € U, A € Core(X) and A is equipped with an isomorphism

@4 : A — AT, called the unitary structure map of A.
(U2) Uisclosed under ()", and forallA € U, ¢, = (91"

(U 3) Forall A € U, the following diagram commutes:

A
oL >,
Al —— 5

L
Tt
D av A
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(U4) T,L € U and they satisfy

/14 \ m i _—rl
Tt gl T
T

(U5) IfA,B € U,then A® B, A® B € U and they satisfy

-1
AeB P2 ate Bt 2y (aeB) X% AeB

mx

-1

A1 . o
A®B 2% AeB) =3 ATeB' % AeB

mx

Itisimportant to note that there is no demand of naturality on the unitary
structure map. Thus, the unitary structure is really a structure we choose to
put on a - isomix category and is not a property inherent to the category.
Any 7- dagger monoidal category X where the dagger is stationary on objects
(See Definition 2.2.7), can be given a unitary structure by defining ¢, := id,

forany A € X.

Lemma 3.2.2. If Aisaunitary objectin a {- isomix category, then ¢4+ = (,0;‘T

Proof. Note the following

(o7
()™ HH™H!

(((p)™H™HY

Pari

-
where the first two equalities are by (U 2) and the third equality is by func-

toriality of dagger. m]
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3. Mixed unitary categories

Now, when we have a unitary structure, we can define the notion of a

unitary morphism.

Definition 3.2.3. If f : A — B is an isomorphism between two unitary
objects, then it is said to be a unitary isomorphism if and only if the

following diagram commutes:

AP oAt

| %

- T
B o B
We note down a few lemmas about the unitary isomorphisms in a -

isomix category.

Lemma 3.2.4. Unitary isomorphisms compose, thatis,if f : A — B, g :
B — C are unitary isomorphisms, then their composite, fg : A — C, is

unitary.
Proof. Note down the following series of equalities,
oa = fosf’

fgocg'fr

fgpc(fg),

where the first two equalities use the unitarity of f and g respectively, and

the last equality is using functoriality of the dagger. O

Lemma 3.2.5. An isomorphism in a {- isomix category f : A — X between

two unitary objects is unitary if and only if 7 : X7 — AT is unitary.
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Proof. First when f is unitary, then ¢x = f'@a(f7)~!, so we have

(Froa(rHHHT
(ffo' Nt
o)

froaf™

Pxt

So f7is unitary. And when f7 is unitary, we have

()" = () ey (fTH
FH M oxH (M
((FH T ex' fH7

So by faithfulness of i functor, we have ¢3! = (f7)™ ¢3! f~!, and hence

¢oa = foxfT, so fis unitary. O

We also have that the unitary structure map itself is a unitary isomor-

phism.

Lemma 3.2.6. The unitary structure map ¢, : A — A’ is a unitary isomor-

phism for any A € U.
Proof. For the unitary structure map, we have:
Papar 0y = Pa(9;) @) = pa(pap;) = @a.
So ¢4 : A — AT is a unitary isomorphism. O

Lemma 3.2.7. Forany A € U, ¢, = LA(pj‘.
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Proof. We have

LA = PAPai

ealoH',

where the first equality is by (U 3) and the second equality is by (U 2). Now

this implies,

o = (D!

((@xH ™"

_ T
= L(PA’

where the first equality uses the fact that the structure map is a unitary
isomorphism, and the second equality comes from the functoriality of the

dagger. O

Similarly, the involutor is also a unitary isomorphism.

Lemma 3.2.8. The involutor iy : A — A" is a unitary isomorphism for any

AeU.
Proof. For the involutor we have,
aaity = (@) = 1agl = ¢a,
where the last equality is using Lemma 3.2.7. O

We say that a f- isomix category is a unitary category if ¢ = X. When

a category is unitary, then we can indeed define a dagger, (_)*, which is
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stationary on objects as

B ! > A
¥B = ot
BY : s AT
fT

This new dagger (_)* we claim extends as a contravariant involutive functor,
making X a - category (See Definition 2.2.6). Thus, in a unitary category,

we can always define a contravariant dagger that is stationary on objects.

Proposition 3.2.9. In a unitary category X, if we define the dagger of a
morphism f : A — Bas (f)" = (prT(pgl, then ()" : X°° —» Xisa

contravariant involutive functor.

Proof. For functoriality, for any A € X, observe that we have

id,: = quid::l (,01;1
= (pAidA (,0111

= idy,

where the second equality is using functoriality of (_)'. So (_)* preserves

identities. For composition, forany f : A — Band g : B — C, we have
gr = wcg' o5 flo;!
= ocg' 1oy
= oc(fg) vy
= (fg),
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where the first equality and last are by definition, and the penultimate equal-
ity is by contravariance of f. So we have that (_)* : X°? — X is a contravari-

ant functor. For involution, we have,

o= ealf) o5
= oalopf o) 0!
= oale) T op0p!
= Lfﬂ-t_l =f.
Thus (_)* : X°P — X is a contravariant involution. O

Now, when the category is unitary, this new definition of dagger gives us
the following

Lemma 3.2.10. An isomorphism © : X — Y in a unitary category X is

unitary if and only if u™! = u*.

Proof. Now u : X — Y is unitary if and only if ¢x = u¢yu'. This implies

ul= pyu' (p;(l, but this is exactly #* by definition. O

In fact more is true, recall the Mx, : (X,®,®) — (X, ®,®) in Remark

3.1.13. We have the following proposition.

Proposition 3.2.11. [40] Unitary categories are 1- linearly equivalent via the
mix functor M x| to the underlying dagger monoidal category on the tensor.
Furthermore, closed unitary categories under this equivalence become

dagger compact closed categories.

Now there exists a construction, where starting from any - isomix cate-

gory, we can extract a subcategory which is unitary.
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Definition 3.2.12. In a {- isomix category, a pre-unitary object is an object
U e Core(X) equipped with an isomorphism & : U — U such that

ala™H) =

Definition 3.2.13. Suppose X is a T- isomix category, then the canonical

unitary core of X, Unitary(X), is defined as follows
* Objects: Pre- unitary objects (U, a);
e Morphisms: f : (U, a) — (V, B), where f : U — V is any map.

Then we have that Unitary(X) is a compact - LDC. The dagger of (U, a)
is defined to be, (U, )" := (U7, (a™!)"). The unitary structure map for the

tensor and par is given as follows

A
UeV 5 vev 2 grevt 22y (o)

- . . A .
Uev 25 uev 2 ytevi L2y (e V)

The unit for tensor and par is still T and L respectively, with their structure

maps defined by
Ty Ay g
)
L T st

We also have Unitary(X) is a unitary category.

Proposition 3.2.14. For any - isomix category X, Unitary(X) is a unitary
category with a full and faithful embedding via a - isomix functor to the 7-

isomix category, U : Unitary(X) — X

Proof. The laxors are all identity maps, so the underlying functor is imme-
diately a - mix functor, the unitary structure map of (U, a) is set to be

a:(U,a) = (U7, (@")T). Then (U 1 — 5) follows by construction. O
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The notion of a mixed unitary category generalises this construction,

where we embed a unitary category into a {- isomix category.

Definition 3.2.15. [40] A mixed unitary category (MUC) is a - isomix cate-
gory X, equipped with a strong - isomix functor M : U — X from a unitary

category U to X such that there exist natural transformations
e mx': M(U)® X —» M(U) ® X with mxmx’ = id and mx’'mx = id
e mx": XeMU) - X ®M(U) withmxmx” =id and mx”"mx = id

Note that the requirement of mx’ and mx” being inverses to the mix
map ensures that the functor M : U — C factors through Core(X).

An immediate example of an MUC will be the embedding of the canoni-
cal unitary core into the ambient category. Here M : Unitary(X) — X is just
the identity map, which is immediately a strong - isomix functor. It also
factors through the core by construction.

We finish this chapter by giving a couple of examples of mixed unitary
categories. Consider the discrete category of groups where the tensor prod-
uct of two elements of a group g, hisgivenby g ® h := ghand g* := g™\

Suppose we fix the group to be the additive group of complex numbers,

(C, +,0). We define (a + tb)" := (a + 1b)* = (-a — 1b) = —a + 1b. Thus, the
pre-unitary objects of (C, +, 0) are precisely the purely complex numbers,
thatis, a + tb such that the real part is 0, that is, a = 0. The unitary structure
map is then simply the identity map between a purely complex number and
itself.

We next consider the group M, (C), that is the group of 2 X 2 matrices

over C. The conjugation is defined entry-wise, then it is clear that the pre-
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unitary objects of (M, (C), e, I') will be the unitary matrices. In both cases,
we can embed this canonical unitary core into the ambient category to get

examples of mixed unitary categories.
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Chapter 4

Lefschetz spaces

4.1 Background

We want to extend the correspondence between the bases of Hilbert spaces
and Frobenius algebras on them to the setting of a mixed unitary category,
where this extension can be seen as from the unitary core to a full dagger lin-
early distributive category (- LDC). The finite sets (interpreted as the basis
of Hilbert space on them) in this correspondence are replaced by finiteness
spaces (Chapter 5), whose core is exactly that of finite sets and relations.
The finite-dimensional Hilbert spaces get replaced by reflexive Lefschetz
spaces. The core of reflexive Lefschetz spaces is of finite-dimensional spaces,
which is equivalent to that of finite-dimensional matrices, which, in turn, is
equivalent to the category of finite-dimensional Hilbert spaces. Thus, the
extension could be seen from the core to a full f- LDC.

In this chapter, we introduce the first leg of this extension, namely, the
Lefschetz spaces. The study of Lefschetz spaces was initiated by Solomon

Lefschetz [28]. It was later studied by people like Barr [4], Ehrhard [19] and
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Blute [5]. It is well known that when V is an infinite-dimensional vector
space, then the space of linear functionals on its dual V* has a larger dimen-
sion than that of the space of functionals induced by the elements of V via
the natural evaluation map. That is to say that the canonical evaluation
map evy : V — V™ is in general not surjective. Barr wanted to study if
there is a suitable topology we can put on the dual space, such that the
space of continuous linear functionals on the dual space is still in bijection
with those that are induced by the elements of V. He showed that the Lef-
schetz topology is what makes the evaluation map evy : V. — V** always
a continuous bijection. The full subcategory of those spaces for which the
evaluation map is also open and thus is an isomorphism are called reflexive.
The category of reflexive spaces with continuous linear maps forms a star
(*)- autonomous category.

We follow Barr [4] to develop the theory of reflexive Lefschetz spaces.
This will be up to Section 4.2. Then we will use the equivalence between the
notion of an LDC with duals and of a - autonomous category [14] to develop
further the theory of reflexive Lefschetz space within the framework of LDCs.
We ultimately want to show that the category of reflexive Lefschetz spaces
with a basis and linear continuous maps forms a mixed unitary category

(MUCQ).

4.2 The category of Lefschetz spaces

A Lefschetz space is a topological vector space that has a local basis at the
origin of open linear subspaces. The keyword here is linear. Any topological

vector space can be given a basis at the origin of open sets; we demand that
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these open sets are now linear subspaces of the vector space. For this reason,

they have also been referred to as linearly topologised vector spaces [5, 6].
Definition 4.2.1.

(a) A Lefschetz space V is a topological vector space (V, +, ) that has a

local basis at the origin consisting of open linear subspaces of V.
(b) The category of Lefschetz spaces, Lef, has

Objects: Lefschetz spaces;

Morphisms: continuous linear maps;

Composition: usual composition of functions;

Identity: the identity continuous linear transformation.

We will first define an endofunctor, called the internal hom functor. For
any V € Lef, we define, V — (_) : Lef — Lef. On objects, V — W is the

space of all linear continuous functions from V to W, and the subbasis for

the topology for V' — W is given by subspaces of the form,

{f:V—=>W:f(v) e Wolvev,wpeNo(w)

where f : V — W is a continuous linear map and v, W, runs over the ele-
ments of V and open linear subspaces around 0y respectively (the collection

is denoted by Ny(W)).

Lemma 4.2.2. V — W is a Lefschetz space.

Proof. To prove that V — W is a Lefschetz space, we need to give a local

basis at Oy .y (the constant function 0 from V to W) consisting of open
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linear subspaces of V. — W. We claim that the local basis at Oy .y is given

by the family

{f:V—-=>W:f(v) e Wolvev,woeNo(w)

where by Ny (W) we mean the open linear subspaces around Oy .

To see that the above family is indeed a local basis at Oy _.y, note that by
definition (recall Definition 2.3.7), the topology on V' —o W is given by taking
arbitrary unions of finite intersections of the sets in this family. In particular,
each set in this family is open. Moreover, Oy _. belongs to each set in this
family. Thus, any open set generated by this subbasis which contains Oy .y
contains a set from this family. Hence we have that the local basis at Oy

is given by open subspaces of the form
{f:V-oW:f(v) e Wy},

and we are done. O

Hence, the internal hom functor V. —o (_) : Lef — Lef is well defined on
objects. Onamap f : W — U, we define the functor by post-composition.
ThatisV — f : (V — W) — (V — U), whereforany g € V —o
W,(V — f)(g) := gf. This preserves identity and composition. Hence

V —o (_) : Lef — Lef is a functor. And so we have,
Lemma 4.2.3. ForanyV € Lef, V — (_) : Lef — Lef is a functor.

Barr then proved that for any V' € Lef, V —o (_) : Lef — Lef has a left

adjoint (_) ® V : Lef — Lef [4], that s,

)V 4V — ()
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and thus for any U, V, W € Lef, we have the following natural isomorphism
Lef(U®V,W) = Lef(U,V — W). (4.1)

This makes Lef into a monoidal closed category.

Remark 4.2.4. An explicit description of the tensor product in the category
of Lefschetz spaces can be found in [6]. By explicit description, we mean
knowing the basis of the topology on the tensor product of two Lefschetz
spaces, given the topology on each of them. The basis for topology on
V1 ® V, is given by a family of subspaces of the form B; ® V> + B, ® W,
where B;, B, are open subspaces around the origin of V; and V, respectively.
This topology on the tensor product can equivalently be described as the
strongest (finest) topology that makes the tensor multiplication map V; x
V, — V1 ®V; uniformly continuous. For more details, see Section 24, Chapter-

Vof [6].
We also have that the tensor product in Lef is symmetric.

Theorem 4.2.5. [4] The tensor product on Lefschetz spaces (_) ® V : Lef —

Lef is symmetric.

Proof. LetF : U ® V. — W be a continuous map, then via the adjunction
above (Equation 4.1), F correspondstoamap G : U — V — W. This
means that for any fixed u € U, F(u,—-) : V — W is a continuous map.
Moreover, the map G itself must be continuous. Now recall that an open

subspace around Oy _.y is given by a set of the form,

{f: Vo W:f(v) e Wolvev,woenyw)-
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Hence G is continuous if and only if for any fixed v € V, G pulls back an
open subspace around Oy to an open subspace in U, that is, F(—, v) is
continuous for any v € V. Hence the bilinearmap F : UQV — W is
continuous if and only if the linear maps it determines are continuous. That
istosay, foranyfixedu e U,v e V,F(u,-) :V - W, F(-,v): U —» W are
continuous. This is exactly the condition for a bilinearmap F: Ve U — W

to be continuous, and thus the tensor here is symmetric. m]

So we have that Lef is a symmetric closed monoidal category. We denote
by V*, the space of linear functionals on V, thatis V* := V —o C. The * map
is a contravariant functor by defining its action on maps by precomposition.
Thatisforany f : V. — W, f* : W* — V*, defined by f*(g) = fg. Itis
immediate to check that this preserves composition and identity and hence
is functorial. We now note that the natural map | evy | : |[V| — |V**| (where
by |.|, we mean the underlying set (set map)), defined by v +— ev(v), where

forany ¢ € V*, ev(v)(¢) := ¢(v) is realised in Lef. This can be seen by
ve S v

VeV - C

VeV* = C
Now Barr showed that this natural evaluation map is always a continuous
bijection [4]. When the evaluation map evy : V — V** is also open, and
thus an isomorphism, we say that V € Lef is reflexive. We denote the full
subcategory of reflexive Lefschetz spaces by RLef.

We want to show that RLef is also a monoidal closed category. For that,

we need a couple of lemmas:
Lemma 4.2.6. [4] ForanyV € Lef, V* is reflexive.
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Proof. We know by Barr that the natural evaluation map for any Lefschetz
space (in particular for any reflexive Lefschetz space) is always a continuous
bijection [4]. So we have that evy- : V* — V*** is a continuous bijection.
We claim that (evy)* : V*** — V* is the continuous inverse of evy-. First
note that (evy )™ is continuous as evy is continuous and (_)* : Lef — Lef is
a functor. Now we need to prove that evy- (evy)* = idy- and (evy)* evy- =
idyees.

Let ¢ € V*, then observe

(evy)*(evy- ()

(evy)"(evy+(¢))

evy evy«( ).

Then forany v € V,

evy-(@)(evy(v)) = ev(g)(ev(v))

= ¢(v).

So we have evy-(evy)* = idy-. For (evy)* evy« = idy«, let ¢ € V***, then,

evy:((evy)*(y)) evy-(evy ¥)

evy:(evy ).

Now any ¢ € V** is of the form evy (v) for some v € V, and so,

evy-(evy y)(evy (v)) = w(evy(v)).

And so we have, (evy)* evy+ = idy«+. Hence evy- : V¥ — V*** is an isomor-

phism, so V* is reflexive. O

Using this lemma, we can now show the following:
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Lemma 4.2.7. [4] ForanyV € Lef and W € RLef, V — W is reflexive.

Proof. Note the following series of isomorphisms,
V—-oW=V-—-oW"*2V—o(W*"—-C)=(VeW") — C=(VeW")*.
Note that the third isomorphism is a valid natural isomorphism, as in any
monoidal closed category, we have notonly X(U®V, W) = X(U,V — W),
butalsoU®V — W = U — (V — W) [30]. And hence we have V —o
W = (V® W*)*. Then by Lemma 4.2.6, V — W is reflexive, as V —o W is

(isomorphic) to a dual space. m]

Next, using Lemma 4.2.6, we prove that the inclusion functor I : RLef —

Lef has a left adjoint.

Lemma 4.2.8. [4] The inclusion functor I : RLef — Lef has a left adjoint

given by (_)** : Lef — RLef.

Proof. First note that by Lemma 4.2.6, for any V' € Lef, V* € RLef, so
the (_)* is well-defined. Now we will prove the adjunction by giving the
universal pair. For any V' € Lef, we claim that the universal pair is given
by (V**,ny = evy : V. — V*). Then we must prove that for any map
f 1V — W in Lef, where W is a reflexive space, there exists a unique map

h : V** — W such that the following triangle commutes.

1% evy ) V**

S

w

We define h := f**(evy)!. Note that this is a valid map as W is reflexive.

Now note that forany v € V, f**(evy(v)) € W** and for any ¢ € W*

evv (f* (@) = ew(fo),
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which for any v € V, takes the value ¢ (f(v)). Hence when we apply eVIjV1
to it we get f(v). And hence the triangle commutes. For uniqueness, let

g : V™ — W such thatevy g = f, then we have,

evy g = evy f[evy; .

This implies that g = f** ev;v1 onall ¢ € V**, such that ¢ = evy (v) for some
v € V. But we know that the evaluation map is always a bijection for any
Lefschetz space, and hence we have g = f** ev;vl. So we have the required

adjunction. O

Putting Lemma 4.2.6, 4.2.7, 4.2.8 together, we have that for any V' € RLef,
(V)" H4V — ()

and thus we have for any U,V, W e RLef, we have the following natural

isomorphism
RLef((U ® V)™, W) = RLef(U,V — W)

This makes RLef into a symmetric monoidal closed category. For the star
autonomous structure, the global dualising object is given by the base field
(C), and as the evaluation map evy : V — V** is an isomorphism for any

reflexive Lefschetz space, we have that RLef is a - autonomous category.

Remark 4.2.9. Note that even in RLef, maps out of the tensor product still
correspond to a pair of continuous linear maps F;(u,—) : V. — W and
F>(—,v) : U > W. Moreover, we have |U ® V| = |(U ® V)**| (where recall
the (|.|) means the underlying set of these spaces ), so for brevity of notation
we will simply denote the tensor product of two reflexive spaces U,V by

UslV.
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By the discussion in the background chapter on equivalence between the
notion of a - autonomous category and a LDC with duals [14], we know that
RLef is an LDC with dual. That means that there are mapsn: C - V* @V
and € : V ® V* — C which satisfy the snake equations. For exercise, we will
now derive the map € : V ® V* — C. By definition, it is the transpose of
the evaluation map evy : V. — V**. So ¢ is the unique map that makes the

following triangle commute:
V—2 sV o (VeVY)
evy V*AO(eVV)#

V¥ — C
Here the map ny : V. — V* — (V ® V*) on basis vectors is defined as
follows ny (v;) == Yrex 5v/c—>vl~®5uk’ where §,, denotes the functional on V
which takes the value 1 at v, and 0 elsewhere. And 5vk—>vl-®6uk denotes the
continuous linear function from V* to V ® V* which takes 6,, to v; ® 6,
(and every other basis vector to 0). Now the evaluation map is given by
sending v; to ev(v;), which in this notation can be denoted by 6,,,;. Then
(evy)” : VOV* — Cisgivenbysendingv;®46,, to 1,ifi = j, and 0, otherwise.

It is easy to check that nyV* —o (evy)” = evy, as

V* —o (evy)" (ny (v;))

#
V' — (ev)*( ) Suvies,)
keK
= 51/,'—)1 .
Since all of these maps are linear, this means that the colloquial map we use

€:V®V* — Cbysendingv ® ¢ — ¢(v) is the actual map we get from the

adjunction. So we have € = (evy)" : V® V* — C.
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4.3 Reflexive Lefschetz spaces as dagger isomix
categories

Since RLef is a *- autonomous category, we know via the equivalence be-
tween the notion of a - autonomous category and that of an LDC (with
duals) [14] that RLef is an LDC with duals. We will now develop the rest of
the theory of reflexive Lefschetz spaces as an LDC. In this section, we will

define a { structure on RLef and prove that RLef is a {- isomix category.

Lemma 4.3.1. RLef is an isomix LDC.

Proof. To show that RLef is an isomix LDC, we will first show that C is a unit
for the par. Recall that by definition of par induced by the #-autonomous
structure, we have for any V, W € RLef, V @ W := (V* @ W*)*. Itis clear
that C* is a one-dimensional space, as the space of linear functionals on C
is completely determined by the value it takes on 1 € C. But the only one

dimensional space is C itself, so we have for any V' € RLef,

VeC = (V'C)"

IR

(V*eC)*

1R

V**

1R

v,

where to get the third isomorphism we have used the fact that C is a unit
for the tensor [4], and the last isomorphism follows as V is a reflexive space.
And hence the mix map is simply the identity map, so we have that RLef is

an isomix category. O

We then claim the following:
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Proposition 4.3.2. The core of RLef is exactly the full subcategory of finite-

dimensional reflexive spaces.
We need a couple of definitions and lemmas to prove this proposition.

Definition 4.3.3. Let X be a category. Then the biproduct of X;, X, € X ifit
exists,isatuple (X; x Xo, m : X1 * Xo - X1, m : X; * Xo — Xo,01 : X] —

X1 %X, : Xo > X7 % Xg) such that
e (X1 x X, m : X1 x Xo = Xp, Mt X x Xy — Xp) is a product tuple,

e (X1 xXp,01: X1 — X1 xXo,02 : Xo — X1 % Xp) is a coproduct tuple,

and
d iﬂl’l = id, igﬂz = id, ﬂgig]‘[lil = ﬂlilﬂzig.

Then we claim

Lemma 4.3.4. RLef has finite biproducts, where the biproduct of two reflex-
ive Lefschetz spaces V; and V» is given by V] % V,. Here V] % 1, is the direct
sum of V] and V; in the category of vector spaces, and the topology is given

coordinate-wise.

Proof. We first give the maps m; : V; x Vo, — V] by defining for any v; € 1}
and v, € V5, m1(v1,1») = 1vn and mo(vy, 1) (= 2. Now 7y : Vi % Vo, — W is
continuous as it pulls back an open set U in V; to (U, V,) C V; % 1, which
is open by our definition. Similarly, 7, is continuous. Then the unique
map required from Z € RLef to Vj x V; for a given pair of maps f : Z —
Vi,g : Z — Vyisgivenby (f, g) : Z — V; x V» by defining (f, g)(z) :=
(f(z), g(z)). Now (f, g) is continuous as it pulls back an open set (Oy, O,)

to f71(0;) N g71(0,), which is open as f and g are continuous. It is easy to
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check that (f, g)m, = f, (f, g)m = g and (f, g) is the unique such map, as
for any othermapifh: Z - Vi x Vo, mh = f and moh = g, then h = (f, g).
So Vi x Vo, m : Vi x Vo = Vi, mp : Vi x V, — V) is a product tuple.

Now we give the injection maps by defining for any v; € V; and v, € 15,
i1 : Vi >V x W, i1 (1) := (11,0),and ip : Vo — Vi x V5 by ix(12) := (0, v2).
Now i, is continuous as it pulls back an open set (0O;, 0,) in Vj x V5 to O;.
Similarly, i, is continuous. Then fora pairofmaps f : Vi - Z,g:V, — Z,
we definethemap f + g : Vi x V, — Z by setting f + g(v1,12) = f(vy) +
g(v2). Observe that any (v1, v2) € Vi x 1, can be written as (v, 0) + (0, v),
and continuity of f + g on vectors of the form (v, 0), (0, v2) follows from
continuity of f, g respectively. Since f + g is the coordinate wise sum of f
and g, it follows that f + g is continuous. It is easy to check that i; f + g =
f,i2f+g = g. And f+g isthe unique such map as any (vy, v») € V; xV; could
be written as (v1,0) + (0,12). So (Vi x V5,01 : Vi > Vi % Va,ip : Vo — V4 % 1)
is a coproduct tuple.

Now all that is left to check are the identities, for that,

m(i(v)) = m(v,0)

= V1.

So ilﬂl = ld, similarly iz]l'z = id. And 7'[2i27[1i1 =0-= m i] 7[2i2. So we have
that RLef has (finite) biproducts. m|

Now we have the following proposition:

Lemma 4.3.5. Let B, C € Core(X), where X is a symmetric LDC with duals
and with biproducts, then B x C € Core(X), where B x C denotes the

biproduct of B and C.
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Proof. Let A € X, then

A® (BxC)

N

(A®B) x (A®C)

N

(A®@B)x (A& C)

[l

A® (BxC),

where in the first and last equality follows from the fact that tensor and
par are left and right adjoints [13], so they preserve colimits and limits,
respectively. As the tensor and the par are symmetric, it follows that (B %

C)®A=(BxC)®A, soBxC e Core(X). O

Now in RLef, we know that C € Core(RLef) as it is isomix by Proposition
3.1.5, moreover, the topology on the direct sum is coordinate-wise, so any
finite-dimensional space is just n copies of C put together. Then it follows
from Lemma 4.3.5 that any finite-dimensional reflexive Lefschetz space is in
Core(RLef). Now, for any infinite-dimensional space V, it is generally not the
casethatVeV = (V*@V™*)* = V®V, unless the category collapses to a com-
pact closed category [17]. So we have that Core(RLef) = Fin(RLef), where
Fin(RLef) is the full subcategory of finite-dimensional Lefschetz spaces.
This completes the proof of Proposition 4.3.2.

As we saw, RLef is a *- autonomous category, where the V* is the space
of continuous linear functions on V. Thus RLef becomes a 7-LDC where the
dagger is just the dualising functor by Lemma 3.1.16.

For reasons coming from physics, we want, whenever we have a dual
system (V,V*, ev:V x V* — C), the evaluation to be linear in one variable
(often the first variable), but conjugate linear in the other. That is, ev(v, —) :

V* — Cislinear but ev(—, ¢) : V. — C is conjugate linear, ev(v,c ® ¢) =
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c o ¢(v); where e denotes the action of scalars from the field. So we change
the definition of the ¥ on RLef to accommodate this.

In RLef, we define the conjugation functor [18], as follows:

-

RLef > RlLef
% v cey:=Cev
f 7 f@) =f@)
w w

That is, on objects, the conjugation functor changes the scalar action to the
conjugate scalar action (we are working over fields with a notion of conju-
gation such as C), and on morphisms, the underlying set maps remain the
same. Note that |[V| = |V|. Then ]_° is now a linear (continuous) homomor-
phism between V and W. Importantly, note that the conjugation functor
does not affect the topology of the space.

Now we can easily check that this defines a conjugation functor as in
Definition 3.1.19. We define the structure maps as, g := Cg, {g := Co, € := id.
That is, we define the conjugative laxor simply to be the symmetry map
of RLef and the natural isomorphism ¢ : Vou := id. These are clearly
linear and continuous maps. For the coherence conditions, we have for any

v1, 1, 3 € V, where V is a reflexive Lefschetz space,

ce(id ®cg) (11 ® (V2 ® V3))

Ce(id ®cg) (ag((v1 ® V2) ® 13))

Ce(V1 ® (V3 ® 12))

(130 1) @,
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and,

a5 (co((v2 ® 1)) ® 13))

;' (ca(co ® id) (11 @ 12) ® 13)))

Zgl(vs ® (2 ® v1))

(U3 ® Ug) ® ;.

Note that |an1| = |ch§>1 |, as conjugation has no effect on the underlying (set)

map. Now, for the second coherence condition, we have

Co(Ce(v1 ® 12)) Co(v2 ®@ 1)
= 11 ®

= id((id®id)(v; ® 12)).

To be symmetric conjugative, we have

Co(Ce(v1 ® 12)) Cg(v2 ® 1)

= V1 QU

= cg(ce(v1 ®12)).

Similarly, RLef is conjugative with respect to @ and the coherence conditions
required for the conjugative LDC simply reduce to the coherence required
of the symmetry map in a symmetric LDC. Thus, we have that RLef is a
conjugative LDC.

Now both the dualzing functor and the conjugation functors are equiva-
lences of Frobenius linear functors, so they compose in the 2- category of
LDCs with linear functors and linear natural transformations to give us that
RLef is a T-LDC, where T := (L)*().

To conclude this, we note,
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Proposition 4.3.6. RLef is a -LDC with { := Q).

Thus, we have a dagger structure on RLef.

The notion of a mixed unitary category is developed within a 7- isomix
category. So we will prove that the dagger functor on RLef is isomix. First,
for the dualising functor, note that (C)* = C, so the mix map and all the
unit laxors are identity maps, therefore (_)* is an isomix functor. For the

conjugation, we have for any a + bt € C,

mc(m(nc(a + bi))) mc(m(a — b))
= mc(a-bi)
= a+b

= id(a+b)

= a+ bt

So G is a mix functor. To check if it is isomix, note that for any a + bt € C,

nc((id™")(me(a+by)) = ne((id™)(a- b))
= nc(a— bi)

= a+bt

= (id YH(a+ b
= (id Y (a+ br)
= id(a + bi)
= (a+by).

So we have that G : RLef — RLef is an isomix functor.

Thus both (_)* and (_) are isomix functors on RLef, so we have RLef is a -

isomix category where § := (_) *(). So we have,
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Lemma 4.3.7. Rlef is a {- isomix category.

We will not always be explicit in quantification over objects while prov-
ing coherence conditions, as it is standard to skip quantification when it
comes to commuting diagrams or while proving equations involving them.
Unless explicitly stated otherwise, the quantification is over all objects of
the category in context.

Next, we want to show that the category of reflexive Lefschetz space
forms a mixed unitary category. But to give a unitary structure to the spaces
in Core(RLef), which we know are finite-dimensional spaces by Proposition
4.3.2, we need to attach the data of a basis to our spaces. Though for this
chapter we only need the notion of a basis for finite-dimensional spaces,
we develop it more generally here, for completeness. This will be of crucial
importance when we define a functor from the category of reflexive Lef-
schetz spaces with a basis to the category of finiteness spaces by studying

the support of summable families over the basis.

4.4 Notion of a basis in reflexive Lefschetz
spaces

There exist various notions of a basis. The most familiar ones are of a Hamel
basis [35], where we are only allowed to take finite linear combinations,
and of a Schauder basis [10], where we are allowed to take infinite linear
combinations when working with spaces with a topology. But the Schauder
basis comes with a fixed order on it and is also countable in size. For reflexive

Lefschetz spaces, we will be working with a different notion of summability

76



4. Lefschetz spaces

and hence a different notion of a basis. Before we define what we mean by a

Lefschetz basis, we need some terminology.

Definition 4.4.1. Let V be a topological vector space and (v;);c; be any
arbitrary family of elements of V. Then we say this family is summable if

the following net is convergent:
Ve : Fin(I) -V

where for any A € Fin(I), v4 := )};c4 Vi- That is, we say (v;);er is summable
if the following limit exists:
Limcrin(1) Z v;.
icA

And we denote the limit by

Z Vj.

i€l

Now we can proceed to define an appropriate notion of a basis in Lef-

schetz spaces.

Definition 4.4.2.

(a) LetV be areflexive Lefschetz space. Then a collection of elements of V
{vi},c; is said to be linearly independent if and only if
Zaivi:O = q;=0,Viel.
i€l
where qa; are scalars from the field and the sum should be interpreted
as in Definition 4.4.1 and the equality should be interpreted as saying

converging to 0.

(b) A collection of elements of V, {v;};.;, that is not linearly independent is

called linearly dependent.

77



4. Lefschetz spaces

Lemma 4.4.3. Let {v;};.; be a linearly independent set in a reflexive Lef-

schetz space V. Then forany J C I, {v;} jeJ is also linearly independent.

Proof. We extend the sum }};c; ajv; by adding a;; = 0, forall i’ € I - J.
Clearly, then the sum }};.; a;v; still converges to 0. As {v;},.; is a linearly
independent set, so this implies a; = 0, for all i € I. In particular a; = 0, for

all j € J,so {v; }j ¢; is linearly independent. O

So we have that any subset of a linearly independent set is also linearly
independent. We also have that any re-indexed sum converges to the same
limit.

Lemma 4.4.4. Let {v;},.; be a collection of elements from a reflexive Lef-
schetz space V. We can see this indexing as a functioni : I — V. Let };; v;
be convergent to some v € V. Nowlet o : I — I be a bijection. Then the
re-indexed sum }; ;;c; Uy is also convergent. Moreover, it is convergent to

the same limit v.

Proof. Let };c; vi = v. By definition, this means that, for any open neigh-
bourhood U around v, there exists Aé] " € Fin(I) such that } ;.4 v; € U for
every A € Fin(/) so that A(I)Ji C A. We want to prove that }},;c; vg; is also
convergent to v. For this note that, as finite sums are independent of the
order of addition, so we have that for for any open neighbourhood U around
v, we have that ) ;.4 Vs; € U for every A € Fin(/), so that Aéji C A, and so

Y sicl Voi is convergent to v. 5

Note that this in particular implies that any re-indexing of a linearly
independent set is also independent, and so we have that the notion of

convergence and independence is agnostic to indexing.
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Remark 4.4.5. Observe that Lemma 4.4.4 shows that our notion of conver-
gence is indeed different from the one used in the definition of Schauder
basis [10], as it is well known that a convergent sum might diverge if the

elements are re-indexed.

Definition 4.4.6.

(a) Let S := {v; : i € I} be a collection of vectors in a reflexive Lefschetz
space V. Then the span of S is defined to be

Span[S] := {v € V : v = LimyeFin(y) Z Aqlg, aq € C,J C I}.

acA

(b) LetV be a reflexive Lefschetz space. Then a collection of elements of
V,S = {v; : i € I}, is called a Lefschetz basis for V, if S is linearly
independent and if S spans V. That is, every vector in v is a convergent

limit of finite linear combinations over (some subset of ) I.

Henceforth, we will be referring to a Lefschetz basis simply as a basis.
We next prove that every vector is a unique linear combination of the basis
vectors. And the main idea of this proofis that since linear operations are
continuous with respect to the topology, we can take distinct representations
of a vector over the basis to get a new sum which converges to 0, and then

the desired result follows from linear independence.

Proposition 4.4.7. Let V be a reflexive Lefschetz space and S a basis for V.

Then every vector in V is the limit of a unique linear combination over V.

Proof. Every vector is limit of some linear combination over S by definition,

as S spans V. We will now prove uniqueness.
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Forsomev € V,letv = }icjcsjvj and v = Yyexcs @kVk- Then as
linear operations are continuous with respect to the topology, we have that
2jejcs @jVj — v = 0, and Ygegcs @kVk — v = 0. Then by definition, for
any open linear subspace U around 0 in V, there exists Ay € Fin(J) such
that 3 ,cacjcs @aVa — v € U, for all A € Fin(J), so that Ay € A. And there
exists By € Fin(K) such that },,cpcxcs @ty — v € U, for all B € Fin(K),
so that By C B. Since U is a linear subspace, so (X cacjcs ®aVa — V) —
(X pepckcs apVp —v) € U, forall A € Fin(J), such that Ay € A, and for all
B € Fin(K), such that By C B.

So if we define ; j.ixejux @jkVjk as the following:
* aji :=ajifvjy € Jandvj, ¢ K

* aji = arifvyy € Kandvjr ¢ J

o aji = (aj —ax) ifvjr € Jand vjp € K

Then 3 ,,.pewcjuk @wlw € U, forall W € Fin(JUK), so that AgUBy € W. As
the choice of the open subspace was arbitrary, we have that 3 ji.ixe jux @jkVjk
as defined above, converges to 0.

Butthen J U K C S, and S is linearly independent, so by Lemma 4.4.3,
{vjk : jk € JUK} is also linearly independent. So, by the definition of linear
independence, we have ajr = 0, jk € J U K. This gives us by the definition
of scalarsin 3 jx.jxejux @jkVjk that, ax = 0whenvj, € Kandvjx ¢ J, aj =0
when vjr € Jand vjx ¢ K, and a; = ay, whenever vj; € Jand vj; € K.

Hence v € V is the limit of a unique linear combination over S. O

As in the finite-dimensional case, we have that linear dependence of a

80



4. Lefschetz spaces

set of vectors is the same notion as a vector being a (non-trivial) sum of the

other vectors in that set.

Proposition 4.4.8. Let {v;},.; be a collection of elements from V, a reflexive
Lefschetz space. Then {v;},.; is linearly dependent if and only if there exists

a vector vj,, ip € I such that vy, = Limacpin(r-{iy}) 2qea ®iVi-

Proof. As{v;},c;islinearly dependent, so there exists some choice of scalars
a; such that };; a;v; = 0, but not all @; = 0. Without loss of generality, let
a;, for some iy € I not equal to 0. Then as linear operations are continuous,
and as Limcrin(r) 2gea Xala = 0, S0 Limcrin(r) 2aea g—:) va, = 0. Again,
as linear operations are continuous, Limcpin(1) 24 A(Z—i‘(‘) Va) — Viy = —Vj,.
Multiplying by —1 on both sides we have, Limcpin(r) 2 gea(— g—l‘(‘) Va)+Viy = Ujy.

But then observe that the limit on the left-hand side is just the limit

. ’ A
Limacrin(1-{ip}) 2uaea @yVa, Where a; := —. And hence

o

Viy = LiMAcFin(1-{iy}) 2aea XaVa-
For the converse, note that, if v;, = Limaepin(7-{iy}) 2.qea @iVi, then sub-
tracting v;, from both sides, we have };.; a;v; = 0, but «;, # 0, so we have

that {v; };es is alinearly independent set. O

The above definitions and theorems in this section show that there is
a nice notion of basis in arbitrary-dimensional reflexive Lefschetz spaces.
Moreover, this is an appropriate extension from the finite-dimensional case,
as our general notion of basis reduces to giving that any sum over a finite set
converges, which should be the case, as we will soon see that every finite-
dimensional Lefschetz space is discrete. Now we will attach the data of a
basis to finite-dimensional reflexive Lefschetz spaces to provide it with a

unitary structure.
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4.5 Reflexive Lefschetz spaces as mixed unitary
categories

In this section, we define the category of reflexive Lefschetz spaces with
a basis, as defined in Section 4.4, and provide a unitary structure to the
finite-dimensional spaces. We then completely characterise the unitary
maps in this category as the isomorphisms that take our chosen bases to

the chosen bases.

Definition 4.5.1. The category of reflexive Lefschetz spaces with basis,

RLefg, has

Objects: Reflexive Lefschetz spaces with a chosen basis;
Morphisms: continuous linear maps independent of the basis;
Composition and Unit: same as RLef.

We must be explicit in giving the data of the basis of various constructions
present in the category RLefg. For this, suppose that (U, 8 = {b;}ic;) and
(V,C = {cj}jey) are two reflexive spaces with given bases, then the basis of

various constructs are given as follows:
e (URV,BXC:= {bl ® Cj}ie],je]);

* U — V,BXC = {¢Ppqtier,jes, Where by ¢pp,—;, we mean the
continuous linear map that takes b; to c;, and every other basis vector

to 0;

* (C, D ={})
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* (U*, Bx{*} = {¢p;—x}ic1), Wwhere ¢, _,, denotes the linear functional
on U, which takes b; to 1, and every other basis vector to 0. Upon
identifying this functional with b;, we have that basis of the dual space

is simply given by the same basis;
* (E»B = {Dbi}icr).

It is then immediate that, like RLef, RLefg is also a - isomix category, as we
haven’t changed anything except for adding the data of basis to the objects.

By Proposition 4.3.2, we know that Core(RLefg) is the full subcategory
of finite-dimensional reflexive Lefschetz spaces. To these spaces, we want
to provide it with unitary structure. To do so, let (V, {e;}. ) be a finite
dimensional reflexive Lefschetz space, then the dagger of (V, {e;} ) is by
definition (V, {e; ;?zl)T = (V*, {@e; -1} ,), where recall ¢, 1 is the linear
functional on V' that takes the value 1 at e; and 0 on every other basis vector.
For simplicity, we define §; := ¢,,—,1. Then we give the unitary structure map
for V by ay : V — V* by defining ay (e;) := 8; and extending it linearly. This
is continuous as finite-dimensional spaces have a discrete topology. To show

that it is indeed the unitary structure map, we need to verify a(a™!)" = evy.

Lemma 4.5.2. For a finite-dimensional reflexive Lefschetz space V, «a :
(V,{ei})) = (V¥ {¢pe,-1}L,) defined by (linearly extending) ay (e;) := §;

satisfies a(a™!)" = evy and thus provides a unitary structure for (V, {e; F)-

Proof. We verify this on the basis vectors, as these maps are linear by con-

struction.

(a™)'(67)

= a_16i.

(@™ (ale))
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Now for any 6; € V*, we have

. 1, ifi=j,
oi(a™"(6))) =
0, otherwise.

And similarly forevy : V — V**, we have

1, ifi=j,
evy(e;)(6;) =
0, otherwise.

So we have that a(a™!) = evy.

v

1N\

a

v Ve

So a provides a unitary structure for V. O

Hence, the canonical unitary core of RLefg is given by the finite-dimensional
spaces. Unitary(RLefg) = Fin(RLefg). Then by embedding it in the ambient
category RLef, Unitary(RLefg) = Fin(RLefg) < RLefg, we get the structure

of a mixed unitary category. We will simply say that RLefg is a MUC.

Proposition 4.5.3. Let f : (V,{e;}]_;) — (W, {b;}!,) be an isomorphism

between finite-dimensional spaces in RLefg, then f is unitary if and only if

it takes the chosen basis to the chosen basis.

Proof. Let f: (V,{e;};_;) — (W, {b;}! ) be taking the chosen basis to the

chosen basis. Then we want to show that the following diagram commutes.
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Now for any basis vector e; € V, we have

ffaw(f(e) = f'(aw(b))
= (&)
= fov),
which for any e; € V evaluates to
1, ifi=j,

0p; (f(ei)) =

0, otherwise.

This is because f(e;) = bj as f is an isomorphism which takes our chosen
basis to the chosen basis. Here by 6bj, we mean the linear functional Pb;—1
onW.
And ay (e;) = 6;, which does

1, ifi=j,

5ei(ej) =
0, otherwise.

This proves that when ftakes our chosen basis to our chosen basis, then f
is unitary. For the converse, let f : V' — W be such that for some chosen
basise; € I, f(e;) = Bbj + ybi, such that j # k. This is to say, there exists
some element of our basis which does not evaluate to an element of our
chosen basis. (More generally we can take f(e;) = };c; Bibi, such that it has
at least two distinct vectors with non-zero scalars, but that will not change

our reasoning). Then for e;, we have

[ (aw (Bb; +yby))
= T (Bby, +v8p,)

F(Bdp; +vp,),

faw (f(e))
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which evaluates e; € V to

(Bop; +v0p,)(f(ei)) = (Bbp, +7v0p.)(Dj+ i)
ﬂ5bj(bj + bk) + Y6bk(bj + bk)
= f+y.
But ay (e;) = ., which does
1, ifi=j,

63,' (e]) =
0, otherwise.
So the diagram does not commute, hence f is not unitary. So we have that
[V, {ei}iL) — (W,{b;}}_,) is unitary if and only if it takes the chosen

basis to the chosen basis. m]

This proposition gives a complete characterisation of unitary maps in

RLefg.
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Chapter 5

The support functor

5.1 Introduction

In the last chapter, we introduced the category of reflexive Lefschetz spaces
with morphisms as continuous linear maps. In the finite-dimensional case,
we construct a free Hilbert space on a finite set, which acts as the basis
for the space thus constructed. This construction will now be replaced by
constructing a reflexive Lefschetz space on a finiteness space. In this chapter,
we will introduce finiteness spaces and give the construction of a (reflexive)
Lefschetz space on a finiteness space. This construction is due to Ehrhard
[19], and hence will be referred to as Ehrhard’s construction.

In the finite-dimensional case, one can simply forget the Hilbert space
structure of a given Hilbert space with a basis to extract a finite set. Analo-
gously, we first observe that the web of the finiteness space acts as a basis
(in the sense of Section 4.4) for the Lefschetz space constructed on it using
Ehrhard’s construction. Then we prove that the finitary sets are encoded

in the Lefschetz spaces arising out of this construction as the support of
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convergent nets of finite sums over this basis. We use this observation to
give a functorial construction of a finiteness space starting with the data
of a reflexive Lefschetz space with a basis. We prove that, on objects, this
construction is inverse to Ehrhard’s construction to classify the topologies

on reflexive Lefschetz spaces as finiteness topologies.

5.2 Finiteness spaces

Afiniteness space is a set with a family of subsets that, in some ways, behaves

like a collection of finite subsets.

Definition 5.2.1. [19] Let X be a set and U C P (X) be a family of subsets
of X. We then define U+ := {S C X : |SNu| < oo, Yu € U}. U+ is called

the finitary complement of /.
Here are some basic observations on the finitary complementation:

Lemma 5.2.2. [40] Let X be any set, and let A, B C P (X). Then the follow-

ing facts hold:
i) ACB = B cAt
(ii) A c A
(iii) A+ = A+
(iv) At is downset closed and closed under finite unions.

(v) A=A = Pr(X) C A, where Pr(X) is the set of all finite subsets

of X.

Proof.
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(i) By definition, B+ = {S C X : [SNu| < oo, Vb € B}, but then A C B,
so B+ C A+

(ii) Observe that the definition is symmetrical, and as A+ = {S C X :
SN u| < oo, Vb € A},s0|SNa| <ooforany S € A+ and a € A, so

A C AL

(iii) We have A C A*+ from (ii), so from (i), we have, A+++ € A+L. And
from (ii) again by substituting A+, we have, A+ € A1+, so we have

ﬂj_ — ﬂJ_J_J_'
(iv) Immediate by definition.

(v) Itis clear that A+ contains all finite subsets of X, as any finite set
intersects finitely with any set. Now as A = A+, so it is finitary

complement of some family. Hence we have £r(X) < A.
Definition 5.2.3.

(a) [5] Let X be a set and let U be a family of subsets of X. Then (X, U) is

called a pre-finiteness space if the following holds:

The empty setis in U.

Foreachx € X, {x} € U.

U is downward closed, that is, if u;,u, € P(X), u; € up, and

u, € U,thenu; € U.

U is closed to finite unions, thatis, if u;, u, € U, then u; Uu, € U.

(b) [19] Let X be a set and let U be a family of subsets of X. Then (X, U) is

called a finiteness space if and only if ¢ = U*+.
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Remark 5.2.4. A finiteness space can be equivalently defined as a triple
(X, A, B), where X is a set, called the web, and A, B C £ (X) such that
A = B+ and B = A*. The elements of A are called finitary sets of X, and
the elements of 8 are called co-finitary sets of X. Note that the finitary and
cofinitary sets determine each other. Every set X carries two trivial finitary
structures (X, Pr(X), P (X)), (X, P(X), Pr(X)). Moreover, by Lemma 5.2.2
(v), for any finite set X, the only finitary structure possible on it is the trivial

one (X, P(X),P(X)).

We also have by Lemma 5.2.2 (iii), that for any set X and any family of subsets
U C P(X), (X, U") is always a finiteness space. And by Remark 5.2.4, it is
the case that every finiteness space is of this form. Thus, we can generate a
class of examples of finiteness space by defining our finitary sets to be the
complement of a given family.

A non-trivial example of a finiteness space is given by taking X a set with
a total order on it and defining U = {SC X : |[SN{x e X : x < y}| <
oo, Vy € X}. Since U is of the form V+, where V = {x : x < y},ex. So
(X, U) is a finiteness space. It was also proved in [8] that for any topological
space X, (X, 8), where B is the collection of bounded subsets of X is a

pre-finiteness space.

Remark 5.2.5. Observe that given any set X, taking finitary complements
of A C P(X) induces a Galois connection [11] on (P (X)) ordered by
inclusion.

O*
—
(P(P(X)), <) (l)l (P(P(X)), <)
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Finiteness structures on X, (X, U), then exactly are the subsets U C P (X)

for which this adjunction is an equivalence.

Lemma 5.2.6. Every finiteness space is a pre-finiteness space.

Proof. Immediate using Lemma 5.2.2. As U = (U*)*, so U is downset
closed and closed under finite unions. Moreover, U contains all finite sets,

in particular, singletons and the null set. m]

To emphasize the full structure of a finiteness space, we will at times
write (X, U) as (X, U, U*). The morphisms of finiteness spaces are given

by relations that preserve finitary sets and reflect cofinitary sets.

Definition 5.2.7. [19] A finiteness relation R : (X, U, U*) — (Y, V, V1)

between two finiteness spaces is a relation R : X — Y such that
(i) ForallAe U,A> R :={y € Y : 3x € A such thatxRy} € V, and
(ii) ForallB € V4, R <1 B :={x € X : dy € B such thatxRy} € U~.

So arelation between finiteness spacesis a relation that preserves finitary
sets and pulls back co-finitary sets. In fact, it is the case that in the presence

of (i), a weaker condition suffices.

Lemma5.2.8. [19]LetR : (X, U, U*) — (YV,V,V!) bearelation between

two finiteness spaces such that
(i) ForalAe U,A>R:={y €Y :3x € A: xRy} € V,and
(ii) Forally e Y,R<{y}:={x € X : xRy} € U+.

Then R is a finiteness relation.
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Proof. 'We need to prove that for all B € V+,R <« B € U™, that is for
anyA € U, |(R<1B)NA| < co. NowasA € U,s0A> R € V, and so

|(A> R) N B| < 0. Now observe,

(R<1B)NA {x e A: 3y € B: xRy}

UyeBn(rea) (R < {y}) N A

which is a finite union of finite sets, as R <1 {y} € V+andso |(R<<B)NA| <

(SN O

We have that finiteness relations compose, and the identity is a finite-
ness relation, making finiteness spaces into a category with morphisms as

finiteness relations.

Lemma 5.2.9. Finiteness relations compose, and the identity for compo-
sition is given by the identity in the category of relations, that is, idx :=

{(x,x): x € X}

Proof. LetR: X — Yand S : Y — Z be two finiteness relations. Then for
anyA € U,A> (RS) = (A> R) > Sandso A > (RS) € ‘W+. Similarly for
any B € W+, (RS) <B =S <1(R<B)andso (RS) <t B € U*. So finiteness
relations compose. It is then immediate that the identity relation (in Rel) is

a finiteness relation. ]
So we define the category of finiteness spaces and relations FinRel as

Objects: Finiteness spaces (X, U, U™ );

Morphisms: R : (X, U, U*) — (Y,V, VL), afiniteness relation;

Composition: as in Rel;
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identity: the identity relation.

We can define an involution on FinRel by

)"

FinRel > FinRel
(X, U, U (X, U U =U)

R R
(Y, V, V4 Y, VHVH =)

where R! denotes the transpose of the relation R. It is easy to see that R is a
finiteness relation between (Y, V+,V) and (X, U+, U), as for any B € V-,
B>R' =R<B € U+andforanyA € U,R" <A =A>R € V. So
R': (Y, VY V) - (X, U+, U) is afiniteness relation. It is an involution as

on objects we have that ¢/*+ = U and V++ = ¥ and on morphism R'" = R.

Remark 5.2.10. We will not delve further into the categorical structure of
FinRel, but we shall mention that the involution operation mentioned above
(L)* : FinRel — FinRel gives FinRel the structure of a *- autonomous category,
where the tensor product of two finiteness spaces (X, F(X) := U, U~*) and
(Y,F(Y) :=V,V+) is defined to have the web as the cartesian product of X
and Y, with the finitary sets givenby F(X ® Y) .= {AXB: A€ U,B € V}.
That is finitary set of the tensor of two finiteness space (X, F(X) := U) and
(Y, F(Y) := V) is given by the downward closure of the cartesian product
of finitary sets of X and Y. The unit for the tensor is the singleton set with
the trivial finiteness structure. The finiteness structure on internal hom is
givenby F(X — Y) := F(X ® Y*)*, where the "perp-ing" operation is the

same as the dualizing operation mentioned above. As is the case with any x*-
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autonomous category [14], FinRel gets a second tensor product, called the
par product, where the finiteness structure on the par product is given by
F(X®Y):= F(X+ ®Y*)"L. Note that the unit for the tensor is the same as
the unit for the par. This makes FinRel an isomix LDC.

The core of FinRel is given by the category of finite sets and relations,
and their embedding into FinRel gives us the structure of a mixed unitary
category. For details, one can look at [19, 40]. There are also other choices
of morphisms available for finiteness spaces, such as functions (which are
similarly required to preserve finitary sets and reflect co-finitary sets) FinF,

partial functions FinPar, and even matrices FinMat [40].
For FinF, finiteness spaces with functions, we have,

Lemma 5.2.11. Let f : (X, U, U*) — (Y,V,V') be afunction between

two finiteness spaces such that
(i) ForallA € U, f(A) € V, and
(i) Forally €Y, f~l(y) € U*.

Then f is a finiteness function, that is forany A € U, f(A) € V and for any
Be VL f1(B)e Ut

Proof. Exactly analogous to Lemma 5.2.8. O

5.3 From finiteness spaces to Lefschetz spaces

In this section, we give a construction of a Lefschetz space starting from

a finiteness space due to Ehrhard [19]. We will describe the construction,
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generalizing it in a few ways. First, we give the construction from a pre-
finiteness space, as described in [5]. Second, we consider sets with arbitrary
cardinality, rather than just the countable ones. And lastly, while proving
theorems about these spaces, we do not assume that Lefschetz spaces are
sequential spaces (that is, spaces whose topology is determined by study-
ing the convergent sequences in them), so we consider nets, rather than
sequences. We will consider the construction of space over C, rather than
arbitrary rings. We will refer to this construction as Ehrhard’s construction.

Let (X, U) be a pre-finiteness space. Consider the set C(X,U) := {f :
X — C:sup(f) € U}, wheresup(f) := {x € X : f(x) # 0} is the support
of the function f : X — C (Not to be confused with supremum; we will use
“supp” for supremum). As the finitary sets are closed under finite unions
and are downward closed, this gives C(X, U) the structure of an Abelian

group with pointwise addition.

Lemma 5.3.1. C(X, U) is an Abelian group with pointwise addition.
Proof.

* Binary operation: Observe that sup(f; + f2) € sup(f1) U sup(f2),

and since U is closed under finite unions and is downset closed, so

sup(fi+ f2) € U.

* Associativity: As addition is associative in C.
e Commutativity: As addition is commutative in C.

* Identity: is given by the constant function f(x) = Oc, forall x € X.

Note that sup(0c) =0 € U.
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e Inverse: forany f € C(X, U), itsinverseis given by — f, where (—f)(x) :
—f(x), forall x € X. Note that sup(—f) = sup(f) € U.

O

And with the scalar action coming from the base field C, C(X, U) is in

fact a vector space.

Lemma 5.3.2. C(X, U) is a vector space, when we define the action of the

scalaras (a e f)(x) := (af)(x) == af(x),forall x € X.

Proof. Observe that sup(af) = sup(f), when a is non-zero. Otherwise,
sup(af) = 0. In both cases, we have that it is a valid action. Next, we
have that1 e f = f, and for any f, g € C(X, U) and «, B € C, we have that,
ae(feof) = (aocf)ef, ae(f+g) = asf+aeg,and (a+f)ef = aef+pfef.
These laws are an immediate consequence of the point-wise definition of the
addition and scalar multiplication operation and unitality and distributivity

laws in C. m]

We want to put a topology on C(X,U). For this, we need to make a

couple of definitions.

Definition 5.3.3. [19] We define the topology on C(X, U) as follows. First,
we define for any u’ € U+, thesetVy, := {f € C(X,U) : sup(f) nu’ = 0}.
Note that for any f € C(X,U), |sup(f) N u’| < oo, as sup(f) € U by
construction.

And we say that a subset S € C(X, U) is open if and only if forany s € S,
there exists u’ € U+, such that s+V,,, C S. This is analogous to the definition

of an open set in any topological space, where the set is said to be open if
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we can put a neighbourhood around each point contained in the set. The
role of neighbourhood for C(X, U) will be played by V.

With this definition, we confirm that it is indeed a topology.

Lemma 5.3.4. Definition 5.3.3 provides a topology on C(X, U).
Proof.

* The emmpty set (0) is vacuously open.

e C(X,U)isopen asforany x € C(X,U), any u’ € U+ works.

e If{U; : i € {1,....n}} is any finite collection of open sets in C(X, U),
then for any x € NI, U;, there exists V,,, ....V,,, such that x + V,; C
U;, i € {1,...n}. Nowwe must find ' € U+, suchthatx+V,,, C ﬂ?lei.
Now observe that N;_,V;,, = VU?:lui’ and as U+ is closed under finite
unions, so we define 1’ := Ul’.lzlui, and as x +V,, € U, so we have

x+V, C ﬂlflle,-.

e {U; : i € I}isany arbitrary collection of open sets in C(X, U), then if
X € U?lei, then x € U;,, for some iy € I, and as Uj, is open, so there

exists u;, € U+, such that x +V,, C U;, and hence x +V;,, C U U,.
0 0 i=1
|

We want to show that C(X, U) is a Lefschetz space; we need to pro-
vide a local basis at the origin of open linear subspaces. These open linear

subspaces are given by Vs

Lemma 5.3.5. V, is an open linear subspace of C(X, U)
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Proof. V,» beingalinear subspace isimmediate, and forany x € V,,/, x+V,, C

Vi, so Vs is open. O

Lemma 5.3.6. {V}, cq;. forms a neighbourhood basis around the origin

inC(X,U).

Proof. Let U be any open subset of C(X,U) such that 0 € U, then by
definition, there exists u’ € U+, such that 0 + V;, C U, thatis,V, C U, so
{Vi } eqqr forms an open neighborhood basis at Oc (x,¢/) consisting of linear

subspaces of C(X, U) O

Itis not difficult to see that the scalar multiplication map CxC(X, U) —
C(X,U) and the addition map C(X, U) x C(X,U) — C(X,U) are contin-
uous, where C is given the discrete topology. So C(X, U) is a topological
vector space with a neighbourhood system of open linear subspaces around

the origin. Hence, we have:
Proposition 5.3.7. C(X, U) is a Lefschetz Space.

Moreover by Ehrhard’s classification [19], we have that the topology on
the Lefschetz space constructed from a (pre-) finiteness space, C(X, U) is
finer than the product topology (C with the discrete topology and C(X, U)
being considered as the product C*X1), and coarser than the discrete topology
(on CIX1).

We next prove that the topology on C(X, U) as in Definition 5.3.3 is
Hausdorff and totally disconnected. For Hausdorfiness, the opens separat-
ing distinct functions f, g in C(X, U) are given by V|, where x is a point

where f(x) # g(x).
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Lemma 5.3.8. [5] The topology on C(X, U) as in Definition 5.3.3 is Haus-
dorff.

Proof. First note that C(X, U) is a topological vector space, so translations
are homeomorphisms, and as V;, is open around O¢(x,q), so for any f €
C(X,U)and u’ € U+, f +V, isopen. Now let f, g € C(X,U), such that
f # g, then there exists x € X, such that f(x) # g(x). Now any finite set
is in U+, in particular {x} € U*. Then observe f € f + Vix}, as 0 € Vi,
similarly g € g+ Vi3 and f + V3 N g +V|y = 0 (as at x, the value that
functions in these sets take are f(x) and g(x) respectively). So any two
distinct points can be separated using disjoint open sets. So C(X,U) is a

Hausdorff space. O

We next show that every open set in C(X, U) is also closed, making the

topology totally disconnected.

Lemma 5.3.9. The topology on C(X,U) as in Definition 5.3.3 is totally

disconnected.

Proof. First note that it is enough to prove that each open neighbourhood
around Oc x ¢/) is both open and closed. The sets {V;;/},,/cq,. form a neigh-
bourhood around 0¢(x,¢/) and they are open by Lemma 5.3.5. We will now
prove that itis also closed. Letu’ € U+ andlet f € C(X, U) -V, then there
exists x € sup(f) N u’. Then f +V,, € C(X, U) - Vv, and as the choice of

f was arbitrary, so C(X, U) — V,, is open, and hence V,, is closed. |

For (X, U), a finiteness space, C(X, U) is a Lefschetz space, so we can

take its dual in Lef (the category of Lefschetz spaces and continuous linear
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maps) to get C(X, U)*. We then prove that this is exactly the space we get if
we apply Ehrhard’s construction to the dual finiteness space (X, U+, U).
The key idea used in this proof is that in C(X, U), where (X, U) is a
finiteness space, the limit of finite sums of functions of point support over a
finitary set converges, thus any continuous linear functional on C(X, U)
must intersect finitely with any finitary set, as the topology on the base field

is discrete.

Proposition 5.3.10. Let C(X, U) be the Lefschetz space constructed (using
Ehrhard’s construction) from the finiteness space (X, U, U*). Then the
dual space C(X,U)* := C(X,U) — C arises from Ehrhard’s construction

on the dual finiteness space (X, U+, U).

Proof.  First we will prove that [(C(X,U))*| = |C(X, U™ )|, that is to say
they have same underlying set .
First we claim that .5 scx seqs fx» Wwhere

1, ifx' =x,

fx(x/) =
0, ifx’ #x,

is convergent in C(X, U). To see this, first note that, the open neighbour-
hoods around O¢ x,¢s) are of the form {V,; },cq+. Since U € U+, so for any
u € U+, |SNu'| < . Now for any u’ € U+, we define Sy := S N u’. Then
So € Fin(S), and ¥ cr 7cs fx = Zxew wes fx € Vi, forall T,W € Fin(S),
such that S € T, So € W. Hence the net determined by the finite sums of

2ixes,scx,seu fx is Cauchy.
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Now consider the function defined as follows:

1, ifxes,
g(x) =
0, ifxesS.
Then clearlysup(g) = S € U. Now observe that Limrepin(s) 2Zxercs, sers fx—
g = O0c(x,u), and as C(X, U) is a topological vector space, so
Limyepin(s) 2Zixercs.seu fx = §-

Nowlet ¢ : C(X, U) — Cbeanylinear map. Since Limrerin(s) 2xercs,seus fx
is convergentin C(X, U), so for ¢ to be continuous, Limrcrin(s) Zxercs,seu ¢ (fx)
must be convergent in C. But C has the discrete topology, so any convergent
sequence must be constant, so this means that there exists W € Fin(S),
such that 3 .cycsser $(fy) = 2z, forallY € Fin(S), so thatY > W. This
precisely means | sup(¢) N S| < |W| < oo, and since this happens for any
S € U, so this implies sup(¢) € U*. Note that here we are identifying ¢
as a function from X to C, as ¢ is a linear map, so its values are fixed by
o(fr), x € X.

Now, for the other way round, we will prove thatif ¢ : C(X,U) — C
is a linear map such that sup(¢) € U+, then ¢ is continuous. For this, let
fo : I — C(X,U) be aconvergent net in C(X,U), and let f, — f. Then
by definition, for any u’ € U*, there exists i € I, such that (f; — f)|w =

0
0, foralli > ié". In particular, as sup(¢) € U™, so there exists ig’ e I,
such that (f; — f)|,» = 0, foralli > ig’. Hence the net ¢(fo) — ¢(f) is
eventually constant in C, since C has the discrete topology, so this implies
¢(fe) converges to ¢(f) in C. So ¢ : C(X, U) — Cis continuous.
Sowehave |(C(X, U))*| = |C(X, U*)|. Finally, the topology on |(C(X, U))*|

is given by the pointwise hom, but the only open linear subspace of C (apart
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from C itself) is O¢, the trivial subspace. So, identifying ¢ as a function of
X to C, we have the neighborhood around 0(¢(x,4))- is given by sets of the
formV, :={f : X — C:sup(f) N u = 0},cq. But that is exactly the space

C(X, U m|

We next observe that Lefschetz spaces arising out of Ehrhard’s construc-
tion on a pre-finiteness space (X, U) are complete if and only if (X, U) is a
finiteness space. This was observed in [5], we provide an alternative proof
for the fact that when (X, ) is not a finiteness space, then C(X, U) is not
complete. This relies on the observation that functions of point support (by
which we mean f;, as defined above) over some set in T+ are still Cauchy,

but not convergent.

Proposition 5.3.11. [5] C(X, U), that is, the Lefschetz space constructed
from a pre-finiteness space is complete (see Definition 2.3.14) if and only if

(X, U) is a finiteness space.

Proof. (= )First, we will prove that when (X, U) is a finiteness space, then
the Lefschetz space constructed from it, C(X, U), is complete. For this,
let fy : I — C(X,U) be any Cauchy net. Since {x} € U+ forany x € X,
therefore, by definition there exists ij € I, such that (f; - fj)|x = 0, for all
i,j € I,sothati,j > ij. In other words, the net f, is eventually constant for
any x € X. We now define f : X — C as f(x) := fix(x). Now we will prove
that sup(f) € U. Now as {V, }, cqs+ are open linear subspaces around
Oc(x,u), so forany u’ € U+, there exists ig", such that fi|,, = fjlw, for all
i,j > ié". Now fixau’ € U+, and x € u’. Since I is a directed set, we can
take i, such that i > i, ié". Then observe f(x) := fix (x) = fi(x) = fig;’ (x).

Hence |sup(f) N u’| = |sup(fl.5,r) Nu'| < oo, as sup(fl.g/) € U. Since the
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choice of u’ was arbitrary, we have that | sup(f) N 1’| < oo, forall u’ € U~.
Hence sup(f) € U+ = U, as (X, U) is a finiteness space. Note that this
also proves that f, — f,asforanyx € v/, f(x) = fig’ (x).

(&)Now, for the other way round, we will prove that when (X, U) is not
a finiteness space, but only a pre-finiteness space, then the space obtained
from Ehrhard’s construction C(X, U) is not complete. As C(X, U) is not
a finiteness space, so there exists S C X, such that S € U+, but S ¢ U.
Now we will prove that ) s fr is Cauchy in C(X, U). For this, observe
that for any u’ € U+, if we define, Sy := S N v/, then Sy € Fin(S) and
Yxer fx = 2xew fx € Vi, forall T,W € Fin(S),sothatSy € 7,50 € W,
and hence the net determined by the finite sums of }; s fx is Cauchy. Now
suppose that ) s fy is convergent to some limit f € C(X,U). Then as
C(X, U) isatopological vector space, so Limycpin(s) 2Zxercs Jx—f = Ocix,u)-
Now as {x} € U* forany x € X, so this implies that there exists W € Fin(S),
such that (},cy fx — f)lx =0, forall V € Fin(S), so thatV 2 W. So we must
define f(x) := 1,ifx € S, and f(x) := 0, otherwise. But then sup(f) = S,
which by assumption does not belong to U. So f ¢ C(X,U), which is a
contradiction. And hence (X, U{) is not complete.

So we have that the Lefschetz space constructed from a pre-finiteness

space is complete if and only if (X, U/) is a finiteness space. O

Now we note an interesting property of C(X, U), when (X, U) is a finite-
ness space. The following proposition (Proposition 5.3.12) says that the
finitary sets of a finiteness space get encoded in the Lefschetz spaces on it
as the support of convergent nets of finite sums over the functions of point

support.
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This observation will be crucial in the next section, when we will con-

struct a (pre-) finiteness space starting from a Lefschetz space.

Proposition 5.3.12. Let (X, U) be a finiteness space, and let C(X, U) be
the Lefschetz space constructed on (X, U) using Ehrhard’s construction.

Then }; ,cscx fr converges in C(X, U) ifand only if S € U.

Proof. (=)First, let ) cscx fx be convergent in C(X,U) to some [ €
C(X,U). Then, as C(X,U) is a topological vector space, so this means
Limcrin(s) 2xea fx — f = Oc(x,u)- Now open sets around Ocx /) are of the
form {V, },eqs+, so this means for any u’ € U+, there exists Ay € Fin(S),
such that (X ca fi)lw = flw, forall A € Fin(S), so that A 2 Ay. Now recall
sup(fs) = {s}, s0 Uxes sup(fyx) = S. So this means |S N u’| < |Ag| < 0. Now
the choice of u’ was arbitrary, so we have that |S N u’| < |Ay| < oo, for all
ueU+,soSeUt=U.

(&)The other way round, consider for any S € U, >  c5cx fx. We
define f : X — Cas f(x) :=1,ifx € Sand f(x) = 0,ifx ¢ S. We claim
Yxescx fx = f. For this observe that for any ' € U+, |S N u'| < oo, as
U C U Define Sy := S N v/, then we have (¥ crcs fr — F)lw = Ocix,u),
forall T € Fin(S), so that T 2 Sy. Since choice of u” was arbitrary, so we

have Y\ cscx fx — f = Ocix,u), SO Xxescx fx = [, and we are done. O

Remark 5.3.13. Now, observe that {f;}cx forms a basis for C(X, U) as
clearly { fi } xex arelinearly independent and any function in C(X, U) with a
finitary support can be expressed as the convergent sum over these functions
of point support by Proposition 5.3.12. This solidifies the notion that the

web of the finiteness space acts as a basis for the Lefschetz space on it.
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We also observe that in the above proposition, the only thing that mat-
tered for the limit of the finite sums to converge or not was their support,

and not the scalar coefficients. This suggests the following:

Proposition 5.3.14. Let (X, U) be a finiteness space. Then if ) cscx @ fs
converges in C(X, U) for some choices of non-zero a; € C, then ) c5cx @ fs

converges for any other choice of a} € C, a; # Oforany s € S.

Proof. First, as ) scscx @ fs is convergent so by Proposition 5.3.12, we have
that S € U. Then a proof similar to Proposition 5.3.12 will show that
Yisescx sfs = f, where f(x) := a,,ifx € S,and f(x) =0,ifx ¢ S. Similarly,
a proof similar to that of the above theorem will show that > cqcx a%fs = f7,

where f'(x) = a;,ifx € S,and f'(x) =0,ifx ¢ S. O

Thus, the convergence over the basis vectors in C(X, U) is independent
of the choice of (non-zero) scalar coefficients. Note that this property is
stronger than what we have for general topological vector spaces, where we
are only allowed to scale up all the terms of a series by the same constant.

We will say that a topological vector space has scalar invariant con-
vergence if and only if the summable families over the basis vectors in the
space are independent of the choice of (non-zero) scalar coefficients.

We already saw that the C(X, U), when (X, U) is a finiteness space,
has scalar invariant convergence. Now a basis for C(X, U) can be given by
functions of point support { f; } vex. We now generalise this theorem to any
complete Lefschetz space with a given basis. The key idea in the following
proposition is that a given net of finite sums over the basis vectors with some

choice of non-zero scalars is Cauchy if and only if it is Cauchy with any other
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choice of scalar coefficients. The result then follows from the completeness

of the space.

Proposition 5.3.15. Complete Lefschetz spaces with a given basis have

scalar invariant convergence.

Proof. LetV be a complete Lefschetz space over C with a given basis {v; };e;.
Then we will prove that if )’ ;e ;c; a;v; is Cauchy for some choice of non-zero
scalars aj € C, then 3 jcjc; a;. vj is Cauchy for any other choice of (non-zero)
scalars oc;..

Let X’ jejcr @jv; be Cauchy, then for any open neighbourhood Vp around
Oy, there exists K € Fin([) such that };c;c; aiv; — X epicy @mVm € W
forany L,M € Fin(I), so that L, M 2 K. In particular } cxc; @klVk —
2kreku{vmic XV € Vo. Since 1 is alinear subspace, so this implies for any
vm GI_K,Um E%.

Then observe that Zjejg a;. vjis Cauchyas, forany L, M € Fin(I), so that
L,M 2 K, Yjercy Vi — Zmemcy @mVm belongs to 1, as there is no vector
vk, from the set K C I, and as for any vy, € I — K, v;,, € V. So this sum is a
finite linear combination of vectors already in V{ and hence it belongs to 1},
Vo being a linear subspace. Hence we have > jcc; @,V — 2 memcy @nVm € Vo
forany L, M € Fin([),sothat L, M 2 K. So Z]‘e]gl a:;. v; is Cauchy as well.

Then the result follows from the completeness of V. O

We now want to prove that any reflexive Lefschetz space has the property
of scalar invariant convergence. This will be proven by first proving that any
reflexive Lefschetz space is indeed complete and so it has scalar invariant

convergence by Proposition 5.3.15.
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To prove that any reflexive space is complete, we first observe that for
a Lefschetz space V, and a complete (respectively Hausdorff) space W,
V —o W is complete (respectively Hausdorff). Thus, the topology on the

internal hom is determined by the topology of the codomain.

Lemma 5.3.16. Let V be any Lefschetz space and W a Hausdorff Lefschetz

space. Then V. — W is Hausdorff.

Proof. Lef f,g € V — W, such that f # g. Then there exists v € V, such
that f(v) # g(v). Letw; := f(v), and ,w, := g(v). Since W is Hausdorff,
so there exists open sets U; and U, in W such that w, € U;,w, € U, and
UNU,=0.Andnow, f e {¢p:V - W :¢(v) e U} =S and g € {¢ :
V> W: ¢ € U} :=Sand S; NS, = 0. Note that S, S, are open in
V — W, as they are translates of the open sets around Oy_.y, where, for
example S; will be a translate of the open subspace U, around 0y by some
vector w € W, such that Uy + w = U,. Hence, distinct pointsin V' — W can

be separated, thus V — W is Hausdorff. O

A similar proof, which depends on the topology of the co-domain, gives

us the following:

Lemma 5.3.17. Let V be any Lefschetz space and W a complete Lefschetz

space. Then V — W is complete.

Proof. Letf, : 1 — V — W beaCauchynetinV —o W. Then, by definition,
for any open linear subspace U, around Oy .y, there exists iy € I, such that
fi—fi € U foralli,j > iy. Fixv; € V, then we get a Cauchy sequence
fJ' . 1 — W in W and since W is complete so f! converges in W. That

means for any open linear subspace W, around Oy, there exists i,, € I,
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such that f;(v) € Wy, foralli > i,. Now observe that an open linear
subspace U’ around Oy _y is given by finite intersection of sets of the form
{h:V —- W : h(v) € Wp}. Now since I is a directed set, we can take i’,
such thati > i,, foralli € {1,2,....n}. Then we have that f; € U’ for all
i >i'.Hence fo:I >V — W convergesinV — W andsoV — W is

complete. O
Corollary 5.3.18. Reflexive Lefschetz spaces are complete and Hausdorff.

Proof. Let V be a reflexive Lefschetz space. As V is reflexive, so we have
V = (V — C) — C. Now C is a one-dimensional discrete space, so it is
complete and Hausdorff. Moreover, the isomorphism between V and V** is
mediated by the evaluation map, which is a linear continuous isomorphism,
so it also preserves uniform properties such as completeness (in addition to

Hausdorffness), so V is complete and Hausdorff. m|

So we have an important corollary.

Corollary 5.3.19. Reflexive Lefschetz spaces have scalar invariant conver-

gence.

Proof. Any reflexive space is complete by Corollary 5.3.18 and so by Propo-
sition 5.3.15, we have that any reflexive space has the property of scalar

invariant convergence. i

To end this section, we give an alternative proof of Lemma 9 from [19]:

Lemma 5.3.20. Let (X, U) be a finiteness space where X is a countable set,
and C(X, U) be the Lefschetz space with basis 8 = {f; } vex constructed on

the finiteness space (X, U) using Ehrhard’s construction. Let { f;,} ,en be a
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family of basis elements of C(X, U/). Then the series };,_, f, converges in

C(X,U) ifand onlyif Lim,_, f;, = 0.

Proof. First note that the definition of convergence of )7, f, is the usual
definition of convergence of a sequence of partial sums that we are familiar
with from analysis. We will first prove that this definition of convergence
agrees with the definition of convergence that we have been working with,
that is, Definition 4.4.1 for the sum }}7, f,.

Let )., fn be convergentto somelimit f € C(X, U). Thenby definition,
this means for any u’ € U™, there exists N € N such that (2Z=1 fi)lw =
fluw, forall p € N, such that p > N. Now call the set {f;},en = S C
B. Then this precisely means that for any v’ € U+, there exists Sy €
Fin(S), such that (X ;e fi)lw = flw, forall T € Fin(S), sothat T 2 S.
So Limyerin(s) 2¢er fr = f- And hence the definition agrees. Note that this
also implies that Z‘;"( n)=1 fn = f,where o is any permutation of N by Lemma
444

Now by Proposition 5.3.12, we have }_, f, = Xscs fs converges if and
only if S € U. Since S is a countable set, so this implies that there exists
N € N, such that (f,)],» = 0, forall p € N, such that p > N. This exactly is

the condition that Lim,,_, f;; = 0, and we are done. O

Our proof is simpler than one in [19], as we only need to see that the
sum over the basis vectors converges if and only if the support is a finitary
set (by Proposition 5.3.12), and when the web is countable, it exactly means
that the sequence converges to 0 in C(X, U).

We will also see in Chapter 6 that Ehrhard’s construction can be made

functorial; this was observed in [5].
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5.4 From reflexive Lefschetz spaces to finiteness
spaces

Now we will use the observation made in Proposition 5.3.12 to construct a
finiteness space out of a reflexive Lefschetz space. We will then prove that
this construction is inverse to Ehrhard’s construction. Our proof strategy will
be as follows. We will start with a reflexive Lefschetz space with a given basis,
and construct a pre-finiteness space using this data. We will then construct
a Lefschetz space on this pre-finiteness space thus obtained, and prove that
it is uniformly homeomorphic to the original Lefschetz space we started
with. Then, using Proposition 5.3.11, it will follow that the pre-finiteness
space thus constructed is a finiteness space. The proof can be captured
using the diagram below:

Our construction
V,8) (|X] := B, U := support of functions which converges)

. Ehrhard’s construction
Uniform homeomorphism ) ard’s constructio

o)
Now we will proceed to give our construction.
Definition 5.4.1. Let V be a reflexive Lefschetz space (so Hausdorff and
complete by Corollary 5.3.18) space over C with a given basis B = {v; };c;.
We then define the pair (X, U) as follows. | X| := B (that is web is just the

basis), and

U :={S C X : ) e5asvs convergesinV, a; € C, a5 # 0 foranys € S}.

Remark 5.4.2. Observe that, as V is a complete Lefschetz space, it has the
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scalar invariance convergence property by Proposition 5.3.15, so we can
always modify our scalars in the series, as long as we do not increase the

support.

We prove that the pair defined above is a pre-finiteness space. That
the null set and singletons are finitary is immediate. To prove that it is
downward-closed and closed under finite unions, we use the completeness

of V.

Proposition 5.4.3. The pair (X, U) as defined above (Definition 5.4.1) is a

pre-finiteness space.
Proof.

e () € U. This is immediate, the sum over the empty set converges to

Oy.

e Foreach v, € X, {v,} € U. This is also immediate, as v, converges to

vy €V.

e IfS" € S € U, thenS € U. Forthisas S € U, S0 Y se5cx XsUs 1S
convergent in V for some choice of scalars a; € C,a; # 0 for any
s € S. We will now prove that ) g cgcx @s Vs is convergentin V. As

V is complete, it is enough to prove that } ;s c5cx @5 Vs is Cauchy.

Now, as ) ;cscx @sUs is convergent, so it is Cauchy. So by definition,
for any open linear subspace 1; around Oy, there exists Ay € Fin(S),
such that 3 cacs @aVa — 2pepcs ApUp € W, for all A, B € Fin(S), so
that A, B 2 Ap. In particular for any vy € S — Aoy, 2gea,cs Xala —

ZaeAOU{yx}gs aqv, € Vp, but this implies v, € Vj for any v, € S — Ap.
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Now we define Aj := S’ N Ay, then |Aj| < oo, as Ag € Fin(S). Then
we have for any A’, B’ € Fin(§’), so that A’, B’ 2 A}, > yearcs Qa'Var —
2epcs @V € Vp, as this is a finite linear combinations of vec-
tors in Vj. As the choice of open subspace was arbitrary, so we have
2sresrcscx s Vs is Cauchy and hence convergent by completeness.

Sowe have S’ € U.

IfS,T € U,thenSUT € U. Forthisas S € U, S0 Y c5cx AsUs 1S
convergent in V for some choice of scalars a; € C, a; # 0 for any
s € S. Similarly, as T € U, s0 ) ;ercx arVr is convergent in V' for some
choice of scalars a; € C, a; # 0 forany ¢t € T. We now define a new
series . ,esur ®stVsy, where a;; is defined as follows:

as, ifvg, € S,andvg, ¢ T

Ast =\ ay, ifvg, e Tanduvg ¢ S

(as +ay), ifvg € Sandvg, €T

Then we will prove that ’;cgur @s: Vs is Cauchy. First as } ¢cqcx asVs

is convergent so Cauchy, so by definition, for any open subspace 1}
around Oy, there exists Sy € Fin(S), suchthat }’ ,cacs @aVa—2 pepcs Vb €
W, for all A, B € Fin(S), so that A, B 2 Sy. In particular this implies
thatforanyvs € S — S, v5 € V) .

Similarly, as }};crcx @: v is Cauchy, so there exists Ty € Fin(T), such
that }}.cccr QcVe — 2geper @ava € W, forall C, D € Fin(T), so that
C, D 2 Ty. This implies that forany v; € T — Ty, v; € .

Now we define SyTj := So U Ty, then as Sy € Fin(S), and Ty € Fin(T),

so SoTp € Fin(SU T). Now for any S,T3, S»T> € Fin(S U T), so that

S]Tl, SZTZ 2 S()T(), Zsl’eslT] AtV — ZS'Z"GSQTZ Ay Ve € W, s thisis a
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finite linear combination of vectors in ;. As the choice of open sub-
space was arbitrary, so we have ) ;csur s Vs is Cauchy and hence
convergent by completeness. Note thatif a; = —a; forsomes € SNT,
then we can always modify our series (see Remark 5.4.2) such that
as # 0foranyst e SUT.

SoSUT € U.

So (X, U) thus constructed from areflexive Lefschetz space is a pre-finiteness
space. We next show that if we construct a Lefschetz space over it using
Ehrhard’s construction, then it is uniformly homeomorphic to the original
space we started with. Now, since V is reflexive and therefore complete,
this will imply that the pre-finiteness space obtained in Definition 5.4.1 is

actually a finiteness space.

Proposition 5.4.4. Let C(X, U) be the Lefschetz space constructed from
the pre- finiteness space obtained above (Proposition 5.4.3). Then V (the
space we started with in Definition 5.4.1 ) is uniformly homemorphic (that

is a linear continuous map, with a continuous (linear) inverse) to C(X, U).

Proof. LetV be the Lefschetz Space as in Definition 5.4.1, with basis 8 =
{vi}tier- Then we defineamap F : V — C(X, U) as follows F(v;) = f,,
where f), : X — Cis the map which takes the value 1¢ at x = v;, 0 elsewhere.
We then extend this map linearly to obtain F : V — C(X, U). We could see
F as sending a vector to its function of scalars, as F (3 scg aVs) will be the

function f : X — C, where f(vs) = a;. Now we claim the following:

e Fis well-defined. For this, as {v;};es is a basis for V, so any vector

v € V is the convergent limit of finite sums over some subset /] C I
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(see Proposition 4.4.7). Moreover, v € V is the limit of a unique linear
combination over (some subset) of I. Now F : V — C(X,U) just

sends a vector to its function of scalars, and hence is well-defined.

F is injective: For this, as V is Hausdorff, so if Zjejg ajvj =v =w for

anyv,w € V,thenv =w,so F: V — C(X,U) is injective.

F is surjective: For this, let f € C(X, U). Thensup(f) =S € U, so by
definition, ;.5 asvs converges in C(X, U) for some choice of scalars
as € C,a; # 0forany s € S. Now let f(vs) = af, a; # 0,forany s € S.
Then by Proposition 5.3.15, V" = } s @V, also converges in C(X, U),

as V is complete. And we have, F(v') = f.

F is open: For this, first note that as continuous functions between
topological vector spaces are completely determined by their action
around the origin, it is enough to prove that F is open around the
origin, Oy. Now, as V is a reflexive space, so the natural inclusion
map evy : V — (V* — C) is open. We also know that v +— evy (v)
via evy, where evy (v)(¢) = ¢(v). Now by assumption, for any S €
U, Y5 asls, as # 0 forany s € S, converges in C(X, ). So an
exact argument like in Proposition 5.3.10 will show that for any ¢ €
V*, sup(¢) € U*. Note that here we are identifying ¢ as a function
X — C, as the value of ¢ is fixed by the value it takes at the basis

vectors f.

Now let 1 be any open linear subspace around Oy, thenevy : V —
(V* — C) maps V; to an open neighbourhood linear subspace around

0(v+—c)- But the neighbourhood basis around 0(y+_.c) is given by fi-
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nite intersections of the sets of the form {® : V* —» C: ®(¢) =0, ¢ €
V*}. From the previous paragraph, we have, for any ¢ € V*, sup(¢) €
U+. Nowthemap F : V — C(X, U) just sends a vector to its function
of scalars, hence 1} via F will get mapped to finite intersection of sets
of the form {f : X — C : sup(f) € U and sup(f) Nu’ =0,u’ € U+}.

But thiS iS just Vul m Vuz n Vu3 m ...... m Vun = Vu1Uu2Uu3U Uun, WhiCh iS
an open neighbourhood basis around O¢(x,¢/). So F : V — C(X, U)
maps open neighbouhood subspaces around 0y to open neighbour-

hood subspaces around Ocx 4/), and hence F is open.

F is continuous: Again, it is enough to prove that F is continuous
around the origin. Now, as V is a reflexive space, so the natural in-
clusion map evy : V — (V* — C) is continuous. We also know that
v — evy(v) via evy, where evy (V) (¢p) = ¢(v).

Now for any u’ € U+, such that there exists ¢, € V*, with sup(¢,/) =
u’,theset {®:V* — C: d(¢,) = 0} will be an open neighbourhood
subspace around O(y+—.c). And so i ' ({® : V* — C : ®(¢py) = 0})
will be an open neighbourhood subspace around 0y . Again, as the
map F : V — C(X, U) just sends a vector to its function of scalars,
this implies that F~!(V,,) will be an open neighbourhood subspace
around Oy. Note that F~1(V,) is the set of vectors whose support

intersects trivially with u’.

So we have that F~!(V,,/) an open neighbourhood subspace around
Oy for some u’ € U*. Let there be some v € UL, such that F~1(V,)
is not an open neighbourhood subspace around Oy. Then } .5 a;Vs

will be Cauchy, hence convergent in V if and only if |S N ©/| < oo,
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for all u’ € U+, with u’ # v. But then by assumption, Y cg ;s is
convergent in V if and only if S € U, since S C X, was arbitrary, so
this implies that F~!(V,,/) is an open neighbourhood subspace around

Oy forany u’ € U+.

Hence, we have that F : V — C(X, U) is well-defined, bijective, contin-
uous, and open, so F is a homeomorphism (of topological spaces). So
V=CX,U).

Moreover, note that this is a uniform homeomorphism, as F is a linear
map (See Lemma 2.3.13),so V = C(X,U) is a uniform homeomorphism.
Note that the inverse of a linear map (if it exists) is linear, so a uniform

homeomorphism is a continuous linear map with a continuous inverse. O

As uniform homeomorphisms preserve completeness, we have:

Corollary 5.4.5. The pair (X, U) as in Definition 5.4.1 is a finiteness space.

Proof. AsV is uniformly homeomorphic to C(X, U), so C(X, U) inherits
all the uniform properties of V, in particular completeness. But then by
Proposition 5.3.11, the Lefschetz space constructed from a pre-finiteness
space (X, U) iscomplete ifand only if (X, U) is a finiteness space. So (X, U)

as in Definition 5.4.1 is a finiteness space. O

We next show that, on objects, the support construction is inverse to
Ehrhard’s construction. For this, we first note that the spaces arising out of
Ehrhard’s construction are indeed reflexive. Then by Proposition 5.4.4, it
already follows that if we first apply support construction and then follow
it by Ehrhard’s construction, we get homeomorphic spaces. The other way

round follows from Proposition 5.3.12.
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Proposition 5.4.6. The Lefschetz spaces arising out of Ehrhard’s construc-

tion, when (X, U) is a finiteness space is reflexive.

Proof. This is immediate using Proposition 5.3.10, as we showed that if we
first apply Ehrhard’s construction to a finiteness space and then take its dual
in RLef or if we first take the dual of a finiteness space in FinRel and then
apply Ehrhard’s construction, we get the same space. But then, as taking the
double dual of a finiteness space gets us back to the same finiteness space,
so we have that the Lefschetz spaces arising out of Ehrhard’s construction,

when (X, U) is a finiteness space, are reflexive. O

Proposition 5.4.7. The construction described in this section (Definition

5.4.1) is inverse to Ehrhard’s construction.

Proof. Observe that the above arguments already proves that if we start with
areflexive Lefschetz space V, with a given basis, build a finiteness space out
of it using the construction described in this section, and then follow it by
Ehrhard’s construction, then we get V = C(X, U).

Other way around, if we start with a finiteness space (X, U), build a
Lefschetz space, using Ehrhard’s construction, C(X, ¥), and then follow
it by our construction here to get (X’, U’). Then by Proposition 5.3.12, we
have that ) cscx fx converges in C(X, ) if and only if S € U. Hence,
identifying points of the web x € X with the points of the web f; € X', we
see that we get the same finiteness space back.

Hence, the construction described of a finiteness space from a reflexive
Lefschetz space with a basis is inverse to Ehrhard’s construction. So there

is a bijective correspondence between a reflexive Lefschetz space (with a
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given basis) and a finiteness space. Note that by Proposition 5.3.10, this

correspondence also respects duals. O

Thus, we can classify the topologies on reflexive Lefschetz spaces as
finiteness topologies, which leads to some immediate corollaries using

Ehrhard’s classification [19].

Corollary 5.4.8. Any reflexive Lefschetz Space has a topology coarser than
the discrete topology (on CX! and finer than the product topology (with

discrete topology on C and C(X, U) being considered as the product CX!).

We can also classify the finiteness structures that give rise to the discrete

topology on Lefschetz spaces constructed on it via Ehrhard’s construction.

Lemma 5.4.9. Suppose C(X, U) is a reflexive Lefschetz space obtained
from Ehrhard’s construction on the finiteness space (X, U). Then C(X, U)
has the discrete topology if and only if U = Pr(X), that is, the finitary sets

are exactly the finite subsets of X.

Proof. Suppose C(X, U) has the discrete topology then we know that ) ;cscx fx

converges in C(X, U) if and only if Limcpin(s) 2 qea fa is eventually con-

stant, which means that |S| < co. But then by Proposition 5.3.12, we know

that Y cscx fr convergesifand only if S € U. So that mean that U = Pr(X).
For the other way round, if we start with the finiteness structure

(X, Pr(X),P(X)). Then in C(X, U), the constant 0 function is open as

V, = 0for u’ = X. This implies that every singleton {f} isopenas f +0 C f.

Hence, the topology on C(X, U) is discrete. O

So in particular, since a finiteness space with a finite web can only have

the trivial finiteness structure (X, P(X), £ (X)), we have,
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Corollary 5.4.10. Any finite-dimensional reflexive Lefschetz space has a

discrete topology.

In fact, for the finite-dimensional case, demanding reflexivity is redun-

dant.

Lemma 5.4.11. [4] Every finite-dimensional Lefschetz space is reflexive.

5.5 Functoriality of support construction

In this section, we will use the construction described in Section 5.4 and
show that it extends as a functor from the category of reflexive Lefschetz
Spaces, with a basis and morphisms as positive maps (See Definition 5.5.1),

and the category of finiteness spaces and relations.

Category of interest: pRLefg

First recall from Chapter 4 that RLefg is a star (x-) autonomous category.

Definition 5.5.1. Let (U,I = {u;}icr) and (W, ] = {wj}jcs) be reflexive
Lefschetz spaces over C with a basis, then a linear continuous map f :
(U,I) — (W, ]) issaid to be positive if forany i € I, f(u;) = Xjieycy ajwy

such thataj € Rand aj > Oforall j” € J'.

We next want to show that when we restrict to just positive maps, the
resulting category of reflexive Lefschetz Spaces with a given basis and mor-
phisms as positive continuous linear maps, denoted by pRLefg is still a star

autonomous category. And so we claim:

Proposition 5.5.2. pRLefg is a star autonomous category.

119



5. The support functor

Proof. As identity is a positive map and composition of positive maps is
positive, pRLefg is clearly a category.

Next, note that the internal hom functor V. — (_) : RLefg — RLefg
restricts to a functor from pRLefg to pRLefg, as it sends a positive map
[ WU, I =Auiticr) = (W, J = {wj}jes) , where f(u;) = Xjepcyajwy
toV —o f:(V—-oUKXI)— (V- W,K x]J),which sends ¢, to
2jeyct & Pu—w-

Next, as there is already a tensor hom adjunction in RLefg, to show that there
isnow a tensor hom adjunction in pRLefg, we need to show that the unit map
of the adjunction is positive and that the adjoint of a positive map is positive.
As this is a concrete category, so the unitmapny : U - V — (U®V) on the
basis vectors u; is given by ny (u;) = 3, bve—uev;) here all the scalars are 1,
and hence this is a positive map. Moreover the adjunct of a positive map f :
U — V — W, which sends u; to f(u;) = 2Xpexrck,jeycy ar j P —w; 18
f*: UV — W, which takes u;®v; to f*(u;®v)) = Yprerrck jreycy e jr Wy
It is easy to check that nyV —o (f*) = f. And hence the adjunct of a positive
map is positive. Finally the evaluation map evy : V. — V** is also positive

as it takes vg 10 Py — ) s O

The support functor

We want to define a functor, which we will call the support functor, motivated
by our construction of a finiteness space from a reflexive Lefschetz space.

The functor sup : pRLefg — FinRel is defined as follows:

* OnObjects: sup(V,K) = (K, U :={S € K : ) ;c5 asUs convergesinV, a5 €

C, as # 0 for any s € S}) asin the previous section. Similarly, sup(U, I) =
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(I, V).

* On morphisms: Let f : (V,K) — (U, I) be any positive linear con-
tinuous map. Then, as a linear map is determined by its action on a
basis, so let f(vk) = Xicprcr @iruir, where all the scalars are positive.
Then sup(f) € K x I and v ~gup(s) i (thatis vy is related to u;) if

and only if the scalar corresponding to u; in f(vy) is non-zero.

Note that if we were just working with continuous linear maps, rather than
restricting to positive continuous linear maps, then the support construction
fails to be functorial, as the scalars might cancel against each other. But

when we work with positive maps, the support construction is functorial.

Proposition 5.5.3. sup : pRLefg — FinRel is a functor.

Proof. We will first show that the functor is well-defined. It is well-defined on
objects by the the previous section (see Corollary 5.4.5). On morphisms, we
need to show that sup(f) preserves finitary and reflects co-finitary sets. First,
we show that A > sup(f) € V for any A € U. For this note that, as A € U,
SO X.aeaAcK Acts Va CONvergesinV,and as f : V — U is a continuous map,
SO X aeaack.acu | (Vo) converges in W. Now note that as f is a positive map,
so no basis vectors are getting canceled against each other, and hence the
support of 3 ,ca ack acu f(Va) is exactly A > sup(f), and as this converges
in U, so by definition A > sup(f) € V.

Next, we show that for any B € V+, sup(f) << B € U*. For this note that
as the correspondence between relfexive Lefschetz Spaces and finiteness

spaces carries over to the dual, so if we take thedualof f : (V,K) — (U, I)in
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pRLefg, f*: (U*,I) — (V*, K), then it induces a relation (which preserves
finitary sets by above), sup(f*) : I — K.

Now if we prove that sup(f*) = sup(f)?, where on the right hand side we
are taking the transpose (dual) in FinRel, then we are done, as the transpose
of arelation in FinRel preserves finitary sets if and only if the original relation
reflects co-finitary sets.

First we will show that sup(f*) € (sup(f))’. For this let u; sup(f*)vg,
then by definition, it means that the linear functional ¢, : U — C, which
takes the value 1 at u; and 0 everywhere else, when pre-composed with f
gives a linear function which from V to C, which is non-zero on vi. But then
it means that f (vx) must have a non-zero component of u;, so vx sup(f)u;
and hence u; (sup(f))"vk. So we have sup(f*) C (sup(f))".

Next we shall prove (sup(f))’ € sup(f*). For this let u;(sup(f)) v,
then v sup(f)u;. We want to show that u; sup(f*)vk. For this note that
since vi sup(f)u;, so f(vx) has a non-zero component of «; and hence the
linear functional ¢,, when pre-composed with f will give a linear functional
from V to C with a non-zero component of ¢, . And hence u; sup(f*)vi. So
we have (sup(f))! C sup(f™).

And we are done, as we already know sup(f*) preserves finitary sets, but
since it is the transpose of sup(f), so sup(f) must reflect co-finitary sets.

This shows that sup : pRLefg — FinRel is well-defined.

For functoriality, it is immediate that the support functor preserves iden-
tities. For composition, first we prove that sup(fg) € sup(f) sup(g). For
this, let v, sup(fg)w;. Then g(f(v)) has a non-zero component of wj, by
definition of function composition, this implies that f (vx) has a non-zero

component of u; such that vx sup(f)u; and u; sup(g)w;. So by definition
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of relational composition, vi sup(f) sup(g)w; and we are done. Finally, we
show that sup(f) sup(g) < sup(fg). For this let vx sup(f) sup(g)wj, then
there exists u; € I, such that v sup(f)u; and u; sup(g)w;. So we have that
f (vr) has a non-zero component of u; and g(u;) has a non-zero compo-
nent of w;. Since f, g are positive maps, and hence their composition, so
g(f(vr)) has anon-zero component of w; and so v sup(f g)wj, and we are
done.

So we have that sup : pRLefg — FinRel as defined above is a functor.
Note that in particular, if we restrict ourselves to basis-to-basis maps(that is,
those maps which take the chosen basis elements to chosen basis elements

and hence are positive), then the support functor lands in FinF. O

In the next chapter, we will use this support functor to give an adjunction
between the category of finiteness spaces and functions and the category of

dagger linear semigroups in the category of reflexive Lefschetz spaces.

123



Chapter 6

The semigroup story

6.1 Motivation

Lefschetz spaces and finiteness spaces, the two main mathematical objects
of our study, were introduced in Chapter 4 and Chapter 5, respectively. We
also saw how one can construct a reflexive Lefschetz space on a finiteness
space using Ehrhard’s construction. The basis of the Lefschetz space arising
out of Ehrhard’s construction is given by functions of point support, and the
finitary sets are encoded as the support of convergent nets over the basis.
Using this observation, we gave a functorial construction of a finiteness
space, starting with the data of a reflexive Lefschetz space with a basis.

In this chapter, we will use Ehrhard’s construction and the support con-
struction to establish an adjunction between the category of finiteness
spaces with functions and the category of dagger linear semigroups in
Lefschetz spaces with semigroup homomorphisms. We first give some
motivation to study such an adjunction and present the result from the

finite-dimensional case in some detail. Then we will proceed to generalise
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the result from the core to a full structure of a mixed unitary category. We
will see that outside the core, we only get a coreflection, rather than a full
equivalence.

In Quantum mechanics, observables are physical quantities that can be
measured in a lab, such as the position, momentum, or spin of an electron.
They are represented by a self-adjoint (Hermitian) operator. Hermitian
(and more generally Normal) operators have an orthonormal eigen-basis
[3]. So in particular, any state has a unique decomposition in terms of its
eigenvectors, and the eigenvectors corresponding to different eigenvalues
are also orthogonal to each other, assuring perfect distinguishability. For
example, consider the Hilbert space C? (generally used in the theory of
quantum computation), with the computational basis |0) and [1), then any

state | ¢) can be written as,

lp) = al0)+p]1).

such that @, 8 € C and |a|?> + |8|> = 1. Hence, to study observables in
quantum theory, it is natural to study orthonormal bases.

Another motivation to study orthonormal bases in finite-dimensional
Hilbert spaces is the no-cloning theorem [42] which states that there exists
no unitary operator f : H® H — H ® H on any Hilbert space (with dimen-
sion > 1), such that for any |v) € H, f(|s) ® |w)) = |v) ® |y), where |s) is
some standard state. However, given an orthonormal basis of H, {|¢;)} |,
we can always "freely" copy these basis elements and define the copy opera-
tor by extending it linearly. We can then define a multiplication structure by

taking the dagger of this free copy map to give a dagger Frobenius algebra

structure on the underlying Hilbert space. The copyables of this algebra
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encode the orthonormal basis that we started with. It was proven in [16] that
every (commutative special) dagger Frobenius algebra on a Hilbert space
arises this way. One can think of picking a basis to be cloned, as picking a
"classical" fragment within the quantum theory, where arbitrary cloning
is not possible. For this reason, commutative dagger special Frobenius
algebras are also known as classical structures.

Categorically speaking, in the finite-dimensional case, an equivalence
between the category of finite sets (interpreted as bases of the Hilbert space
over them) with isomorphisms and the category of commutative dagger
special Frobenius algebras and morphisms that preserve the monoid and
the comonoid structure was shown [16]. If we require the Frobenius algebra
homomorphisms to preserve only comultiplication, we get an equivalence
between the category of finite sets with functions and commutative dagger
special Frobenius algebras and morphisms that preserve the comonoid
structure.

In this chapter, we will first give the outline of this equivalence, as in [16].
This will be up to Section 6.7, and then, we will see how this result can be
extended from the core to the full structure of a mixed unitary category.

The first point of departure is that since Frobenius algebras are on self-
dual objects, to move beyond the compact fragment of the theory, we con-
sider dagger linear monoids. We construct a reflexive Lefschetz space begin-
ning with a finiteness space, and then freely copy the basis vectors. Since
we have an underlying topology, which is in general not discrete, the conti-
nuity of the proposed morphisms must be established. This restricts us to
consider dagger linear semigroups in reflexive Lefschetz spaces. To come

back from a dagger linear semigroup on a reflexive Lefschetz space, we first
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take the subspace generated by a copyable and then follow it by the support
construction to land in the category of finiteness spaces and functions.
We show that this leads to an adjunction between the category of finite-
ness spaces with functions and the category of dagger linear semigroups
with semigroup homomorphisms. This adjunction is, in fact, a coreflection,
but fails to be an equivalence, as we present examples of algebra structures

whose copyables do not generate the underlying space.

6.2 Frobenius algebras

In this section, we introduce the notion of a Frobenius algebra in a monoidal
category. A Frobenius algebra is an object together with a monoid and a

comonoid structure that interacts via the Frobenius law.

Definition 6.2.1. Let (X, ®, [, ag, lg, I's) be a monoidal category. Then a
monoid in X is an object X € X together with maps m : X ® X — X, called

the multiplication map and the unitmapu : I — X

X X
X X

such that the multiplication is associative and unital.

X X X X X X

= (6.2)
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(6.3)

The monoid is said to be commutative if the underlying monoidal category
is symmetric and the symmetry map followed by multiplication is the same

as the multiplication map.

X X X X
y (6.4)
X X

A morphism of monoids between (X, m, u) — (Y, m’, u’) is a morphism

f : X — Y in the underlying monoidal category such that mf = (f ® f)m’

X x X X
=Y Y
(6.5)
Y ) Y
u

u

anduf =u’

=

Y Y
Lemma 6.2.2. Monoid morphisms compose.

Proof. Letf : X — Y, g :Y — Z be monoid morphisms. Then we want to

128



6. The semigroup story

prove that myx fg = (fg ® fg)mz. For that note,

mxfg (f®fimyg

(fef)g®g)my

(fg®fg)mz,

where the first and second equality use the fact that f, g are monoid mor-

phisms, respectively. And for ux f g = uz, note,

uxfg = urg
= Uz.
So we have that fg : X — Z is a monoid morphism. ]

Definition 6.2.3. A co-monoid in a monoidal category is the dual notion
of a monoid; so a co-monoid in X is an object X € X together with a co-
multiplication map 4 : X — X ® X and a co-unit map € : X — [ such that
the co-multiplication is co-associative and co-unital. The axioms of a co-

monoid can be obtained by flipping the axioms for the monoid horizontally.

We will denote the comultiplication and the counit map as:

(6.6)

And the string diagram representation of the coassociativity axiom will be,

IR
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And for the counitality axiom, we have,

(6.8)

Definition 6.2.4. A comonoid morphism f : (X,0,¢) — (Y, 0, ¢')isa
morphism f : X — Y suchthat §(f ® f) = f6" and f¢’ = €. The diagrams
can be obtained again by horizontally flipping the diagrams above for a

monoid morphism.
We similarly have that,
Lemma 6.2.5. Comonoid homomorphisms compose.

Definition 6.2.6. Let (X, ®, I) be amonoidal category. A Frobenius algebra

in X is an object X € X together with
e amonoid (m: X®X —» X,u:I — X);
e aco-monoid (6 : X > X®X,e: X — I);

such that the Frobenius law holds; (6 ®id) (id®@m) = md = (id ®) (m®id).

(6.9)

The Frobenius algebra is said to be commutative if the monoid and the co-
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monoid structures are commutative, and it is said to be special if 6m = id.

(6.10)

Definition 6.2.7. A Frobenius algebra (FA) in a T- monoidal category is said

to be a dagger Frobenius algebra (- FA)if 6 = m" and e = u".

Remark 6.2.8. The monoidal unit / can be equipped with a commutative

dagger special Frobenius algebra (CDSFA) structure (I,lg : [ ® I — I,id;).

6.3 Dagger Frobenius algebras

We first consider the category of commutative dagger special Frobenius

algebras in a T- monoidal category X, which we denote by CDSFA(X) where:

Objects: Commutative dagger Frobenius algebrasin a - monoidal category

X;

Morphisms: [ : (X, m,u,d,¢) — (Y, m',u’, d’, ¢)isamorphism f : X —
Y such that f is both a monoid and a comonoid homomorphism;

Composition: composition of morphisms in the underlying monoidal cat-
egory;

Identity: the identity morphism in the underlying category.

It is clear that the identity morphism preserves both the monoid and the

comonoid structure, and by Lemma 6.2.2 and 6.2.5 we have that CDSFA(X)
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is a category. We also have that if we demand our algebra morphisms to pre-

serve both the monoid and comonoid structure, then it is an isomorphism:

Lemma 6.3.1. Let f : (X, m,u,d,¢) — (Y, m',u’, &, ') be a morphism
between two Frobenius algebras. If f is both a monoid morphism and a

comonoid morphism, then f is an isomorphism.

Proof. We will give a string diagrammatic proof for this. First we define the

inverse morphism f’: Y — X as (id®ud)(id®f ® id)(m’e’ ® id).

Y
()

(6.11)

X

We then must prove that f f’ = idx and f’f = idy. For ff’ = idx, note the

following sequence of string diagrammatic equalities:

O @,
fr= - ) (6.12)

Il
S

where the first equality is the definition, the second equality comes from the
fact that f is a monoid morphism, the third equality is using the Frobenius
law, the fourth equality is using the unitality of multiplication, the fifth
equality is using the fact that f is a comonoid homomorphism, and finally,

the last equality is using the fact that comultiplication is unital.
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And for f’f = idy, note the following sequence of diagrammatic equali-

ties:

()
f'f = = - - (6.13)

()
And hence ff’ =idx and f'f =idy, so f : X — Y is an isomorphism in the
underlying monoidal category. O

Our second category of interest will be the category of finite-dimensional
Hilbert spaces FdHilb, which is the standard setting for finite-dimensional

quantum theory. FdHilb has:

Objects: Finite-dimensional Hilbert spaces;

Morphisms: linear maps;

Composition: usual composition of linear transformations;
Identity: the identity linear transformation.

The final category of interest here will be the category of finite sets with

isomorphisms, GFinSet:
Objects: Finite sets;

Morphisms: isomorphisms of finite sets, or equivalently, bijections;
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Composition: usual composition of functions;
Identity: the identity function.

Now we will proceed to first define a functor from F : GFinSet — CDSFA(FdHilb).

6.4 From orthonormal bases to Frobenius
algebras

We want to define a functor from F : GFinset — CDSFA(FdHilb), the ele-
ments of a finite set, say S, should be interpreted as the orthonormal basis
for the free Hilbert space on it. We shall make this notion precise. Let
S = {l¢i)}!,- Then we define F(S) by taking the free vector space over C
on the elements of S. We must give it an inner product structure to make it
a Hilbert space. We declare (|¢;), |¢;)) := 6;; and then extend it linearly in
the first component and conjugate linearly in the second component. This
is what we meant by interpreting elements of the set as the orthonormal
basis for our Hilbert Space. The space is automatically complete under the
norm induced by this inner product, as it is a finite-dimensional space. Then
to give it a CDSFA structure we define 6 : H — H ® H by freely copying the

basis
6(19i)) = [¢i) ® i),
and we define € : H — C by freely deleting the basis vectors
e(|¢i)) = 1.
We then define m := 6" and u := £'. More explicitly, these maps are
m(|¢i) ® [d;)) = |¢s;;) »
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and,

=100,
i=1

where by |¢g), we mean the zero vector (that is, the additive identity of the
vector space structure). We denote the zero vector by 0.

We then extend these maps linearly. Now, for this to be well-defined, we
must show that this defines a Frobenius algebra structure that is commuta-
tive and special. We first check that the associativity and unitality hold for

the monoid structure. For this, we have,

m((idem)(|¢:) ® (1¢;) ® [Pr)))) m(|$i) @ [Ps;))

= sy
which is
lpiy, ifi=j=k,
m((id®m)(|di) ® (1) ® [$r)))) =
0, otherwise,
and
m((m ®id)((|¢:) ® [¢j)) ® [dr))) = m(|ds;) @ |Pr))
|(P6,~jk>,
which is
lpi)y, ifi=j=k,
m((m®id)((|¢:) ® |¢;)) ® [Pr)) =
0, otherwise .
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So the associativity law holds. For unitality, note that,

m((ueid)(1®¢:)) = m(),16;) ®|¢:))

j=1

D mg)) @ 1))

j=1

|}i)

where in the second equality, we have used the fact that m is (bi)linear by
construction. Similarly, the right unitality holds. For comonoid laws, the

proof for associativity is similar. For counitality, note that,

(e ®id)(6(|¢i))) (e ®id)((1pi) ® i)
1® |¢pi)

|pi) .

And similarly, the right unital law holds.
To check the Frobenius law, we must check first check (6 ® id) (id ®m) =
mod. It suffices to check it on the basis vectors, as any linear map is uniquely

determined by its action on this basis. For this, we have,

(idem)[(6 ®@id)(|¢:) @ [¢;))] (idem)(|¢:) ® (1) @ [¢;)))

[pi) ® |bsij)

which is
. , i) ® i), ifi=],
(idem)[(6 ®id)(|¢i) ® |p;))] =
0, ifi #]j,
and

d(m(lgi) @ 1¢)) = 6(l¢s;))
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which is
|pi) ® |y, ifi=],
6(m(|di) ® ;) =
0, ifi #j.
And for the second equality, we must check, (id ®9) (m ® id) = m#§, again it

suffices to check it on the basis vectors. For this, note that,

(m ®id)[(id ®5) (|¢:) @ [);))] (m @id)((|¢:) @ [¢;)) ® [¢)))

|(p5ij> ® |¢]> ’
which is

s lpi) ® |piy, ifi=],
(m®id)[(id®6)(|¢i) ® [¢;))] =
0, ifi #j.
So we have that the Frobeniuslaw holds; (6®id) (id ®m) = mé = (id®9d)(m®
id). It is also a - Frobenius algebra by construction. Next, we must check
that the algebra structure is commutative and special. For commutative,
note that in FdHilb, the braiding map is given by cs (|¢;) ® |$;)) = |Pj) ®| ;).

Now, note that,

m(ce (i) © |$)))) m(|¢p;) ® [¢i))
|(/)6ij>

m(l$i) ® ¢))),

and similarly,

co(0(|¢i))) ce(|di) ® [di))
|pi) ® i)

6(|i))-
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So the algebra is commutative, and finally, the algebra is also special, as

m(6(|i))) m(|¢i) ® [¢i))

|pi) .

So 6m = id and hence the algebra is special. So, on objects, we have that
the functor F : GFinset — CDSFA(FdHilb) is well-defined on objects.

Now for any morphism f : S — T in GFinset, we define a morphism in
FdHilbby F(f) = f’, where f'(|¢;)) := f(|¢;)) and then extending it linearly.
Now to show that this is a morphism in CDSFA(FdHilb), we must show that
f’: F(S) — F(T) preserves both monoid and comonoid structure. We call
H, := F(S) and H, := F(T). For the monoid-structure, we check it on the

basis elements as the map is linear by construction. For this, we shall show

that f'(mmp, (1¢:) ® |¢;))) = mu, [(f' ® f')(I¢i) ® [¢;))]. For this, note that,
[ (mu (1) @ ¢;)) = f'(Ids;)),

which is

(i), ifi=j,
[ (mu, (1¢:) ® |¢;))) =
0, ifi # j,

and
m [ ® f'1(l¢i) ® 1)) = mu,(f'(I¢:) ® f'(1pj))),
which is

o gy, ifi=j,
mu (' ® 1010 ® 16)) =
0, ifi #j.
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Thus f’ : Hi — H, preserves multiplication. To show that it preserves the

monoid structure, we must also show that uy, f” = upy, . For this, note that

f,(qu(l))

73 1)
i=1

3 )
i=1

qu(l))

where in the last equality, we have used the fact that f : S — T is an
isomorphism, in particular a surjective map. Now we shall show that f” also

preserves the comonoid structure. For the comultiplication, note that

'@ (6, (1))

f e (¢ ®l¢i)
o) @ f'(1¢i),

and

Om, (f' (1)) = f'(1¢:)) ® f'(1i))-

And finally for the counit,

em, (F(1¢))) =1 = en f(1¢:)).

So we have that F : GFinset — CDSFA(FdHilb) is well-defined. The func-
torality isimmediate as the composition structure is the same in both GFinset

and CDSFA(FdHilb).

Remark 6.4.1. We also observe that the f” := G(f) in CDSFA(FdHilb) for any
f : S — T in GFinSet is not only an isomorphism between the underlying

space by Lemma 6.3.1, but in fact a unitary isomorphism, as (|¢;) | |¢;)) =
0ij = (f'(1¢i)|f'(I1¢;))), as f is in particular injective.
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We shall now prove the fullness and faithfulness of this functor. But

before that, we note some interesting observations.

Definition 6.4.2. A copyable element of a co-monoid (X, §, ) is a co-

monoid morphism from I, the identity for the monoidal tensor on X.

(6.14)

Remark 6.4.3. Now, in the co-monoid structure defined on the free Hilbert
space by the functor S, the only copyable elements are the basis elements.
To see that, note that the basis elements are copyable by construction, and
for any vector that involves a sum of any two basis elements, say |w) =
[p1) + |¢2) and 6(|y)) = (|¢p1) ® [¢1)) + (¢2) ® [p2)). And this is not equal
to [y) ® |y), as (I¢1) ® [$1)) + (I$2) ® |¢2)) is an entangled state (not
factorisable as a tensor product of two states), whereas |y) ® |y) is not. So

F faithfully encodes the basis as the copyable elements of our co-monoid.

Lemma 6.4.4. Let f : (X,0,¢) — (Y, ¢, €') be a co-monoid homomor-
phism. Then f takes a copyable element of X to a copyable element of

Y.

Proof. Leta : I — X be a copyable element of X. We then want to show

that f(a) is a copyable element of Y. For this note, the following string
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diagrammatic proof,
® @ 0
S
(6.15)

where the first equality is using the fact that f is a comonoid homomorphism

and the second equality comes from the fact that a is copyable.

Remark 6.4.5. Note that the above Remark 6.4.3 and Lemma 6.4.4 apply
also in the case where the algebra structure does not have a unit. This will

be crucial in the case of arbitrary dimensions.

Lemma 6.4.6. F : GFinset — CDSFA(FdHilb) is a fully faithful functor .

Proof. Faithfullness of F is immediate. For fullness, let f’ : F(S) — F(T) be
a map between the free Hilbert space on S and T'. Then, since f” preserves
both monoid and comonoid structure, by Lemma 6.3.1, it is an isomorphism
between F(S) and F(T), moreover by Lemma 6.4.4, it takes copyable ele-
ments of F(S) to copyable elements of F(T'). Now by construction, copyable
elements of F(S) and F(T) are elements of S and T respectively, so we get
amap f : S — T in GFinset define by f(|¢;)) := f'(|¢;:)). Itis clear that
F(f) = f’ and hence F : GFinset — CDSFA(FdHilb) is full.

6.5 Interlude: C*- algebras

Now we shall proceed to define a functor G : CDSFA(Fdhilb) — GFinset.
At objects, this will be achieved by taking the copyable elements of the

Frobenius algebra. Essential to the proof of the equivalence will be the
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fact that the copyable elements of a CDSFA in FdHilb will form a basis for
the underlying Hilbert space. The main idea is that we will embed the
elements of our space into FdHilb(H, H); this monoid embedding will be
involution preserving, where the FdHilb(C, H) has the monoid structure
coming from the Frobenius algebra. And thus FdHilb(C, H) will have the
C* algebra structure, and a structure theorem for C* algebras will give us the
desired result. To see this more concretely, we will first need to build some
mathematical preliminaries. Our first definition is of a C* algebra, which is

an abstraction of the complex numbers.

Definition 6.5.1. [33] A C*- algebra is a non-empty set A together with the

following operations:

addition; +, which is commutative and associative;

multiplication; X, which is associative;

multiplication by complex scalars; X, ;
* aninvolution a — a*, which is conjugate linear;

such that for any a,b € A, A, u € C, A(ab) = (Aa)b = a(Ab) and (Au)a =

Alua).
Crucially, there is a norm ||.|| on A such that foralla,b € Aand A € C such

that
* ||Aall = |Al||all,
* |la+b|| < |lall +1|bll,

* llabl| < llall||b]], and
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* lla*all = lall?,
Finally, the space A is complete under this norm.

Example 6.5.2. The space of all bounded operators between a Hilbert space
and itself, denoted by B8(H) is a C* algebra. The linear structure is just
the addition of operators. Multiplication is given by composition, and the
involution is given by taking the adjoint of an operator (dagger). And the

norm is given by the supremum over the unit ball,

111 := suppy <1 {f(x) : x € H}

Note that in the finite-dimensional case, all norms are equivalent, and if we

fix a basis, then we have that M,,(C) is a C* algebra.

Example 6.5.3. For any compact Hausdorff topological space X, C(X) =
{f : X —» C : fiscontinuous} is a C* algebra. Here, the addition, multi-
plication, and scalar multiplication are all pointwise, and the involution is
given by taking the pointwise complex conjugate. The norm again is given

by the supremum norm,

£l = supp,{f(x) : x € X}

Theorem 6.5.4. [41] Every finite-dimensional commutative C* algebra over
C is a product of one-dimensional complex algebras. And the co-algebra

morphisms form the basis for the underlying space.

We will be using this structure theorem in the next section to show that
the copyable elements of a CDSFA in FdHilb forms a basis for the underlying

space.
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6.6 From Frobenius algebras to orthonormal
bases

We begin by defining a map R : FdHilb(C, H) — FdHilb(H, H) by multi-
plication on the right, that is R(a)(|¢)) = (|¢p) ® a)m. Diagrammatically,

R(a)is

(6.16)

Lemma 6.6.1. R : FdHilb(C, H) — FdHilb(H, H) is a monoid morphism,
where the monoid structure on FdHilb(C, H) is induced by the monoid
(H, m, u) of the Frobenius algebra, and the monoid structure on FdHilb(H, H)

is of composition.

Proof. First note that R preserves multiplication. This is just by associativity

of the multiplication. Note the following string diagrammatic proof,

R = —
(af) = = RQ@RPB)  (6.17)
And for unitality, we have,

R(u) = = (6.18)

O

Now also note that R is indeed an embedding as if for «, 8, R(a) = R(f),

then uR(a) = uR(p), but then using unitality, this says @ = . R also
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preserves the vector space structure, this is just by linearity of m.

Now since thereisa t on FdHilb(H, H), we can take R(a)", then the question
is does there exists (_)" : FdHilb(C, H) — FdHilb(C, H) such that R(a’) =
R(a)'. The answer is positive, we will construct such an «’. For that, note

the following string diagrammatic proof,

R@' = - - o

af af

(6.19)
where the second equality is using the unitality of multiplication and the
third equality comes from the Frobenius law. So equationally, we have a’ =
ud(id ®a’). Moreover, (_)’ : FdHilb(C, H) — FdHilb(C, H) is involutive

das,

alt

(ah)’

(6.20)
where the first two equalities are just by definition, the third equality uses
the fact that § is involutive, and the final equality is by unitality.
So from the above discussion, we have that R : FdHilb(C, H) — FdHilb(H, H)

is an involution-preserving monoid embedding.

Remark 6.6.2. The proofthat there exists an operation (_)" : FdHilb(C, H) —
FdHilb(C, H) such that R(a’) = R(a)" uses the unitality axiom. Abramsky

and Heunen in [2] considered non-unital Frobenius algebras (motivated
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by the fact that a Frobenius algebra in Hilb is unital if and only if it is finite
dimensional [27, 25]), where they take the existence of such an involutive
operation in a general dagger category to be an axiom. They then consider a
different kind of algebra called the H* algebra to derive their results. We will
see that when we consider the Frobenius structure in RLef , the free copy

map is continuous, but the free deletion map is not.

Theorem 6.6.3. [33] Any finite-dimensional involution closed subalgebra

of a C* algebrais a C* algebra.

So by the above discussion and theorem, we have that FdHilb(C, H)
is a finite-dimensional C* algebra. Moreover, this is commutative, as the
multiplication here is commutative. So by the structure theorem 6.5.4, we

have that,
n
FdHilb(C, H) = H = @(C, 5¢)
i=1

And hence, the co-algebra morphisms |¢;) : C — H form a basis for H,
but the co-algebra morphisms are exactly the copyable elements of the
co-monoid (H, 9§, €), so we have that the copyable elements of a CDSFA in
FdHilb form a basis for the underlying space.

That this basis is orthogonal with norm 1 follows from structural reasons.

Lemma 6.6.4. [2] The copyable elements of a Frobenius algebra in FdHilb

are pairwise orthogonal.

Proof. Let a, b be two distinct non-zero copyable elements of (H, J, €) such
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that (a|b) # 0, then

(ala){ala){b|a)

(a®a®bla®ae a)
= ((6®id)(a®Db)|(id® 5)(a®a)

= (a®b|(6"®id)o (id® 5)(a® a))

= (a®b|(id® ") o (6 ®id)(a® a)), by Frobenius law
= ((id® 6)(a®b)|(§ ® id)(a ® a))

= (a®b®bla®asa)

= (ala){bla)(b|a).

So we have (a|a){a|a){b|a) = (ala){bla){b|a), canceling (a|a), and (b|a),
we get (a|a) = (b|a). Similar computation will give us (b|b){b|b){a|b) =
(b|b){a|b){a|b), and canceling (b|b), and {(a|b) will give us (b|b) = (a|b).

Then observe,

(ala)

(bla)

= (alb)
= (blb)
= (blb).
So it follows that all inner products here are real and equal. But then, {(a —

bla - b) = (ala) — {(a|b) — (bla) + (b|b) = 0, contradicting the fact that a, b

were distinct. |

So we have that non-zero copyable elements of a CDSFA(FdHilb) form
an orthogonal basis for the underlying space. Moreover, they have norm 1

as,
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Lemma 6.6.5. Non-zero copyable elements of a CDSFA(FdHilb) have norm

1.
Proof. Note,
(alay = (dal|da), asthe algebra is special
= (a®ala®a)
= (ala){ala).
Since the element is non-zero by assumption, we have that ||a|| = 1. O

Hence, we have that the copyable elements of a CDSFA(FdHilb) form
an orthonormal basis for the underlying space. We will now proceed to
define a functor G : CDSFA(FdHilb) — GFinSet. On objects, we take the
copyable elements of a Frobenius algebra, which we have shown above to
form a basis for the underlying Hilbert space. On morphisms, we define G as
follows. Let f : (H, §,¢) — (H’, §’, €’) be amorphism of Frobenius algebras
in CDSFA(FdHilb). We then define G(f) = f’, where f'(|¢;)) = f(|¢pi)).
Note that this is well-defined as f is a co-algebra morphism so it takes
copyable elements to copyable elements by Lemma 6.4.4, moreover as f
is both algebra and co-algebra morphism so f is an isomorphism of the
underlying spaces, so ' : G(H,d,e) — G(H’,d’,¢’) is a morphism in
GFinSet. Functoriality of G is then immediate.

We also have that G : CDSFA(FdHilb) — GFinSet is fully faithful.

Lemma 6.6.6. The functor G : CDSFA(FdHilb) — GFinSet is fully faithful.

Proof. Faithfullness of G is immediate. For fullness, let f : G(H, §,¢) —

G(H’, &', €') be a morphism in GFinset, we then define ' : (H,d,¢) —
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(H', &', ¢’') by setting f'(|¢i)) = f(|¢;)) and then extending it linearly. We
must show that f’ preserves the co-monoid and monoid structure for this
to be well-defined. For the co-monoid structure, note that as G(H, 9, €),
and G(H’, ¢, ¢’) are the copyable elements of (H, 0, ), and (H’, §’, €’) re-
spectively. Hence, it fixes the co-multiplication structure on these algebras
where the co-multiplication map copies these basis elements. Then we

have,

fref(6(¢))

e /(¢ @)
FUpi)) @ f (1)),

and

§'(f' () = fdi)) @ f'(I¢i)).

Fixing the co-multiplication also fixes the counit and, by dagger, the multi-
plication and the unit map. The fact that f’ also preserves the counit and
the monoid structure is exactly analogous to Section 6.4. It is then clear that

G(f’) = f. Hence G : CDSFA(FdHilb) — GFinSet is fully faithful.

6.7 Equivalence between bases and coalgebras

We will now prove that GFinSet and CDSFA(FdHilb) are equivalent as cat-
egories. For this, we will first set up an adjunction between them. We
already have a pair of functors F : GFinSet — CDSFA(FdHilb) and G :
CDSFA(FdHilb) — GFinSet. We will show that this pair of functors forms
part of an adjunction. We will give the adjunction by proving the triangle

identities. For this, first note that the constructions in Section 6.4 and 6.6
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are inverses to each other. If we first construct a Hilbert space on a finite
set and define the comultiplication by copying these elements, and then
take the copyable elements of that Frobenius algebra, we end up getting
the same set back. And if we first take copyable elements of a Frobenius
algebra, we know that they form a basis of the underlying space, and thus,
constructing a Frobenius algebra on this set will get us back to the algebra
we started with.

So the unit and counit map both are both identity maps, which are clearly
well-defined and natural. The triangle identities thus reduce to simply equal-
ity of identity maps in both categories. So F : GFinSet — CDSFA(FdHilb)
and G : CDSFA(FdHilb) — GFinSet form part of an adjunction. Moreover,
since both the unit and counit maps are isomorphisms, this gives us an
equivalence of categories, so we have GFinSet = CDSFA(FdHilb).

Lemma 6.3.1 tells us that if we require morphisms of Frobenius algebras
to preserve both the monoid and the comonoid structures, then they are
necessarily isomorphisms. So if we define a new category CDSFA’(FdHilb)
where we require morphisms only to preserve the comultiplication structure,
then we get that the category of finite sets and functions FinSet is equivalent
to the category CDSFA’(FdHilb), that is FinSet = CDSFA’(FdHilb).

So we have,

Proposition 6.7.1. [16] (n,¢) : F 4 G : FinSet — CDSFA’(FdHilb) is an

equivalence of categories.

Now we proceed to see how this story about the correspondence be-
tween bases and algebras pans out when we go to arbitrary dimensions. As

explained at the beginning of this chapter, Frobenius algebras are on self-
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dual objects; therefore, to move beyond the compact fragment of the theory,
we consider linear semigroups. The absence of units from our algebras is
due to continuity considerations, which we have to take into account as we
have an underlying (Lefschetz) topology, so the continuity of the proposed

maps must be established.

6.8 Dagger linear semigroups

The main motivation to look beyond Frobenius algebras is the following

theorem

Proposition 6.8.1. [27] A Frobenius algebra (X, m, u, 6, €) in a monoidal

category X is on a self-dual object.

Proof. We define the unit and the counit map as follows: n : I — X ®
X :=udand ¢ : X ® X — [ := me. We must prove that they obey the
triangle identities, for that note the following string diagrammatic proof for

(idx ®n)(e ® idx) = idx,

Lo

where the first equality is using the Frobenius law and the second equality
is by right unitality of multiplication and left unitality of comultiplication.

And for the second triangle identity, (n ® id) (id ®¢)we have,

}){ - X - (6.22)
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where we have used the symmetric version of the same laws as for the first

triangle equality. O

So this says that if we have a Frobenius algebra structure in any monoidal
category, then it automatically degenerates to a compact closed setting.
Since compact structures can only account for the finite-dimensional frag-
ment of the theory [22], we consider linear monoids, which makes sense in
any LDC with a specified dual for that object; in particular, the notion of a
linear monoid makes sense for any *- autonomous category, allowing us to
move beyond the core.

Alinear monoid is simply a monoid object in a LDC with a specified dual,

such that the comonoid induced by left and right duals agrees.

Definition 6.8.2. [12, 40] A linear monoid A —|| B in an LDC consists of a
monoid (A, m:A®A — A,u:I — A),aleftdual (n, ;) : A—|| B, aright
dual (ng, €r) : B —|| A such that the comonoid structure induced by both

duals are same, that is,

no MR
- @ @R (6.23)

- \J - U o
€L €R

A linear monoid is said to be commutative if the underlying category is

and,

symmetric and cgm = m.
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Thus linear monoid is simply a monoid in an LDC on an object for which
the right and left dual is specified.

In particular, in a *- autonomous category, the definition of a linear
monoid simply reduces to having a monoid structure (or equivalently a
comonoid structure, as there is symmetry in the definition) on a object, the
comonoid structure (respectively a monoid structure) on the dual of that
object is then automatically specified by the action of the (_)* functor (See
Lemma 3.1.16).

There is an equivalent definition of a linear monoid where the resem-

blance to a Frobenius algebra is clearer.

Proposition 6.8.3. [40] A linear monoid A —|| B in a LDC is equivalent to

the following data:
e amonoid (A m:A®A - A u:T — A);
e acomonoid (B,§:B — B®B,e: B — 1);

* and action maps pr : A® B — B, ¢ : A — B @ A, and their symmet-

rical counterparts, such that,
(i) (ua®idp)pr =idp,
(ii) (my4 ®idp)pr = (ids ®pL)pL,
(iii) (ida®pr)p = (pr ® ida)pr, and
(iv) (ida®¢r)(pr ® ida) = mapr = (¢pr ® ida) (idp ®ma).

The morphism of linear monoids is defined as follows.
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Definition 6.8.4. [40] A morphism of linear monoids is a pair of maps
(f,8):(A-|]| B) = (A" -|| B’) suchthat f : A — A’ is a monoid morphism
(orequivalently g : B® — B is a comonoid morphim) such that (f, g), (g, f)

preserves the left dual and right dual respectively.

We will be interested in 1- linear monoids, which are linear monoids
where the induced comonoid structure is on the object which is dagger
of the object on which the monoid structure is given, and the comonoid
structure induced by the dual map of LDC and the dagger functor coincide.

More precisely, we have,

Definition 6.8.5. [40] A linear monoid A —|| Bina t — LDC is said to be a
dagger linear monoid if and only if B = A" and moreover e4: = (ua)', 84+ =
(my4)'. That s to say, the induced coalgebra map from the dual matches the

induced map via daggering.

Again, when working in the case of - autonomous categories, where
the dual map is coming from the (_)* functor (possibly composed with the
identity functor or the conjugation functor which leaves the underlying
map unchanged), this just reduces to having a monoid structure on one of
the objects, the comonoid structure on its dagger is then determined. (See
Proposition 4.3.6).

Also note that the morphisms of a dagger linear monoid are of the form
f, f ). Now, for reasons which we will see ahead, we will have to do with
just having a semigroup structure (that is monoid without the unit), but the
rest remains the same. And we will be interested in the category of dagger
linear monoids in RLef.

At the end of this section, we note the following categories of interest

154



6. The semigroup story

for our discussion ahead. Our first category of interest will be commutative

dagger linear semigroups in RLef, CDLS(RLef), where
Objects: Commutative 7- linear semigroups in RLef;

Morphisms: mrphisms of linear semigroups (that is, morphisms of linear

monoids without the requirement of preserving units);
Composition: usual composition of functions in RLef;
Identity: the identity continuous linear function in RLef.

Our other two categories of interest will be RLefg and FinF, which we have
already discussed before, but we recall them here for convenience. RLefg

has

Objects: Reflexive Lefschetz spaces with a chosen basis;
Morphisms: continuous linear maps independent of the basis;
Composition: composition of (continuous linear) functions;
Identity: the identity continuous linear function.

And FinF has

Objects: Finiteness spaces (X, U, U*), (Y, V,VL);

Morphisms: f : X — Y such thatforanyu € U, f(u) € V and for any
vV eVt i (v) e U

Composition: usual composition of functions;

Identity: the identity function.
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6.9 From bases to dagger linear semigroups

We first want to define a functor F : FinF — CDLS(RLef). For this, we first
construct a Lefschetz space on a given finiteness space. Recall that the web
of the finiteness space acts as the basis for the Lefschetz space constructed
on it via Ehrhard’s construction. Now we freely copy these basis elements to
give them a cosemigroup structure. But we must prove that the copy map
is continuous in RLef for it to be well-defined. First, recall that the dagger
of V, where V is a reflexive Lefschetz space, is V*, where V* is the dual of V,
and the conjugation functor changes the scalar action to cev := ¢ ® v. Now
we will prove that the copy map is exactly the dagger of the multiplication

map, which we first show to be continuous.
Lemma 6.9.1. LetV be any reflexive Lefschetz space with a basis {f; } rex-

(i) Themapm : V*®V* — V*givenby f; ® fy — f{ifx =y, 0 otherwise

is continuous.

(ii) Themap § : V - VoV := (V* ® V*)* given by f, — f; @ f; is the

dagger of the above map and is thereby continuous.
Proof.

(i) We know that m : V* ® V* — V* is continuous if and only if the
induced linear maps m;(—, ¢) : V* — V*and my(¢p,-) : V¥ — V*
are continuous for any choice of ¢ € V*. Now m, pulls back an open
subspace U, around Oy~ to V*—Span[{¢}], which is open (See Lemma
6.10.2),if £ ¢ U. And if f; € U, then m pulls back U to whole of
V*, which again is open. So m; is continuous. The proof of m, being

continuous is exactly identical. Hence m : V*®@V* — V* is continuous.
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(ii) Wewillnowprovethatd : V — VeV := (V*@V*)*isactually (m)", and
is hence continuous (as 7 is a functor). For this first note that § sends
fi to fx ® fx, which is the map that takes the value 1 at £ ® f; € V*@V*
and 0 elsewhere. Now, identifying f; € V with evy (f;) € V**, we see
that evy (f;) goes to mevy (f;) via m'. And evy (f;)(m(f; ® L)) =1
if x = y and 0 elsewhere, which is exactly the map 6 and hence 6 is

continuous.
O

Thus, the copy map, which copies every basis vector of a reflexive Lef-
schetz space, is indeed continuous.

Now we will define a functor F : FinF — CDLS(RLef). On objects we
define the functor F : FinF — CDLS(RLef) as F(X, U, U™*) .= C(X, U, U),
with the basis of maps of point support { fi } xcx, as in Ehrhard’s construction.
Then we define the cosemigroup structure by linear extension of copying
all the basis elements, d(fx) := f; @ fx. This map is continuous by Lemma
6.9.1. We first show that this defines a cosemigroup. We check this on the
basis elements, as a linear map is determined by its action on the basis. For

this, note that

(6@id)(6(fx) = 6eid(fi® fr)
= ®f
and
(id®d)(6(fx)) = id@d(fi® fr)
= fi® fx
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(6.25)

Moreover, this cosemigroup structure is clearly commutative. Note that in

RLef, the symmetry map is given by cg(fx ® f;) == f, ® fx, so,

ce(0(f2)) Co(fx @ fr)
ek

= 6(f)

This induces a semigroup structure on the dagger linear dual of C(X, U, U™),
which is W Note that this is by construction a dagger linear
semigroup, as the dual map comes from the action of the dualizing func-
tor, and moreover, the conjugation functor leaves the underlying map un-
changed.

Next, we define the functor F : FinF — CDLS(RLef) on maps. For a
a: (X, U, U — (Y,V,V+) in FinF, we define

F@y) = ), [

Note that this sum is finite as a is a morphism of finiteness space, so
a~l(y) € U* and sup(f) € U. For this functor to be well-defined, we
must show that the F(a) : C(X, U, U*) — C(Y,V,V+) is a continuous

linear map, which in addition is a cosemigroup homomorphism that also
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preserves the dual. Linearity is immediate as

F@(Bfo +f)) = D Bfo+fo(®)

xea~1(y)

= D B+ ) ful®)

xea~1(y) xea~(y)

=B ), fa@+ D fo®

xea~l(y) xea~l(y)

= (BF(a))(fx) + (F(@)(f) (¥)-

Note that the basis vectors f; gets sends via F(a) to fy(x).

For continuity, observe that for any h € C(Y,V,V*),v € V+ and
f € F(a)" (h + V), we have, f + V,-1(,,) € F(a)™'(h +V,/) and so F(a)
pulls back any open set in C(Y, V,V*) to an open set in C(X, U, U+) and
is hence continuous.

Now we must show that F(a) is a cosemigroup homomorphism. We
show that F(a) is a cosemigroup homomorphism on the basis elements,
then it follows by linearity that F(a) is a cosemigroup homomorphism on

the whole space. For this, note that,

F(a)® F(a)(fx @ fr)

F(a) ® F(a)(6cx,uusy(fr)

fa(x) @ fa(x)y

and

Oc(y,v,ve) (F(a)(fx)) Ocy v, vy (fa(x)

= Jax) ® fa(x)-

And thus F(a) : C(X, U, U*') — C(Y,V,V?) is a cosemigroup homomor-

phism.

159



6. The semigroup story

()

Fla

f fo =
fa

F(a)| |F(a)
fao | | fa

fa

fo (6.26)

Finally, for well-definedness, we need to show that F () preserves duals.

We will only show that it preserves the counit, the case for unit, and their

symmetrical counterpart follows similarly. Also note that it is equivalent to

prove that F(a) preserves duals when the dual is coming from the dualizing

functor, as the conjugation functor leaves the underlying map unchanged.

For this, we have,

ecxuun) (F(@)” @id)(f; @ f)

ecxuu) (F(a)fy @ fr)

= [IF(@f)
= f, (fa)
which is
1, ifa(x)=y,
ecxuu)((F(a) ®@id)(f, ® fr) =
0, otherwise,
and
ecr, v, ((d®F(a)(fy ® fx) = [, ® faw),
which is
. 1, ifa(x)=y,
ecy,v,vn (1A ®F(a))(fy ® fx)) =
0, otherwise.
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Andthus F(a) : C(X, U, U') — C(Y,V,V+)isavalid map in the category
of CDLS(RLef). For functoriality, it is immediate that F(idx) = idc(x,,at)-
For composition, note that,
Flan(H@= >, [f&.
xe(yoa)~}(2)
But then x € (y o @)™!(z) if and only if there exists y € Y : y € y~!(z), and

x € a”'(y), so we have,

F(ay)(f)(2) = f(x)
xe(yoa)L(2)
= > D [
yeyH(z) xea (y)
and
F(y)(E(a)(y)) = F(y)( Z f(x))

xea~1(y)

> D, .

yey~(z) xea~1(y)

And thus F(ay) = F(a)F(y). So we have a functor F : FinF — CDLS(RLef).

Remark 6.9.2. The reason we are working with a coalgebra structure, with-
out a counit, is that, suppose we have a counit map for the coalgebra
structure defined on spaces arising out of Ehrhard’s construction by § :
CX,U) - CX,UC(X,U); fx — fx® fx. Then, as every basis element
fx is copyable by construction, the counit map ¢ : C(X,U) — C must
satisfy the following diagrammatic equality,

& -
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But that means that the counit map € : C(X, U) — C must send every basis
vector f; to 1¢. But such a map is not continuous as it pulls back the open
set Oc to Oy, which, if open, gives the discrete topology on C(X, U), as every
translation of an open set is open.

Now, by Lemma 5.4.9, spaces arising out of Ehrhard’s construction on
finiteness spaces are discrete if and only if we started with the finiteness
structure (X, Pr(X), P(X)). So we know that spaces arising out of Ehrhard’s
construction are not, in general, discrete.

Thus, to capture the correspondence in reflexive Lefschetz spaces, it is

necessary that we work with the broader category of cosemigroup structures.
We next prove that the functor F : FinF — CDLS(RLef) is fully faithful.

Proposition 6.9.3. The functor F : FinF — CDLS(RLef) is fully faithful.

Proof. Ttisimmediate that F is faithful. For fullness, leth : (C(X, U, U"), fx —
fr@fo) = (CY,V, V), f, = f, @ f,) beamap in CLDS(RLef), then we
need to producea g : C(X,U,U') — C(Y,V,V!) in FinF such that
F(g) =h.

Since h is a cosemigroup homomorphism, it takes a copyable element
to a copyable element; then identifying x with f;, we see that the underlying
map of hisasetmap |h| : X — Y. Wethendefine g : X — Y as g(x) :=
h(fy). Itis then clear that F(g) = h.

But for this to be well-defined, we need g to be a morphism in the
category of finiteness spaces and functions. So we must show that g pre-
serves finitaries and reflects co-finitaries. Now forany S € X,S € U, by
Proposition 5.3.12 we have that } s x fs converges in C(X, U, U+), and

since h is a continuous map, so Y ;cscx h(fs) converges in C(Y,V,V*).
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But then the support of this sum is exactly g(S) and again by Proposition
5.3.12, Y sescx h(fs) converges in C(Y,V,V+) if and only if g(S) € V. So
g:C(X,U,U) - C(Y,V,V!) does preserves finitary sets.

To show that it reflects co-finitary sets, by Lemma 5.2.8 , it is enough to
prove that for any y € Y, g7'(y) € U*. Now by our Proposition 5.3.10,
it is equivalent to prove that there exists ¢ € C(X,U,U*)* such that
| sup(¢)| = g7} (y). Nowssince h : C(X, U, U*) — C(Y,V, V') isacon-
tinuous map, we can takeits dualtoget h* : C(Y,V,V+)* - C(X, U, U")",
where f; € C(Y,V, V+)* goes to hfy € C(X,U, U*)*. Then observe that
supportof if, isexactly g (y), hence g ' (y) € U*. So g : C(X, U, U*) —
C(Y,V,V+) does reflects co-finitary sets.

And hence g is a morphism in FinF and F(g) = h, so F is full, and we

are done. m|

6.10 From dagger linear semigroups to
finiteness spaces
Next, we want to get a functor G : CDLS(RLef) — FinF, but before that, we

need a couple of important lemmas:

Proposition 6.10.1. Suppose U and V are reflexive Lefschetz space with
bases given by {u; };cs, {v}}je; respectively. Then {u; ® vj}ics,je; is a basis

for the reflexive Lefschetz space U ® V.
Before we prove this, we need a lemma:

Lemma 6.10.2. SupposeV is areflexive Lefschetz space. Then foranyv € V,

Span[{v}] is closed.
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Proof. We first prove that {v} is closed. For that, we must prove that V—{v} is
open. Take w € V — {v}, then as every reflexive Lefschetz space is Hausdorff
(Corollary 5.3.18), so there exists open sets Uy, V;, such that v € U, w €'V,
and U, NV, =0.Sow €V, CV —{v}. Since the choice of w € V — {v} was
arbitrary, we have that V — {v} is open, or equivalently, {v} is closed. Now
observe that the same choices of open sets Uy, V;, also work when we pick

w €V — Span[{v}]. O

Now we are ready to give a proof of Proposition 6.10.1. It is clear that
{u; ® vj}ierjey spans U ® V as every vector in U ® V is of the form u ® v
forsome u € U and v € V and since {u; };cr, {vj}jes are bases for U and V
respectively, we have that {u; ® v} };cz,je; spans U ® V. We next show linear
independence of the set {u; ® vj}ie1,jej. Suppose Z(l-y]-)dx] Yijui ® vj = 0.
Then we defineamap F : U ® V — C, which takes (u;,, vj,) for some fixed
ip € I, jo € J to 1 and everything else to Oc. We must show that the bilinear
map F : U®V — C thus defined is continuous. For that, note that the linear
map F(u;,, —) : V — Cis continuous as it pulls back Oc to V' — Span[{vj,}],
which is open by Lemma 6.10.2. Similarly F (-, v;,) : U — C is continuous.
And hence F : U ® V — C is continuous. Now observe that if we apply F
on the sum X ; jerxs YijUi ® vj = 0, we get y;,;, = Oc. Since the choice of
(ui,, vj,) was arbitrary, this implies that y;; = 0 forall (i,j) € I x J. And
therefore {u; ® vj}ies jey is alinearly independent setin U ® V. And thus
{u; ® vj}icr,jeyisabasisforU ® V.

Note that Lemma 6.10.2 and Proposition 6.10.1 also justify our choice of

bases for various constructs on reflexive Lefschetz spaces in Section 4.5. O

We can now prove the following:

164



6. The semigroup story

Lemma 6.10.3. In CDLS(RLef), the non-zero copyable elements of any

cosemigroup form a linearly independent set.

Proof. Let{c;i}ic; be alinearly independent set of non-zero copyable ele-
ments. And let ¢y # ¢; for any i € I be a non-zero copyable element such
that
Co = Z a;c; for some a; € C.
iel
This makes {cy, ¢;}ic; alinearly dependent set (See Proposition 4.4.8). Then,
on applying the comultiplication map, we get:

Z a;6(c;)

iel

Z a;C; ® Cj.

iel

6(co)

Since ¢ is itself copyable, we have,

6(cy) = Zaici@)zaici

iel iel
2
= Z a; ¢ ®c;+ Z aia;c; ® Cj.
(i,i)eIxI (i,j)eIxI,i#j

Since addition and scalar multiplication are continuous operations in RLef,

this implies that
Z (@ - a;)c; ® ¢; + Z a;ajc; ®cj = 0.
(i,i)eIxI (i,j)eIxI,i#j

Since {c;};es is a linearly independent set and the tensor product of linearly
independent sets is linearly independent (in general, the tensor product of

a basis is a basis by Proposition 6.10.1), so we have,

a; = ai forall i € I,and

aijaj = 0, forall i,jel.
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So we have a; = 0or 1, for all i € I. And the second equation implies that if
a;, = 1 for some fixed iy € I then a; = 0 forall j # ip. And so ¢ = c;, but
this contradicts the assumption that ¢y # ¢; forany i € I. So we must have

that @; = 0forall i € I, but then ¢y = 0, which is again a contradiction. O

Remark 6.10.4. Note that by the previous lemma (Lemma 6.10.3), we have
that F : FinF — CDLS(RLef) faithfully encodes the basis elements as the
only copyable elements, since copyable elements are linearly independent,
so any sum over basis elements consisting of at least two different basis

elements is not copyable.

Remark 6.10.5. Lemma 6.10.3 seems not to have much to do with (reflexive)
Lefschetz spaces and has been proved in other settings, such as Hilbert
spaces [2] and in C* algebras [23], where they are called primitive elements.
Though the general context in which this holds is unclear, the relevant
structure seems to be of an associative co-algebra in any additively enriched

category.

We now want to define a functor G : CDLS(RLef) — FinF, for this we
first define a functor U : CDLS(RLef) — RLefg.

On objects, we take the copyable elements of the cosemigroup, and take
the sub-Lefschetz space generated by that, with the basis of these copyable
elements, thatis, U(V, v; — v;®v;) := (V, {vi}icr). Nownote that in general,
we do not know if the copyables form a basis of the underlying space, but
they are independent by Lemma 6.10.3, so we can take the sub-Lefschetz
space generated by that, with the subspace topology.

For this to be well-defined, we must show that V is also a reflexive Lef-

schetz space. That it is a Lefschetz space is immediate, as the local basis
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around 0y, is given by Wp N V, where W} is an open linear subspace around
Oy. Thus, Wy NV is a linear subspace of V, which is open by definition of
subspace topology. To show that it is reflexive, we know that the natural
evaluation map evy, : V — V** is always a continuous bijection by [4]. So
we only need to show that it is open to prove that V is reflexive. For that, let
W be any open set in V, then W is of the form O N V for some open O in V.

Then,

evp (0 NV) evy(0) Nevy(V), as evaluation is injective
= evy(0)NV* Nevy (V)
= evy(0)NV* NV

= evy(0)NV*™.

Now evy (0) is open as V is reflexive, so evy (O) N V** is open in V** under
the subspace topology, so evy : V — V** is open and hence V is reflexive.
Hence, U is well-defined on objects. Now for maps, let f : (V,v; —
vi®v;) — (W, w; — w; ®v;) beamorphism in CDLS(RLef) we then define
U(f) := f, where f(v;) = f(v;), and then extending it linearly. Note that
as f is a cosemigroup homomorphism, it takes a copyable element to a
copyable element (by Lemma 6.4.4), and hence f is well-defined. But we
also must prove that f : (V, {v;}ier) — (W, {wj}jes) is also a continuous
linear map. Linearity is just by construction. For continuity, let O be any

open set in W, then it is of the form O N W, where O is an open setin W.
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Then,

Il
3
e
D
<

= flo)ynvnv

Froynv,

Now f~1(0) is open in V as f is continuous, so f~1(0) NV is open in V
under the subspace topology, and hence f : (V, {v;}ier) — (W, {wj}jey) is
continuous, so U : CDLS(RLef) — RLefg is well-defined. Functorality of U
is immediate.

We finally compose U with the support functor, to get a functor from
G := Usup : CDLS(RLef) — FinF. Note that the support functor when
restricted to basis-to-basis maps in RLefg gives functions in FinF. So we have
a pair of functors F : FinF — CDLS(RLef) and G : CDLS(RLef) — FinF.
We will now proceed to show that this pair of functors forms part of an

adjunction.

6.11 Adjunction between bases and coalgebras

We will give the adjunction by proving the triangle identities. For this, we
first give the unit and the counit map. Now note that by Proposition 5.4.7,
we know that Ehrhard’s construction and our construction are inverses to
each other (up to identification of x with f;), so the unit map is simply the

identity map in FinF.

nxauut) = idouae) -
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The identity map certainly preserves finitary sets and reflects co-finitary
sets, so it is a well-defined morphism in FinF. It is also immediate that it is a
natural transformation, and in fact a natural isomorphism.

Now for any (V,v; — v; @ v;), the counit map ¢ : (V,v; » v; 1) —
(V,v; — v; ® v;) map is given by € 1, 00, (Vi) = ;.

We want to show the adjunction (7, €) : F 4 G : FinF — CDLS(RLef). For
that, first note that the counit map is linear by construction. For continuity,
note that for any openset O inV, e(‘Vl’Ui_wi@vi) (0) =0NV,soitisopenin
the subspace topology of V and hence the counit map is continuous. We

shall also show that the counit map is a cosemigroup homomorphism. For

that, note that,

E(V,U,‘—W,‘GBI),‘) @ E(V,vi—m,-eavi)(é\?(vi)) = E(V,U,‘—W,‘@Ui) @ g(V,U,‘—WiGBUi)(Vi 7] Ui)

V; ®v;,

and

ov (vi)

ov (g(V,vievi@vi) (Ui))

V; @ v;.

That the counit is a semigroup homomorphism on the whole space follows
by linearity.

Finally, for well-definedness, all that is left to show is that it preserves
duals. Again, we will only show that the counit preserves the evaluation
map; the case for the co-evaluation map (and its symmetrical counterparts)
follows similarly. Now by construction {v; };c; forms a basis for V, and for V,
though {v; };c; are linearly independent, they might not form a basis, but

we can always extend (possibly non-uniquely) this linearly independent set
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to form a basis for V, we denote the elements of this basis, which are not

copyable by v]’.. Now,

eVV((E?V,l/i—)UiGBUi) ® id)(U; ® vl)) EV]* ® l),

= U;(E(V,U,‘—)lliﬂal/i) (Ui))’

which is
1, ifi=j,
evy ((€y p—pavy ® 1D (V; ® Vi) =
0, otherwise,
and
evy ((id ®£(V_yi_>yi@yi))(v]’f‘ ;) = evv(v;‘ ® v;),
which is
1, ifi=j,

evy ((id ®&(v,y,-vev)) (V] ® V1)) =
0, otherwise.

And for any of the basis elements v]’. of V which are not copyable elements,
v]’.* ® v; evaluates to 0 by both the evaluation maps. So the counit map
preserves duals.

Hence the counit ¢ : (V, vi - vidv) — (V,v; — v; & v;) is awell-
defined morphism in CDLS(RLef).

The counit map is clearly a section, and that it is a natural transformation
is immediate. So we have the required natural transformations, now we
must show the triangle identities of the adjunction. To fix notation, let

X=(X,UU)and Y = (V,v; — v; ® v;). Then we must show

Nev)G(ey) =idgy) and F(nx)epx) = idp(x) -
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But by Proposition 5.4.7, as Ehrhard’s construction and our construction
are inverses to each other, the triangle identities simply reduce to the com-

position of identities in the respective category, that is,

idz idz

N6 v)G(€y)

= idg,

where Z is the set of copyables of (V, v; — v; ® v;), and we are usingidz as a
shorthand for the identity on the finiteness space whose web is Z. Similarly,

the second triangle identity reduces to,

F(nx)er(x) idcoouuty) fimfeof) e uus), fiofof)

idicoxuus) fimofief) -

Thus we have (1, €) : F 4 G : FinF — CDLS(RLef). The situation where the
left adjoint functor is fully faithful is sometimes referred to as coreflection.

To conclude, we have,
Proposition 6.11.1. (n,€) : F 4 G : FinF — CDLS(RLef) is a coreflection.

Remark 6.11.2. Observe thatthe unitmapn : (X, U, U') —» G(F(X, U, U"))
is an isomorphism, or equivalently, the left adjoint functor F : FinF —
CDLS(RLef) is fully faithful (see Proposition 6.9.3. But the counit map
€ (V, vi = v ®v;) — (V,v; > v; @ v;) is just a section (or equivalently,
the right adjoint functor G is full).

But G is clearly not faithful, as recall that we do not know if the copyable
elements of (V, v; — v; ® v;) forms a basis for the underlying space V, so for
twomaps f # g : (V,v; — v;®v;) — (W, w; — w;®w;) such that they are

equal on the copyable elements, f(v;) = g(v;), foralli € I, but say for some
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v/, which is part of the basis, but not a copyable element, f(v}) # g(v;), then
f and g induce the same map in FinF between the sets of their copyable
elements. So G is not a faithful functor.

But if all the linear cosemigroups in CDLS(RLef) were well-generated,
in the sense that their copyable elements would have formed the basis of
the underlying space, then the right adjoint functor G would also be faithful
(and hence an isomorphism), as the map between copyable elements would
completely determine the map between the underlying space. This would
mean that the adjunction (n, €) : F 4 G : FinF — CDLS(RLef) is actually an

equivalence.

This begs the questions that does there exists a (co) semigroup structure
on any reflexive Lefschetz space whose copyables do not span the underlying

space. To this end, we provide a very simple counterexample.

Example 6.11.3. Let V be the Lefschetz space constructed on a finiteness
space (X = {ag, a1}, U = P(X)). For concreteness we can take V = R? and
denote its basis (0, 1) by ay and (1,0) by a;. As R? is finite-dimensional,
it is discrete (Corollary 5.4.10) and reflexive (Lemma 5.4.11). We define
a cosemigroup structure on it by definingé : V - VeV = V@V by
sending d(ap) = a1 ® a; = 6(a;) and extending it linearly. 4 is continuous
as spaces here have a discrete topology. The only thing to check is that

indeed defines a cosemigroup structure on V. For this, note that,

ided((6(ap))) = id®d(a) & ay)

= a1 ® (@ ®ar),

172



6. The semigroup story

and

0 ®id(d(ap))

o®id(a; & ay)

(a1 ®ay) ® ay.

And similarly id ®6((6(a;))) = d ®id(6(a1)). So 6 : V — V @ V isindeed
a cosemigroup structure on V. Now it is clear that a; is copyable, as 6(a;) =
a, ® a,. Itis also clear that ag is not copyable as 6 (ay) = a; ® a; # ap ® ap.
We then claim that any non-trivial linear combination of gy and 4, is not
copyable. For thatletv € V,v = a e ay +  ® a;, where a,  # 0. Then we

have,

6(v) = b(aeap+pfear)
= aed(ag) +ped(a)
= ae(a®a))+pe(a ®a)

= (a+p)e (a1 ®a).

Butthen, v@v = a?e (ay®ag) + e (a1 ®a)) +afe (ay®ay) +pala; ®ap).
So we have that the only copyable element of (V, 9) is ay. But then by as-
sumption V was two-dimensional (with basis as ay and a, ), so the copyables
of (V, &) do not generate the whole space.

To see how this breaks faithfulness of G : CDLS(RLef) — FinF. Let W be
again a finite-dimensional Lefschetz space with basis by, b,. We similarly
define a cosemigroup structure on W by oy (bg) = by ® by = 6(b;). Then we
definetwomaps f, g : V. — W bytaking f(a;) = by = g(a;) and f(ag) = by

and g(ag) = by. It is easy to check that both f and g are cosemigroup
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homomorphisms, as

ow(f(ai)) = f&f(ov(ai)

= a; D a;,

fori =1, 2. And similarly,

ow(g(ai)) g ® g(ov(ai))

= a; D a;,

fori = 1,2. Soboth f,g : V. — W are cosemigroup homorphisms. But
they induce the same map between the space generated by their copyables
and hence the same map between the finiteness spaces constructed from
them. And hence G : CDLS(RLef) — FinF is not faithful, and hence the
coreflection (1, €) : F 4 G : FinF — CDLS(RLef) as described in Proposition

6.11.1 is not an equivalence.

We can now give a class of examples where copyables do not span the
underlying space. For any finite-dimensional space V, {v;}? ,, we define
the map 6(v;) = v; for some fixed j € J, forall i € I. Furthermore, we
can always tensor a finite-dimensional space with an infinite-dimensional
space W, where copyables do span the space and define the cosemigroup

structure component-wise composed with the symmetry map

Oy DO id id
Vew X2 vevewew 2% vew) e (Ve w)

to get examples of infinite-dimensional Lefschetz spaces where copyables

do not span the space.
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Chapter 7

Conclusion and outlook

In this thesis, we examined a possible extension of the correspondence be-
tween orthonormal bases of finite-dimensional Hilbert spaces and copyable
elements of Frobenius algebras [16] in a model of a mixed unitary category
[40]- namely, the reflexive Lefschetz spaces [4].

We began by showing that a full subcategory of Lefschetz spaces, namely
the reflexive ones, forms a mixed unitary category, whose unitary core con-
sists of finite-dimensional spaces, and where the dagger structure is given
by the composition of the dualising functor with the conjugation functor.

We showed how the web of a finiteness space can be seen as a basis for a
Lefschetz space constructed on the finiteness space by Ehrhard’s construc-
tion. And the convergent nets over this basis are exactly those that have
finitary support. Conversely, the finitary sets are encoded in the basis of a
Lefschetz space as the support of convergent nets of finite sums over the
basis. We use this encoding to provide a functor from coalgebras in reflexive
Lefschetz spaces to finiteness spaces (with functions).

The basis vectors of reflexive Lefschetz spaces arising out of Ehrhard’s
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construction are copyable, and give a coalgebra structure on the space. How-
ever, if one has a counit for this coalgebra, then the underlying space must
be discrete. But we know that the reflexive Lefschetz spaces arising out of
Ehrhard’s construction are not, in general, discrete. Thus, to obtain a corre-
spondence between bases and copyable elements of coalgebras necessitates
dropping the counit and working with the broader category of dagger linear
semigroups.

We finally construct a coreflection between the category of finiteness
spaces with functions and the category of cosemigroups with homomor-
phisms - in reflexive Lefschetz spaces. However, this coreflection fails to be
an equivalence, as we exhibit a class of examples of cosemigroups whose
copyables do not span the underlying space.

We leave it for future work to completely characterise the fixed points
of this coreflection. To this end, we conjecture that the adjunction is an
equivalence precisely for those cosemigroup structures whose comultipli-
cation map is a section. The comultiplication map being a section is clearly
a necessary condition to obtain an equivalence. However, the more interest-
ing case of it being a sufficient condition remains open. Taking motivation
from previous works [2, 16], where structure theorems from the theory of
C*- algebras and H*- algebras plays a crucial role in proving that the copy-
ables generate the underlying space, it will be fruitful to investigate what
sort of algebra structure we can give to the class of endomorphisms for a
given object in a *-autonomous category, or more generally, in a linearly
distributive category.

The correspondence between bases and copyable elements of algebras

in finite-dimensional Hilbert spaces shows that Frobenius algebras are the
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right categorical notion to capture observables in finite-dimensional quan-
tum mechanics. However, when one moves to infinite dimensions, we see
that, though one can freely copy bases of Lefschetz spaces to get a cosemi-
group structure, not every cosemigroup structure on reflexive Lefschetz
spaces arises in this way. Thus, one needs to be cautious in concluding that
Frobenius algebras (or their linear extension in *-autonomous categories)
are, by themselves, the right categorical notion to capture bases, and, thus,

observables in arbitrary-dimensional quantum mechanics.
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