First Hard Problems

Proofs — and Claims for Computations
with Turing Machines

This document includes details of proofs for some of the claims found in Lecture #10 — which
sometimes concerned claims specific to computations with S-programs. In cases like these
one can often state, and prove, similar claims about computations with Turing machines — be-
cause the claims concern general properties of computation that hold for a variety of models,
but with different precise statements depending on the model of computation being used. In
order to illustrate this, some versions of the claims, for Turing machines, are also stated and
proved here.

A “Universality Theorem” for Computations with Turing Machines

The Universality Theorem, described in the lecture notes, is a statement about computations
that depends on encodings, and enumerations of S-programs. If one is to obtain a similar
result for computations with Turing machines then both encodings and enumerations of Turing
machines are needed too."

Enumerating Turing Machines

As in the supplemental material for the previous lecture, let us restrict attention to Turing ma-
chines
M = (Qv 27 F7 57 q0, Qhalt)

where
Q = {QO>Q1>Q2> <o qt Qhalt}

"There are many ways to encode, and enumerate Turing machines — so that you might find somewhat different
versions of a “Universality Theorem for Turing Machines” or, at least, significantly different proofs, in the literature
— because these are based on a different encoding scheme for Turing machines than the one used in this course.



for some non-negative integer ¢,

Y= {017027"'7Jh}

for some positive integer h, and where

I'={00,01,02,...,0m}

for some positive integer m such that m > h — where o¢ is “L” and where oy 11, 0442, ..., Om
are non-blank symbols in M’s tape alphabet that are not in M’s input alphabet (if m > h). As
discussed in the previous supplemental material, these Turing machines have encodings as
strings of symbols over an alphabet

ETM = {(’)7 ,,q,S,O,1,2,3,4,5,6,7,8,9,H,L,R,S,#}.

Furthermore, it can be shown that the language TM C X7, of encodings of Turing machines,
is decidable — and that, for every string w € TM, there is a single Turing machine M, with the
form described above, that is encoded by w.

It will be useful to define a total function from X7, to Turing machines — so that we should also
introduce a Turing machine, M., corresponding to each string w € X7, such that w ¢ TM,
as well. Let us set M,,, where w ¢ TM, to be a fixed Turing machine that erases its input,
so that it computes the function fyero : N¥ — N such that fero(1,22,...,2;) = 0 for all
r1,To,...,x € N.

Recall, next, that if { € 3%, then #(() is the natural number encoding ¢, using the encoding
scheme for strings (in ¢*) introduced in Lecture #5. For i € N, let us define M; to be the Turing
machine M,,, as above, for the string w € X7, such that #(w) = i — so that Xty is used as
the alphabet, “>”, described in the notes for Lecture #5. Thus

My, My, Ms, M3

is an enumeration of all Turing machines.

“Weak” Computation of Functions by Turing Machines

Unfortunately, this does not lead directly to an enumeration of all Turing-computable functions,
because not all Turing machines compute functions, as this was defined in the lecture notes for
Lecture #7 — because Turing machines do not always halt with the contents of the tape, and
the location of the tape head, as described in the definition of a Turing machine that “computes
a function”.

In order to associate a partial or total function fi(k) : N* — N with ever Turing machine M;
(for all © € N), let us use the notion of “weak computation” of functions that was given, for



Post-Turing machines — so that every Turing machine can now be thought of a computing a
partial or total function (in this weaker sense).

Note next that (for ¢ € N) if
Mi = (Qa 27 F7 57 q0, Qhalt)

then one can produce another Turing machine
Mi = (Q> E? F7 57 a(]» C?halt)

such that ]\7Z computes (that is, “strongly computes”) the same partial or total function as the
partial or total function, fi(k) : N¥ - N, that M; “weakly computes”:

« T =T U {$}, where $ is a new symbol (not already in T).

. J\Z simulates an execution of M;, using the new symbol, “$”, to mark the left and right
ends of the non-blank part of the tape (that is, a finite part of the tape that includes all
cells storing non-blank symbols, as well as the cell that M;’s tape head currently points
to).

« Ifit is noted, during the simulation, that M; would halt, then ]\72 enters a cleanup phase:
The non-blank part of the tape is compressed, by repeatedly detecting the rightmost
symbol, stored on this part of the tape, that does not belong to X (if there is one) — and
eliminating this, by shifting the symbols to the right of this one, on the non-blank part of
the tape, over one position to the left.

This eventually ends with the non-blank part of the tape storing
$C$

for the string ¢ € ¥* that is to be returned as output. At this point the tape head can be
swept to the right, to find and erase the right copy of “$”, and then sweep back to the left,
to find and erase the left copy of “$” — leaving the tape head on the copy of “LI” that has
replaced this symbol.

Note that, at this point, ]\/4\@’3 tape contents, and location of the tape head, are as required
for a Turing machine that is computing a (partial or total) function.

Of course, ]\7Z is also a Turing machine with the form considered in this document — that is,
it is M; for some other natural number j. This can be used to argue that the set of “Turing-
computable” partial or total functions, is not changed when we consider “weak computation”
instead of “strong computation”.



Enumerating Turing-Computable Functions

Suppose, now, that fi(k) is the (partial or total) function from N¥ to NV that is “weakly computed”
by M;, and “computed” (that is, “strongly computed”) by M, for i € N. Then

k k k
50, 1 AP

is an enumeration of all Turing-computable partial or total functions from N* to V.

For z1,29,...,75y € N, let %) : Nk¥+1 — N be the partial or total function such that
&)(k)(xlyx% e 7331971/) = fgsk)(xlyx% e 7'1'/6)

for all 21, 2o, . . . , 2,y € N— so that ®*) is undefined at the inputs z1, 72, . . ., 74, y € Nif and

only if the partial or total function fék) is undefined at inputs x1, o2, ..., x;. Then the function

d*) . N1 — N, which has now been defined, is similar to the function ®*) : Nk+1 4 N
introduced in the lecture notes — with the chief difference being that the first has been defined
using an enumeration of S-programs, while the second has been defined using an enumeration
of Turing machines.

A “Universality Theorem” for Turing Machines

Theorem (Universality Theorem for Turing Machines). For every positive integer k, the above
partial or total function ®*) : N¥+1 — N js Turing-computable.

Note: A proof of this is more complicated than you might expect! Requirements for the rep-
resentations of inputs and outputs, for Turing machines that compute functions (as given in
definitions concerning this) require quite a bit of pre-computation and post-computation to be
introduced.

Proof. If one reorders the inputs, to define a partial or total function ) : N*+1 _s N such that
&D(k)(y,wl,wg, ceyTE) = CTD(k)(xl,xg, e Ty Y)

for all z1,29,...,25,y € N, then the resulting partial or total function ®*) is the function
computed by the universal Turing machine described in the supplemental document for this
previous lecture — provided that this is modified to include the following.

» The computation should begin with each of the inputs x1,zo, ..., zg,y given as strings
Wiy 2, - oy fg, V€ 3y such that #(p;) = ; for 1 < ¢ < k, and such that #(v) = y
— using the encoding scheme from strings described in Lecture #5 where, once again,
Y1m is the alphabet used to define this encoding.



Now, if the Turing machine, M, that is encoded by y (and whose computation is to be
simulated) has input alphabet ¥ and tape alphabet I' then the " input for A/ should be
a string 1; € ¥* such that #(p;) = x=; — where, here, the alphabet used to define the
encoding is M'’s input alphabet, ¥, instead.

However, the initial representation of the universal’s tape should initially include a repre-
sentation of ji; as a string in I'*, instead — where T is M’s tape alphabet.

Thus a significantly extended “initialization” phase is needed before the universal Turing
machine’s simulation of steps can begin.

* Ifis detected that the simulated Turing machine is about to halt then the post-processing
stage described, above, (when obtaining M; from M;) must also be performed, so that a
Turing machine that “strongly computes” a function is being described.

« Furthermore, the representation of the output integer as a string in I'* must be used to
produce a different sting X7, — that encodes the same output integer using the encoding
scheme from Lecture #5 (with X1y as the alphabet used to define the encoding) — and
this string should be stored on the universal Turing machine’s tape, with the tape head
located on a “L” immediately to the left of this string, when the execution ends.

The resulting, modified, universal Turing machine (strongly) computes the above function o k)
— as this is defined in the lecture notes — so that this function is certainly Turing-computable.

Since the function ®*) is obtained from the function &) by reordering the inputs (in a straight-
forward way), the function ®*) must certainly be Turing-computable too. O

Parameter Theorem

Theorem (Parameter Theorem). For all positive integers n and m there exists a primitive
recursive function

s N N
such that, for all z1,x2,...,Tm, U1, U2, ..., Un,y €N,
(I)(m+n)(xla$27 cee s T, UL, U2, - - 7un7y) = <I>(m)($17$27 vy Ty S:Ln(ulau% s 7un>y))'

Proof. By induction on n.

Basis: Suppose that n = 1. Then S”, = S}, should be a function S : N> — N such that, for
allug,y € N, S (uy,y) is the encoding of a program starting with «; copies of the statement

Xmg1 < Xy +1

and continuing with the program encoded by .



Recall how programs are encoded: If #(P) = y, for some program P, then

Lt(y+1)

1);
y+1= ] »*"
i=1

where Lt(y + 1) is the number of instructions in the program P, after trailing copies of the
unlabelled dummy statement Y <— Y are deleted — and where (y + 1); is the encoding of the
i instruction in P for 1 < i < Lt(y + 1).

Recall, as well, that the encoding of an instruction I has the form

(@, (b))

where

* a gives information about I's label, and is 0 if this instruction has no label;
« bindicates the instruction type, and is 1 if this an increment statement; and

* ¢+1 is encoding of the variable mentioned in the statement —so that ¢ = 2(m+1)—1 =
2m + 1 if this variable is X, 1.

Finally, recall that
(z,y) =2"-(2y +1)—1

forall z,y € N.

It follows that the instruction X,,,+1 — X,»+1 + 1 has the encoding
0,(1,2m+1))=2°-(2-(1,2m + 1) +1) -1
=2-(1,2m +1)
2t @2-EmA1) +1) 1)
( .

The encoding of a program Q that consists of u; copies of the statement X,,,+1 + X1 + 1
is ¢ — 1 for

ul
_ 16m+10
6—-||pi .
i=1

It remains to notice that, for 1 < i < Lt(y + 1), the i instruction of P becomes the i + u{'
instruction in the program obtained by including u; copies of the instruction X, 11 < X411 +1
at the beginning.



This can be used to see that if
Lt(y+1

w1 )
+1); :
S (u1,y) = szmmﬂo % H p£y1+i) 1
i=1 i=1

then
q>(m+1)($17$2’ s ,l‘n,’LLby) = (I)(m)(ﬂjl,gj% ceey Ty Srln(uby))

Furthermore, the above function is primitive recursive, establishing the result claimed in the
basis.

Inductive Step: Let k be an integer such that £ > 1. It is necessary, and sufficient, to use the
following:

Inductive Hypothesis: For every positive integer m there exists a primitive recursive

function S¥, : N**1 — N such that, for all 1, 2o, ..., Zm, U1, us, . .., ug, y € N,
k
q)(m—i- )(331,332, sy T,y UL, U2, - - ,Uk,y) =
k
q)(m)(fl'l,xz,...7Z'm,Sm(U17UQ7...7Uk,y))

to prove the following

Inductive Claim: For every positive integer m there exists a primitive recursive func-

tion Sk+1 . NF+2 5 N such that, for all z1, 29, ..., T, Uy, Uz, . .., Ups1,y € N,
k
SR () o, Ty, Uy U, U, Y) =
k1
q)(m)(xth’ <oy Ty Sm+ (u17u27 v 7uk7uk+17y))'
With that noted let S%H! : N*+2 —; N be the function such that, for all uy, us, . . . , ug, Up1,y €
N,
k1 k 1
Sm+ (u1,U2, cee 7uk7uk+lay) = Sm(U1,U2, ey U, Sm-l,-k(uk—i-hy))

where S} .. : N> — N is the function whose existence and properties have been proved in
the basis, and where S¥ : N¥+! — N is the function whose existence and properties are
consequences of the inductive hypothesis.

Then (once again) this function is primitive recursive, and

CIJ(erk“)(xl,wg, ey Ty UL, Uy ey Uk, Ut 1, Y)
- @(m+k)($1,gj2, ey T, UL, U, . ,uk,Srl,Hk(ukH,y))

(by the results established in the basis)
= Oz, 9, ..., Ty, ST (ur, U, up, Shy ke (uri1,y)))  (by the inductive hypothesis)
= Oz, x0T, SE (ur, g, .k, Ui, ) (by the definition of Sk+1)

as needed to complete the inductive step, and the proof of the claim. O



A Parameter Theorem for Turing Machine Computations

Theorem (Parameter Theorem for Turing Machines). For positive integers n and m there exists
a primitive recursive function

SNt 5N
such that, for all 1, o, ..., Tm, U1, U2, ..., U,y €N,

X (n+m _ 2(m an
P! )($1,$2,...,$m,U1,UQ,...,un,y) — 3l )(:Ul,:ng,...,xm,Sm(ul,ug,...,un,y)).

Sketch of Proof. This result can also be proved by induction on n.

Basis: Suppose that n = 1. Then S” = S! can be a function S!, : N> — N whose output on
inputs u1,y € N is as follows.

« If y is not a valid encoding of a Turing machine (so that it can be thought of as computing
the constant function 0), then it suffices to set §},1(u1,y) to be y — since the value
returned should also be a string that can be thought of as encoding a Turing machine
that computes the constant function 0.

» Suppose, instead, that y is a valid encoding of a Turing machine

My = (an Ey7 5y7 QO,y7 QH,y)

Then S}, (u1,y) can be the encoding of a Turing machine that carries out the following
computation.

(a) Move to the right past the first m inputs, and a blank to the right of these (by scan-
ning and moving right past m + 1 blanks, including the one the tape head initially
rests on), without changing any tape symbols that it has seen, in the process).

(b) Write the string in 27 encoded by the input integer u;, and another blank, on the
cells to the right of this — resting on the blank that it has just written.

(c) Scan back to the left past the string that has just been written, along with the first
m inputs (by scanning and moving left past m + 2 blanks) without changing any
tape symbols that has seen in the process — ending back at the cell where the
tape head was when the computation began.

(d) Simulate the computation of the Turing machine encoded by y.

Then

~

)(‘Tla‘%?a o 7wm7ulay) = q)(m)(x17x27 o ,"L'm7571n(u1,y))
for all x1,xo,...,xs,u1,y € N, as required.

(/IS(m-i-l

With effort it can be shown that the function §,1n is primitive recursive, as claimed.

The details of the inductive step are identical to those for the original version of the Param-
eter Theorem — with &%), (m+h+l) Gk and Sk replaced by @(m+h), gimTktl) gk
and SE+1 respectively. O



Proofs of Results Concerning Computations on Sets

Relationships Between Computable and Computably Enumerable Sets
Claim 1. /faset S C N is computable then S is also computably enumerable.

Proof. Suppose that S is computable. Then its characteristic function is a computable predi-
cate — and there exists an S-program (obtained from the following after macro expansion) that
computes the same partial function as the following.

[Al] IF —|(X1 S S) GOTO A4,
This program computes a partial function g : N — N such that, for all z € N,
0 ifzesS
g(x) = .
1T ifxgsS

Applying the definition of a “computably enumerable set,” using this as the computable par-
tial function in the definition, establishes that S is computable enumerable — as needed to
establish the claim. O

The proof of the next result uses a technique called dovetailing (sometimes also called “inter-
leaving”) which you might have seen already in CPSC 351 or 313.

Claim 2. Let S C N. If both S and its complement S are computably enumerable, then the
set S is computable

Proof. Suppose that S C N such that both .S and S are computably enumerable.
Since S is computably enumerable, there exists a computable partial or total function

gyes : N — N

such that, for all z € N, gyes(z) is defined if and only if x € S. Let Pyes be an S-program that
computes gyes — some such program must exist. Let zyes = #(Pyes) € N.
Note that, for all = € N, Pyes halts when executed on input z if and only if x € S.

Similarly, since S is computably enumerable, there exists a computable partial or total function
gno : N — N

such that, for all z € N, gno(x) is defined if and only if z ¢ S. Let Pn, be an S-program that
computes gno — some such program must exist. Let 2,0 = #(Pno) € N.

Note that, for all x € N, P, halts when executed on input z if and only if = ¢ S.



Recall the total predicate Halt, : N*+2 — {0,1} (for a positive integer k) such that, for all

x1,T9, ..., Tk, Y,z € N, Haltg(z1,z2,...,25,y,2) = 1 if and only if the program P, such
that #(P) = vy, halts after executing at most z instructions when it is executed on the inputs
x1,T9,...,TE. This predicate is primitive recursive, so it is certainly computable — and can be

used as a macro — particularly, when k = 1.

Dovetailing can now be used: There exists an S-program that computes the same function as
the following one.

Z1+ 0
Z4 < Zyes
Z5  Zno

[Al] Zo Haltl(Xl, Z4, Zl)
IF Z3 # 0 GOTO A,
Zg — Haltl(Xl, Z5, Zl)
IF Z3 # 0 GOTO A
Z1+— Z1+1
GOTO 4,

[AQ] Y+Y+1

Consider the execution of this program on an input = € N — considering the cases = € S and
x ¢ S separately.

Case: x € S.

« Since x € S and zpo = #(Pno) the variable Zs always receives value 0 when the sixth
statement is executed — so there is never an attempt to go to a statement with label As.

+ On the other hand, since zyes = #(Pyes), Z2 does eventually receive the value 1. In
particular, this happens the k + 15! time that the fourth statement is executed, where & is
the number of instructions executed by Pyes on the input .

« Since the label A, is followed after that, execution halts with the output value 1 returned.

Case:x ¢ S.

* Since x ¢ S and zyes = #(Pyes) the variable Z; always receives value 0 when the fourth
statement is executed — so there is never an attempt to go to a statement with label A,.

« On the other hand, since zn, = #(Pno), Z3 does eventually receive the value 1. In
particular, this happens the k + 15! time that the sixth statement is executed, where & is
the number of instructions executed by P, on the input x.

« Since the label Aj is followed after that, execution halts with the output value 0 returned.
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It follows that this program computes the total predicate ps : N — {0,1} such that, for all

T €N,
() 1 ifzels,
€Tr) =
bs 0 ifxds.
Since pg is the characteristic function of S it now follows that S is recursive, as claimed. O

Closure Properties for Computably Enumerable Sets
Claim 4. IfS,T C N are both computably enumerable sets, then sois SNT.

Proof. Since S is computably enumerable there exists a computable partial or total function
gs : N — N such that, for all z € N, gg(z) is defined if and only if z € S. Similarly, since T
is computably enumerable there exists a computable partial or total function gr : N — N such
that, for all z € N, gp(z) is defined if and only x € T

Consider the S-program corresponding to the following one (which uses macros to compute gg
and gr) as well as the partial or total function that it computes.

Zy + gs(X1)
Zy + gr(X1)

This computes the partial or total function g : N — N such that, for all x € N,

0 ifxeSNT
g9(x) = .
1 otherwise.

It follows by an application of the definition of a “computably enumerable set,” using the above
partial or total function g, that S N T" is computably enumerable. O
Computably Enumerable Sets: Alternative Characterizations

Claim 8. Let S C N be a computably enumerable set. Then there exists a primitive recursive
predicate R : N> — {0,1} such that, for all + € N, z € S if and only if there exists a
numbert € N such that R(z,t) = 1.

Proof. Let S be a nonempty computably enumerable set. Then, by the Enumeration Theorem,
S = W, for some natural number n. Let R be the predicate such that, for all z,t € N,

R(z,t) = Halt;(z, n,t).

11



Note that n is constant, here, depending only on S. Since = € S if and only if the program P
encoded by n halts when executed on input z, this is a primitive recursive predicate that satis-
fies the property given in the claim. O

Claim 9. Let S C N be a nonempty computably enumerable set. Then there exists a primitive
recursive function f : N — N such that

S =A{f(n)|neN}
that is, S is the range of the primitive recursive function f.

Proof. Let S be a nonempty computably enumerable set — and consider the predicate re-
cursive predicate R : N> — {0,1} whose existence is established by Claim 8. Since S is
nonempty there exists an element xg of S.

Consider the function f : N — N such that, for all y € N,

F) = {ay) it R(0(y),r(y) = 1,

o otherwise.

This is a primitive recursive function of y, since R is a primitive predicate and xg is a constant.

Suppose that z € S.
« It follows by the choice of R that there exists an element ¢ of N such that R(z,t) = 1.

« Then f((z,t)) = z, so that z is in the range of f.

Suppose, on the other hand, that z ¢ S.
« Notice that — by the definition of f — either f((s,t)) = sor f({s,t)) = z¢ forall s, € N.

* Furthermore, f((s,t)) = s only if either R(s,t) = 1 or s = xyp—and every integern € N
is equal to (s, t) for some pair s,t € N.

« It now follows by the choice of the predicate R that f((z,y)) # z for all y € N — unless
z = xo: The integer z cannot be in the range of f, otherwise.

+ However, zg € S and z ¢ S, so this is impossible too. Thus z is not in the range of f —
as needed to establish the claim. O

Claim 10. Let f : N — N be a computable partial or total function and let
S ={f(z) | x € Nand f(zx) is defined},

so that S is the range of a Turing-computable partial or total function. Then S is computably
enumerable.

12



Proof. Let f be a Turing-computable partial or total function. Then there exists an S-program P
that computes this function. Let p = #(P).

The following program makes a more complicated use of dovetailing to compute some partial
or total function g : N — N such that

S = {x € N| g(z) is defined}
as needed to establish that .S is computably enumerable.

Zy<p
[A1] IF —Halty(Z1, Z4, Z2) GOTO B;
Z3 + f(Z1)
IF Z3 = X, GOTO E;
[Bl] 1+ Z1+1
IF Z1 < Zy GOTO A,
Lo Zoy+1
Zl ~0
GOTO 4,

© ® N OO~

Note: The statement at line 3 is only executed if it has already been confirmed, using the test
at line 2, that f(Z,) is defined. Thus every execution of the step at line 3 halts.

Notice, as well, that this program is computing — and comparing to X; —
« the value computed by P on input 0, if P halts immediately, followed by

+ the values computed by P on inputs 0 and 1 if P halts after at most one step when
executed on each input, followed by

« the values computed by P on inputs 0, 1 and 2 if P halts after at most two steps when
executed on each input...

e ...and soon.

Suppose that y € S.

« Then y = f(s) for some s € N, and — for some integer & > 0 — P will halt on the
input s, returning y, after executing exactly k instructions.

« When executed with input X; = y, this program will confirm that f(s) = y, halting (and
returning the output 0) after the max(s, k) + 1%t iteration of the process described above.

« Thus g(y) is defined (and g(y) = 0), where g is the partial or total function computed by
this program.

Suppose, instead, that y ¢ S.

13



« Then y # f(s) for any integer s € N and the test at line 4 will always fail (when X; = y)
— so that execution will never branch to the nonexistent statement with label E.

* An examination of the code confirms that this is the only way that the execution of this
program can end.

« Thus ¢(y) is undefined, where g is the partial function computed by this program.

It has now been established that ¢ is a computable partial or total function such that
S = {z € N| g(z) is defined},

establishing that .S is computably enumerable, as claimed. O
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