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Goals for Today

Goals for Today: Presentation of two additional significant
results:

¢ Rice’s Theorem

¢ The Recursion Theorem

We will see that these can be used to develop simpler and
shorter proofs that sets are not computable, or not computably
enumerable, than would otherwise be possible.



Rice’s Theorem

Parameter Theorem

Once again, recall the Parameter Theorem: For all positive
integers n and m there exists a primitive recursive function

SN 4N
such that, for all X1, X2, ..., Xm, U1, Uo, ..., Upn, ¥ €N,
¢(m+n)(x17X27"' aXm7U17U27---aUn7Y) =
m n
¢ )(x1,x2,...,xm,Sm(u1,u2,...,u,,,y)).

This theorem will be used — repeatedly — to establish
additional results today.



Rice’s Theorem

Rice’s Theorem

Let I be some collection of computable partial (or total)
functions of one variable.

e The index set of I is the set

Rr={neN|®,ecl}
= {n € N | the program P such that #(P) = n
computes a functionin I }.

¢ Recall that Ry is defined to be a computable set if the
characteristic function pg : N — {0, 1} such that, for all
neN, 0
1 ifoel)er
n)=
Pre(1) {o it (1) ¢ 1

is a Turing-computable predicate.



Rice’s Theorem

Rice’s Theorem

Rice’s Theorem: Let I be a collection of Turing-computable
partial (or total) functions of one variable. Suppose that there
exist Turing-computable functions f,g : N — Nsuchthat f e T
and g ¢ I — so that Rr # () and Rr # N.

Then the set Ry is not computable.

Proof:
* Note that Ar is computable if and only if R- is computable.

e We may there assume, without loss of generality, that
v ¢ I, where ¢ : N — N is the function that is undefined
everywhere.



Rice’s Theorem

Rice’s Theorem

e Let g be the encoding of the S-program (obtained, after
macro expansion, from)

Z1 < ¢(1)(X2,X2)
Y « £(X1)

* Recall that, for every integer i € N, S1(i, g) is the encoding
of a program computing the same function as

Xg —
Zi + oD(Xo, X2)
Y « f(Xy)



Rice’s Theorem

Rice’s Theorem

It follows by the Parameter Theorem that the function
S} : N2 — N is primitive recursive.
With that noted, let h : N — N be the function such that, for
allneN,
h(n) = S{(n. q).
Then h is primitive recursive as well, since g is a constant.
It follows that h is a total computable function.
Recall that the set

K={neN|ne Wy}

is computably enumerable but not computable.



Rice’s Theorem

Rice’s Theorem

e Notice that, for all n ¢ N,

ne K= &M (n n)is defined (by the definition of K)
= o(x,8](n,q)) = f(x) forall x e N
(by inspection of the above programs)

= oM(x, h(n)) = f(x) forall x € N
(by the definition of h)

= CDS(L) er (since ®py =feT)

= h(n) € Ar.



Rice’s Theorem

Rice’s Theorem

e On the other hand, for all n € N,

n¢ K = ®")(n n)is undefined (by the definition of K)

= ®(x, S](n, q)) is undefined for all x € N
(by inspection of the above programs)

= ®)(x, h(n)) is undefined for all x € N
(by the definition of h)

(M _
:>(Dh(n) =p¢rl

= h(n) ¢ Rr.

e Since his a total computable function it now follows that
K <m Rr and, since K is not computable, it follows that Rr
is not computable, either. O



Rice’s Theorem

Rice’s Theorem: How To Use It

In order to apply Rice’s Theorem, to prove that R is not
computable, for some collection I of Turing-computable partial
(or total) functions of one variable,
1. Describe a partial or total function f that is provably
Turing-computable and belongsto I'.
2. Describe another partial or total function g that is provably
Turing computable and does notbelong to I'.

3. Conclude that Rr is not computable.



Rice’s Theorem

Rice’s Theorem: Example Application

Consider the set

Empty = {ne N | W, =0}
= {n € N | the §-program with encoding n
does not halt on any (single) input.}

A many-one reduction K <, Empty was described in the
previous lecture — and it was noted that this implies that the
set “Empty” is not computably enumerable. It follows, from this,
that the set “Empty” is not computable.

Rice’s Theorem can be used to give a shorter, and simpler,
proof of this.



Rice’s Theorem

Rice’s Theorem: Example Application

Notice that Empty = Rr where T is a set of Turing-computable
partial or total functions. In particular, Empty = Rr when

M={s}
for ¢ : N — N such that ¢(n) is undefined for all n € N.

¢ Thus Rice’s Theorem might be applicable.



Rice’s Theorem

Rice’s Theorem: Example Application

1. Let f = ¢ : N — N for the function given above.

This function is certainly Turing-computable. Indeed, it is
computed by the S-program
Zi— 24 + 1
[A1] IF Z; #0 GOTO Ay

Thus f = ¢ is a Turing-computable partial function such
that f e T.



Rice’s Theorem

Rice’s Theorem: Example Application

2. Let g: N — N such that g(n) =0 for all n € N.

Then g is certainly Turing-computable — it is computed by
the empty program —and g ¢ T'.

3. It follows by Rice’s Theorem that Rr is not a computable
set. That is (since Empty = Rr), the set Empty is not
computable.



Recursion Theorem

Recursion Theorems

The Recursion Theorems are a collection of related technical
results that involve a form of “self reference”.

e Their statements can be confusing, and it might not be
clear why they are interesting.

¢ Indeed, they are interesting mainly as “technical lemmas”
which can be used to prove other more understandable
(and, possibly, interesting) results.

e The version of the “Recursion Theorem” that is stated and
proved here is found in Davis, Sigal and Weyuker’s text,
Computability, Complexity and Languages: Fundamentals
of Theoretical Computer Science.



Recursion Theorem

Recursion Theorem

Recursion Theorem: Let g : N™' — N be a
Turing-computable partial (or total) function. Then there exists a
number e € N such that, for all x{,xo,..., X, € N,

¢(em)(x17X27 s 7Xm) — g(67X17X2, . ,Xm)

The proof of this result makes a clever use of the Parameter
Theorem and is included in the supplemental material for this
lecture.



Recursion Theorem

Recursion Theorem: Application

Once again, consider the total halting predicate
pr : N2 — {0, 1} such that, for all x,y € N,

pu(x,y) =1 < o\(y) is defined.

e |t has already been shown that this predicate is not
Turing-computable.

e A shorter and simpler proof of this can be obtained using
the Recursion Theorem.



Recursion Theorem

Recursion Theorem: Application

Claim: The halting predicate, py, is not Turing-computable.
Proof: By contradiction. Suppose, instead, that the
predicate py is Turing-computable.

e Then so is the partial function Loop : N> — N that is
computed by the S-program obtained from the following
(after macro expansion):

Zy < pH(X4, X2)
[A1] IF Z; #0 GOTO Ay

e This is the partial function such that, for all x, y € N,

0 if o")(y) is undefined,
1 otherwise.

Loop(x,y) = {



Recursion Theorem

The Recursion Theorem: Application

¢ |t now follows by the Recursion Theorem that there exists a
number e € N such that, for all y € N,

o3 (y) = Loop(e, y).
e However, it now follows that

<b(e1)(y) is defined <= Loop(e, y) is defined
= d)S)(y) is undefined
(by the definition of Loop).

¢ This is certainly impossible — providing another proof that
the predicate py is not Turing-computable. O



Recursion Theorem

The Recursion Theorem: Application
Claim: There exists a number e € N such that
of)(y) = e

forall y € N.
Proof:
e Let g: N> — N such that, for all x,y € N,

g(x,y) = x = uf(x).

Since g is primitive recursive it is certainly
Turing-computable.

e [t follows by the Recursion Theorem that there is a
number e such that

oM(y)=gley)=e
for all y € N, as claimed.



Recursion Theorem

The Recursion Theorem: Application

¢ Note that the previous result is not easy to prove without
the Recursion Theorem: The S-program P consisting of e
copies of the statement

Y—Y+1

also computes this function — but the encoding, #(P), of
this program is exponential in e instead of equal to it!



Recursion Theorem

Fixed Point Theorem

The following is another useful technical result — which is
easily proved using the Recursion Theorem.

Fixed Point Theorem: Let f : N — N be a Turing-computable
total function. Then there exists a number e € N such that

ol (x) = o) (x)

f(e)
for all x € N —that is, the program with encoding f(e)
computes the same (partial or total) function as the program
with encoding e.



Recursion Theorem

Fixed Point Theorem

Proof:
e Consider the function g : N°> — N such that, for all x,y € N,
g(x.y) = o4 ().

Since f is a Turing-computable total function this is also a
Turing-computable (partial or total) function.

e |t follows by the Recursion Theorem that there is a number
e € N such that

o{)(y) = g(e,y) = o4} (v)

for all y € N— as claimed. O



Recursion Theorem

Fixed Point Theorem: Application

Let p: N — {0, 1} be a Turing-computable predicate, and let
g : N — N be a Turing-computable total function.

o et
while: N = N

be the partial function such that, for all n € N, while(n) is
the encoding of the S-program obtained from the following,
after macro expansion:

X2 —n

Y X1

Z1 — —|p( Y)

IF Z; # 0 GOT E;

1
Y o{)(g(Y))



Recursion Theorem

Fixed Point Theorem: Application

e Notice that — after macro expansion — this program
would begin with an S-program consisting of n copies of
the statement

Xo +— Xo +1

— a S-program whose encoding can be shown to be a
primitive recursive function of n — followed by some fixed
S-program that does not depend on n at all.

e This can be used to prove that the function while : N — N
is primitive recursive — so that it is certainly a
Turing-computable total function.



Recursion Theorem

Fixed Point Theorem: Application

e |t follows, by the Fixed Point Theorem, there this a
number e € N such that

1 1
Cb(e )(X) = cl>\(Nh)ile(e)(x)

for all x € N.

¢ Note that — by the construction of the above program —

Dyor (1) x if =p(x),
®e’(X) = Pypie(e) (X) = {q;g)(g(x)) otherwise

because X is set to have value e at the first step of the
program while(e).



Recursion Theorem

Fixed Point Theorem: Application

e Thus

X if ~p(x)
ol (x)=<{g(x)  if p(x) A -p(g(x))
9(9(x)) if p(x) A p(g(x)) A —p(p(9(x))

and so on.

¢ In other words, this performs the same computation as the
program with a while loop

Y+ X

while (p(Y)) {
Y+ g(Y)

}
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Another Proof of Rice’s Theorem

Recall Rice’s Theorem:

Rice’s Theorem: Let I be a collection of Turing-computable
partial (or total) functions of one variable. Suppose that there
exist Turing-computable partial or total functions f,g: N — N
suchthat f e I and g ¢ I — so that Rr # () and Rr # N.

Then the set Ry is not computable.

The Recursion Theorem can be used to obtain another proof
of this result.



Rice’s Theorem, Revisited

Another Proof of Rice’s Theorem

Proof: By contradiction. Suppose that Rr is computable.

e Let pr: N— {0, 1} be the characteristic function of R,
that is, the function such that for all x € N,

1 ifxcAhr,
0 otherwise.

pr(x) = {
e Let h: N2 — N such that, for all x, y € N,

_Joly) ifxeRr,
hix.y) = {f(y) if x ¢ Rr.

Then, since pr is a computable (total) predicate, and f
and g are computable (partial or total) functions, his a
computable (partial or total) function as well.



Rice’s Theorem, Revisited

Another Proof of Rice’s Theorem

e |t follows by the Recursion Theorem that there is a number
e € N such that, for all y € N,

gly) o) er,

o) (y) = h(e,y) = { ) o0 gr

¢ |t now follows that, since either cbg) =ferlor
1
o) =gé¢r,
d>(e1) el «— d>(e1) =g (by the above)
— CD(;) ¢r (since g ¢7T1)
and this is certainly impossible. This contradiction

provides an alternative proof of Rice’s Theorem, that is,
another proof that the set R is not computable. O
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Expectations for Students

® Please make sure that you understand both Rice’s
Theorem and the Recursion Theorem.

e |tis possible (but not guaranteed) that you will be asked to
use Rice’s Theorem to prove that a set is not recursive on
a future assignment or test.

e Given an adequate hint (i.e., enough information for you
to discover the function g mentioned in the statement of
the theorem) you might also be asked to apply the
Recursion Theorem in order to solve a problem.
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Who Discovered Rice’s Theorem?

Rice’s Theorem is also called the Rice-Myhill-Shapiro
Theorem — and, indeed, all three of the following
mathematicians discovered versions of this result:

e Henry Gordon Rice — who proved the result in his Ph.D.
thesis in 1951.

¢ John R. Myhill Sr. — a British mathematician.
e Norman Z. Shapiro — an American mathematician.

Photographs of these mathematicians do not seem to be easy
to find!
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Who Discovered the Recursion Theorem?

Stephen Cole Kleene — the discoverer of the Normal Form
Theorem and the Parameter Theorem — also discovered the
Recursion Theorem.
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