A Computable Total Function That is Not
Primitive Recursive

Proofs of Claims

This document includes proofs of claims that are stated, but not proved, in the notes for Lec-
ture #13.

Alternative Characterization

The beginning of the lecture notes is devoted to a proof of the following.

Theorem 1. Let f : N — N. Then f is primitive recursive if and only if it can be obtained
from the (enriched) set of initial functions —

(a) The successor function s : N — N such that s(x) = = + 1 for all z € N.

(b) The nullify function n : N — N such that n(x) = 0 for all z € N.

(c) The left and right inverses ¢,r : N — N of the pairing function.

(d) The pairing function mapping =,y € N to (x,y).

(e) The projection functions u' : N* — N such that, for1 <i <n and all z1,x2,...,z, €N,
U (X1, X2y« oy Tyy) = Xy

— using the operations composition and the new version of primitive recursion that has
now been defined.

This is proved using several lemmas that are stated and proved below.

Lemma2. Let f: N — Nandg: N — N be primitive recursive functions, and let h : N> — N
be the function obtained from f and g using the new version of primitive recursion. Then h is
primitive recursive.



Proof. Suppose, as given, that the functions f : N — Nand g : N — N are primitive recursive,
and let h : N — N be the function obtained from f and g using the new version of primitive
recursion, given in the lecture notes — so that

h(x70) = f(x)

and
h(z,t 4+ 1) = g(h(z,t))

forall x,t € N.

Let 5 : N® — N be the function obtained from the projection function u3 : N® — N and the
given function g : N — N using composition: For all t,y,z € N,

9(t,y, @) = g(u3(t,y,x)) = g(y)-
Then g is primitive recursive since u3 and g are.

Now let i : N2 — N be the function obtained from f and g using the originally given (second)
form of primitive recursive. Then h is also primitive recursive, since f and g are. Applying the
definition of the second form of primitive recursion, one obtains the following.

. Forallz € N, h(z,0) = f(z) = h(z,0).
- Forallz,t € N, h(z,t + 1) = §(t, h(z, 1), t + 1) = g(h(z,1).

On the other hand, it follows by the definition of the new version of primitive recursion that
« Forall z,t € N, h(x,t + 1) = g(h(x,t)) as well.

It is easily improved by induction on y that ﬁ(m,y) = h(z,y) for all z,y € N— so that h is
primitive recursive, because h is, and they are the same function. O

Lemma3. Let f : N¥ — N for a positive integer k. If f can be constructed from the “expanded
set” of initial functions, listed in parts (a)—(e) of Theorem 1, above, using a finite number of
applications of composition and the new version of primitive recursion, then f is primitive re-
cursive.

Proof. Let f : N¥ — N (for a positive integer k) such that f can be constructed from the
“expanded set” of initial functions in parts (a)—(e) of Theorem 1, above, using a finite number
of applications of composition and the new version of primitive recursion. Then there exists an
integer ¢ > 1 and a sequence of functions

f17f27"'7f€

such that the following properties are satisfied.



» For 1 < i < / either f; is one of the expanded set of initial functions in parts (a)—(e) o
of Theorem 1, above, or f; is obtained from one or more of the functions fi, fo, ..., fi—1
using either composition or the new version of primitive recursion.

* fi=1T.
Consider the following

Subclaim: The function f; is primitive recursive, for every integer ¢ such that 1 <
1 < /.

The subclaim can be proved by induction on 4, using the strong form of mathematical induction,
as follows.

BasisIf i = 1 then f; must be one of the extended set of initial functions, in parts (a)—(e) of
Theorem 1 — because the sequence f1, fo,..., fi_1 is empty and there are no functions to
which either composition or the new version of primitive recursion can be applied. Thus f; is
either the successor function, the nullify function, either the left or right inverse of the pairing
function, the pairing function. or a projection function — that is, either one of the initial functions
included in the definition of the set of primitive recursive function, or a function proved to be
primitive recursive in a previous lecture. Thus f; is primitive recursive, as required.

Inductive Step: Let h be an integer such that 1 < h < ¢ — 1." Itis necessary and sufficient to
use the following

Inductive Hypothesis: f; is primitive recursive, for 1 < ¢ < h.

to prove the following

Inductive Claim: f3 11 is primitive recursive.

Now either

(@) fny1 is one of the expanded set of initial functions in parts (a)—(e) of Theorem 1,
(b) fn+1 has been produced using one or more of f1, fa, ..., f, using composition, or

() fn+1 has been produced using one or more of fi, fa,..., fn using the new version of
primitive recursion.

Each of these cases is considered separately, below.

Case: fr.1 is one of the expanded set of initial functions in parts (a)—(e) in Theorem 1. Then
the argument used in the basis can be applied here, as well, to establish that f;; is primitive
recursive.

"The claim is vacuous if h > ¢, since a function f1, 1 is not defined in that case.



Case: fr.1 has been produced using one or more of fi, fo, ..., fn using composition. In this
case there exists a positive integer ¢ and functions ¢ : N® - Nand &1,&,...,& : NF -5 N
such that ¢, &1, &9, ..., & are each one of the functions f1, fo,. .., fi, and such that

fh+1(ac1,w2, e ,xg) = (,0(61(1'1,1'2, e ,xk),fg(wl,wg, e ,xk),. .. ,&(acl,xg,. .. ,xk))

forall z1, 20, ..., 2% € N.

Now, since ¢,&1,&9,...,& are each one of f1, fo, ..., f it follows by the Inductive Hypoth-
esis that ¢, &1, &, ..., & are each primitive recursive and, since the set of primitive recursive
functions is (by definition) closed under composition, it follows that f; is primitive recursive
too.

Case: fr+1 has been produced using one or more of fi, fa,..., fn using the new version of
primitive recursion. In this case k = 2 and there exist functions ¢, ¢ : N — N such that ¢ and &
are each one of f1, fa,..., f and such that f;_, is formed from ¢ and £ using the new version
of primitive as described (with ¢ replacing f and £ replacing g) above.

Since ¢ and £ are each one of f1, fo, ..., f it follows by the Inductive Hypothesis that ¢ and &
are each primitive recursive functions and, since f11 is obtained from these functions using
the new version of primitive recursion, it follows by Lemma 2, above, that f;, .1 is primitive
recursive in this case as well.

Since hy, 1 is primitive recursive in every case, this establishes the Inductive Claim and com-
pletes the Inductive Step. The subclaim now follows by induction on .

The main claim is a consequence of the subclaim, since we can set ¢ to be ¢, and since

fe=T. O

Claims similar to Lemma 2 can be established and used to prove a converse for the above
result:

Lemma4. Letc € N, letg : N> — N, and leth : N — N such that h can be constructed
from ¢ and g using the first form of primitive recursion. Then h can be constructed from g
and the extended set of initial functions in parts (a)—(e) of Theorem 1 using a finite number of
applications of composition and the new version of primitive recursion.

Proof. Letc € Nandlet g : N> — N.

+ Since the nullify function n : N — N and the successor function s : N — N are in the
extended set of initial functions (given in parts (b) and (a) of Theorem 1, respectively), it
is easy to show by induction on ¢ that a constant function f, : N — N such that f,(z) = ¢,
for all z € N, can be constructed from the extended set of initial functions using a finite
number of applications of composition (and the new version of primitive recursion).



In particular, since (0, ¢) is a constant if ¢ is, this is true for the function f«m :N—> N
such that fio ¢y (z) = (0, c) forall z € N.

Since the pairing function and the inverses of the pairing function are also in the extended
set of initial functions (given in parts (d) and (c) of Theorem 1), the functiong : N — N
such that, for all x € N,

g(x) = (s(€(x)), g(£(x), r(x)))

can be constructed from g and the extended set of initial functions, using a finite number
of applications of composition (and the new version of primitive recursion). Note that if
t,y € N, and z = (t,y), then

9(2) = (s(l(2), g(£(2),7(2))(
= (s(t),9(t,y))
= (t+1,9(v)).

Consider the function h : N — N constructed from ¢ and g using the (standard) first form
of primitive recursion:
h(0) = ¢ (1)

and, for all t €,
h(t +1) = g(t, h(t)). ()

Consider, as well, the function & : N2 — N constructed from f<0,c> and g using the new

version of primitive recursion. Since f«m and g can each be constructed from ¢ and the
extended set of initial functions using a finite number of applications of composition and
the new version of primitive recursion, this is certainly true for 1 as well. Now, it follows
by the definition of the new version of primitive recursion that, for all z € N,

~ ~

h(l‘,O) = f(O,c)(x) = <O,C> = <07h(0)> (3)

and, for all z,t € N, R N
h(z,t +1) = g(h(z,1)).

Note that it follows from the above that if i(x, t) = (¢, h(t)) then

~

by equation (2), above.



» This observation, and the equation at line (3), above, can be used to show by induction
on y that

~

h(z,y) = (y, h(y))
forall z,y € N.

- Since the projection functions are in the extended set of initial functions (given in part (e)
of Theorem 1), it now suffices to note that if » : N — N such that

~

h(z) = r(h(uj (@), ui(x)))

then h can also be constructed from g and the extended set of initial functions using a
finite number of applications of composition and the new version of primitive recursion,
since h can be constructed in this way. Now, for all x € N,

h(z) = r(h(ui(z),ui(z)))
= r(h(z,2))
=r((z, h(z)))
= h(z),
so that i and h are the same function, establishing the claim. O

Lemma 5. Let k be a positive integer, let f : NF — N, letg : N**2 » N, and leth : NFt1 - N
be the function obtained from f and g using the second (standard) form of primitive recursion.
Then h can be obtained from f, g, and the extended set of initial functions (given in parts (a)—
(e) of Theorem 1) using a finite number of applications of composition and the new version of
primitive recursion.

Proof. By induction on k. The standard form of mathematical induction will be used.

Basis: Suppose that k = 1, sothat f : N = N, g : N> — N, and h : N> — N such that the
following properties are satisfied.

* h(x,0) = f(z)forallz € N.

« h(z,t+1) = g(t,h(z,t),z) forall z,t € N.
Consider the following sequence of functions, as well. An examination of the definition of each
confirms that each can be constructed from f, g, and the extended set of initial functions using

a finite number of applications of composition and the new version of primitive recursion.

. f:N — Nsuchthat, forall z € N,



Note the that nullify function, the pairing function and the projection function are in the
extended set of initial functions, since they are introduced in parts (b), (d) and (e) of
Theorem 1.

g : N — N such that, for all z € N,

Note that the successor function and the left and right inverses of the pairing function
are in the extended set of initial functions, since they are introduced in parts (a), Note,
as well, that if z = (¢, (y, z)) for t,y, z € N then

9(2) = (s(€(2)), (g(£(z), £(r(2)),7(r(2))), r(r(2)))
= (s(C({t, (g5 2))))s (g (E(CEs {y, ))), €(r (L, Cy, ),
r(r((t (y, 2))))), r(r((t; (v, )
= (s(t), (g(t, £((y, ), r((y, 2))), 7 ((y, ))))

= <t +1, <g(t>y>$)7$>>'

The function & : N — N obtained from fand g using the new version of primitive
recursion — so that

~ ~

h(l‘,O) = f(l‘) = <07 <f(1‘),(£>> = <07 <h(1‘,0),1‘>>
forallx € Nand, forall z,t € N,
h(z,t+1) = G(h(z, 1))
so that if Az, t) = (t, (h(z,t),z)) then
h(z,t+1) = (t +1,(g(t, h(z, 1), 2), 2))
= (t+1,(h(z,t +1),x)).

It is easily proved from the above, by induction on ¢, that

o~

h(z,y) = (y, (h(z,y), 7))
forall z,y € N.

The function & : N2 — N such that, for all z,y € N,

~ —~

h(z,y) = £(r(h(z,y)))

...since this as been obtained from the above function % : N2 — N and the inverses of
the pairing function using composition.



Since

forall z,y € N, h and h are the same function, so that / can be constructed from f, g9, and
the extended set of initial functions using a finite number of applications of composition and
the new version of primitive recursion — as needed to establish the result to be proved in the
basis.

Inductive Step: Let m be an integer such that m > 1. It is necessary and sufficient to use the
following

Inductive Hypothesis: Let f : N — N, let g : N™*2 — N, and let h : N**! & N
be the function obtained from f and g using the second (standard) form of primitive
recursion. Then h can be obtained from f, g, and the extended set of initial func-
tions (given in parts (a)—(e) of Theorem 1) using a finite number of applications of
composition and the new version of primitive recursion.

to prove the following

Inductive Claim: Let f : N™t! — N, let g : N*™3 N, and let h : N™*2 — N be
the function obtained from f and g using the second (standard) form of primitive
recursion. Then h can be obtained from f, g, and the extended set of initial func-
tions (given in parts (a)—(e) of Theorem 1) using a finite number of applications of
composition and the new version of primitive recursion.

With that noted, let f : N™*1 — N, let ¢ : N3 — N, and let h : N™*2 — N be the function
obtained from f and g using the second (standard) form of primitive recursion — so that the
following properties are satisfied.

e Forall z1, 20, ..., Zm, Tma1 €N,
h(z1, 22, ..., Tm, Tmi1,0) = (21,22, o, Ty Tt 1)-
* Forallzy,x2,...,Zm, Tmt+1,t €N,
h(z1, 22, ... Tmy Tmy1,t+ 1)
= g(t,h(z1, @2, ... Ty Tt 1, 1), T1, T2y« + s Tynyy Tyt 1)



Consider the following sequence of functions. It is not hard to check that each can be con-
structed from the above functions f and g, and the extended set of initial functions, using a
finite number of applications of composition and the new version of primitive recursion.

+ Since the pairing functions.its inverses, and the projection functions are included in the
extended set of initial functions, listed in Theorem 1, the function f : N — N such that,

forall x1,z2,...,z,m €N,
flz1, 29, . xm) = fL(uT (21,22, .. .y ), r(u (X1, o, ..y T)),
uh (X1, T2, ooy T )y Us (X1, T2,y oy T )y e ey Up (X1, T2, ooy Ti))

can be created from f, g, and the extended set of initial functions using a finite number
of applications of composition (and the new version of primitive recursive). Note that

~

f(wla‘%?a cee me) = f(e<fl'1),7°(x1),l’2,fl’3, cee ,I’m)
forall x1,x2,..., 2z, € N.

» Since the pairing functions.its inverses, and the projection functions are included in the
extended set of initial functions, listed in Theorem 1, the function § : N*2 — N such

that, for all t,y, z1,z9,...,Tm €N,
g(tvvalaw% oo 7$m) = g(ugn+2(t7y7$17$27 oo »xm)>ugb+2(t>y>331>3327 e 7xm)7
g(ugn—‘rz(tayawla‘%?a o 7wm)ar(ugn+2(xl7x27 LI 7wm)7u2n+2(tay7wlaw27 ... 7wm)7
ug”+2(ac1,w2, .. ,xm+2),ugb+2(w1,xg, e Tmg2)y e 7u%i§(x17$27 ey Tmt2))

can be created from f, g, and the extended set of initial functions using a finite number
of applications of composition (and the new version of primitive recursive). Note that

g(ty,xi,x9,...,xm) = g(t,y,l(x1),7(x1), T2, X3, ..., Tipy)
forallt,y,z1,x2,..., 2z, € N.

« |t follows by the Inductive Hypothesis that the function B NmHL N, obtained from f
and g using the (standard) second form of primitive recursion, can be formed from f g,
and the extended set of initial functions using a finite number of applications of composi-
tion and the new version of primitive recursion.

Since fand g can each be obtained from f, g, and the extended set of initial functions
using a finite number of applications of composition and the new version of primitive
recursion, this implies that h can be obtained from f, g, and the extended set of initial
functions, using a finite number of applications of composition and the new version of
primitive recursion, as well.



The definition of the second form of primitive recursion implies the following.
— Forall z1,x9,...,2, € N,

ﬁ(ml,wg,...,xm,o) =f
= f(g(xl),r(xl),fL'Q,fL'g,...,Z'm)
h(€(x1),7(x1), 22,23, ..., Tm,0).

— Forallt,y,x1,x0,...,2m € N,
h(z1, 22, ..., Zm,t +1) =g(t,h(z1, 22, ..., T, t), T1, T2, . . ., Tiyy)
=g(t,h(z1,22,. .., Tm,t),0(x1),7(21), 22,23, ..., Tp).

Note that if R
h(z1, 22, ..., Tm,t) = h(l(x1),r(x1), T2, X3, ..., Ty, 1)

then it follows by the above that

/H(wl,wg, cos T, t+ 1) = g(t, h((x1),r(21), 2, T3y« .+, Tyn, ),
Uz1),r(21), 22,23, .., Tp)
= h(E(I'l),g(l’l),T(Z’l),l’Q,{L‘g, PR 7wM7t + 1)

as well. It is, therefore, easily established by induction on y that
/H(:Ela L2y vy Tim, y) = h(ﬁ(ﬂj‘l), T(xl)v L2, X3y« y T, y)

forall x1, 20, ..., 2m,y € N.

« It follows that the function f : N™*2 : N such that, for all 1, 2o, . .., Zmi2 € N,

E(xla‘%?a s ,I’m+2) = h((”gn+2(wlaw27 s 7wm+2)7u;n+2(w17w27 s ,Z’m+2)>,
ug“rz(xl,xg, .. ,wm+2),u£n+2(x1,x2, e Tmt2)s e ,u%ig(wl,wg, ey Tmy2)

can be composed from f, g, and the extended set of transition functions using a finite
number of applications of composition and the new version of primitive recursion, as well.

It now suffices to note that, for all 1,29, ...,2m42 €N,

h(ﬂj‘l,ﬂj‘g, N ,:L'm+2) = h(($1,$2>,3§‘3,3§‘4, e ,ﬂj‘m+2) = h(ﬂj‘l,ﬂj‘g, e ,ﬂj‘m+2),

so that h = h, in order to establish the Inductive Claim — completing the Inductive Step, and
the proof. m

10



Lemma 6. Let f : N¥ — N. If f is primitive recursive then f can be constructed from the
“expanded set” of initial functions, listed in parts (a)—(e), of Theorem 1, above, using a finite
number of applications of composition and the new version of primitive recursion.

This can be proved by induction on the length of the derivation of f from the initial functions

using composition and both (standard) forms of primitive recursion. The proof is left as a
(straightforward) exercise, using the lemmas that have been established before this.

Proof of Theorem 1. The result now follows from Lemmas 3 and 6. O

Unary Primitive Recursive Functions

A set PR of unary functions is defined in the lecture notes.

Theorem 7. PR is the set of unary primitive recursive functions.

The lemmas that follow will be used to prove this.

Lemma 8. Suppose that f,g : N — N are primitive recursive. If h : N — N s the function
such that

h(0) = 0
and, for allt € N,
2 .ft .
ht+1) = f(t/2) ift Is even,
g(h((t+1)/2)) iftis odd,

then h is primitive recursive as well.

Proof. Consider the function g : N> — N such that, for all ¢,y € N,

Gy =V plae if ¢ is even,
9(t,y) =
x pft W wo0) i i odd

— where p, is the n!" prime, for n > 1, and (y),, is one of the inverses of the Gédel function,
namely, the largest integer m such that p)"* divides y.

After reviewing the lecture notes about encodings as needed, it should not be hard to see that
g is primitive recursive because f and g are — and because the predicate “¢ is even” (that is,
f (mod 2) = 0) is primitive recursive as well.

Leth : N — N be obtained from g using primitive recursion. Specifically, suppose that

h(0) =1

11



and, forall t € N,

h(t+1) = §(t, h(t))
() ﬁtaquo 2) if ¢ is even,
B x pl G e )iy s odd,
h(t) x p{ff) if ¢ is even,
B x pl @) s oda.

Indeed, it can be proved by induction on ¢ (using the strong form of mathematical induction)
that

for every integer t > 0.

Sinceﬁ was obtained from g and the constant function 0 using the first form of primitive recur-
sion, h is primitive recursive as well.

Since R
h(t) = (h(t))(t+1)
for every integer t > 0, the function h is primitive recursive as well, as claimed. O

Lemma 9. Every function in PR is a unary primitive recursive function.

Proof. Notice that all the functions mentioned in parts (a)—(c) of the definition of PR, included
in the lecture notes, are primitive recursive.

If f,g : N — N are primitive recursive then the functions f o g and h described in parts (d)
and (e) of the definition are certainly primitive recursive as well. It follows by Lemma 8 that the
function described in part (f) is also primitive recursive.

12



The claim now follows by induction on the number of applications of parts (d), (e) and (f) to
show that a given function f € PR. O

Lemma 10. The functionu} : N — N is in PR.

Proof. It follows by part (c) of the definition of PR that the inverses ¢,r : N — N of the pairing
function are in PR. However, since

for all z € N, it follows by part (e) of the definition of PR that u! € PR too. O

See the lecture notes for the definition of a satisfactory function.

Lemma 11. Let f : N — N be a unary primitive recursive function. Then f is satisfactory if
and only if f € PR

Proof. Suppose, first, that f is satisfactory. Then, since u} € PR, by the previous lemma, it
follows that the function f : N — N such that, for all x € N,

belongs to PR. Since f: f. f €PR.

Suppose, on the other hand, that f € PR. Let h; : N — N be an arbitrarily chosen function
in PR. It is necessary and sufficient to prove that the function f : N — N such that, for all
n €N,

f@) = f(h(2))

is in PR. However, this is just the function f o hy mentioned in part (d) of the definition PR, so
this follows immediately from this definition. O

Lemma 12. Leth : N — N be primitive recursive. Then h is satisfactory.

Proof. Let h : N — N be primitive recursive. Then it follows by Theorem 1 that h can be
constructed from the “enriched” set of initial functions, given in the statement of that theorem,
using a finite number of applications of composition and the new version of “primitive recur-
sion” (introduced shortly before the statement of that result). The claim can be established by
induction on the number of applications of composition and the new form of primitive recursion
are needed to obtain h; the strong form of mathematical induction will be used.

Basis: Suppose that composition and the special form of primitive recursion are not used to
obtain h at all. Then h is one of the functions described in parts (a)—(e) of Theorem 1:

13



(a) If his the successor function s : N — N then h € PR, by part (a) of the definition of PR
and, since h is unary, it follows by Lemma 11 that h is satisfactory.

(b) If his the nullify function n : N — N then h € PR, by part (b) of the definition of PR and,
since h is unary, it follows by Lemma 11 that # is satisfactory once again.

(c) Similarly, if h is one of the inverses ¢,r : N — N of the pairing function then it follows by
part (c) of the definition of PR and Lemma 11 that h is satisfactory in this case as well.

(d) Suppose next that h : N> — N is the pairing function — that is, h(z,y) = (z,y) for all
z,y € N. Let hy, hy : N — N be arbitrary elements of PR. Then it follows by part (e) of the
definition of PR that the function 2 : N — N such that, for all t € N,

h(t) = h(ha(t), ha(t)) = (ha(t), ha(t))
is in PR as well — establishing that the pairing function, h, is also satisfactory.

(e) Let1l < ¢ < nandsupposethath : N* — Nis the projection function u'. Let hy, ha, ..., hy
be arbitrarily chosen functions in PR. It is necessary and sufficient to show that the function
h : N — Nsuchthat, forallt € N,

R(t) = ul (hy (t), ha(1), ..., hn (1))

is in PR. However, this is just the function h; so that is certainly the case — establishing
that each one of the projection functions is satisfactory as well.

Inductive Step: Let k be an integer such that £ > 0. It is necessary and sufficient to use the
following

Inductive Hypothesis: If £ is an integer suchthat 0 < ¢ < k,and h : N — N
is a primitive recursive function that has been obtained using ¢ applications of
composition and the special form of primitive recursion, then h is satisfactory.

to prove the following

Inductive Claim: If h : N — N is a primitive recursive function that has been ob-
tained using k£ + 1 applications of composition and the special form of primitive
recursion, then h is satisfactory.

With that noted, let h : N — N be a primitive recursive function that has been obtained using
k + 1 applications of composition and the special form of primitive recursion.

Either h was produced by a (final) application of composition, or by an application of the special
form of primitive recursion. These cases are considered separately.

14



Case: h was produced using a (final) application of the composition. Then there exists a

positive integer m and primitive recursive functions f : N — N and ¢1,92,...,9m : N* = N
such that, for all z1,z9,...,z, € N,

h(wl7x27 cee 7wn) = f(91($17$27 o 7wn)792(x17x27 o 7wn)7 .. 7gm(1'1,w2, cee 7xn))
Furthermore, each of f and g1, g2, . . ., g Were obtained using at most k applications of com-

position and the special form of primitive recursion — so it follows by the inductive hypothesis
that f and g1, g0, . . ., gm, are all satisfactory.

Now let hq, ho, ..., h, : N — N be arbitrarily chosen elements of PR.

Since g1, g9, . - . , gm are all satisfactory, the functions g1, 9>, ..., 9m : N — N such that, for all
teN(and1 <i<m)

9i(t) = gi(h1(t), ha(t),. .., ho(t))
are all in PR.

Since f is also satisfactory, the function f: N — N such that, for all t € N,

]/C\(t) = f(gl(t)7§2(t)> s 7§m(t))

is in PR as well.

~

However, f(t) = h(hi(t), ha(t),. .., hn(t)) for all t € N— so this implies that % is satisfactory,
as claimed.

Case: h was produced using a (final) application of the special form of primitive recursion.

Then there exist primitive recursive functions f,¢g : N — N such that, forall z € N,

hz,0) = f(x)

and, for all z,t € N,
h(z,t+1) = g(h(z,1)).

Furthermore, each of f and g were obtained using at most & applications of composition and
the special form of primitive recursion — so it follows by the inductive hypothesis that f and g
are both satisfactory. Since f and g are both unary it follows by Lemma 11 that f,g € PR.

Now consider the function ¢ : N — N such that

and, forall t € N,



We will show that ¢» € PR, so that ¢ is also satisfactory, by Lemma 11. This will be used to
show that if i1, hy € PR then the function 2 : N — N such that, for all t € N,

(t) = h(hi(t), ha(t))

is in PR — as needed to establish that h is satisfactory, and complete the proof.

Recall that, for a,b € N,
(a,by = (2*-(2b+1)) —1

and notice that (a, b) is even if and only if a = 0.
Lett = (a, ).

Suppose that ¢ is odd. Then, as noted above, t = (a, b) where a > 1, and

Y(t+1) = h(r(t),£(t)) (by the definition of 1)
= h(b,a) (by the definition of ¢)
=g(h(b,a — 1)) (by the definition of h, since a > 1).

Lett = (a — 1,b) = 2¢"1(2b + 1) — 1. Then it is easily checked that t = (t — 1)/2 > 0, and it
now follows that

P((E+1)/2) =v((t-1)/2+1)
=h(r((t—1)/2),0((t —1)/2)) (by the definition of )
= h(r(t),4(t)) (sincet = (t —1)/2)
= h(b,a — 1) (since t = (a — 1,b)).

It now follows by the above that if ¢ is odd then
Pt +1) = g(((t +1)/2)).

Suppose, instead, that ¢ is even. Then, as noted above, ¢t = (a, b) where a = 0, so that

t=2"(2b+1) — 1 =2b,

and
Y(t+1) = h(r(t),4(t)) (by the definition of 1)
= h(b,a)
= h(t/2,0)
= f(t/2) (by the definition of h).
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In summary, ¢ : N — N such that ¢(0) = 0 and, for all t € N,

f(t/2) if ¢ is even,

viEt1) = {g(z/z((t +1)/2)) iftis odd.

Since f, g € PR it follows by part (f) of the definition of PR that ¢» € PR as well. Consequently,
by Lemma 11, ¢ is satisfactory.

Now let hy, ho : N — N be arbitrarily Ehosen functions in PR. In order to complete this proof if
is sufficient to show that the function » : N — N such that, for all ¢t € N,

R(t) = h(hi(t), ha(t))

isin PR.

It now suffices to note that
= ((ha(t),h1(t)) + 1) (by the definition of 1)

Since the pairing function, successor function, and ' are all satisfactory, it follows that h e PR
— as needed to complete the inductive step, and the proof of the claim. O

Lemma 13. /f f is a unary primitive recursive function then f € PR.
Proof. This now follows immediately from Lemmas 11 and 12. O

Proof of Theorem 7. This follows immediately from Lemmas 9 and 13. O
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