
The Arithmetic Hierarchy

Proofs of Claims

This document includes details of proofs that were mentioned in the lecture slides.

Arithmetic Hierarchy

Theorem 2. Let G be a unary total function. Then the jump G′ of G is G-computably enumer-

able but not G-computable

Proof. Let G : N → N be a unary total function. Then, since

G′ = {n ∈ N | n ∈ WG
n } = {n ∈ N | ΦG(n, n) is defined},

the Relativized Universality Theorem (Theorem #8 from Lecture #14) can be used to show that

G′ is G-computably enumerable.

Now, if G
′

was G-computably enumerable as well then it would follow that G
′

= WG
i

for some

number i ∈ N. However, it would then follow that

i ∈ G′ ⇐⇒ i ∈ WG
i (by the definition of G′)

⇐⇒ i ∈ G
′

(by the choice of i).

This is certainly impossible — and this contradiction establishes that G
′

is not G-computably

enumerable. It also follows that G′ is not G-computable, as needed to complete the proof.

Theorem 3. Let G : N → N be a unary total function and let A ⊆ N. Then the following are

equivalent:

(a) A �1 G
′.

(b) A �m G′.

(c) A is G-computably enumerable.
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Proof. Let G : N → N be a unary total function and let A ⊆ N. Then it is immediate from the

definitions of �1 and �m that (a) ⇒ (b).

Suppose that A �m G′. Then there exists a computable total function h : N → N such that

A = {x ∈ N | h(x) ∈ G′}.

It now follows by the definition of G′ that

A = {x ∈ N | ΦG(h(n), h(n)) is defined}.

The Relativized Universality Theorem can be used to show that the total function g : N → N

such that, for all n ∈ N,

g(n) = ΦG(h(n), h(n))

is a G-computable partial or total function. It follows by the above that A is G-computably

enumerable. Thus (b) ⇒ (c).

To see that (c) ⇒ (a), suppose that A is G-computably enumerable. Then there exists a

G-computable partial or total function f : N → N such that

A = {n ∈ N | f(n) is defined}.

Let g : N2 → N such that g(t, x) = f(x) for all t, x ∈ N; g is certainly G-computable too. It fol-

lows by the Relativized Universality Theorem and the Relativized and Strengthened Parameter

Theorem that there is a number e ∈ N such that, for all t, x ∈ N,

g(t, x) = Φ
(2)
G

(t, x, e) = ΦG(t, S
1
1(x, e)) (1)

where S1
1 : N

2 → N is the primitive recursive function introduced in the Relativized and

Strengthened Parameter Theorem. Thus

A = {x ∈ N | f(x) is defined}

= {x ∈ N | g(S1
1(x, e), x) is defined} (since g’s value does not depend on its first input)

= {x ∈ N | ΦG(S
1
1(x, e), S

1
1 (x, e)) is defined} (by the equation at line (1))

= {x ∈ N | S1
1(x, e) ∈ G′}.

Since the function S1
1 : N2 → N is primitive recursive it is certainly a total computable function,

so it follows that A �m G′. Furthermore, the Relativized and Strengthened Parameter Theo-

rem implies that the function mapping x to S1
1(x, e) (for a fixed number e) is a one-one function

— so it also follows from the above that A �1 G′. Thus (c) ⇒ (a), as needed to complete the

proof.
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Theorem 4. Let F,G : N → N be unary total functions. If F is G-computable then F ′ �1 G
′.

Proof. Let F,G : N → N be unary total functions, and suppose that F is G-computable. By

Theorem 2 F ′ is F -computably enumerable, so there exists an F -computable partial (or total)

function f : N → N such that

F ′ = {x ∈ N | f(x) is defined}.

It follows by Theorem #5 in Lecture #14 that f is also a G-computable partial function.

This implies (by definition) that F ′ is G-computably enumerable. It now follows by Theorem 3

that F ′ �1 G, as claimed.

The proofs of Theorems 5 and 6 were simple enough for their discussion to be included in the

lecture slides.

Theorem 7. For every set A ⊆ N and every number n ∈ N, A ∈ Σn+1 if and only if A is

∅(n)-computably enumerable.

Proof. Let A ⊆ N.

Suppose first that A is ∅(n)-computably enumerable. Then, since ∅(n) ∈ Σn (by Theorem 6, it

follows by the definition of Σn+1 that A ∈ Σn+1.

In order to establish the converse, we will prove that

For every set A ⊆ N and every number n ∈ N, if A ∈ Σn+1 then A is ∅(n)-computably

enumerable.

by induction on n.

Basis: Suppose that n = 0, so that A ∈ Σ1. Then A is computably enumerable, and this

implies that A is ∅(0)-computably enumerable, as claimed.

Inductive Step: Let n be an integer such that n ≥ 0. It is necessary and sufficient to use the

following

Inductive Hypothesis: For every set A ⊆ N, if A ∈ Σn+1 then A is ∅(n)-computably

enumerable.

to prove the following

Inductive Claim: For every set B ⊆ N, if B ∈ Σn+2 then B is ∅(n+1)-computably

enumerable.
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With that noted, let B be an arbitrarily chosen set in Σn+2. Then there exists a set C ∈ Σn+1

such that B is C-computably enumerable. It follows by the Inductive Hypothesis that C is

∅(n)-computably enumerable.

Theorem 3 now implies both that B �1 C ′ and that C �1 (∅(n))′ = ∅(n+1). It next follows by

Theorem 4 that C ′ �1 (∅
(n+1))′ = ∅(n+2) as well.

Now, since �1 is a reducibility, B �1 C ′ and C ′ �1 ∅
(n+2), it follows that B �1 ∅(n+2). Finally,

it follows by another application of Theorem 3 that B is ∅(n+1)-computably enumerable — as

needed to complete the Inductive Step, and the proof of this claim.

Corollaries 8 and 9 were stated and proved in the lecture notes.

Corollary 10. Let n ∈ N such that n ≥ 1.

(a) Σn and Πn are both m-closed.

(b) Σn and Πn are both 1-closed.

Proof. (a) Let A ⊆ N and let B ∈ Σn such that A �m B. It is necessary and sufficient to

prove that A ∈ Σn, as well, in order to prove that Σn is m-closed.

Since B ∈ Σn it follows by Corollary 8 that B �m ∅(n) and, since A �m B and �m is a

reducibility, A �m ∅(n). It follows by another application of Corollary 8 that A ∈ Σn, as

needed to prove that Σn is m-closed.

Since Πn = co-Σn, it follows by Corollary 8 from the previous lecture that Πn is m-closed

as well.

(b) Notice that if if A �1 B and B ∈ Σn (respectively, B ∈ Πn) then A �m B as well. The fact

that Σn (respectively, Πn) is 1-closed is a straightforward consequence of the fact that Σn

(respectively, Πn) is m-closed.

Corollary 11. For every set A ⊆ N and for all n ∈ N, A ∈ ∆n+1 if and only if A �T ∅(n). Thus

∅(n) is T -complete for ∆n+1.

Proof. Let A ⊆ N and let n ∈ N.

By definition, A �T ∅(n) if and only if there is an S-program with an oracle that ∅(n)-computes

the characteristic function pA of A — that is, if and only if A is ∅(n)-computable. By Theorem 15

from the previous lecture this is true if and only if both A and A are both ∅(n)-computably

enumerable. By Theorem 7, this is the case if and only if A ∈ Σn+1 and A ∈ Σn+1 — that is, if

and only if

A ∈ Σn+1 ∩Πn+1 = ∆n+1,

as required.
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It remains only to prove that ∅(n) ∈ ∆n+1 to conclude that ∅(n) is complete for ∆n+1. Now,

∅(n) ∈ Σn ⊆ Σn+1 by Theorems 6 and 1. ∅(n) is certainly ∅(n)-computable, so that ∅(n) is

∅(n)-computably enumerable and ∅(n) ∈ Σn+1, by Theorem 7. Thus ∅(n) ∈ co-Σn+1 = Πn+1.

It follows that ∅(n) ∈ Σn+1 ∩Πn+1 = ∆n+1, as required to complete the proof.

Theorem 12. For every number n ∈ N, Σn ∪Πn ⊆ ∆n+1.

Proof. If n = 0 then Σn and Πn are both the class of all computable sets, while ∆n+1 is the

class of sets A ⊆ N such that both A and A are both computably enumerable — so that, in

fact,

Σ0 ∪Π0 = Σ0 = ∆1.

Suppose, instead, that n is a positive integer.

If A ∈ Σn then, by Corollary 8, A �1 ∅(n). It follows that A �T ∅(n) so that, by Corollary 11,

A ∈ ∆n+1.

On the other hand, if A ∈ Πn then An ∈ Σn, so that A �1 ∅
(n) by Corollary 8, and A �T ∅(n).

It is easy to see that A �T A for any set A ⊆ N and, since �T is a reducibility, A �T ∅(n) in

this case too. Applying Corollary 11 once again we may conclude that A ∈ ∆n+1 in this case

as well.

Thus Σn ∪Πn ⊆ ∆n+1 as claimed.

Theorem 13. For every number n ≥ 1, ∅(n) ∈ Σn \∆n. That is, ∅(n) ∈ Σn and ∅(n) /∈ ∆n.

Proof. Let n be a positive integer. It then follows by Theorem 6 that ∅(n) ∈ Σn.

If ∅(n) also belonged to ∆n = Σn ∩ Πn then it would follow that ∅(n) ∈ Σn as well — so that

both ∅(n) and ∅(n) are ∅(n−1)-computably enumerable (by Theorem 7). However this would

imply (by Theorem 13 from the previous lecture) that ∅(n) is ∅(n−1)-computable, and this would

contradict Theorem 5.

Thus ∅(n) /∈ ∆n, as claimed.

Hierarchy Theorem

Theorem 14 (Kleene’s Hierarchy Theorem). Let n ∈ N such that n ≥ 1.

(a) ∆n ⊂ Σn and ∆n ⊂ Πn.

(b) Σn ⊂ Σn+1 and Πn ⊂ Πn+1.

(c) Σn ∪Πn ⊂ ∆n+1.
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Proof. Let n be a positive integer.

(a) It follows by the definition of ∆n that ∆n ⊆ Σn and ∆n ⊆ Πn, so it suffices to show that

∆n 6= Σn and ∆n 6= Πn.

By Theorem 13, ∅(n) ∈ Σn \∆n, and this implies that ∆n 6= Σn. This implies that ∅(n) ∈
Πn \∆n, so that ∆n 6= Πn as well.

(b) It follows by Theorem 1 that Σn ⊆ Σn+1 and Πn ⊆ Πn+1, so it suffices to show that

Σn 6= Σn+1 and Πn 6= Πn+1.

By Theorem 6, ∅(n+1) ∈ Σn+1. If ∅(n+1) also belonged to Σn then it would follow by

Theorem 12 that ∅(n+1) ∈ ∆n+1, contradicting Theorem 13. Thus ∅(n+1) ∈ Σn+1 \Σn and

Σn 6= Σn−1.

Since Πn = co-Σn and Πn+1 = co-Σn+1 this implies that Πn 6= Πn+1 as well.

(c) It follows by Theorem 12 that Σn∪Πn ⊆ ∆n+1, so it suffices to show that Σn∪Πn 6= ∆n+1.

Let

An = ∅(n) ⊕ ∅(n) = {2m | m ∈ ∅(n)} ∪ {2m+ 1 | m ∈ ∅(n)},

as defined in the previous lecture.

It should not be hard to see that An �T ∅(n), and it follows by Corollary 11 that An ∈ ∆n+1.

Notice that

∅(n) = {x ∈ N | 2x ∈ An}

and

∅(n) = {x ∈ N | 2x+ 1 ∈ An}

so that (considering the one-one computable functions f(x) = 2x and g(x) = 2x + 1,

respectively) ∅(n) �1 An and ∅(n) �1 An.

Suppose that An ∈ Σn. Then, since Σn is 1-closed (by Corollary 10), it would follow that

∅(n) ∈ Σn, and that ∅(n) ∈ ∆n. This contradicts Theorem 13 — so An /∈ Σn.

Suppose that An ∈ Πn. Then, since Πn is also 1-closed (by Corollary 10), it would follow

that ∅(n) ∈ Πn. Once again, it would follow that ∅(n) ∈ ∆n, contradicting Theorem 13.

Thus An /∈ Πn.

It follows that An ∈ ∆n+1 \ (Σn ∪ Πn) as needed to show that Σn ∪ Πn 6= ∆n+1 and to

complete the proof.
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