Creative Sets, Simple Sets, and Limits
Proofs of Claims

This document includes details of proofs that were mentioned in the lecture slides.

Productive Sets

Theorem 2. Let A, B C N.
(a) If A is productive then A is not computably enumerable.
(b) If A is productive and A <,,, B then B is productive.

Proof. Let A, B C N.

(a) Suppose, to the contrary, that A is productive and computably enumerable. Since A is
productive, there exists a computable partial function ¢4 : N — N such that, for all z € N,
if W, C Athen () is defined and ¥4 (x) € A\ W,.

However, since A is computably enumerable, A = W, for some x € N.
Since W, C A, a(x) must be defined and in A \ W, as noted above.
However, A = W, so that A\ W, = (, so that 14 (x) cannot belong to this set.
This contradiction establishes part (a).
(b) Suppose that A is productive and that A =<, B. Since A is productive there exists a

computable partial function 14 : N — N such that, for all x € N, if W, C A then ¢4(z) is
defined and z € A\ Wj,.

Since A =<,,, B, there exists a computable total function f : N — N such that x € A if and
only if f(z) € Bforallxz € N.



Let e = #(P), where P is the S-program obtained from the following after macro expan-
sion:

X1+ f(X1)
Y « oW(X), Xo)

Let g : N — N such that g(z) = Si(e,x) for all z € N. Then g is a computable total
function — indeed, g is primitive recursive.
Note that, for all x € N,

Now let ¢ : N — N such that

Vp(z) = foyaog(x) = f(valg(x)))
for all x € N. Then, ¢ is a computable partial function and, for all x € N,

W, CB = Wy, C{yeN| f(y) € B} (by the equation at line (1))
= Wyu) CA (by the choice of f)
= a(g(z)) is defined and Y a(g(z)) € A\ Wy(s)
= ¢¥p(x) = f(Yalg(x))) is defined and ¢p(z) € B\ Wa,

by the equation at line (1). Thus B is productive, as needed to establish part (b). O

Theorem 3. Let A C N be a productive set. Then there exists an infinite set B C N such that
B is computably enumerable and B C A.

Proof. Let A C N be a productive set. Let ¥4 : N — N be a productive partial function for A,
that is, a computable partial function such that for all x € N, if W, C A then ¢ 4(z) is defined
and Ya(x) € A\ Wy.

Consider a total function g : N — N that is recursively (or “inductively”) defined as follows.

» Set 2y to be the number of an S-program that fails to halt on any inputs, such as the
following:
X1+ X7 +1
[A1] IF X3 # 0 GOTO A,

Since W, = 0 C A, ¥4(z0) is defined. Set g(0) to be ¥4 (z¢).

* Suppose that n € N and that g(0), g(1), ..., g(n) have been defined such that g(i) € A
for0 <i <nand z,z2,...,2, are distinct. Set 2,1 to be the number of the program
obtained from the following one after macro expansion:



IF X, = ¢(0) GOTO B,
IF X; = g(1) GOTO B,

IF X; = g(n) GOTO B,
Xi=X1+1
[A1] IF X7 # 0GOTO A

Since W.,.,, = {9(0),9(1),...,9(n)} C A, Ya(2,41) is defined. Furthermore, ¢ 4(zp41) €
A\W,, ., sothat z, 11 & {20, 21,...,2n}. Set g(n + 1) = Ya(zps1).

With a bit of work, it can be argued that the resulting function g : N — N is a computable total
function and, furthermore, that ¢ is one-one, so that

B ={g(n) [neN}

is an infinite computably enumerable set. Furthermore B C A, as needed to establish the
claim. O

Simple Sets

Theorem 6. There exists a simple set.

Proof. Let
C={{(z,y) |y e Wyand y > 2z}.

C is computably enumerable, since the S-program obtained from the following, by macro ex-
pansion, halts on input z € Nif and only if z € C:

Zl — E(Xl)
Z2 < T‘(Xl)
IF ZQ <2X Zl GOTO Al
Y « ®WN(Zy, Z1)
GOTO 43
[Al] s+ Z3+1
[As] IF Z5 # 0 GOTO A,

Thus there exists a computable total function f : N — N such that C' = {f(n) | n € N}. Fur-
thermore, C is infinite, and this can be used to show that there is a one-one total computable
function g : N — N such that C = {g(n) | n € N} as well — so that each element of C' appears
exactly once in the listing

9(0),9(1),9(2),9(3),- ..
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Consider the set C C C such that, for 2,y € N, (x,y) € C if and only if (z,y) € C and,
furthermore, if z € N, z # y, and (x, z) € C, then (z,y) appears before (z, z) in the above
listing — thatis, g~ ((z,v)) < ¢~ ({z, 2)). With a bit of work, the above function g can be used
to describe a one-one computable total function  : N — N such that C = {h(n) | n € N} —
so that C is also computably enumerable.

Let
S={yeN|(zy) € C forsome z € N} C N.

The above function h (and an S-program that computes it) can be used to produce an S-
program P such that, for all y € N, P halts, when executed on the input y, if and only if y € S.
Thus S is also computably enumerable.

Note that if (z,y) € C then y > 2z and there is at most one y € N such that (z,y) € C for
any x € N. This can be used to argue that, for all £ € N, at most k of the integers in the set

{0,1,2,...,2k}

can be included in S. Thus S is infinite.

Finally, let B C N such that B is infinite and computably enumerable. Then B = W, for some
z € N and, since B is infinite, there are infinitely many integers y € N such that y > 22 and
y € W, = B. It follows, by the definition of C, that there exists an integer y € N such that
(z,y) € C. It now follows by the definition of S that iy € S. Furthermore (z,y) € C C C and it
follows by the definition of C' thaty € W, = B. Thusy € SN B.

Since B was an arbitrarily chosen infinite computably enumerable set, it now follows by the
definition of a “simple set” that S is simple, as needed to establish the claim. O

Limits of Sequences of Functions and Sets

Theorem 7 (Relativized Modulus Lemma). LetG : N — N andlet A C N. If A is G-computably
enumerable and a total function F' : N — N is A-computable, then there exists a G-computable
sequence Fy, F1, Iy, Fs, ... of total functions F; : N — N, fori € N, such that F' is the limit of
this sequence.

This sequence of functions also has an Ag-computable modulus function m : N — N, where
Aq : N — N such that, for all x € N,

AG(233) = G(gj)v

and
1 ifzeA,

Ac(2e+1) = {o ifod Al
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Proof. Let G : N — N and A C N such that A is G-computably enumerable. Suppose, as
well, that F' : N — N is a total function that is A-computable.

Then, since A is G-computably enumerable, there exists a number ¢ € N such that A = W,
the set of numbers = € N such that P halts when executed on input x — where P is an
S-program, with oracle for G, such that #(P) = e.

Let A, = an — the set of numbers = € N such that P halts, when executed on input x, after
at most n steps, for the above program P. Since A is the set W it is not hard to show that A
is the limit of the sequence Ay, A1, Ao, Az, ... of sets.

The Relativized Step Counter Theorem can be used to argue that the corresponding sequence

pAo7pA17pA27pA37 s

of characteristic functions of these sets if G-computable.

Consider the total function m : N — N such that, for all z € N,

« If z € A — which is true if and only if Ag(2x + 1) = 1 — then m(x) is the smallest
integer n € N such that x € A,,.

« If x ¢ A— which is true if and only if Ag(2z + 1) = 0 —then m(z) = 0.

It is not hard to show that (by definition) m is @ modulus for the sequence of sets A, A1, Ao, . ...
Furthermore, since G(z) = Ag(2x) for all z € N, it is reasonably easy to show that m is Ag-
computable.

Now, since F'is A-computable, there exists a number d € N such that Q A-computes F', where
Q is the S program, with an oracle for A, such that #(Q) = d. Since Q A-computes a total
function, y € Wt for all y € N.

It follows that y € Wf;; for all sufficiently large n as well. With that noted, for n € N, let
F, : N — N be the total function such that, for all y € N, if y € W;Z‘g then F,(y) is the

value that is A,-computed by Q. On the other hand, if y ¢ ng then F,,(y) = 0. Since the
Sequence pa,,PA,,PA,;PA; - - - 1S G-computable it can be shown, with a bit of work, that the
sequence Iy, I, Iy, F3, ... is G-computable as well.

Let m : N — N such that, for all y € N, m(y) is the smallest number z € N such that y € sz
and, furthermore, such that z > m(x) for every A-query x (that is, number z such that it is
asked whether = € A) during the A-computation of F'(y) using program Q. Since m is a
modulus for the sequence Ay, A1, As, As, ... itis not hard to used this definition to show that
the sequence Fy, I, F», F3, ... has a limit and that m is a modulus for this sequence.

Furthermore, since m is Ag-computable, and since of evaluation of A can be used both to
decide membership in A and evaluate G, it can be shown that m is Ag-computable.



Finally, let y € N and suppose that z > m(y). Then it can be argued, using the definition
of m, that F'(y) = F.(y). Thus F is the limit of the sequence Fy, F1, Fs, F3, ..., as needed to
establish the claim. O

Theorem 8 (Limit Lemma). Let F,G : N — N be total functions. Then F' is G'-computable if
and only if there exists a sequence

F07F17F27F37"'
of total functions, such that F; : N — N for i € N, satisfying the following properties:

(a) The sequence Fy, Fy, Fy, F3, ... is G-computable.
(b) The sequence Fy, F1, Fy, Fs, ... has alimit. In particular, F' is the limit of this sequence.

Proof. Let F': G — N — N be total functions.

(a) Suppose, first, that a sequence Fy, I, Fy, F3, ... of total functions F; : N — N (for i € N)
that satisfy properties (a) and (b) exists.

Define a set A C N such that, for all z,n € N, (n,z) € Aif and only if F,,(z) = F,(x) for
every integer m such that m > n. Then, forallm,n € N, (n,z) € A={z € N|z ¢ A} if
and only if there exists an integer m such that m > n and F,,(z) # F,(z).

Since the sequence Fy, F1, Fs, I3, ... is G-computable, the function H : N — N such
that, for all n,x € N H(n,z) = F,(x) is (by definition) G-computable.

It is not hard to use the above properties to argue that A is G-computably enumer_able, and
it follows by Theorem #3 from Lecture #16 (on the “Arithmetic Hierarchy”) that A <,, G.
Thus A <7 G’ as well and, since A < A as well, A <7 G.

Since the sequence Fy, Fi, Fo, F3,... has a limit it follows by the definition of A that, for
all x € N, there exists a number n € N such that (n,x) € A. The function J : N — N such
that, for all x € N, J(n) is the smallest natural number such that (n, z) € Ais, therefore, a
well-defined total function, and it is not hard to argue that .J is G’-computable, since (the
characteristic function of) A is G’-computable.

Now recall that the function H : N> — N such that, for all n,z € N, H(n,z) = F,(z),
is G-computable. Since G is GG-computable, so that G is also G-computably enumerable,
G =r G as well — see, again, Theorem #3 in Lecture #16. It follows that H is also
G'-computable.

Since F'is the limit of the sequence Fy, F1, F>, F3, ... itis easily checked that, forall z € N,

Since H and J are both G’-computable, F' is certainly G’-computable as well, as required.



(b) Suppose, conversely, that F' : N — N is a total function such that F' is G’-computable.

Set A = G’ C N. Then A is G-computably enumerable and F' is A-computable, so it
follows by the Relativized Modulus Lemma that there exists a sequence

F07F17F27F37"'

of total functions F; : N — N for 7 € N such that

(a) the sequence Fy, F1, Fy, F3,... is G-computable, and
(b) the sequence Fy, F1, Fy, F3,... has a limit. Indeed, F' is the limit of this sequence,

as needed to establish the claim. O



