Lecture #21: Chomsky Hierarchy | — Regular Languages

Exercises and Review

Questions for Review

1. What is a right-regular grammar? What is a regular language (as defined in the
preparatory reading)?

2. What is a deterministic finite automaton, and how is the language of a determinis-
tic finite automaton defined? How are the regular languages, and the languages of
deterministic finite automata, related?

3. What is a left-regular grammar? How are the regular languages, and the languages of
left-regular languages, related?

4. Describe a result (which you ideally knew about, before this course) which can be used
to prove that a language is not regular.

5. Describe one more computational problems concerning regular languages and approaches
to solving them.

Problems To Be Solved

1. Consider an alphabet ¥. Recall that if
W =019 ...0n

is a string with length n in ¥* (so that a1, as, ..., a, € X), then the reversal of w is the

string

UJR:Oén...OZQOQ

obtained by listing the symbols in w in reverse order.

If L C ¥* then one can define the reversal of L to be the language

Lf={wf|wel}Cx



Prove, for every language I C ¥*, that if L is a regular language then L is a regular
language as well — without using Claim #2 in the required reading.

Note that, since (L)% = L, for any language L C ¥, it follows that L is a regular
language if and only if L is a regular language, for every language L C *.

Note: There are several ways to prove this. One way is recall that if L is a language
then it is the language of some regular expression o — and then describe (and sketch
a proof of the correctness of) a process that can be used to convert ¢ into a regular
expression ¢, such that the language of ¢ is the reversal of the language of ¢.

. Now consider a right-regular grammar G' = (V, 2,11, S). Let G = (V, %, 117, S) be a
phrase-structure grammar such that the productions in I1¥ are obtained from the pro-
ductions in II as follows.

* For all variables A € V and symbols ¢ € ¥, if A — ¢ is a production in II, then
A — o is also a production in TI%.
« For all variables A, B € V and all symbols ¢ € %, if A — o B is a production in II,
then A — Bo is a production in TI7.
* For all variables in A, if A — X\ is a production in IT then A — X is also a production
in 117
« There are no other productions in IT%.
Note that, while G is a right-regular grammar, G% is a left-regular grammar.
(@) Let A,B € V and let w € ¥*. Prove that A =7, wB (that is, wB can be derived
from Ain G) if and only if A =%, Bw” (thatis, Bw™ can be derived from A in G¥).
(b) Use this to show that if L = L(G) then L¥ = L(GT).
. Use the above results to prove Claim #2 in the required reading: For all languages

L C ¥* (over some alphabet ), L is a regular language if and only if L is the language
of a left-regular grammar.

. Let M = (Q,X%,9,q0, F) Astate r € Q) is reachable from a state ¢q € (Q if there exists a
string w € ¥* such that
0 (q,w) =r.

A state r € ) is k-reachable from a state g € (@ if there exists a string w € ¥* such that
*(q,w) =r,and |w| < k.
Now, let ¢ € Q.
» For every non-negative integer k, let S(gk) the the set of states in () that are k-
reachable from q.
* Let S, be the set of states in () that are reachable from q.



Note that S(gk) C §, for all states ¢ € @) and for all non-negative integers k

(a) Prove that Séo) = {q} for every state ¢ € Q.
(b) Prove that
S = 5B U {5(r,0) | r € S and o € T}
for every state ¢ € @) and for every non-negative integer k.
(c) Prove, for a state ¢ € ) and non-negative integer k, that if S — kD then
q q
s =g,

(d) Use the above to design an algorithm that can be used to compute S, for a
state ¢ € (), and sketch a proof that your algorithm is correct.

5. Let M = (Ql,Z,dl,qo,l,Fl) and M, = (QQ,E,(SQQQ_Q.FQ) be deterministic finite au-
tomata with the same alphabet, ¥. One can apply a product construction to produce
a variety of deterministic finite automata that share the following properties.

« The set of states is Q1 x Q2 = {(¢1,¢2) | 1 € @1 and g2 € Q2}.
» The alphabet is X, just as it is for M7 and M.

* The transition function is a function 612 : (@1 x Q2) X ¥ — (Q1 x Q2) such that,
for all q1,71 € Ql, go,To € QQ ando € X, if 51(q1,0) =7 and 52(Q2,0’) =T9, then

612((q1,92),0) = (01(q1,0),02(q2,0)) = (r1,72)-

(@) Prove that 67 ,((q1,q2),w) = (§7(q1,w), d5(qe,w)) for all states ¢; € Q1 and g2 €
1,2 1 2
@2, and for all strings w € ¥* as well.

(b) Describe how to define the set I > os a deterministic finite automaton with this set
of states, start state, and transition, so the language of the DFA is the following.
(i) L(M1)U L(M>)
(i) L(My) N L(Ma)
(i) L(My)\ L(Mz)



