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Goals for Today

Goals for Today:

e Description of a process to convert an arbitrary
context-free grammar into a grammar, in Chomsky normal
form, with the same language

¢ This will be continued in the lecture presentation, which will
concern testing membership, and parsing, in regular and
context-free grammars.



Chomsky Normal Form

Chomsky Normal Form

Recall, from Lecture #22, that a context-free grammar
G=(V,%,N,S)isin Chomsky Normal Form if every rule in I
is in one of the forms

A— BC or A— a

where a € X and A, B, C € V— except that neither B nor C can
be the start variable S.

One more rule is allowed: If the empty string is in the language
of the grammar then the rule

S— A

can (and, indeed, must) also be included.



Chomsky Normal Form

Chomsky Normal Form

e Claim #3, from Lecture #22, asserts that if
G=(v,x,Nn>S

is a context-free grammar, then there exists a context-free
grammar
G=(V,%,0,8)
in Chomsky normal form such that L(a‘) = L(G).
* These notes describe construction that can be used to
obtain such a grammar, G, from a given context-free
grammar G.

¢ The supplemental document provides proofs of claims
needed to establish the correctness of this construction.



Chomsky Normal Form

An Ongoing Example

Consider a context-free grammar G = (V, %, 1, S) where
Y ={a,b}, V={S, A, B}, Sis the start variable, and I
includes the rules

S — ASA|aB
A —- S|B
B — b|A

As the steps in the construction (whose correctness proves the
claim) are described, they will be applied to this example
grammar.



New Start

Addition of a New Start Variable

¢ One of the conditions in the definition of “Chomsky Normal
Form” is that the start variable does not appear as part of
the right hand side of any rule.

e This condition can be achieved by adding a new start
variable, Sy (that is not already included in the set V of
variables), adding this to V, and adding the single new rule

So—)S

where S was the start variable in the original grammar.



New Start

Why This Works

It follows by the definition of the new grammar that the start
variable, Sy, does not appear in the right hand side of any
rule.

Any derivation of a string (in X*) in the original grammar
can be turned into a derivation in the new grammar by
inserting a use of the rule Sy — S at the beginning.

Any derivation of a string in X* in the new grammar must
have positive length and start with the use of the rule

So — S. The variable Sy never reappears, and deleting the
application of the first rule produces a derivation of the
string from the start variable in the original grammar.

Thus the new grammar has the same language as the
original one.



New Start

Application to the Example

When this construction is applied to the example, we get a
grammar (G = V, %, 1, Sy) where ¥ = {a,b} as before,

V ={5,S,A B}, Sy is now the start variable, and I includes
the rules

S
ASA | aB
S| B
b| A

>0
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Shorten Rules

Ensuring That Rules are Short

The grammar might still include rules whose right hand sides
are strings of symbols over the alphabet V U ¥ with length at
least three.

e Eachrule
A= prpz. .. pk

where A€ V, k >3, and puq, po, ..., ux € (VUX), should
be replaced by kK — 1 rules

A= 11Cy, Gy — 112G, ...,
Ck—3 — tk—2Ck_2, Ck_o — 1ik—1/ik

where Cyq, Co, ..., Cx_» are brand new variables that are
not used anywhere else — we have a different set of such
new variables for each of these long rules that must be
replaced.



Shorten Rules

Why This Works

e |tis still true that A =* uqpz ... uk, since the sequence of
new rules can be used to produce a derivation
of pypz ... uk from A.

e Since the variables C4, C», ..., Cx_o are new and not used
anywhere else, the only way to use any of them is to use
all of them, in order (so that C; gets introduced, is replaced
by C», C3, and so on). Thus these rules cannot be used to
derive anything that could not be derived before.

See the supplemental document for a more formal (and proof)
of the correctness of this step and, indeed, the correctness of
the entire process being described.



Shorten Rules

Application To the Example

When this construction is applied to the example, we get a
grammar (G = V, %, M, Sy) where X = {a,b} as before,
V={Sy,S, A B,Ci}, Sy is now the start variable, and Il
includes the rules

So - S

S — ACi|aB
C1 - SA

A - S|B
B — b|A



A-Rules

Eliminating A-Rules

e A X\-rule is a rule with the form
A— )

* One the conditions in the definition of “Chomsky Normal
Form” is that a A-rule A — )\ can only appear in the
grammar if A is the start variable.

® The Tricky Part: When we delete any other A-rule, A — ),
we must also modify rules

B— A B— uA B— Au, B— AA

— where 1 # A — that have at least one occurrence of A
on the right hand side.

Since right hand sides of rules have length at most two,
there are no other cases to consider.



A-Rules

Eliminating A-Rules
When eliminating the A-rule A — X ...

® Any rule B — A (where B € V and B # A) should be
replaced by

® A pair of rules B — A, B — X if the A-rule B — X\ has not
been eliminated already.

* A single rule B — A otherwise.

e Any rule B — uA (where i # A) should be replaced by a
pair of rules B — 1A, B —

e Any rule B — Au (where p # A) should be replaced by a
pair of rules B — Au, B —

e Any rule B — AA should be replaced by

® Threerules B— AA, B— A, B — )ifthe A-rule B— )\
has not been eliminated already.

°* Tworules B — AA, B — A, otherwise.



A-Rules

Why This Works

It is possible to prove the following.

e For every variable B, every variable C such that a A-rule
C — ) has already been eliminated, and every symbol
we VUL, if either B— uCor B— Cuis arule in Gthen
B — pis also arulein G.

e For every variable B such that a rule B — \ has not been
eliminated already, and for every variable C such that a
rule C — X\ has been eliminated already, if B — C is a rule
in Gthen B — \is also arulein G.



A-Rules

Why This Works

Using the above, the following can also be proved: For each
variable C,
¢ let L the the set of strings in w € ¥* such that C =* w
before the rule A — )\ has been eliminated, and
e |et ZC be the set of strings w € ¥* such that C =* w after
the rule A — X has been eliminated.
Then the following is true.
* If A= Corthe A-rule C — ) has already been eliminated
then either Lo = Lcor A ¢ Lgand Lg = Lo U {\}.
* If A# C andthe \-rule C — X has not been eliminated
before this then Lg = L.
The A-rule Sy — X never gets eliminated if Sy is the (new) start
variable, since this rule is allowed. It follows that the language
of the grammar never gets changed.



A-Rules

Why This Works

Since a A-rule never gets added back again after it has been
eliminated, all the A-rules except S; — A (if it exists) will be
eliminated after at most | V| — 1 applications of the above rule
— at most once for every variable A € V' \ {Sp}.

It follows from this — and an examination of the new rules that
get added — that the following is true.
¢ The language of the grammar is still the language L.

¢ The start variable does not appear on the right hand side
of any rule.

¢ No rule has a right hand side with length more than two.

e The grammar does not include any A-rules except,
possibly, the rule Sp — .



Chomsky Normal Form New Start Shorten Rules A-Rules Unit Rules Terminals

Application To the Example

First the A-rule B — X\ must be eliminated. This produces the

grammar
So )
S — ACi|aBla
C1 — SA
A — S|B|AX
B — b



A-Rules

Application To the Example

Next the (newly added) A-rule A — X must be eliminated. This
produces the grammar

So - S

S — ACi|CilaB]a
Ci - SA|S

A — S|B

B — b

Since this grammar does not include any A-rules, this part of
the process is now complete.



Unit Rules

Eliminating Unit Rules

e A unit rule is a rule with the form
A— B

where A and B are both variables.

e Grammars in Chomsky Normal Form do not have any unit
rules.

® The Tricky Part: Adding new rules, when a unit rule is
removed, to ensure that the language of the grammar is
not changed — and understanding why this works!

When eliminating the rule A — B you must consider
existing rules B — C (where C is a variable), B — o
(where o € X)) or B — pqpue (Where py, pup € (VUX)). No
other rules with B on the left hand side are possible.



Unit Rules

Eliminating Unit Rules

When eliminating a unit rule A — B: If A= B, simply delete the
(useless) rule. Otherwise...

e |f the grammar also includesarule B— C ...
® Add the rule A — C if this unit rule has not been eliminated
already and A # C.

® Do not add any new rules if the rule A — C has been
eliminated already or if A= C.

e |f the grammar also includes a rule B — o, where o € ¥,
then add the rule A — o.

e |f the grammar also includes a rule B — pquo, Where
w1, 12 € (VUX), then add the rule A — g 2.

Repeat this process until no unit rules are left in the grammar.



Unit Rules

Why This Works

Understanding why this works is tricky.

e For each variable C € V let L; be the set of strings w € ©*
such that C =* w.

e |t is possible to prove, by induction on the number of unit
rules that have been eliminated already — and an
examination of the way that unit rules get replaced — that
Lc is not changed by this process, for any variable C € V.

e This is not obvious, because some derivations C =* w do
not get “replaced” when the grammar is changed: They
just disappear, instead



Unit Rules

Why This Works

e This can be proved by proving something else, along the
way: If Ae V,w e ¥*, and A =* w, then there is always a
derivation of w from A that does not include a derivation
of C from B, for any variables B, C € V such that the unit
rule B — C has been deleted before this.

e The supplemental document includes a proof that this is
true and uses it to show that the language of the grammar
is not changed.



Unit Rules

Application To the Example

“What happens next” depends on the order that we choose to
use to eliminate unit rules. Let us start by eliminating the unit
rule So — S. This produces the grammar

So — AC1|C1|aB|a
S — AC/|Ci|aB|a
C; — SA|S

A — S|B

B — b



Unit Rules

Application To the Example

Let us continue by eliminating the unit rule Sy — Cy. This

produces the grammar

So
S
C;
A
B

L1L 1Ll

ACy | SA|aB|a
ACy | Cy|aB]|a
SA|S

S|B

b

Note: The unit rule Sy — S did not get introduced, even though
the grammar included the rule C; — S, because the unit rule
So — S had already been eliminated.



Unit Rules

Application To the Example

Eliminating the until rule S — C; produces the following.

So — ACi|SA|aBla
S — ACi|SA|aB]|a

Ci — SA|S
A — §S|B
B — b

Note: The “useless” rule S — S did not get introduced, even
though the grammar included the rule C; — S.



Unit Rules

Application To the Example

Eliminating the unit rule C; — S produces the following.

So — ACi|SA|aBla
S — ACi|SA|aB]|a
Ci — ACi|SA|aBla
A — §S|B

B — b

Note: It was not necessary to add a “second copy” of the rule
Ci — SAhere.



Chomsky Normal Form New Start Shorten Rules A-Rules Unit Rules Terminals

Application To the Example

Eliminating the unit rule A — S produces the following.

So — ACi|SA|aB|a
S — ACi|SA|aB]la
C1 — AC1|SA|&B|&
A — ACi|SA|aB|a|B
B — b



Unit Rules

Application To the Example

Finally, eliminating the unit rule A — B produces the following.

So
S
Cy
A
B

ACy | SA|aB|a
ACi| SA|aB|a
ACy | SA|aB|a
ACi| SA|aB|a|b
b

Since there are no unit rules left, this stage in the process is

now complete too.



Terminals

Making Sure That Terminals are Properly Handled

¢ At this point, the only rules that the grammar might include,
that are not allowed in grammars in Chomsky Normal
Form, are rules
A — pap2

where A< V, 1, u2 € (VU X), and where one (or both) of
w11 and up belongs to X.

For every such rule...
® |f u1 € X then add a new variable V,,, (if it has not already
been introduced), replace p4 with V,,, in this rule, and add
the rule V,,, — p1 to the grammar.

® If up € ¥ then add a new variable V,, (if it has not already
been introduced), replace 2 with V,,, in this rule, and add
the rule V,,, — p» to the grammar.



Terminals

Why This Works

¢ |t should not be too hard to see that the set of strings L4
including strings w € ¥* such that A =* w is not changed,
for any variable A that belonged to the grammar before this
step got performed.

¢ In particular, this is true for the variable Sy (the new start
variable) — so that the resulting grammar still has
language L.

¢ You should also be able to confirm that — at last — the
resulting grammar is in Chomsky Normal Form!



Terminals

Application To the Example

Each of the rules Sy — aB, S — aB, C; — aB,and A — aB
must be replaced — by adding a new variable Vj, along with
rules So — V3B, S — V3B, Cy — V3B, A— V,B—and one

more rule, V; — a.

The resulting grammar is as follows.

So
S
C
A
B
Va

L

ACy | SA| VaB| a
ACy | SA| V2B | a
ACy | SA| VaB| a
ACy | SA| VaB|a|b
b

a



Terminals

Concluding Remarks

Textbooks and other references sometimes give very
different processes to convert a grammar into Chomsky
Normal Form — so you should not expect all references to
describe the same process.

The other methods generally replace A-rules and unit rules
in considerably different ways.

These other methods are generally trickier to apply, but it
is easier to prove that they are correct.
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